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Abstract

In this paper we introduce p—Ferrer diagram, note that 1— Ferrer diagram are the usual
Ferrer diagrams or Ferrer board, and corresponds to planar partitions. To any p—Ferrer
diagram we associate a p—Ferrer ideal. We prove that p—Ferrer ideal have Castelnuovo
mumford regularity p + 1. We also study Betti numbers , minimal resolutions of p—Ferrer
ideals. Every p—Ferrer ideal is p—joined ideals in a sense defined in a fortcoming paper
[M]], which extends the notion of linearly joined ideals introduced and developped in the
papers [BM3], [BM4],[EGHH] and [M]. We can observe the connection between the results
on this paper about the Poincaré series of a p—Ferrer diagram ®and the rook problem,
which consist to put k rooks in a non attacking position on the p—Ferrer diagram ®.

1 Introduction

We recall that any non trivial ideal Z C S has a finite free resolution :

OHFS%FS,1—>....—>F1%I—>O

the number s is called the projective dimension of S/Z and the Betti numbers are defined
by Bi(Z) = Bi+1(S/T) = rankF;11. By the theorem of Auslander and Buchsbaum we know
that s = dim S — depth(S/Z). We will say that the ideal Z has a pure resolution if

F, = SPi(—a;) for all i = 1,...,5. This means that Z is generated by elements in degree a1,
and for ¢ > 2 the matrices M; in the minimal free resolution of Z have homogeneous entries
of degree a; — a;_1.

We will say that the ideal Z has a p—linear resolution if its minimal free resolution is
linear, i.e. Z has a pure resolution and for ¢ > 2 the matrices M; have linear entries.

If 7 has a pure resolution, then the Hilbert series of S/Z is given by:

Hg7(t) = il Ui zrl';j)é—l) Bt

where n = dim S. Since a1 < ... < ag it the follows that if Z has a pure resolution then the
Betti numbers are determined by the Hilbert series.

p—Ferrer partitions and diagrams. The 1—Ferrer partition is a nonzero natural inte-
ger A\, a 2—Ferrer partition is called a partition and is given by a sequence A\; > ... > A\, > 0



of natural integers, a 3—Ferrer partition is called planar partition. p—Ferrer partitions are
defined inductively ® : Ay > A > ... > Ap,, where ), is a p—1Ferrer partition for j = 1,...,m,
and the relation < is also defined recursively: if A; : A\j1 > ... > Ao, Aip1 + Aig1,1 > .00 >
Ai+1,s we will say that A; > X\;yq if and only if s > " and A; j > X\jjqj for any j =1,..., 5"
Up to my knowledge there are very few results for p—Ferrer partitions in bigger dimensions.

To any p—Ferrer partition we associate a p—Ferrer diagram which are subsets of INP.
The 1-Ferrer diagram associated to A € IN is the subset {1,...,A}. Inductively if ® : \; >
A2 > ... > Ay, is a p—Ferrer partition, where \; is a p — 1-Ferrer partition for j = 1,...,m,
we associate to ® the p—Ferrer diagram ® = {(n,1),n € \i}U...U{(n,m),n € A\, }. Ferrer
p—diagrams can also be represented by a set of boxes labelled by a p—uple (i1, ...,4,) of
non zero natural numbers, they have the property that if 1 <} <iy,...,1 < i;, < ip, then

the box labelled (i}, ..., 4,) is also in the p—Ferrer diagram. We can see that for two Ferrer

diagrams: ®; > ®, if and only if the set of boxes of ®; contains the set of boxes of ®s.

Example 1 The following picture corresponds to the 3— Ferrer diagram given by:

4 3 2 2
3210
2 000
2 000

Example 2 The following picture corresponds to the 3— Ferrer diagram given by:

5 4 4 3 2
4 4 3 31
4 4 310
21100
21000



Definition 1 Given a p—Ferrer diagram (or partition) ® we can associated a monomial
ideal Ly in the following way. Let consider the polynomial ring K[g(l),g(m, ...,Q(p)] where

29 stands for the infinitely set of variables :z() = {:Bgi),xgi), ...}, we define inductively the
ideal I@

1. Forq=2let® : \ € IN*, then Ig is the ideal generated by the variables xgl), xgl), v asg\l).

2. Forq=2let \y > Ao > ... > A\, be a 2—Ferrer diagram, then Ly is an ideal in the

ring of polynomials K (1, ..., Zm, Y1, ..., Yx,| generated by the monomials x;y; such that
t1=1,...,mand j=1,...,\;. In this case x§-l) = yj,x§-2) = ;.

. Forp>2let \ > Xg > ... > Ay, be a Ferrer diagram, where \; is a p — 1Ferrer dia-
gram. Let Ty, C K[A] be the ideal associated to \j, where K[A] s a polynomial ring in

a finite set of variables then Tg is an ideal in the ring of polynomials K[xgp), . ZE%),A]
(p)

generated by the monomials x; " y; such that i =1,...,m and y; € I,. That is

7o = (U} < 7o),

We can observe the connection between the results on this paper about the Poincaré series of
a p—Ferrer diagram ®and the rook problem, which consist to put k rooks in a non attacking
position on the p—Ferrer diagram ®. This will be developped in a forthcoming paper.

2 p—Ferrer’ ideals

Lemma 1 Let S be a polynomial ring, I's..., ', be non empty disjoint sets of variables, set A;
the ideal generated by U'iiq,...,I'v. Let By C ... C B, be a sequence of ideals (not necessarily
distinct), generated by the sets By C ... C B,. We assume that no variable of ' U ... UT,
appears in Bs, ..., B, then

AN (AQ,BQ) n...N (Br) = (OFZ X Bz)
2

3



where for two subsets A, B C S, we have set Ax B={ab | a€ A, be B}.

Proof Let remark that if I' is a set of variables and P C S is a set of polynomials such
that no variable of I appears in the elements of P then (I') N (P) = (I' x P). Moreover if
I'y, 'y are disjoint sets of variables and P C S is a set of polynomials such that no variable
of I';, T’y appears in the elements of P then (I';,I'2) N (T'1,, P) = (I'1,T's x P).

We prove by induction on the number k the following statement:

k
AN (A, Ba) NN (A, Bi) = (A, UFZ‘ x B;).
2

If k£ =2, it is clear that 'y x By C Ay N (Az,Bs), now let f € A; N (Ag, By), we can write
f = fi+ f2, where f; € (A2), f2 € (I'2) and no variable of Ay appears in fa, it follows that
fo € (Fz) N (BQ) = (FQ X Bg).

Suppose that

k
AN (Ag, Ba) NN (A, Bi) = (A, UFZ‘ x By),
2

we will prove that

k+1
A1 N (Ag, Bo) N oo N (Agr1, Brr1) = (Agaa, U I x By).
2

Since I'; C A;, for j < 4, and B; C Bj for i < j, we have US‘H I'; x B; C (A;,B;) for
1 < j <k, so we have the inclusion ” D 7.
By induction hypothesis we have that

k
AN (A2, Ba) N oo N (Agg, Bierr) = (Ag, Ufi x Bi) N (Ag+1, Bit1)-
2

k
Now let f € (.Ak,UFi X Bi) N (Agy1, Bgi1). we can write f = fi1 + fo + f3, where
2

fz € (UST; x B;) C Biy1, f1 € Apy1, and fo € (Tpy1), and no variable of Tjyq U ... UT,
appears in fa, this would imply that fo € (Tgs1) N Bryr1 = (Tra1 X Brt1)-

Definition 2 Let A\,,+1 = 0,60 = 0, 61 be the highest integer such that \; = ... = Xs,, and
by induction we define d;11 as the highest integer such that \s,11 = ... = Xs,,,, and set |
such that 6;_1 = m. Fori=0,...,1 — 2 let

A= A{adyy,ad) VP =1



So we have: ® ={(n,1),n € A1} U...U{(n,m),n € A\p,} and

! m
T = (|J A x P) = (U{"} < 7).
i=2 i=1
where for all i, P; is a set of generators of P;.

The following Proposition is an immediate consequence of the above lemma, :

Proposition 1 1. We have the following decomposition (probably redundant):

To = (2P, a@)yn@P, 2P 7, ). n@P, 2P )0 (@),

ey dm—1s ey b1

2. Let D; = ( é':i+1 Aj), and Q; = (D;, P;). Then

I =901 NON..N QY.

3. The minimal primary decomposition of Ig is obtained inductively. Let Ty, = Qgi)ﬂ..ﬂ

Q,(»? be a minimal prime decomposition, where by induction hypothesis Qg»i) s a linear
ideal, then the minimal prime decomposition of g is obtained from this decomposition
by putting out unnecessary components.

Example 3 let Py = (¢,d) N (e), Ps = (¢,d) N (c,e) N (e, f) and
Ty = (a,b) N (a,P2) NP3

then
Ty = (a,b) N (a,e) N (c,d) N (c,e) N (e, f)

is its minimal prime decomposition.

Proposition 2 Let 7 C R be a p—Ferrer ideal then reg(Z)=p= reg(R/Z)+ 1.

Proof For any two ideals [J1, Jo C S we have the following exact sequence:
0—=S/TIhinJa—S/Th&S/Te— S/(T+T2) =0

From [B-S, p. 289]
reg (S/J1 N J2) < max{ reg (S/J1 ® S/J2), reg (S/(J1 + J2)) + 1}

in our case we take Ji = N Qi Jo = Qps1, so that reg (S/(NF; Qi + Qiy1)) =
reg (S/(Dx + Prs1)) = reg(S'/(Pr+1)) = p — 1, where S = S’[Dy]. It then follows that
reg (S/(N.; Qi)) < p, on the other hand (N}_, Q;)) is generated by elements of degree p,
this implies reg (S/(N; Qi) =p

We will show that in fact projdim (S/Z)) is the number of diagonals in a p—Ferrer
diagram.



Definition 3 Let ® : Ay > Ao > ... > A\, be a p—Ferrer diagram. We will say that the
monomial in the p— Ferrer ideal (or diagram) x&i)xgiill)...xgll) is in the ap+op_1+...+aq —
p+1 diagonal. Let sg(k) be the number of elements in the k— diagonal of ®, we will say that
the k—diagonal of ® is full if sg(k) = (k_;f’l’_l), which is the number of elements in the
k—diagonal of INP, let remark that by the definition of p—Ferrer diagram if the k—diagonal

of ® is full then the j—diagonal of ® is full for all j =1, ..., k.

Lemma 2 1. We have the formula

m

sa(k) = sx(k—(i—1)),

i=1
2. Let df (®) be the number of full diagonals of ®, then
df (®) = min{df(N\;)) +i—1 | i=1,....,m}

3. Let §(®) be the number of diagonals of ®, then
0(®) =max{o(N;))+i—1 | i=1,..,m},
and §(®) = maxt_,{6(P;) + dimD;_; — 1}.

Proof The first item counts the number of elements in the k—diagonal of ® by counting
all the ¢— slice pieces. The second item means that the k—diagonal of ® is full if and only
if the k — (i — 1)—diagonal of the i— slice piece is full, and finally the third item means
there is an element in the k—diagonal of ® if and only if there is at least one element in the
k — (i — 1)—diagonal of the i—slide piece of ®, for some i.

Remark that 6(®) = maxi_,{5(P;) + dimD;_; — 1}, since max?il{é()\i) +i—1} =
S(A)+61 —1=06(P) + dimDy_y — 1, maxZ {6(\) +i— 1} = d(Asy41) + 01+ 02— 1 =
0(P—1) + dimD;_5 — 1, and so on.

Theorem 1 Let consider a p— Ferrer diagram ® and its associated ideal Iy in a polynomial
ring S. Let n = dimS,c= WZg, d=n—c. Fori=1,...d — depthS/Z, let sq_; be the
numbers of elements in the ¢ + i diagonal of ®. Then :

1. c the height of Zg is equal to the number of full diagonals.

2. For j > 1 we have
8:(5/T) = c+p—1\[j+p—2 +d§8' n—i—1
P T e p—1)\ p—1 i1

3. projdim (S/Zg) = 6(P).
Proof



1. We prove the statement by induction on p, if p = 1 and ® = A € IN, then Z, =
(21, ...,x)) is an ideal of height A and df(A) = A. Now let p > 2, since

To = @7, z®)n @V, a®) Ty )0 @ 2P T N (@),

5115

we have that
htZe = min{ htIAi +1— 1},

by induction hypothesis htZy, = df(\;) so
htZe = min{df (\;) + ¢ — 1} = df (®).

2. The proof is by induction on the number of generators p(Zg) of the ideal Zg. The
statement is clear if u(Zg) = 1.

Suppose that p(Zg) > 1. Let m be a generator of Zg being in the last diagonal of ®,

SO we can write m = :cl(-p ) g for some ¢, where g € Z,, is in the last diagonal of )\;. By
definition of a p—Ferrer tableau, the ideal generated by all the generators of Zg except

xgp ) g is a p-Ferrer ideal and we denoted it by Zg.

In the example [] we can perform several steps :

4 3 2 2 4 3 2 1 4 3 2 1 4 3 2 1

3 21 0 3 2 10 3 2 10 3 2 10

200 0 — 2000 — 2000 — 2000

2 00 0 20 00 1 0 00 00 0O
(I) (I)l q)/l (I)l/l

let denote «y, := 14, so that
2P (p) - (p—1) :,3(1)

T, g—xap ap1

For any k and 1 < 8 < a4 we have that x((ﬁ)xg; ?. x(ﬁk) x((lll) € g/, so we have that

({2, 2?3} el 2l ) € Ty @ el

On the other hand let II € Zg x(()f;) xg,ll) a monomial, we can suppose that no
variable in ({xgp) (p)_l} {x o al 1}) appears in II, so Hx((xp) x((xll) € Iy

e Oép
implies that there is a generator of qu of the type x(ﬁp ) acg) such that §; > «; for

all i =1,...,p, this is in contradiction with the fact that x((ﬁ)xg; ?. x((lll) is in the last

diagonal of ® and doesn’t belongs to Zg/. In conclusion we have that

Ty - x(p)...x(gl) = ({xgp), ...,x(p) J {xgl), gz )

ap ap—1J> » a1 —1



is a linear ideal generated by a;, + ... + a1 — (p) variables. Let remark that since

xffgxfﬁ;?...x&? is in the last diagonal the number of diagonals 6(®) in ® is o, + ... +
ar—p+1.

We have the following exact sequence :

0= §/(Tw : (2P g))(—p) 207 §/(Tar) — S/(Ts) — 0,

by applying the mapping cone construction we have that
o(P) —1 ) .
B;(S/Ts) = Bj(S/Te) + i1 ) Vj=1,..., projdim (S/Zg).

By induction hypothesis the number of diagonals in ®’ coincides with projdim (S/Zg/).
The number of diagonals in @' is either equal to the number of diagonals in ® mi-
nus one, or equal to the number of diagonals in ®. In both cases we have that
Sz((I)) = Si(q)/) fori=d— 1, ey — ((5(@) - 1), Sn,((g(q)))(q)/) = Sn,((g(q)))(q)) - 1, and
5i(®) = 5;(P') =0 for i <n — (6(P)).

Let ¢ = htZgs, It then follows that

d+p—1\[j+p-2\ & n—i—1 ‘ L
Bi(S/Te) = <j o1 ’ +y o si(@) , Vj=1,.., projdim (S/Zg).
By induction hypothesis projdim (S/Zg/) = §(®"). We have to consider two cases:

(a) §(P) = ¢, this case can arrive only if the ¢ diagonal of @ is full, so

/ n fe—1+p—1 ,
¢ =c—1, sn—c(¢):< p—1 )—1,5(@):5(@):0
vi<ji<e @-(smp)=ﬂj<c—1,p>+<<c_;fzf_1>—1><;:1>+<;:1>.

p—1 7j—1

Let remark that by induction hypothesis (;(S/Zg/) = 0 for j > ¢, this implies
that projdim (S/Zs) = c = 6(P).
(b) §(®) > ¢, in this case ¢ = ¢

_ 4 _ d—1 n—i_
o () Bl

and projdim (S/Zg) = projdim (S/Zg/) equals the number of diagonals in ®.

Vi<ji<e (;(8/Ts)=Bilc—1.p)+ (C‘ trp- 1) (C.‘ 1) = Bi(c,p).



In particular it follows that if the number of diagonals in @' is equal to the number of
diagonals in ® minus one, projdim (S/Zs) = projdim (S/Zg/) + 1 is the number of
diagonals in ®. If the number of diagonals in ®’ is equal to the number of diagonals
in @, then projdim (S/Zg) = projdim (S/Z¢) equals the number of diagonals in ®.

Proposition 3 ara(Zg) = cd(Zg) = projdim (S/Zs).

(), (p-1) (1) .

Proof Recall that a monomial in the p—Ferrer ideal (or tableau) xap Loy 1 Ty 1S
in the a; + ap—1 + ... + a1 — p + 1 diagonal. Let K; the set of all monomials in the
Ferrer tableau lying in the j diagonal and let F} = Z Mek; M, we will prove that for

any M € K; , we haveM? € (Fy,...,F;). If j =2, let M = x((lp)xg; 11). xg}l), with
ap+ap_1+...+a —p+1=2, then

=M*+> (@D 2l 2\’
One monomial M’ € Ky, M’ # M can be written

@), .(p— 1)
xﬁp xﬁ 651)

with 8, + Bp—1 + ...+ 81 —p+ 1 = 2, this implies that 5; = 1 for all ¢ except one value
i, for which 3;, = 2 and also o;j = 1 for all j except one value jg, for which o, = 2.

Since M’ # M we must have x(P) gp_l)...xgl) divides M M.
Now let 7 > 3, let M = x&i’ng; ?. .x((lll), with ap +ap—1 + ... + a1 —p+1=j, then

M2+Z (P) 4 (1))M'

ozp ap 1
One monomial M" € K;, M’ # M can be written

@), .(p— 1)
xﬁp xﬁ ﬁgl)

with 8,4 8,—1+...+81—p+1 = 7, let ig such that 3;, # «, if 3;, < a;, then o )x(ﬁlz? €

! a'LO
76
MM’ € (K;) for some i < j. As a consequence ara(Zg) < projdim (S/Zs), but Zg
is a monomial ideal, so by a Theorem of Lyubeznik cd(Zg) = projdim (S/Zs), and
cd(Zg) < ara(Zg), so we have the equality ara(Zg) = projdim (S/Zg). Let remark
that the equality cd(Zg) = projdim (S/Zg) can be recovered by direct computations
in the case of p—Ferrer ideals.

K; for some i < j, and if 3;, > «a;, then x(()ffo) € K; for some i < j,in both cases

The reader should consider the relation between our theorem and the following result from

EG):



Proposition 4 If R := S/7 is a homogeneous ring with p—linear resolution over an infinite

field, and x; € Ry are elements such that x;11 is a non zero divisor on (R/(x1,...,x;))/HY(R/ (21, ..., z;),
where m is the unique homogeneous maximal ideal of S, then

1. si(R) = length(HY,(R/(z1, ..y i) p—1), for i =0,..., dim R — 1.

2. If R is of codimension ¢, and n := dim S, the Betti numbers of R are given by:
i1
for j=1,..,n— depth(R) B;(R)=Bj(c,p)+ > si< i1 ),
=0

where B(c,p) = (;]Lrgj) (j;:fzz) are the betti numbers of a Cohen-Macaulay ring having
p—linear resolution, of codimension c.
We have the following corollary:

Corollary 1 If R := S/Z is a homogeneous ring with p—linear resolution over an infinite
field,of codimension ¢, and n := dim S, then

Bj(c,p) < Bj(R) < Bj(n — depth (R),p).

n—(i+1)+p—1>

Proof As a consequence of the above proposition we have that s; < < 1
p [e—

so that

d—1 — (i _ n—iqi—
ﬂj<c,p>Sﬂj<R>SBj<c,p>+iZ‘a< s 1)( j_11>

—d -1 —d
By direct computations we have that 3;(c,p) + (n +]1) ) <n€ 1) = Bj(c+ 1,p),
p— Jt =

which implies

Sn—(+1)+p-1\(n—i-1
6j(c7p)Sﬁj(R)Sﬁj(chLp)Jriz;( p—1 )( j—1 )

by repeating the above computations we got the corollary.

3 Hilbert series of ideals with p—linear resolution.

Let Z C S be an ideal with p—linear resolution, it follows from [EG], that the Hilbert series
of S/T is given by

Plfet+i—1\, d .
< Z, )t—tp(izlsd_i(l—t) Y

HS/I(t) == (1 _ t)d

10



where d = n — ¢ In the case where the ring S/7 is Cohen-Macaulay, we have :

pi(”i”)ﬂ

HS/I(t) == (1 _ t)d

Definition 4 For any non zero natural numbers c,p, we set
p—1 .
c+i—1\,
h(c,p)(t) == Z < ; )tz.
=0

Remark that the h—vector of the polynomial h(c, p)(t) is log concave, since for i = 0, ..., p—3,

we have that
c—i—z‘—l c—f—z—i—l <( ‘c—l—z )2.
] 1+ 2 141

Lemma 3 For any non zero natural numbers c,p, we have the relation
1- h(C,p)(l - t)tc = h(p’ C)(t)(l - t)pa
in particular h(c,p)(t) (1 —1t)°=1—h(p,c)(1 —t) t?, h(c,p)(t) (1 —t)° =1 mod¢t?.

Proof Let Z be a square free monomial ideal having a p—linear resolution, such that S/Z
is a Cohen-Macaulay ring of codimension ¢, let J := Z* be the Alexander dual of Z, it
then follows that S/J is a Cohen-Macaulay ring of codimension p which has a c—linear
resolution.

_ Mep)(t) _ 11— Byz(t)
Heyz(t) = 1—tne  (1-tn
HS/j(t) _ h(p, C)(t) o 1- BS/j(t)

Q-0 ? (@-br

and by Alexander duality on the Hilbert series we have that : 1 — Bg/7(t) = Bg/7(1 — 1)
but h(e, p)(O)(1 — 1) = 1 — By/z(t) and h(p,e)(t)(1 — )P = 1 — By 7(1), 50 Bs/7(1 — 1) =
1 —h(p,c)(1 —t)(t)P, so our claim follows from these identities.

Corollary 2 Let Z C S be any homogeneous ideal, ¢ = ht(Z),d = n—c and p the smallest
degree of a set of generators. Then we can write HS/I(t) as follows

5(T) A
he, p) () = 17 ( D sszy—i(1— 1))

Hgyz(t) = (i:i 1) ’

where the numbers so, ..., S5y—1 are uniquely determined.

11



1. Let J be a square free monomial ideal such that S/J is a Cohen-Macaulay ring of
codimension p, let T := J* be the Alexander dual of J, it then follows that S/Z has
a p—linear resolution. Let ¢ = codim (S/Z). Then

d
hep)(t) = (Y sami1-)"")
Hgz(t) = a _Z:tl)n,c ;
d
h(p,c)(t) + tc( Z Sq—it" 1)
Hg/7(t) = 1= t;:_lp

2. Let I be any square free monomial ideal ¢ = codim (S/Z), p the smallest degree of a
set of generators of T. Let J := T* be the Alexzander dual of T, then p = codim (S/J),
c is the smallest degree of a set of generators of J and

5(T) A
he,p) () = (Y ssy—i(1 =) 7)

Hgz(t) = (1ij1t)n_c :

5(2) |
h(p,c)(t) + tc( > 55(1)41“71)
-1

1=ty

Hg7(t) =

Proof Since 1,t,...,t°,tP(1 —t),...,tP(1 — t)*, ..., are linearly independent the numbers s;
are uniquely defined.

hsz(t) _1- Bg/z(t)
(1 —t)n——ec (1—1t)”

_ hgyz(t)  1—Bgg(t)
Hsyz(8) = (1—tyn—r  (1—t)

Hgz(t) =

by Alexander duality on the Hilbert series we have that :
By (t) =1 - Bgyz(1— ) = (h(e.p)(1 — 1) — (1 — 1) (z )
but h(e,p)(1 — )t =1— h(p,c)(t) (1 —t)?, so
1— By (1) = (h(p, +t0(255 St -
This proves the claim.

12



Theorem 2 1. For any M —vectorh = (1, hq,...) there exists ® a p— Ferrer tableau such
that h; counts the number of elements in the 1— diagonal of ®.

2. the h—wvector of any p—reqular ideal is the h—vector of a p— Ferrer ideal.

3. For any M—wvector h = (1, hy,...) we can explicitely construct a p—Ferrer tableau ®
such that h = (1, hy, ...) is the h—vector of Tj.

Proof

1. Let h = (1,hy,...) be the h—vector of S/.J, by Macaulay, [§] 2.2 theorem £ is obtained
as the M —vector of a multicomplex I', where h; counts the monomials of degree ¢ in
I". We establish a correspondence between multicomplex I' and p— Ferrer ideals:

Suppose that I' is a multicomplex in the variables z1, ..., 2,,, to any monomial z{*...z2%" €
I we associated the vector (ag + 1,...,a, + 1) € (IN)", let ® be the image of I'. By
definition I' is a multicomplex if and only if for any v € I, and if v divides u then
v € I', this property is equivalent to the property:

For any (a1 +1,...,a,+1) € ® and (51 +1,..., B + 1) € (IN*)" such that §; < «; for
all i then (81 +1,...,0,+1) € ®. That is ® is a p—Ferrer tableau, such that h; counts
the number of elements in the i—diagonal of ®.

2. Let Z C S be any graded ideal with p—linear resolution, let Gin(Z) be the generic
initial, by a theorem of Bayer and Stillman, Gin(Z) has a p—linear resolution, on the
other hand they have the same Hilbert series, and from the remark in the introduction
they have the same betti numbers. Gin(Z) is a monomial ideal, we can take the

polarisation P(Gin(Z)), this is a square free monomial having p—linear resolution and
the same betti numbers as Gin(Z), the Alexander dual P(Gin(Z))* is Cohen-Macaulay
of codimension p , so there exists a Ferrer tableau ® such that the h—vector of
S/P(Gin(T))* is the generating function of the diagonals of ®, moreover the h—vector
of S/P(Gin(Z))*coincides with the h—vector of S/(Zg)*. By the above proposition
the h—vector of S/P(Gin(Z))* determines uniquely the h—vector of S/P(Gin(Z)),
and the last one coincides with the h—vector of S/Zs.

3. Let recall from [H] how to associate to a M —vector h = (1, Ay, ..., ;) a multicomplex
I'n. For all @ > 0 list all monomials in h; variables in reverse lexicographic order, let
I'n,; be set of first h; monomials in this order, and I'y, = Ugié I'h,i, in the first item we
have associated to a multicomplex a p—Ferrer tableau ® such that h; is the number

of elements in the i—diagonal of ®. By the second item the h—vector of S/(Zg)* is
exactly h.

Example 4 We consider the h—vector, (1,4,3,4,1), following [J], this h—vector corre-
sponds to the multicomplex

) L2 2.3 ,2 2,2, .4
1,1E1,...,274,$1,$1$2,$2,$1,$15E2,5E1.’E2,.173,.1?1,
and to the following p— Ferrer ideal Zg generated by:

s1t1u1v1,
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Sotjuivy, S1toutv, S1t1ugv1, S1t1U1v2,
S3tyuivy, Selauyvy, S1t3uqv1,
Sqtyuivy, sgtougvy, Satgui vy, sitquivy,
Sstiui vy,
Ze has the following prime decomposition:

(1)1,1)2) N (ul,vl) N (81,?}1) N (tl,vl) N (ul,uQ) N (sl,ul) N (tl,ul)ﬂ

m(tlat2yt3at4) N (t15t2t3, 81) N (tlatQa S1, 82) N (81, 52,83, 54, 55)
and 13 s generated by

V1V2, U1 V1, $101, L1V1, U1 U2, S1UL, E1UT,

t1totsty, t1tat3s1, t1125182, 5152835485
and the h—vector of S/(Zs)* is (1,4,3,4,1).

4 Examples

Let S = K|x1,...,x,] be a polynomial ring. Let a € IN*, for any element P € S we set
P(z) = P(z%,...,2%), more generally for any matrix with entries in S we set M be matrix
obtained by changing the entry P; ; of M to P ;.

Lemma 4 Suppose that

e OHFS%FS_1—>....—>F1%FO—>O

is a minimal free resolution of a graded S—module M, then

ﬁ":O—»ﬁs%ﬁ’s,lﬁ....aﬁlﬂgﬁo—»()

is a minimal free resolution of a graded S—module M. If F* is a pure free resolution, that is
F; = S8 (—a;) foralli =0, ..., s, then F* is also pure and F; = S (—a;a) for alli =0, ..., .

Corollary 3 1. Let ®(p,c) be the p— Ferrer diagram Cohen-Macaulay of codimension

c. Let cf(p, ¢) be the Ferrer p— Ferrer diagram obtained from ®(p,c) by dividing any
length unit into a parts, then the Alexander dual I%( ) has a pure resolution of type

(0,ca,...,(c+p—1)a).

)
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2. Let consider any sequence 0 < a1 < ao, suppose that By — [1t™ + [(2t*? is the Betti
polynomial of a Cohen-Macaulay module of codimension 2, then we must have:

a2 ay

60’B2 =

a2 — ai a2 — aj

Bo-

ay =co,az = (c+ 1), f1 =

if ag — a1 is a factor of as,ay then we can write
a] = cx, a2 = (C + 1)0[,ﬁ1 = (C + 1)B0562 = Cﬁo’

with ¢ a natural number. In particular a module obtaining by taking By copies of
I%(Q Y has a pure resolution of type (0, ca, (¢ + 1)a).
,C

Example 5 Let S = Kla,b,c|, consider the free resolution of the algebra S/(ab,ac,cd):

a 0
—d b
0 -—c

3 (cd ac ab)S_>

0 — 52 — S 0
then we have a pure free resolution
0 —» S§2Po ﬂ §3Po ﬂ, §ho 0,
where
a® 0
—do b
0 —c* cd®  a®c®  a®“b”
Ml = aMO —
a 0 cd a%c”
—de b
0 —c®

with the obvious notation.

Example 6 The algebra S/(ab, ae, cd, ce,ef) has Betti-polynomial 1 — 5t% +5t3 —t> but has
not pure resolution.

Example 7 Magic squares Let S be a polynomial ring of dimension n!, It follows from
[/ that the toric ring of n x n magic squares is a quotient R, = S/Zs, , its h—polynomial
18 as follows:

hig, (t) =1+ hit + ... + hyt?,

15
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where hy =n! — (n—1)2 = 1,d = (n—1)(n —2), If n = 3 we have hy = 1,d = 2, and there
is no relation of degree two between two permutation matrices, but we have a degree three

relation. Set
1 0 0 0 1 0 0
Mi=10 0|, My=|1 0 0|, M3=1]0 1],
0 1 0 1 0 1 0

1 0 010 0 1
My=10 1, Ms=1|1 0 0], Mg=10 0],
0 0 0 01 1 0 0

We can see that M1+ Mo+ Ms = My+ M5+ Mg, so this relation gives a degree three generator
in Zo,, and in fact Lo, is generated by this relation. By using the cubic generators of Ly,
we get cubic generators of I, forn >4, but we have also quadratic generators, for example

— o O S = O
—= O S O =

1 0 0 O 0 01 0 1 0 0 O 0 0 10
01 0 0 000 1 00 01 01 0 0
0 0 1 0 * 1 00 0] (0010 * 1 0 0 O
0 0 0 1 01 0 O 01 0 0 0 0 0 1

So for n > 4, the smallest degree of a generator of the toric ideal Ly, is of degree 2. and
unfortunately our proposition can give only information about h.

Example 8 The Hilbert series of the following p— Ferrer tableaux are respectively:

143t+6t2 14+2t+3t2—5t3 14+3t+6t2—1¢3
(1) -7 7 (1-tF

14+2t+3t2 -6t 1+ 3t+ 6t
Let remark that tett S

a—o7 a-oF

Example 9 The Hilbert series of the following p— Ferrer tableaux are respectively:

1+t —32+2(1 1)) 1+t 2 -2+ 31—+ (1-1)?)

H(t) (1 — t)6 ) (t) (1 _ t)6
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