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Rotating points for the conformal NLS scattering operator
Rémi Carles

ABSTRACT. We consider the nonlinear Schrédinger equation, with mass-critical
nonlinearity, focusing or defocusing. For any given angle, we establish the ex-
istence of infinitely many functions on which the scattering operator acts as
a rotation of this angle. Using a lens transform, we reduce the problem to
the existence of a solution to a nonlinear Schrédinger equation with harmonic
potential, satisfying suitable periodicity properties. The existence of infinitely
many such solutions is proved thanks to a constrained minimization problem.

1. Introduction

We consider the pseudo-conformally invariant nonlinear Schrédinger equation

(1.1) i0u + %Au = [u[*%u, (t,2) e R xR d>1.

Two types of initial data are of special interest:

(1.2) Asymptotic state: Uo(ft)u(t)}t:ioo =uy, where Uy(t) = ez,
(1.3) Cauchy data at t =0 : up—o = uo.

It is well known that for data uy € ¥ = H' N F(H?'), where

(14) FI©) = 1O = Gy [ )5

(1.1)=(1.2) has a unique, global, solution v € C(R;X) ([17], see also [10]). Tts
initial value u;—g is the image of the asymptotic state under the action of the wave
operator:

Ujt=0 = W:tui.
Similarly, if ug € X, (1.1)—(1.3) possesses asymptotic states:

Juy € X, || Uo(—t)u(t) — uiHEt*) 0: wuy= nguo.

—too
The scattering operator associated to (1.1) is classically defined as
S:W;loW, SU_ Uy
It maps ¥ to ¥, and is unitary on L2, and on H':
||S(U7)HL2(Rd) = ”UfHLZ(Rd) ; ||VS(U7)||L2(REL) = HVU7||L2(Rd)-
This follows from [17, 38, 18].

Besides the existence of the wave and scattering operators, it seems that very
few of their properties are known. By construction, these operators are continuous
on Y. When d < 2 (the nonlinearity is smooth), these operators are real analytic
on X; see [7].

This work was supported by the French ANR project R.A.S. (ANR-08-JCJC-0124-01).
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2 R. CARLES

It is rather reassuring to check that the operators Wi and S are not trivial,
showing that averaged in time nonlinear effects may not be negligible. Following
[15] for the case of the wave equation, we can prove for instance that in L?(R%),
and as € — 0,

(1.5) S(eu_)=eu_ —ie™IP(u_)+ 0O (EHg/d) :
where
+oo
P = [ U ([Oa(u-0n(0)u-) .
We refer to [9] for a proof (in the present small data case, it suffices to assume that
u_ € L*(R%)). Explicit computations show that P(u_) # 0 when u_ is Gaussian,
therefore S is not the identity.

A few algebraic properties are available. Let C denote the conjugation f — f.
The invariances of the equation show that

(1.6) Wi :COW:F OC,

an identity which was noticed in [12] (see also [10]). Due to the invariance of (1.1)
under translation and gauge transforms,

S(u_(-+a))=S(u_)(-+a), Va € RY,

(1.7) S (eMu_) = eMS(u_), ¥n € R.

Another algebraic relation was established in [9], which seems to be bound to the
conformal case, contrary to (1.6) and (1.7):

FoWil=WgoF.

In [1], a remarkable property was proved for the scattering operator associated to
the energy-critical wave equation

(1.8) Pu—Au+|uffu=0 ; zeR3

Using the notion of profile decomposition, as introduced in [16, 29], the authors
prove in [1] that the scattering operator associated to (1.8), and defined on the
energy space, enjoys a surprising nonlinear superposition principle. It follows from
[21, 14] that a similar result holds for the Schrédinger analogue of (1.8),

1
i0ru + §Au =|ul*u ; zeR>

We give more precise statements in an appendix, where we also discuss the case of
(1.1). In this paper, we show the existence of infinitely many fixed points for S,
and more generally:

THEOREM 1.1. Letd > 1 and S : ¥ — X be the scattering operator associated
to (1.1). For any 0 € [0,2x[, there are infinitely many functions u_ € ¥ such that
S(u-) =eu_.

REMARK 1.2. For 6 €]0, 2|, this result yields another evidence that S is not
trivial.

REMARK 1.3. For § = 0, this shows the existence of infinitely many fixed
points. Similarly, for § = 27p/q, p,q € N*, this shows the existence of infinitely
many periodic (or cyclic) points, for any given period.

REMARK 1.4. We construct solutions of the form

1

(1+12)4*

jt_lzl?
e 1+t2 2

u(t,z) _ —i(%+2j—%)arctant¢

()
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where j € N\ {0} and ¢; € ¥. The profile ¢; is given by the nonlinear eigenvalue
equation (3.1) with v =d/2 + 25 + 0/~.

REMARK 1.5. In semi-classical analysis, the scattering operator appears in some
cases to describe solutions which pass through a focal point. In the presence of an
isotropic (but not necessarily) harmonic potential, focusing at one point occurs
periodically in time, and the scattering operator is iterated each time a focal point
is traversed; see [6] and references therein. The existence of fixed points, and more
generally, of periodic points, shows that the nonlinear dynamics may reveal some
periodicity in time, at leading order in the semi-classical limit.

REMARK 1.6. Not all the functions in ¥ are such that S(u_)(z) = e”®u_(z)
for some real-valued function h (not necessarily constant). Arguing by contradiction
and using (1.5), one can show that there exist two functions u_ and u_ in ¥ such

that
lu—(z)| = [u—(z)|, and [S(u_)(x)] # [S(u-)(z)|
See [6, §7.4.3].

REMARK 1.7. For the linear Schrédinger equation, one can construct transpar-
ent potentials V' (x). This means that one can choose a potential V such that any
function u(t,z) = e'Pt1)(z), E € R, solution to

10su + %Au =Vu
has a trivial scattering matrix; see [23] and references therein.
In the focusing case
(1.9) iOpu + %Au = —|u[*?u, (t,z) € R x RY,

no general scattering theory is available, since finite time blow-up may occur (see
e.g. [10, 36]). We know however that for (initial or asymptotic) data with a
sufficiently small L? norm, the solution is global, and there is scattering [11]. Recall
that the ground state given as the unique positive, radially symmetric solution to

1
(1.10) - 5AQ+Q=Q",
yields the best constant for the following Gagliardo—Nirenberg inequality [41]:
2+44/d d+2 4/d
(1.11) LFITE < Py TTTA LI FIR., Vf e H' (RY).

If Jullpz < ||@Q|lz2, then all H'-solutions to (1.9) are global in time [41]. Tt is
conjectured that the same holds true for L?-solutions; see [27, 22, 19, 39, 40, 24,
37, 25], and references therein.

THEOREM 1.8. Let d > 1. For any 0 € [0,2x[, there are infinitely many func-
tions u— € X such that the scattering operator assocmted to the focusing equation
(1.9) is well defined on u_, and such that S(u_) = eu_. In addition,

/4
d

Th ti ti —llp2 — 2.
e These functions satisfy ||u—| gz > (d+ 2) QL

o They are arbitrarily large in H'(R®) (resp. in H'(R?) if d > 2).

e For all such u_ € %, there exists ¢ > 0 such that if u_ € X satisfies
|lu— —u_||z2 < e, then S(u—) is well-defined in X (in particular, there is
no blow-up).

REMARK 1.9. We construct solutions of the same form as in Remark 1.4, but
with different profiles ¢, and in the phase, —j € N, with —2j > d/2.
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REMARK 1.10. In the defocusing case, the last property stated above is straight-
forward, since S is defined on X. In the above focusing case, this stability property
is more surprising.

Theorems 1.1 and 1.8 rely on two steps. As shown in §2, a lens transform
reduces the proof to the existence of time periodic solutions for the equation

2
10w + Lag =28, 4 DIRE
2 2

Since the nonlinearity is autonomous, it is reasonable to expect solutions to the
above equation which are standing waves, v(t,) = e~"%)(x). The point is that
infinitely many values for v lead to periodic solutions with a suitable period, that
is, such that by inverting the lens transform, we get Theorem 1.1 and the exis-
tence part of Theorem 1.8. This step is achieved in §3. The rest of the proof of
Theorem 1.8 is given in §4. Finally, in the appendix, we discuss the nonlinear su-
perposition principle associated to the scattering operator for (1.1), modulo some
global existence issues which are still open so far.

2. Reduction of the problem

2.1. Lens transform. Let u € C'(R;X) solve the more general equation

1
(2.1) i0u + §Au = [ul*u, (t,z) € R x R%
If

2
oo(d) < 0 < ——= (with only o > 0¢(d) if d < 2),

(2.2) d=2

2—d+Vd*>+12d+4

where o(d) := ¥ ,

then the scattering operator associated to (2.1) is well defined, from ¥ to ¥; [17,
38, 18] (see also [12, 30] where the case 0 = 0¢(d) is allowed). Introduce

[Ek
Ttant

1 T ;
* ST S R
(2.3) u(t, (on t)d/2u ant, — Je

which is well defined for [t| < 7/2, and has the same value as u at time ¢t = 0. As
noticed in [20, 34] (see also [4, 35]), v solves, at least formally:

: l _ @ do—2|, |20
(2.4) 10w + 2Av =5 + |cost| [v]“7 .
Note an important feature of the lens transform (2.3): it maps the line Ry for w,
to the bounded interval | — %, Z[ for v. Therefore, long time properties for u are
equivalent to local in time properties for v.

2.2. The harmonic oscillator. Let
1 |z[? —itH
H = *§A+ T, and UH(t) =€

denote the harmonic oscillator and its propagator. Recall some well-known prop-
erties (see e.g. [26]):

LEMMA 2.1. We have
d
O'p(H){§+k:lk ; kGN},

and the associated eigenfunctions are given by (tensor products of) Hermite func-
tions, which form a basis of L*>(R%). For { € N, the eigenfunctions associated to
log (resp. lags1) are even (resp. odd).
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In space dimension d = 1, these eigenvalues are simple, and the eigenvectors
are given by Hermite functions (¢;)ren. For even indices, 1o is even, and for odd
indices, 1941 is odd. Up to normalizing constants, we have for instance

Yo(x) = ey (a) = ze "2,
In higher dimensions, one considers tensor products of one-dimensional eigenfunc-
tions; the eigenvalues I, > d/2 are no longer simple. We note the identity

(2.5) U (t+ 7)) p(z) = e 42Uy (t)p(—z), VteR.

Finally, as a direct consequence of Mehler’s formula, local in time Strichartz
estimates are available for Uy (see e.g. [5, 10]). Notice that since H possesses
eigenvalues, global in time Strichartz estimates fails for Uy.

LEMMA 2.2. Letd > 1. A pair (p,q) is admissible provided that

2 d d
-4+ - == >2 d 2 2).
sTey PP (P, q,d) # (2,00,2)
Consider a finite time interval I.
1. For all admissible pair (p,q), there exists C = C(p,|I|) such that

1Us Ol o riamey < Clldllze, Vo € L2ARY).
2. Define the retarded operator in defined by

R(F)(t,xz) = /m{ - Uy (t—s)F(s,x)ds.

For all admissible pairs (p1,q1), (p2,q2), there exists C = C(p1,p2, |I|) with
IR s s ety < CIF g runys ¥ € L5 (I3 L (RY))

2.3. A rotating point for S. The following lemma is standard (see [38] or
[32]):

LEMMA 2.3. Let f € L>(R%), and recall that Uy(t) = eizh,
1 s~z L
[00(0)f = AW oy 2, 0 where AW (@) = T (T) €5

and the Fourier transform is normalized in (1.4).

PRrROOF. From the explicit formula

1 jlz—v|?
Un(t P LT d
0( )f(SC) (2Z7Tt)d/2 /II{d € 2 f(y) Y,
we have the following factorization:
Uo(t) = MyDJF M,

where M; stands for the multiplication by the function el%, F is the Fourier
transform defined in (1.4), and D, is the dilation operator

(D) @) = et (7):

The lemma thus reads: Uy(t) — MyD;F — 0 strongly in L? as t — +oo. Since

M, D;F is unitary on L?, the lemma follows from the strong limit in L2, M;—Id — 0,
which stems from the Dominated Convergence Theorem. O

LEMMA 2.4. Let o satisfy (2.2), and u,v € C(R;X) solve (2.1) and (2.4),

respectwely, with uj—o = vjy—g = ¢. Then

v(-Foa) = E W) () ¢ v (Ea) = e A (W) (@)
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REMARK 2.5. In the linear case, the same result holds when W, are replaced
by Id: see (2.5). The —dn/2 phase shift between the two instants +m/2 corresponds
to the Maslov index, and the symmetry with respect to the origin accounts for the
fact that the harmonic oscillator rotates the phase space with angular velocity equal
to one.

REMARK 2.6. It would suffice to consider v € C([-n/2,7/2]; L*(R%)), and
u € C(R; L2(RY)) which has asymptotic states in L?(R?). This is guaranteed if
we assume further spatial regularity as above. In the case o = 2/d, we might also
consider either data with small L? norm [11], or radially symmetric L? functions
when d > 2 [24, 37]. However, for the construction of periodic solutions to (2.4),
we take advantage of properties such as the compactness of the embedding ¥ —
L2 N L2U+2.

Proor. We show:
'U(t) o e*idﬂ'/ﬁlf (W_Fl(b)‘

—0ast— E.
L2(R4) < 2

By (2.3) and asymptotic completeness for (1.1), we have, in L?(R?):

ot 1) =i ety (tant, — )
(cos t)d/2 cost
1 ,'ﬂt t X
~ e 2 (Uo(tant)uy) (E)v

t—%" (cost)
where u4 = W;lgb. By Lemma 2.3, we infer
1 1212 |z |2 _1 1 T
v(t,x) ~ ————e 2 tant i 7 | sy m ( )
(t,2) 5= (cost)?/? (itant)?/2 " \tantcost
The last quantity is equal to
ef’idﬂ"/ﬁl
——=u
(sint)d/2 "+
which converges to e~*™/4%, (-) in L?(R%) as t — /2.
The case t — —m/2 is similar, up to a symmetry with respect to the origin,
since sin(—m/2) = —1. O

t—35

X i w\2( 1 7sint)
e 2 cos tsint cost R

sint

Denote u_ = W-1'¢. We have therefore
™

v (—g,x) = AT (u ) () ; w (5

CONCLUSION. If the solution v to (2.4) with vi;—o = ¢ satisfies
(2.6) v (g, z) = g tdn/2+i0,, (—g, f:c) ,

then u_ = W_-'¢ verifies S(u_) = e"u_.

,x) = e A E (Su_) ().

2.4. More rotating points? In the case o0 = 2/d, the nonlinearity in (2.4)
is autonomous: we may apply the lens transform back and forth, and change the
time origin. The following result is then straightforward:

PROPOSITION 2.7. Letd > 1 and o0 = 2/d. Let v € C(R;X) solve (2.4), and
such that
ot +m,x) = e 1240t —x), Y(t,z) € R x R
Then for allt € R, v(t,-) € ¥ is such that ut. = W u(t) satisfies

S (ut_) =yt .
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REMARK 2.8. Due to the gauge invariance of (1.1), S is also gauge invariant
—see (1.7) — and the above result may be relevant only on time intervals of length
(at most) 7.

2.5. The focusing case. Consider the equation:
1 2
(2.7) 10w + §Av = %v — |v|Y .

For initial data in 3, the existence of a unique solution locally in time is well-known
(see e.g. [10]). Rather than the possibility of finite time blow-up, our interest is:

LEMMA 2.9. Suppose that (2.7) has a solution v € C([—7/2,7/2]; ). Then u,
defined by
2.8 u(t,r) = ————e 1+* 2 gy | arctant, ——
28) () (1+12)%/ ( 1+t2)

solves (1.9). It satisfies u € C(R;X), and has asymptotic states in 3, given by:
uy(x) = e/ F 1y (ig) ().
PROOF. We have immediately u € C(R;X), and the fact that it solves (1.9).

To see that u has asymptotic states, given by the above formula, write, for large
t]:

1 Je—y|?
Unl-tult.a) = 5y [ €5 ult. iy

1 1 Z;L 7-\1:71,/\2 Y
= 1462 2 LT tant d
(72’L.7Tt)d/2 / (1 +t2)d/4e € v | arctant, \/1_|_—t2) Y

1 1 —iﬂ/ iz i(—dpty ) < y )
N o005 ¢ 2t et e t T 14¢2 2 arcta’nt7 d
2ty 17 L)
+idn /4 1 ]
e |z|

2 - i y|?
i =Y = 5 Y
Wwe 2 /e e ta+tH 2 g (arctant, m) dy

. |2 . T
~ e/ oy (arctant, £x) & eI/ F Ly (:I:E, :I::c) .

~
~

We have presented the computations in a formal way. We leave their easy justifi-
cation to the reader. O
3. Construction of periodic solutions

We construct a solution of the form
v(t,z) = e "hp(x).

In the defocusing case, 1) must solve

(3.1) vip = Hp + 1]/,
In the focusing case, it must solve

(3.2) (H = v)y = [p[Y .
We have:

ProPOSITION 3.1. Let d > 1.
1. If v > d/2, then there exists an even function ¥ € X\ {0} solving (3.1).
2. If v < d/2, then there exists an even function 1 € ¥\ {0} solving (3.2).
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Theorem 1.1 follows from the first point, by considering the family (for 6 €

[0, 27])
d .0
()1 = {5 +2i — = G N\ {0} }.

The form of the corresponding solution u given in Remark 1.4 is straightforward,
by inverting the lens transform (2.3) (see (2.8)).

To infer the existence part of Theorem 1.8, we can consider the family (for
0 € [0,27])

i ={5-2- 2 jenviop).

REMARK 3.2. For such solutions, Proposition 2.7 is irrelevant. Consider e =it (x)
at two different times: this amounts to a multiplication by €*7 for some n € R. As
we have seen, the gauge invariance of (1.1) implies that S is also gauge invariant,
and Proposition 2.7 holds trivially for such solutions.

REMARK 3.3. Proposition 3.1 remains valid if [1|*/%) is replaced with |1)[>7 1),
where the nonlinearity is H '-subcritical, that is, o < 2/(d—2) when d > 3. However,
since the nonlinearity in (2.4) is autonomous if and only if o = 2/d, this is the only
case where it is reasonable to seek a solution to (2.4) of the form v(t, z) = e~ (z).

At least two proofs of Proposition 3.1 are available in the literature:

e In [33], the case of (3.2) is considered, by using bifurcation theory. As
indicated there, the arguments presented in [31] make it possible to infer
Proposition 3.1.

e In [20], Proposition 3.1 is established up to the symmetry property (which
could easily be incorporated): see [20, Theorem 1.4] for the first point,
and [20, Theorem 1.3] for the second one. The proof there is based on
the mountain pass lemma.

Even though this result has been established elsewhere, we present a another short,
self-contained proof, for the sake of completeness.

PROOF OF PROPOSITION 3.1. We proceed in the same spirit as in [3, 13]: let
1 v
1

M= {v e s v =il s g7 [ WP =1},

We consider radially symmetric functions for simplicity; in particular, these are
even functions. The following lines essentially show that the negative part of I can
be controlled. Denote

d = inf I(¢).

peM
First case: v > d/2.
We show that 0 > § > —oco. To see that § < 0, consider ¥(z) = ce“””‘2/2, where
¢ is such that ¢ € M, and recall that 1 is the unique eigenfunction associated to
lo=d/2: Hip = d/2¢.

Suppose that we could find sequences in M along which I goes to —oco. Let
(¥n)nen be such a sequence; necessarily, it is unbounded in L?(R?). We remark
that (2 )nen and (Vi,)nen are also unbounded in L2(RY), with norms of the
same order as ||1,||r2. To be more precise, we introduce a notation: let (o, )nenN
and (B, )nen be two families of positive real numbers.

e We write «,, < (3, if limsup a,, /3, = 0.
n—-+4oo
e We write «,, < 3y, if limsup av,, /3, < 0.

n—-+4oo
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e We write o, = 3, if a, < 5y, and 6, < ay,.

Let ¢, € X, with ||¢y||z2 — +oo. In general, up to extracting a subsequence, two
possibilities can be distinguished:

* [IVoullz2 > [|énllL2 and/or |zdn L2 > [|PnllL2,
o Or [VonllL2 = |[2¢nllL> = [|énl|L2-

This stems from the uncertainty principle

2
ll7- < FIVellzzllzgll 2.

In our case, it is easy to see that the first possibility leads to a contradiction, since
1(,,) would be positive for n sufficiently large. Consider the last possible case:
IVUnll Lz ~ 2| 12 & |[thn]| 2. Introduce

~ 1
U= Tl

This is a bounded sequence in X, whose L? norm is equal to one. Up to extracting

Un.

a subsequence, 1, converges weakly in ¥. Since ¥ < L?(R?) is compact, (a subse-
quence of) ¢, converges strongly in L2(R%), to some 1) € ¥ such that ||| = 1.
Since the embedding ¥ < L2+4/4(R4) is compact, 1, — 1 strongly in L2T4/4(R%).
We infer

[¥nllp2+a/a = [[¥nll2l[¥nllp2+a/a = [[¢nllL2 — +o0.
Therefore, 1, cannot remain in M, hence the finiteness of 4.

Since the embedding > < LP(RY) is compact for 2 < p < 2d/(d—2) (2 < p < o0
ifd=1and 2 < p <  if d = 2), we infer that this infimum is actually a minimum,
attained by a non-trivial function ¢ € 3. Indeed, from what we have seen above,
any minimizing sequence is bounded in L?(R?), and therefore in ¥ since § < 0.
The Lagrange multiplier p associated to this problem is such that

Hyp — v = ply| Y.
The scalar product with ¢ yields p < 0, since § < 0:

v = H + |y
The function |u|%/*4(# 0) solves (3.1).

Second case: v < d/2.
We show that 0 < § < co. The finiteness of ¢ is obvious, and we recall that the
uncertainty principle yields

(33 1) > 5 (5 - ) Il >0

Assume that 6 = 0: we can find a minimizing sequence v, € M such that ¢,, — 0
in L?. Therefore,

0 I(hn) = % (Htp, ) + 0(1),

and v, — 0 in . This implies v, — 0 in L>t*/¢: this contradicts 1, € M, and
s0, 6 > 0. We see from (3.3) that any minimizing sequence is bounded in L2, and
thereby in X. Up to a subsequence, such a sequence converges weakly in ¥, and
strongly in L2 N L?T%/4_ to a function 1) € M which verifies

(H —v) ¢ = plp|* .

Since § > 0, taking the scalar product with 1 in the above equation shows that the
Lagrange multiplier y is positive. The function p%/%4) then solves (3.2), hence the
proposition. O
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4. End of the proof of Theorem 1.8

Recall that for the existence part of Theorem 1.8, we apply the second point
of Proposition 3.1 with the family (for 6 € [0, 27])

1= {3 -2 -2 ieN 0}

Denote by (¢;);>1 a corresponding family of even, nontrivial solutions to (3.2). The
fact that this family is unbounded in H'(R%) follows by taking the scalar product
of (3.2) with ¢;, and invoking the Gagliardo-Nirenberg inequality (1.11):

d+2 4/d
(H = 13)85.05) = [ loy(a)PH/ds < 16514170513
§) Pj> Pj - 2d||Q||4/d j i
This reads:
d+2 4/d 1 2 1 2 . d 9 2
2d||Q||4/dH¢JH IVesllie > SIVEilTe + 5lladsllie + (27 — 5 + — ) 6517
We have directly, for 25 > d/2 — 0/,
4/d 4/d
ol > S IQI
Therefore,

4/d ajafoi 0N e s ofe ot 0
IV 01 > Z51QIY (20— 5+ 2 ) Ioslia > 0 (2 - 5+ ).

The last inequality shows that (¢;);>1 is unbounded in H!(R?). The first inequality
shows that if d > 2, then

IVe;lZ 2 J.
In view of Lemma 2.9, the following result completes the proof of Theorem 1.8.
PROPOSITION 4.1. Let v < d/2, and v(t,x) = e~ *4p(x), where ¥ solves (3.2).

There exists € > 0 such that if $ € 3 satisfies ||v(—7/2,-) — ¢||L2 < €, then the
solution v to the initial value problem

B O
(4.1) 104U + 2Av =5 [O]70 5 Vpym—rjz =@
is such that v € C([—-7/2,7/2]; 2

PrOOF. For ¢ € ¥, the local existence of a solution v in 3 is standard; see
e.g. [5, 10]. We prove that if ¢ is sufficiently small, then this solution cannot
blow-up on the time interval [—7/2,7/2]. The analysis in [5] yields, since v €
C([=m/2,7/2]; %

v, v, Vv € LP ([-7/2,m/2]; Lq(Rd)) . V(p,q) admissible.

Consider the function w = v — v. It solves
(4.2) 0w = Hw+g(v+w) —g(v) 5 Wi=—r/2=0—Vi=—r/2,
where we have denoted g(z) = |2|*/?z. To prove the proposition, it suffices to show
that w € C([~7/2,7/2];%). Let t € [-7/2,7/2], and denote D; = [~7/2,t] x R%.
Strichartz estimates with the admissible pair (2 4+ 4/d,2 + 4/d) yield, along with
Hoélder inequality:

1wl L2+4/a(pyy < Cllv = Djt=—rs2llL2

4/d 4/d
+ C (Il e agpyy + 101 sy ) N0l 2ssram,.
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Note that the constant C' can be chosen independent of t € [—7/2,7/2], by consid-
ering I = [—7/2,7/2] in Lemma 2.2. By splitting [ into a finite number of intervals
I; such that

1
C||UHL2+4/d([ xRd) < 57

and repeating the same arguments finitely many times, we see that there exists Cy
such that

4/d+1
lwll 2ra(p,) < Collv = Te=—rjallzz + Collwll 3ot o,

for all ¢ € I (this is essentially Gronwall lemma on a finite time interval). Therefore,
choosing ||v — Ujy—_r 2|22 sufficiently small, a bootstrap argument shows that w €
L2+4/d(1 % Rd)

Since the operators x and V do not commute with Ug, we may introduce the
operators

J(t) =xsint —icostV ; K(t)=xcost+isintV.

These operators commute with Uy, act on gauge invariant nonlinearities like deriva-
tives, and satisfy the pointwise property

(4.3) TS+ K@) f* = |2 f* + [V I

We refer to [5] for more details. Applying the operators J and K to (4.2), Strichartz
and Holder inequalities yield

[ Jwl[g2varap,y + | Kwl L2vasap,y < Cllv = Vpp=—z2lls
4/d 4/d
+C (Il otasagpy + 103t ara ) (190l 2ts/a0y) + IV 203700,

4/d 4/d
O (1o oy + 1010y ) (Il gvsraqoyy + K 0l eraraqp,) -

Splitting I into intervals where

1
4/d 4/d
c (HwHL/2+4/d([j><Rd + HU||L/2+4/d I de)) < S g

we infer that Jw, Kw € L***%4(I x R?). Applying Strichartz inequality with
now (p1,q1) = (00,2) and (p2,q2) = (24 4/d,2 + 4/d), we see that w, Jw, Kw €
L>(I; L2(RY)), hence w, zw, Vw € L*(I; L*(R%)) from (4.3). The results in [5]
imply that w € C([-7/2,7/2];%). O
Appendix A. Profile decomposition and nonlinear superposition

Consider first the energy-critical nonlinear Schrédinger equation in space di-
mension d = 3:

1
(A1) i0ru + §Au =ul*u ; zeR>
Before stating the results we want to recall from [21], introduce a definition:

DEFINITION A.1. If (A5, 15, ;)JEN is a family of sequences in R4\ {0} x RxR3,

then we say that (h5,?5,25)jen is an orthogonal family if
i h |ts — ] T5 — Vi 4k
Hzlj(l)lp ha —l—?—i— (hi) + h;f = 00, J#k.

The main two results in [21], which we recall below, are the Schrodinger ana-
logues to the results in [1] for the wave equation (1.8).
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THEOREM A.2 (Theorem 1.6 in [21]). Let (¢°)o<e<1 be a bounded family in
HY(R?). Letu, =e 584, Then, up to a subsequence (still denoted by uf,, ), there
exist a family (h )j=1 of positive numbers, a family (15 j>1 of vectors in Rx R?,
and a family (V )j=1 of solutions to

FA J)

1

such that:
o (h5,t5,25)jen is an orthogonal family.
e For every £ > 1,

=3y (8 1 E) e
Uin , L) = ; 5 w , ),
= 2 e )

J

with
hmsup l|lwg || Lag (R;L™(R2)) — 0

e—0

for every pair (q,r) with 6 < r < oo and 2/q +3/r=1/2.
In [21], we find, since every H' solution to (A.1) is global in time [14]:

THEOREM A.3 (From [21] and [14]). Under the same assumptions as in The-
orem A.2, consider the solutions to

1
i0u® + §Au6 = |u[*u® ; w(0,z) = ¢°(z),
associated with the subsequence of Theorem A.2. Then

t—tf T — a5

Z /he < he 2’ h§J>+w§(taz>+7’Z(t,z),

with
lin SU.p (||vre||Loo(R L2(R3)) + ||Te||L10 R4) + HVTZHLW/S R4)) €—>ooo’
e—0 _

where h%, 15,25, wj are as in Theorem A.2, and the nonlinear profiles U; are given

AR Rk
by:
te
V(U; = Vj) <ﬁ>
(h5)

Note that according to the limit of ¢5/(h5)* in [—o0,+0oc], the profile U; is
defined either by a Cauchy data, or by an asymptotic state. Roughly speaking, the
contribution of wj is linear, since this function is the same as in the linear profile
decomposition of Theorem A.2, while 7§ is asymptotically small (thus linear) as
¢ — oo. All in all, (leading order) nonlinear effects are measured through the
nonlinear profiles U;. The orthogonality property shows that the interactions of
the scaled profiles are negligible in the limit ¢ — 0. The large time behavior of u®
is given, asymptotically as € — 0, by the superposition of the large time behavior
of the scaled nonlinear profiles. Since every profile U; possesses asymptotic states,
we see that S acts on each profile separately (as ¢ — 0).

) 1
10U + 5 AU; = \U;1*u; —0.

L?(R3)

In the L?-critical case (1.1), the profile decomposition at the L? level is not
merely a recasting of its H' counterpart, because Galilean invariance must be taken
into account. A profile decomposition was introduced in [28] in the case d = 2,
then generalized to the case d < 2 in [8], in such a way that the improved Strichartz
estimates in [2] yield a profile decomposition in L?(R?) associated to solutions of
(1.1) for all d > 1. Due the existence of an extra invariance, we modify the notion
of orthogonal scales and cores:
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DEFINITION A.4. If (h5,15,25,&5)jen is a family of sequences in Ry \ {0} x
R x R? x R%, then we say that (RS, 15,25, €5 ) jen is an orthogonal family if

lim sup
e—0

24k
he ha (hj) ha. h;

(hf 1t5 — il S
JF
J

)oo, Vj # k.

THEOREM A.5 (From [28, 8, 2]). Letd > 1 and (¢°)o<e<1 be a bounded family
in L2(R%). Up to extracting a subsequence, we have:
i) There exist an orthogonal family (h5,t5,25,£5)jen in Ry \ {0} x R x R% x R4,
and a family (¢;);en bounded in LQ(Rd), such that for every £ > 1,

4
it
€887 =2 i (65)(t @) +ri(t, ),
j=1
. t—1t5 v — a8 — &5
‘ _ i —ik|E5)? 1 , J J J
where  P7(¢;)(t,z) = e (he?)d/QVJ ((h§)2 ; = ) ,
with  Vi(t) =e 2A¢], and  limsup ||rg || p2+4/a(m xR e 0.
£E—
Furthermore, for every £ > 1, we have
4
2 2 2
(A2) HQZ)EHLZ(RUZ) = Z ||¢j||L2(Rd) + ||T§||L2(R'i) =+ 0(1) as € — 0 .
j=1

ii) If in addition the family (¢°)o<c<1 is bounded in HY(R®), or more generally if

(A.3) lim sup/
=0 JIEI>R

then for every j =1, h§ > 1, and (§5)e is bounded, [§5| < C

g/i)\a(f)IQdf —0 as R — +o0,

Contrary to the case of (A.1), the global existence of solutions to (1.1) in the
critical space (L?) is not known so far, hence a slightly intricate statement (as in
[21] for the H! case, written at a time where the global existence for (A.1) was not
known):

THEOREM A.6 (From [28, 8, 2]). Under the same assumptions as in Theo-
rem A.5, consider the solutions to

1
10U’ + §Au8 = |u6|4/du6 ;o ut(0,2) = ¢ (),

associated with the subsequence of Theorem A.5. Consider the solution U; to (1.1)

such that E
o5 ()

Let I* C R be a family of open intervals containing the origin. The following
statements are equivalent:

— 0.
r2mm) 0

(i) For every j > 1, we have

lim sup ||UJ’||L2+4/d(Iijd) < +oo, where IS := (hS)7? (I° — t5) .
e—0 !

(ii) hmsupHu | L2+aracre xmay < +00.

e—0
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L

Moreover, if (i) or (ii) holds, then u¢ = ZN;(@) + 15 + pg, where r§ is given by

j=1

Theorem A.5, and:

timsup (11 | vsrareemsy + 1051 esnamny) , 2,0
1 =15 x— a5 -1t

7

Uj
(h)d/2 (h%)? h

N3 (6)) (1) = =S 4G

If, as expected, one has I; = I° = R for all j, then this result is the exact

analogue of Theorem A.3.
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