SPECTRAL THEOREM FOR MULTIPLIERS ON [L2(R)

VIOLETA PETKOVA

ABSTRACT. We study the spectrum o (M) of the multipliers M which commute with the trans-
lations in weighted spaces L2 (R). For operators M in the algebra generated by the convolutions
with ¢ € C.(R) we show that p(Q2) = o(M), where the set Q is determined by the spectrum
of the shift S and p is the symbol of M. For the general multipliers M we establish that W
is included in o(M). A generalization of these results is given for the weighted spaces L2 (R¥)

where the weight w has a special form.

AMS Classification: 47A10

1. INTRODUCTION

In this paper we examine the spectrum of multipliers M in a weighted space L2 (R). Our
approach is based heavily on the existence of symbols for this class of operators and we show
that the spectrum o (M) can be expressed by the symbol p of M applied to a set Q defined by
the spectrum of the shift operator S. To announce our results we need some definitions.

A weight w on R is a non negative function on R such that
w(z+y)
p—
zeR w(a))

Denote by L2(R) the space of measurable functions on R such that

/ () Peo()2da < +oc.
R

Let C.(R) be the set of continuous functions on R with compact support. For a compact K
of R denote by Ck(R) the subset of functions of C,(R) with support in K. The space L2 (R)
equipped by the norm

< 400, Yy € R.

1
191 = ( [ 1f@)Putayar)’
R

is a Banach space and C,(R) is dense in L2 (R). We denote by f or by F(f) the usual Fourier
transform of f € L?(R). Denote by S, the operator of translation by = defined on L2 (R) by

(Sef)(t) = f(t — ), Vi € R.
Let S (resp. S~!) be the translation by 1 (resp. -1) on the space L2 (R). Define the set

Q= {z €C, —Inp(S™1) <Imz < lnp(S)},

where p(A) is the spectral radius of A. For ¢ € C.(R) denote by My the operator of convolution

by ¢ on L2(R). Let A (resp. B) be the closed algebra generated by operators My, for ¢ € C.(R)
1
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(resp. Sz, x € R) with respect to the topology of the operator norm. Denote by A the set of
characters of a commutatif algebra A.

Definition 1. A bounded operator M on L?(R) is called a multiplier if
MS, =S, M, Vx € R.

We will denote by M the algebra of the multipliers on L2 (R). First we treat the operators
in the algebra A working with the symbol of M defined in Section 2. Notice that if My is the
convolution by ¢ € C.(R), the symbol of My is ¢. Our first result concerns the spectrum of
My.

Theorem 1. For ¢ € C.(R), we have

(M) = $(Q).
On the other hand, for every M € A we obtain

Theorem 2. Let M € A and let v be the symbol of M. Then v is a continuous function on €2
and we have

o (M) = V(). (L1)

For general multipliers M we have a weaker result leading to the inclusion of p(€2) in the
spectrum of M.

Theorem 3. Let M be a multiplier on L2(R) and let u be the symbol of M. Then we have
pu(§2) C o(M). (1.2)

We should mention that our results cannot be obtained by using known spectral mapping
theorems since in general we have no spectral calculus for the operators in the algebra M. For
this reason we exploit the existence of symbols u for such operators established in [6] for L2 (R)
and in [8] for L2 (R*) assuming that the weight is a product of weights w = wy x ... X wy. The

symbols p are holomorphic in the set €2 and this plays a crucial role in our analysis since we
may characterize the spectrum of M by the set 1(Q). For example if T} = ¢, then Theorem 3
yields the well known inclusion

et(9) ¢ a(ets).
On the other hand for the operators in M it seems difficult to obtain an analog of (1.2) by
using the techniques developed for Cp-semi-groups and special Banach algebra (see [4], [3], [5],

[1]).
2. PRELIMINARIES

First, we explain the link between the spectrum of S and the set where the symbol of a
multiplier is defined. For a € R, denote by g, the function g,(z) = g(z)e*. In [6], we have
established the following theorem.

Theorem 4. For every M € M, and for every a € I = [~Inp(S™1), Inp(S)], we have
1) (Mf), € L3(R), Vf € C.(R).
2) There exists pq) € L°(R) such that

/(Mf)(:n)e“xe_mdx = ,u(a)(t)/ f(z)e®e ™ dz, a.e.
R R
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i.e.

— —

(Mf)a = ti(a)(f)a-
3) If} # () then the function pu(2) = i »)(Re 2) is holomorphic on Q.

Definition 2. Given M € M, if Q # (), we call symbol of M the function u defined by

:UJ(Z) = M(Imz)(Re z), Vz € Q.

Moreover, if a = —Inp(S™1) or a = Inp(S), the symbol y is defined for z = x + ia by the same
formula for almost all x € R.

We will say that a € R verifies the property (P) if for every M € M we have:
(1) (Mf)q € L*(R), Vf € Ce(R)
(2) There exists i) € L>°(R) such that

/(Mf)(a:)e“memd:c = ,u(a)(t)/ f(z)e®e " dy, a.e.
R R

Denote by o(A) the spectrum of the operator A. First we have the following
Proposition 1. We have

1
o(8)={zeC, rELE p(9)}

and the real a satisfies the property (P) if and only if a € [—Inp(S™1), Inp(9)] .
Theorem 4 implies that if @ € [~ 1In p(S~1), In p(S)], then a satisfies the property (P).
Lemma 1. If a € R wverifies the property (P), then e*t ¢ o(S), for all b € R.

Proof. Let a € C be such that e® ¢ o(S). Then it is clear that T = (S — e®I)~! is a
multiplier. Let a € R verify the property (P). Then there exists v(,) € L°°(R) such that

—

(Tf)a = V(@) (flas Vf € Ce(R), ae.
Replacing f by (S —e“I)g, for g € C.(R

(9)a(2) = V(@) F [

~—

we get

—

S — eaI)g]a) (), Vg € C.(R), a.e.

and -
(9)a() = v(a)(¥)ga(@)[e"* — €], Vg € Ce(R), a.e.
Choosing a suitable g € C,(R), we have

—e*) =1, a.e.

V(a)(T)(e
Since v,y € L*(R), we obtain that Rea # a and we conclude that

et ¢ 5(S), Vb € R.

O
Taking into account Theorem 4 and Lemma 1, Proposition 1 follows directly.
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3. SPECTRUM OF My

In this section we characterize the spectrum of My, for ¢ € C.(R) by using the results of
the previous one. We recall that M, denotes the operator of convolution by ¢ € C.(R). We
recall that Q is the set

Q= {z €C, —Inp(S71) <Imz < lnp(S)}.

First notice that 0 € o(My). Indeed, suppose that My is invertible. Then M(;1 € M and let p
be its symbol. For a € I, we have

—_—

F(M; (Myf)a) = (Flas VI € Co(R).
Then, we get

@) (@) (0)a(@)(Pa(@) = (Na(@), Vf € Cu(R), a.e.

and

10y (%) (P)a(z) = 1, a.e.

—

Taking into account that e,y € L®(R) and limg— o0 (¢)a(z) = 0, we obtain a contradiction.
Thus, we conclude that 0 € o(My).
Now, we establish the following
Lemma 2. Let ¢ € C.(R). If X\ € 0(My) \ {0} then there exists o € Q such that
A= o(a).

Proof. Following [9], we have o(My) = {v(My), v € /\//T} Let v € M be fixed such that
A =v(My). We have

M,f = /R Su(f)6(2)da
but we cannot deduce that
1) = [ (80w
since we do not have the convergence of the Bochner integral fR Sy¢(x)dx with respect to the
operator norm. However, we claim that
’y(M¢ [e] S:C)
~(M :/wazd:ﬂ,VQpGCR. 3.1
(M) = | T (R) (3.1)
Consider the application

n:Ce(R) 3¢ — n() = v(My)

which is a continuous linear form on C.(R). Here C.(R) is equipped by the topology given by
the inductive limit of Cx (R), K being a compact subset of R. Indeed, if K is a compact subset
of R and if (¢¥)neny € Ck(R) is a sequence uniformly convergent to 1» € Ck(R), for every
g € L2(R), we have

|My.g — Myg]| < / 16 — Blloo sup 1Sy llll9lldy
K yeK
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and so
Jim [|My,, — Myl = 0.

We deduce that the application

is sequentially continuous and so it is continuous from C.(R) to A. It follows that 7 is a
continuous linear form on C.(R) and there exists a measure m (see [2], Chapter 3) such that

n() = /R b(x)dm(z), V) € Cu(R)

and hence
101y) = [ wla)dma).

This implies that for every ¢ € C.(R) we have

(M 0 My) = / (4 % ) (t)dm(2)

_ /R ( /R U)ot — x)dr ) dmt)

Using Fubini theorem, we get

1My 0 My) = 1(Mye) = [ 06a)( [ ot = a)am(®))do

= [ v@n(Se o Mo
and this yields the claim (3.1). Consequently, we conclude that
1(My) = [ playi(So)de. ¥ € CulR). (32)
Since v € M, it is clear that v(Sz) € 0(Sz) (see [9]). Set
(Mg o Sy)
O0(x) =~v(S;) = ———=, Vx e R.

The application
x — Sy 0 My = Mg, (4)
is continuous from R into 4 and we deduce that 6, is a continuous morphism from R to C. The

function 6, verifies
O (x+y) =0,(x)0,(y), Vz € R, Yz € R.

Therefore there exists « € C such that
0. (z) = e " Vr e R.
Applying (3.1) we get
1(0My) = [ oaredn = i)

Since e~ € ¢(9), an application of Proposition 1 yields
1

p(



6 VIOLETA PETKOVA

which implies a € 2. This completes the proof of Lemma 2. [J

Proof of Theorem 1. We will prove that ¢(Q) C o(My). Let A = ¢(a), with o € Q and
a =Im(a) € [~Inp(S™1), Inp(S)]. Suppose that A ¢ o(Mg). Then, the operator My, — A1 is
invertible and (Mg — AI)~! is a multiplier on L2 (R). Since a € [—In(p(S™1)), In(p(9))] there
exists v(,) € L°(R) such that

F(((My = A1) 7)) (2) = ) (@) (Fale), Vf € Co(R), ae.
Replacing f by (Mg — A )g which is obviously also in C.(R) if g € C(R), we get

—

(9)a(®) = vy @) F (((My = ADg)a ) ()

= V(o) (@) ((@)al) = A) (9)a(), Vg € Ce(R), ae.
Choosing a suitable g € C.(R), we conclude that

~

1 =y (2)[(r +ia) — A, a.e.

Let Rea = x¢ and let V' be a neighborhood of zq such that |y, (z)| < m, for all x € V. Then,

we have )
|b(x +ia) — A > —,
m

which yields a contradiction for x suitably close to xg, because (5(04) = gg(ac +ia) = A and ¢ is
continuous. Thus A € o(My) and so ¢(£2) C o(My). Lemma 2 implies o(My) \ {0} C ¢(2) and
the proof of the theorem is complete. [

4. GENERALIZATION
In this section we investigate the spectrum of a general multiplier on L?(RR). We recall that

o

the symbol p of a multiplier M is in H*°(€2) and it is essentially bounded on the boundary 6(€2)
of  (see Theorem 4). Introduce the set

p(€) ={u(z) : z€ Q\N},

N being a set of measure zero.

Proof of Theorem 3 Assume that A\ ¢ o(M). Then (M — A\I)~! is a multiplier and for
every a € [~Inp(S1), Inp(S)], we introduce the symbol v, € L*°(R) such that

F(((M =A™ )a) @) = vy (@)(Na(), Vf € Co(R), acc.
Replacing f by (M — AI)g where g € C.(R), we get
(9)a(@) = v @ F ((M = M)g)a) @)

= V() (2)(11(a) (2) = A)(9)a(), a.e.
Choosing a suitable g € C.(R), we get

1= V(a) (x)(:u(a) (‘73) - /\)’ a.e.
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Given z € R, satisfying
[1a) (@)] < Nl1a) lloo and ey ()] < [[¥(0) oo (4.1)

z)
it is clear that if A = ji(4) () = p(z +ia) we obtain a contradiction. For every z for which (4.1)
holds and for a € [—1Inp(S~™1), In p(S)] we deduce that

1oy (@) = (@ + ia) € o(M).
According to Theorem 4, v and p are holomorphic on 2, and so v(,) and p(,) are continuous
on R, for every a € [—Inp(S™1), Inp(9)]. Consequently, (4.1) holds for almost every x and the
proof is complete. [

Notice that ¥ may not be continuous on the boundary of Q. Indeed, for w =1, let h € L>*(R)
be a function which is not continuous on R. Define the operator H on L?(R) by the formula

Hf =F Y (hf).
Then H is a multiplier on L?(R), but its symbol A is not continuous on Q = R.

Now we present one example. Suppose that y is a complex Borel measure such that

+oo
/ 1Seldlx](t) < +oo. (4.2)

—00

Then the operator M, defined by the formula

+oo
AMﬁz/ Su(f)dx(t), VS € L3(R),

—00

is obviously a multiplier on L2 (R). The condition (4.2) implies that
[ edil@) < 400, Ya € [~ lnp(s), np(s))
R

so the integral

/R e dx (z)

converges for all a € €. Clearly, the symbol of M, defined in Section 2, becomes

to) = [ dna)
The results of the previous sections imply
X(0(5)) C (M) (4.3)

The inclusion (4.3) has been established by other methods in [1] and [4]. We see that the
inclusion (4.3) may also be obtained by the tools of our paper.

Now we give an illustration of Theorem 3. Let T; = €™, where M € M. It is clear that
the group (73)er is included in M. For t € R, a € I and f € C.(R), we have

—

(@MNoly) =3 tk(]\gf)“(y)

k>0
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th — —
= (@) (Naly) = @D (f)a(y) ae.,
k!
k>0
where fi(4) is the symbol of M. Then the symbol of 7} is the function z — et(2) . Now suppose
that M = S. Then we have pq)(y) = e~W=9) and pu(z) = e, ¥z € Q. Following Theorem 3,
we obtain {e’* ", z € Q} C ¢(T}) and

() c g (e, Vt € R. (4.4)

The inclusion (4.4) follows also from a classical result about the spectrum of a semi-group (see

[4], 3)-

5. SPECTRUM OF M € A

Now we examine the spectrum of multipliers forming a larger class than those of operators
My. We will show that if M € A and v is the symbol of M, then v is a continuous function on
) and we have

o(M) =v(Q).
Proof of Theorem 2. First, we show that v is continuous on Q. Let (¢,)nen be a
sequence of C¢(R) such that lim, . [[My, — M| = 0. The construction of v, for a €

—

[—Inp(S71), Inp(S)], given in [6], defines V(a) as the limit of (¢),), With respect to the weak
topology of L?(R), where (¢,)nen is a special sequence in C,(R) such that (My, )nen converges
to M with respect to the strong operator topology. Using the same argument as in [6], we get

—

V(a)(x) = lim (¢n)q()

n—oo

with respect to the weak topology of L?(R). For fixed a € [~Inp(S~!), Inp(S)] and z € R
there exists v € M (see section 2) such that

(¢)a(x) = 7(M¢)’ Vo € CC(R)'
This implies that for every k € N, n € N, we have

—

(6n)a(@) — (Sn)al@)| = V(M) —¥(Mg,)| < || My, — Mg,]|- (5.1)

Since (Mg, Jnen converges to M in A, we conclude that (¢,), converges uniformly on R to a
continuous function p(,) and that there exists a constant C' such that

(6n)a(2)| < C, Ya € [~Inp(S7Y), Inp(S)], Vo € R, ¥n € N.

—

Moreover, we have limg—, o fi(q)(7) = 0. We obtain that (¢, ), converges to pi,) with respect

to the weak topology of L?(R). Thus we can identify the symbol of M with the function u
defined by

pw(x +ia) = pq)(z), Va € [—Inp(S71), Inp(S)], Vo € R.
Taking into account (5.1), it is clear that p is continuous on 2.
Given A € o(M) \ {0}, there exists v € M such that A = y(A). Then we have

A= lim y(My,).
n—oo
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According to the results in section 2, there exists a € §2 such that
’V(M@L) = ¢n(a), Vn € N.
Consequently, we have
A= lim y(My,) = lim ¢,(a) = pu(a).
Since p is equal to the symbol v of M, we conclude that
o(M)\ {0} C v(Q).

Taking into account the result of the previous section, the proof is complete. [J

6. SPECTRUM OF MULTIPLIERS ON L2 (RF)

Theorems 1-3 can be generalized for multipliers on L2 (R¥), k > 1, where w is a weight on
R* satisfying the following condition

W =wi X ... X W,

where wi,..., wy, are weights on R. From now on, w denotes a weight on R* having the above form.

Given ¢ € C.(RF), the Fourier transform 5 is defined on C*¥. Set

em = (€m,1, s €m k),

where e, ; =0, if m # i and €., = 1. Form =1, ..., k, let S,,, be the translation by e, defined
on L2 (RF). Introduce

U={z=(21,...,25) €CF Tmz € [~Inp(S;h), Inp(Sy)], fori=1,...k}.
We have (see [7] and [8]) the following representation theorem for multipliers on L2 (RF).

Theorem 5. Let M be a multiplier on L2 (RF). Then there exists v € L°(U) such that
/ (Mf)($)€_i<x’z>d$ = y(z) f($)€_i<$’z>dx’
RE -

for all z € ?jl and for almost every z € §(U).

Given a multiplier M on L2 (R¥), we call symbol of M the function v introduced in the
previous theorem. Moreover, in [8] the following result was established.

Proposition 2. We have z = (z1, ..., 2z) € U if and only if
e ¥ ¢ g(S,y,), form=1,..,k.

The set U is related to the joint spectrum of Sy, ..., Sk. Let 2 be a commutative Banach
algebra with unit I. We recall the following

Definition 3. The joint spectrum os(A1, ..., Ax) of the operators A, ...., Ay, € 2 is the set
{(e1, ..., o) € CF, SF (A — D)y is ot invertible in A, V(J1, ..., Ji,) € 2AF}.

m=1

In general o4(A1, ..., A) # 0(A1) X ... X 0(Ag) and the determination of os(Aq, ..., Ag) is a
quite difficult problem. However, in the spaces L2 (RF), we have the equality

05(S1, .., Sg) = 0(S1) X ... x o(Sk)
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(see ([8]). Using Theorem 5, Proposition 2 and the arguments in Section 3, we obtain the
following

Theorem 6. For ¢ € C.(R¥), we have

~

o(Mg) = o).
Moreover, repeating the arguments in Sections 4-5, we obtain

Theorem 7. Let M € A and let v be the symbol of M. Then v is a continuous function on U
and we have

o(M)=vU).
Let M € M and let v be its symbol. Then
v(U) C o(M).
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