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Strong approximation of empirical copula process by
Kiefer process
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L.S.T.A., Universit́e Pierre et Marie Curie-Paris 6. 175, rue du Chevaleret, 8ème étage, b̂atiment A,

75013 PARIS FRANCE.

Abstract. This paper investigates the problem of strong approximation of the empirical copula pro-

cess for arbitrary dimension, with continuous unknown margins. The idea of the proof is based on

an original idea exposed by Deheuvelset al. (2006), and the theorem of strong approximation for an

arbitrary distribution function proved in Csörgő and Horváth (1988). Using these results, we derive

the normality for smoothed empirical copula process and L.I.L. for empirical process of copulas.

AMS Subject Classifications: 62G30 ; 60F17
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1 Notations and Definitions

Let Xi = (X1i, . . . ,Xdi), i = 1, 2, . . . , be an independent replicæ of ad-dimensional random vector

X ∈ R
d, defined on a suitable space(Ω,A, P). We denote byF(·) the distribution function [df] given

by F(x1, . . . , xd) := P(X1 ≤ x1, . . . ,Xd ≤ xd). We assume that the corresponding marginal df’s

Fi(xi) := P(Xi ≤ xi), for i = 1, . . . , d, are continuous. According to the famous theorem of Sklar (

see Sklar (1959)), we have

F(x1, . . . , xd) := C(F1(x1), . . . , Fd(xd)), for every x ∈ R
d
.

So,

C(u1, . . . , ud) := F(F−
1 (u1), . . . , F

−
d (ud)), for every u ∈ [0, 1]d, (1)

where,F−
i (ui) = inf{xi : Fi(xi) ≥ ui}, 1 ≤ i ≤ d, denotes the quantile function ofFi(·). Setting1A(·) for the indicator function of the setA, we define, for eachn ≥ 1, the empirical counterparts of

F(·), F1(·), . . . , Fd(·) andF−
1 (·), . . . , F−

d (·), respectively, by setting, forj = 1, . . . , d,

Fn(x1, . . . , xd) :=
1

n

n∑

i=1

d∏

j=1

1{Xji ≤ xj}, for x ∈ R
d,

Fjn(xj) :=
1

n

n∑

i=1

1{Xij ≤ xj} = Fn(1, . . . , xj , . . . , 1), for xj ∈ R,

and

F−
in(ui) = inf{ti ∈ R : Fin(ti) ≥ ui}, for ti ∈ [0, 1].
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In view of the characterization (1), we define the empirical copula function ofFn(·) (or, equivalently,

associated withX1, . . . ,Xn), as any copulaCn, through the following identity

Cn(u1, . . . , ud) := Fn(F−
1n(u1), . . . , F

−
dn(ud)), for u ∈ [0, 1]d.

Empirical copulas were originally introduced by Deheuvels(1979a, 1980, 1981a,b) under the name

of empirical dependence functions. Deheuvels has extensively studied the empirical process of copula

defined by

Gn(u) = n1/2(Cn(u) − C(u)), for u ∈ [0, 1]d, (2)

under the assumption of independence between margins. Further, setUji := Fj(Xji) for i =

1, . . . , n, j = 1, . . . , d, andUi := (U1i, . . . , Udi). Thus, the random vectorsUi are distributed

according to the copulaC(·), and the sequenceUji of random variables are independent and uni-

formly distributed on(0, 1). For eachn ≥ 1 and0 ≤ uj ≤ 1 for 1 ≤ j ≤ d, set

C̃n(u1, . . . , ud) :=
1

n

n∑

i=1

d∏

j=1

1{Uji ≤ uj}, and Gjn(uj) :=
1

n

n∑

i=1

1{Uij ≤ uj}.

Considering the empirical processes defined, respectively, for n ≥ 1, u ∈ [0, 1]d and0 ≤ uj ≤ 1, for

j = 1, . . . , d, by

αn(u) := n1/2(C̃n(u) − C(u)), (3)

αj
n(uj) := n1/2{Gjn(uj) − uj}, (4)

βjn(uj) := n1/2{G−
jn(uj) − uj}. (5)

Then, withX
d
= Y which means thatX andY have the same distribution, we have

Fn(x1, . . . , xd)
d
= C̃n(F1(x1), . . . , Fd(xd))

and

(F1n(x1), . . . , Fdn(xd))
d
= (G1n(F1(x1)), . . . , Gdn(Fd(xd))).

From the definition ofF−
in(·), we notice that

G−
in(ui)

d
= Fi{F−

in(ui)},

and we also have

Cn(u1, . . . , ud)
d
= C̃n(G−

1n(u1), . . . , G
−
dn(ud)).

Since the law ofCn(·) is the same for allF(·) whose associated copula isC(·). It is more convenient

to investigate the following process

Gn(u) = n1/2(C̃n(G−
1n(u1), . . . , G

−
dn(ud)) − C(u1, . . . , ud)), for u ∈ [0, 1]d. (6)

Our aim is to provide the strong approximation of the empirical process of copulas{Gn(u) : u ∈
[0, 1]d}, based uponX1, . . . ,Xn, by a single Gaussian process. Denote by{KC(u, n);u ∈ [0, 1]d, n ≥
0} a Gaussian process, with continuous sample paths, mean zero, and covariance function given by

E (KC(u, n)KC(v,m)) = (n ∧ m) {C(u ∧ v) − C(u)C(v)} , for u,v ∈ [0, 1]d.
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Note that the process{KC(u, n) : u ∈ [0, 1]d, n ≥ 0} is called Kiefer process.

The continuation of our work requires some notations, that will be introduced as follows. For each

n > 0 anduj ∈ [0, 1], for j = 1, . . . , d, setK∗C(u, n) = KC(u, n) −
d∑

j=1

KC(1, . . . , 1, uj , 1, . . . , 1, n)
∂C(u)

∂uj

=: KC(u, n) −
d∑

j=1

K(j)C (1, uj ,1, n)
∂C(u)

∂uj
, u ∈ [0, 1]d. (7)

The remainder of our paper is organized as follows. In the forthcoming section we will give our main

result concerning the strong approximation of empirical copula process by a Gaussian process, which

is stated in Theorem 2.1 below. In section 3 we will give some applications of Theorem 2.1, more

precisely we will give the limit law of smoothed empirical copula and the law of iterated logarithm

for the empirical copula process. The proofs are referred tosection 5.

2 Results

Let’s formulate the main theorem in this section.

Theorem 2.1 Let us assume thatC(·), associated withF(·), be twice continuously differentiable

on (0, 1)d, and the second derivative be continuous on[0, 1]d. Then, in the same space of initial

sequence of random variables, we can define a Gaussian process {K∗C(u, n) u ∈ [0, 1]d;n > 0},

with continuous sample paths, such as

sup
u∈[0,1]d

|
√

nGn(u) − K∗C(u, n)| = O
(
n1/2−1/(4d)(log n)3/2

)
, a.s., (8)

whereK∗C(u, n) is defined in (7).

3 Applications

3.1 Smoothed empirical copulas process

We define smoothed estimatorŝCn of C by

Ĉn(u) =
1

h

∫

[0,1]d
k

(
u− v

h1/d

)
Cn(v)dv for u ∈ [0, 1]d, (9)

wherek is a kernel andh = h(n) is the smoothing parameter. Similarly to previous section,we define

the smoothed empirical copulas process by

Ĝn(u) :=
√

n(Ĉn(u) − C(u)) for u ∈ [0, 1]d. (10)

AssumeC fulfills the following condition.

(F.1). C has a boundedsth derivative.

For our result we suppose thath andk(·) satisfy the following regularity conditions.
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(C.1). h = h(n) → 0, nh → ∞ and
√

nhs/d → 0 asn → ∞;

(C.2). k(·) is a continuous density function having compact support;

(C.3). k(·) is of orders.

Corollary 3.1 Assume that (F.1) and (C.1)-(C.3) hold. Then, in the same space of initial sequence of

random variables, we can define a Gaussian process{K∗C(u, n) u ∈ [0, 1]d;n > 0}, with continuous

sample paths, such as

sup
u∈[0,1]d

|Ĝn(u) − 1√
n

K∗C(u, n)| = oP (1). (11)

Remark 1 1. Corollary 3.1 remains valid replacing the condition that the kernelk having com-

pact support in (C.2) by

(C.4). There exists a sequences of real numbersan such thatanh tends to zero whenn tens to

infinity, and
√

n

∫

{‖v‖>an}
|k(v)|dv → 0.

2. Note that conditions of Corollary 3.1 are classical to control the deviations between classical

and smoothed empirical copulas processes.

3.2 L.I.L for empirical copula process

By Theorem 2.1 we have almost surely

lim sup
n→∞

{(
n

2 log log n

)1/2

sup
u∈[0,1]d

|Cn(u) − C(u)|
}

= lim sup
n→∞

sup
u∈[0,1]d |K∗C(u, n)|

(2n log log n)1/2
. (12)

According to Wichura (1973), we have almost surely, asn →,∞

lim sup
n→∞

sup
u∈[0,1]d |K∗C(u, n)|

(2n log log n)1/2
≤ d + 1. (13)

Combining (12) and (13) to give the following Corollary.

Corollary 3.2 under the same conditions of the Theorem 2.1, we have

lim sup
n→∞

{(
n

2 log log n

)1/2

sup
u∈[0,1]d

|Cn(u) − C(u)|
}

≤ d + 1. (14)

4 Concluding remarks

1. The approximation of empirical copula process by a Gaussian processBn, we know not how

Bn behaves as a function ofn, to resolve this problem, in Theorem 2.1 we have approximated

the empirical copula process by a single Gaussian process.

2. Theorem 2.1 may be applied to derive some limit laws of somestatistics like Kendall’s sample

rank correlation coefficient and Spearman’s sample rank correlation coefficient.

3. Obviously, the empirical copulas can be used in many others problems like testing indepen-

dence the challenging task is to apply our results to derive the asymptotic properties of those

test statistics which will be considered in our future investigations.
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5 Proofs

5.1 Proof of theorem 2.1

For easy reference, we recall some facts that we will need forour demonstration.

Fact 1. The processesK∗C(·, n),K(j)C (·, n) andK(i)C (·, n), for all 1 ≤ i 6= j ≤ d, are independent.

For convenience, we will denote the sup-norm of a bounded function f , defined onI = [0, 1] or

I = [0, 1]d, by ‖f‖ = supx∈I |f(x)|. The next fact, due to Kiefer (1970) and Bahadur (1966)

provides a L.I.L of Bahadur-Kiefer process (see also, Deheuvels et Mason (1990)).

Fact 2. We have, forj = 1, . . . , d, with probability1,

lim sup
n→∞

n1/4(log n)−1/2(log log n)−1/4‖αj
n + βjn‖ = 21/4,

Recall the definition (6) ofGn , the empirical process of copulas can write itself, foru ∈ [0, 1]d, as

follows

Gn(u) = n1/2(C̃n(G−
1,n(u1), . . . , G

−
d,n(ud)) − C(u1, . . . , ud))

= αn

(
G−

1,n(u1), . . . , G
−
d,n(ud)

)
+ n1/2

{
C

(
G−

1,n(u1), . . . , G
−
d,n(ud)

)

− C(u1, . . . , ud)}
= αn

(
u1 + n−1/2β1n(u1), . . . , ud + n−1/2βdn(ud)

)

+n1/2
{

C

(
u1 + n−1/2β1n(u1), . . . , ud + n−1/2βdn(ud)

)
− C(u1, . . . , ud))

}

= αn(u) +
{

αn(u + n−1/2βn(u)) − αn(u)
}

+n1/2
{

C(u + n−1/2βn(u)) − C(u)
}

= αn(u) + ∆1(u, n) + ∆2(u, n). (15)

where(u + n−1/2βn(u)) = (u1 + n−1/2β1n(u1), . . . , ud + n−1/2βdn(ud)). We start with∆2(u, n),

by differentiability assumption onC(·) we make use of Taylor expansion to obtain

∆2(u, n) =

d∑

i=1

∂C(u)

∂ui

√
n(G−

ni(ui) − ui)

+

√
n

2

d∑

i=1

∂2
C(u∗)

∂ui∂uj
(G−

ni(ui) − ui)(G
−
nj(uj) − uj),

whereu∗ lies in the interior of the line segment joining(G−
n1(u1), . . . , G

−
nd(ud)) and(u1, . . . , ud). It

follows from the definition ofαn(·) (cf. (3)), foruj ∈ [0, 1], j = 1, . . . , d, that

√
n(G−

ni(ui) − ui) = −
√

n
(
Gni(G

−
ni(ui)) − G−

ni(ui)
)

+
√

n
(
Gni(G

−
ni(ui)) − ui

)
,

= −αn(1, G−
ni(ui),1) +

√
n(Gni ◦ G−

ni(ui) − ui).

Using the fact that|Gni ◦ G−
ni(ui) − ui| ≤ 1/n and the the Chung (1949)’s law of the iterated

logarithm, one finds, almost surely,

∆2(u, n) = −
d∑

i=1

∂C(u)

∂ui
αn(1, G−

ni(ui),1) + O(n−1/2(log log n)1/2).
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Further more, by Stute (1982), we have

sup
ui∈[0,1]

|αn(1, G−
ni(ui),1) − αn(1, ui,1)| = O(n−1/4(log n)1/2(log log n)1/4).

Then, it follows that

∆2(u, n) = −
d∑

i=1

∂C(u)

∂ui
αn(1, ui,1) + O(n−1/4(log n)1/2(log log n)1/4).

as mentioned in Stute (1984). Next we consider∆1(u, n) which appears as the difference of the

processαn between the two points(u+ n−1/2βn(u)) andu, what allows us to consider the modulus

of continuityw∗
n(·) of αn , defined by

w∗
n(a) := sup

{
αn(A) : A =

d∏

i=1

[ui, vi] ∈ [0, 1]d, with |[ui, vi]| = vi − ui ≤ ai,∀i = 1, . . . , d

}
,

According to Einmahl and Ruymgaart (1987), we have

Fact 3. Let {an}n≥1 be a sequence in(0, 1) such asan ↓ 0, asn → ∞, and

i)nad
n ↑ ∞, ii)nad

n/ log n → ∞, iii) log(1/an)/ log log n → ∞

Then, with probability 1, we have

lim
n→∞

{
2ad

n log(1/ad
n)
}−1/2

w∗
n(an, . . . , an) = 1.

An application of the Chung (1949) law of the iterated logarithm shows that, for eachj = 1, . . . , d,

almost surely,

lim sup
n→∞

{
(log log n)−1/2 sup

0≤u≤1
|βjn(uj)|

}
= 2−1/2, (16)

so

sup
0≤uj≤1

| βjn(uj) |≤
(log log n)1/2

n1/2
≤ (log n)2/d

n1/d
:= an,

an application of fact 3 shows that, almost surely asn → ∞, we have

sup
u∈[0,1]d

| ∆1(u, n) |≤ w∗
n(an) = O

(
n−1/2(log n)3/2

)
.

The next fact, due to Csörgő and Horváth (1988) provides astrong approximation result appropriate

for our needs.

Fact 4. On a suitable probability space(Ω,A, P), it is possible to define{αn(u) : u ∈ [0, 1]d},

jointly with a sequence of Gaussian process{KC(u, n) : u ∈ [0, 1]d, n ≥ 0}, in such a way that,

almost surely, asn → ∞,

sup
u∈[0,1]d

|
√

nαn(u) −KC(u, n)| = O
(
n1/2−1/(4d)(log n)3/2

)
, a.s. (17)
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By applying the triangle inequality, we have

sup
u∈[0,1]d

|
√

nGn(u) − K∗C(u, n)| ≤ sup
u∈[0,1]d

|
√

nαn(u) −KC(u, n)| + w∗
n(an)

+
d∑

j=1

| ∂C(u)

∂uj
| sup

0≤uj≤1
| n1/2αn(1, uj ,1) −K(j)C (1, uj ,1, n) |

+ O(n−1/4(log n)1/2(log log n)1/4),

≤ O
(
n1/2−1/(4d)(log n)3/2

)
+ O

(
n−1/2(log n)3/2

)

+ O
(
n1/2−1/(4d)(log n)3/2

)
+ O

(
n−1/4(log n)1/2(log log n)1/4

)
,

then, we have almost surely asn → ∞,

sup
u∈[0,1]d

|
√

nGn(u) − K∗C(u, n)| = O
(
n1/2−1/(4d)(log n)3/2

)
.

The proof of Theorem 2.1 is achieved. �

5.2 Proof of corollary 3.1

First observe that the difference between the classical andthe smoothed empirical copula processes

(Gn(·) andĜn(·) ) can be controlled as follows. We see that

Ĝn(u) =
√

n

(
1

h

∫

[0,1]d
k

(
u − v

h1/d

)
Cn(v)dv − C(u)

)
(18)

=

(
1

h

∫

[0,1]d
k

(
u− v

h1/d

)√
n(Cn(v) − C(v))

)
dv

+
√

n

(
1

h

∫

[0,1]d
k

(
u− v

h1/d

)
C(v)dv − C(u)

)
(19)

=

(
1

h

∫

[0,1]d
k

(
u− v

h1/d

)
Gn(u)

)
dv

+
√

n

(
1

h

∫

[0,1]d
k

(
u− v

h1/d

)
C(v)dv − C(u)

)
. (20)

Thus

|Ĝn(u) − Gn(u)| ≤
∣∣∣∣∣

∫
∏d

i=1

[
ui−1

h1/d
,

ui

h1/d

](Gn(u − h1/d
v) − Gn(u))k(v)dv

∣∣∣∣∣

+ sup
u∈[0,1]d

|Gn(u)|
∣∣∣∣∣

∫
∏d

i=1

[
ui−1

h1/d
,

ui

h1/d

] k(v)dv − 1

∣∣∣∣∣

+
√

n

∣∣∣∣∣

∫
∏d

i=1

[
ui−1

h1/d
,

ui

h1/d

](C(u − h1/d
v) − C(u))k(v)dv

∣∣∣∣∣

+
√

n sup
u∈[0,1]d

|C(u)|
∣∣∣∣∣

∫
∏d

i=1

[
ui−1

h1/d
,

ui

h1/d

] k(v)dv − 1

∣∣∣∣∣

:= ξ1;n(u) + ξ2;n(u) + ξ3;n(u) + ξ4;n(u). (21)
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Under conditions (F.1), (C.1)-(C.3) and using Taylor expansion of orders we get

|ξ3;n(u)| =
h

s/d
n

s!

√
n

∣∣∣∣∣∣

∫ ∑

k1+···+kd=s

uk1

1 . . . ukd
d

∂s
C(u− hnθv)

∂uk1

1 . . . ∂ukd
d

K(v)dv

∣∣∣∣∣∣
,

where0 < θ < 1. Thus a simple application of Lebesgue dominated convergence theorem gives

n−1/2h−(s/d)
n |ξ3;n(u)| =

1

k!

∣∣∣∣∣∣

∑

k1+···+kd=s

∂s
C(u)

∂uk1

1 . . . ∂ukd
d

∫
uk1

1 . . . ukd
d K(v)dv

∣∣∣∣∣∣
. (22)

Then we have by condition (C.1)

|ξ3;n(u)| = O(n1/2hs/d
n ) = o(1). (23)

By Theorem 2.1 and almost sure continuity ofK∗C(u, n) we have

ξ1;n(u) ≤ sup
u,v∈[0,1]d

sup
|u−v|≤hn

|Gn(v) − Gn(u)|
∣∣∣∣
∫

K(v)dv

∣∣∣∣

= oP (1)O(1) = oP (1). (24)

We treat nowξ2;n(u). We havesup
u∈[0,1]d |Gn(u)| = OP (1) and asn tends to infinity (by condition

(C.2))
√

n

∣∣∣∣∣

∫
∏d

i=1

[
ui−1

h1/d
,

ui

h1/d

] k(v)dv − 1

∣∣∣∣∣ = o(1),

thenξ2;n(u) = oP (1). Using the same arguments we obtainξ4;n(u) = oP (1). Recollecting the above

results, one obtains

sup
u∈[0,1]d

|Ĝn(u) − Gn(u)| = oP (1). (25)

Now the Corollary follows from (25) in conjunction with Theorem 2.1, and the fact that

sup
u∈[0,1]d

|Ĝn(u) − 1√
n

K∗C(u, n)| ≤ sup
u∈[0,1]d

|Ĝn(u) − Gn(u)|

+ sup
u∈[0,1]d

|Gn(u) − 1√
n

K∗C(u, n)|.

and thus the proof of Corollary is complete. �
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