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Asymptotic stability and blow up for a semilinear
damped wave equation with dynamic boundary
conditions.

Stéphane Gerbi* and Belkacem Said-Houari'

Abstract

In this paper we consider a multi-dimensional wave equation with dynamic
boundary conditions, related to the Kelvin-Voigt damping. Global existence
and asymptotic stability of solutions starting in a stable set are proved. Blow
up for solutions of the problem with linear dynamic boundary conditions with
initial data in the unstable set is also obtained.

AMS Subject classification : 35145, 35L70, 35B40.
Keywords : Damped wave equations, stable and unstable set, global solutions,
blow up, Kelvin-Voigt damping, dynamic boundary conditions.

1 Introduction

In this paper we consider the following semilinear damped wave equation with
dynamic boundary conditions:

e — Au — aluy = |ulP~2u, €N, t>0
u(x,t) =0, x€e€ly, t>0

ou adu _ (1.1)
i (,1) = —a | = (1) + ayt(z,t) + rlug " 2ug (2, t) | xeTy, t>0
u(z,0) = uo(x), u(x,0) = ui(z) reN |

where u = u(z,t), t >0,z € Q, A denotes the Laplacian operator with respect to
the z variable, € is a regular and bounded domain of RY | (N >1),0Q = Ty U I'y,

0
mes(Ty) > 0, Ty NIy = @ and — denotes the unit outer normal derivative,

m >2,a,«and r are positive comstgnts7 p > 2 and ug, uy are given functions.
From the mathematical point of view, these problems do not neglect acceleration
terms on the boundary. Such type of boundary conditions are usually called dynamic
boundary conditions. They are not only important from the theoretical point of view
but also arise in several physical applications. For instance in one space dimension,
the problem ([[.I]) can modelize the dynamic evolution of a viscoelastic rod that is
fixed at one end and has a tip mass attached to its free end. The dynamic boundary
conditions represents the Newton’s law for the attached mass, (see [E, m, E] for
more details). In the two dimension space, as showed in [@] and in the references
therein, these boundary conditions arise when we consider the transverse motion of
a flexible membrane 2 whose boundary may be affected by the vibrations only in a
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region. Also some dynamic boundary conditions as in problem () appear when
we assume that € is an exterior domain of R? in which homogeneous fluid is at rest
except for sound waves. Each point of the boundary is subjected to small normal
displacements into the obstacle (see [ﬂ] for more details). This type of dynamic
boundary conditions are known as acoustic boundary conditions.

In one space dimension, in the case where r £ 0 and m = 2, Pellicer and Sola-
Morales [@] considered the one dimensional problem as an alternative model for
the classical spring-mass damper system, and by using the dominant eigenvalues
method, they proved that for small values of the parameter a the partial differential
equations in the problem (DI) has the classical second order differential equation

mau” (t) + diu (t) + kru(t) = 0,

as a limit where the parameter m;, d; and k; are determined from the values of
the spring-mass damper system. Thus, the asymptotic stability of the model has
been determined as a consequence of this limit. But they did not obtain any rate
of convergence. This result was followed by recent works [@, @] In particular in
[@], the authors considered a one dimensional nonlocal nonlinear strongly damped
wave equation with dynamical boundary conditions. In other word, they looked to
the following problem:

Utt — Ugpy — OUtgy + gf (U(l,t), ut\(;t)) — 0’

€

u(0,t) =0, (1.2)
utt(l,t) = —€ [ux + Uy + Tut] (1, t) —ef (u(l, t), Ut\(/l_,t)) 7

g
with € (0,1),¢t >0, r,a > 0 and € > 0. The above system models a spring-mass-
damper system, where the term ¢ f (u(l, t), L\/lgt)) represents a control acceleration
at x = 1. By using the invariant manifold theory, the authors proved that for small
values of the parameter €, the solutions of ) are attracted to a two dimensional
invariant manifold. See [RJ], for further details.

We recall that the presence of the strong damping term —Auw, in the problem
(L.1) makes the problem different from that considered in [@] and widely studied
in the literature , @, @, E, @] for instance. For this reason less results were
known for the wave equation with a strong damping and many problems remained
unsolved. Especially the blow-up of solutions in the presence of a strong damping
and a nonlinear boundary damping at the same time is still an open problem. In
L], the present authors showed that the solution of (fL.1)) is unbounded and grows
up exponentially when time goes to infinity if the initial data are large enough.

Recently, Gazzola and Squassina @] studied the global solution and the finite
time blow-up for a damped semilinear wave equations with Dirichlet boundary
conditions by a careful study of the stationary solutions and their stability using
the Nehari manifold and a mountain pass energy level of the initial condition.

The main difficulty of the problem considered is related to the non ordinary
boundary conditions defined on I'y. Very little attention has been paid to this
type of boundary conditions. We mention only a few particular results in the one
dimensional space and for a linear damping i.e. (m = 2) [, @, ﬁ, E]

A related problem to ([1.1]) is the following:

upe — Au+gluy) = f in Qx(0,7)
% + K(uw)ug + h(ug) = 0, on 002 x (0,T)
u(z,0) = wo(x) in Q
us(z,0) = wui(x) in



where the boundary term h(u;) = |u¢|Pu; arises when one studies flows of gas
in a channel with porous walls. The term u;; on the boundary appears from the
internal forces, and the nonlinearity K (u)us: on the boundary represents the internal
forces when the density of the medium depends on the displacement. This problem
has been studied in [E, E] By using the Faedo-Galerkin approximations and a
compactness argument, they proved the global existence and the exponential decay
of the solution of the problem.

We recall some results related to the interaction of an elastic medium with rigid
mass. By using the classical semigroup theory, Littman and Markus [@] established
a uniqueness result for a particular Euler-Bernoulli beam rigid body structure. They
also proved the asymptotic stability of the structure by using the feedback boundary
damping. In the authors considered the Euler-Bernoulli beam equation which
describes the dynamics of clamped elastic beam in which one segment of the beam
is made with viscoelastic material and the other of elastic material. By combining
the frequency domain method with the multiplier technique, they proved the expo-
nential decay for the transversal motion but not for the longitudinal motion of the
model, when the Kelvin-Voigt damping is distributed only on a subinterval of the
domain. In relation with this point, see also the work by Chen et al. [E] concerning
the Euler-Bernoulli beam equation with the global or local Kelvin-Voigt damping.
Also models of vibrating strings with local viscoelasticity and Boltzmann damping,
instead of the Kelvin-Voigt one, were considered in [@] and an exponential energy
decay rate was established. Recently, Grobbelaar-Van Dalsen [@] considered an ex-
tensible thermo-elastic beam which is hanged at one end with rigid body attached
to its free end, i.e. one dimensional hybrid thermoelastic structure, and showed
that the method used in [@] is still valid to establish an uniform stabilization of the
system. Concerning the controllability of the hybrid system we refer to the work by
Castro and Zuazua [E], in which they considered flexible beams connected by point
mass and the model takes account of the rotational inertia.

In this paper we consider the problem ) where we have set for the sake of
simplicity @ = 1. We will show that if the initial data are in the “stable set”,
the solution continues to live there forever. In addition, we will prove that the
presence of the strong damping forces the solution to go to zero uniformly and
with an exponential decay rate. To obtain our results we combine the potential
well method with the energy method. We will also proved that in the absence of
a nonlinear boundary damping, in the case where m = 2, the solution blows up in
finite time.

This paper is organized as follows. In the section 2, after having stated the
local existence and uniqueness theorem obtained by the authors in [@], we will
prove that if the initial data are in the stable manifold, the solution continues to
live there and so we will prove the global existence and the exponential decay of
the solution. Let us mention, that despite the Lyapunov functional method is a
well-know tool to prove exponential decay, at our knowledge, such results were
not already studied on semilinear damped wave equation with dynamic boundary
conditions. In section 3, we prove the blow up result of the problem )7 in the
case of a linear boundary damping, in spite of the presence of the strong damping
term Au;. The technique we use follows closely the method used in [E], which is
based on the concavity argument due to Levine [E] Let us mention, also at this
point that despite the concavity method due to Levine is a well-know tool to prove
blow up, at our knowledge, such result are new for semilinear damped wave equation
with dynamic boundary conditions.



2 Asymptotic stability

In this section, we will first recall the local existence and the uniqueness result of

the solution of the problem ([L.1]) porved in [E[] Then we state and prove the global

existence and exponential decay of the solution of problem ( In order to do
this, a suitable choice of the Lyapunov functional will be made.

Let us firstly define the critical Sobolev exponent for the trace functional space by:

2(N-1) .

g=3 Nz MN=23

+o00, if N =1,2

(2.1)

Theorem 2.1 [ Let 2 < p < § and max <2, %) <m<4q.
q —-D
Then given ug € HE1 () and uy € L?(Q), there exists T > 0 and a unique solution

u of the problem on (0,T) such that
u € C([O,T],H%O(Q))ﬂcl([O,T],LQ(Q)),
w € L2 (O,T; H%O(Q)) mLm<(o, T) x rl)
We proved this theorem by using the Faedo-Galerkin approximations and the well-

known contraction mapping theorem.
Let us recall that the solution u of ) belongs to the space:

Yo — { ve C’([O,T],H%O(Q))ﬁol([O,T],LQ(Q)),

v € L2 (O,T;H%O(Q))QLM((QT) X Fl)}

endowed with the norm:
T

2 2 2 2 2
el = o [l + IO+l oy + / IV0e()113 ds -
Definition 2.1 Let 2 < p < ¢, max (2, %) <m<q ug € H%U(Q) and
q -Pp

uy € L2(). We denote u the solution of ([.1). We define:
Trox = Sup{T >0, u = u(t) exists on [O,T]}

Since the solution u € Yp (the solution is “enough reqular”), let us recall that if
Traz < 00, then

t—T,
t<Tmax

If Thae < 00, we say that the solution of (IE) blows up and that Tyae is the blow
up time.
If Thnax = 00, we say that the solution of (@) s global.

lim [[Vaullg + [lugl]2 = +00

In order to study the blow up phenomenon or the global existence of the solution
of (|L.1]), we define the following functions:

I(t) = I(u(t)) =IVull3 — [l (2.2)
J(u(t))

1 1
3 IVulls - Z;I\UH% (2.3)

e~



and

1 1
Bu(t)) = B(t) = () + gl + 5 e, (2.4)
In [@] we obtained the following inequality on the energy :
dE(t
WO — [Tl ~ rlluelr, <0. Ve > 0. (2.5

Thus the function E is decreasing along the trajectories. As in [@], the potential
well depth is defined as:

d= inf max J(Au). (2.6)
u€Hp (2)\{0} A=0

We can now define the so called “Nehari manifold” as follows:
N = {u e H} (Q\{0}; I(t) =0} .

N separates the two unbounded sets:

Nt ={uwe HE (Q); I(t) >0} U{0} and N~ = {ue Hp (2);1(t) <0}.
The stable set W and unstable set U are defined respectively as:

W ={ueH} (Q);J(t) <d} NN and U ={ue Hp (Q);J(t) <d} NN,

It is readily seen that the potential depth d is also characterized by

d = min J (u).

ueN
As it was remarked by Gazzola and Squassina in [E]7 this alternative characterization
of d shows that

. . 2d
B = dist(0,N) = min || Vull; = ]pr >0 . (2.7)

In the Lemma P.1], we would like to prove the invariance of the set A'*: if the initial
data ug is in the set At and if the initial energy F(0) is not large (we will precise
exactly how large may be the initial energy), then u(t) stays in N'* forever.

For this purpose, as in [E, ], we denote by C the best constant in the Poincaré-
Sobolev embedding Hf () < LP(Q2) defined by:

ct :inf{HVU”Q :uGH%O(Q%HU”p: 1} : (2.8)

Let us denote the Sobolev critical exponent:

2N N3
ﬁ: N_251 -
+oo, f N=1,2

Let us remark (as in [fl, BJ)) that if p < p the embedding is compact and the infimum
in (£.§) (as well as in )) is attained. In such case (see, e.g. B3, Section 3]), any
mountain pass solution of the stationary problem is a minimizer for @) and C, is
related to its energy:

-2 _

d=2"Z ol (2.9)

2p
Let us remark also that in the theorem @, we have supposed that p < ¢ where §q is
defined by () As ¢ < p, we may use the above characterisation of the potential
well depth d.



Remark 2.1 [22, [[4] For every solution of ([L.1]), given by Theorem P.1, only one
of the following assumption holds:

i) if there exists some tg > 0 such that u(tg) € W and E(ty) < d, then Vt
to, u(t) € W and E(t) < d.

Y

ii) if there exists some ¢y > 0 such that u(tg) € U and E(ty) < d, then Vit
to, u(t) € U and E(t) < d.

Y

i) V¢t >0, E(t) >d

We can now proceed in the global existence result investigation. For this sake,
let us state two lemmas.

ﬁ) Smg(j L@tUO €N+

and u; € L*(Q). Moreover, assume that E(0) < d. Then u(t,.) € NT for each
tel0,T).

Lemma 2.1 Assume 2 < p < ¢ and max (2,

Remark 2.2 Let us remark, that if there exists tg € [0,7) such that
E(to) <d

the same result stays true. It is the reason why we choose tg = 0.
Moreover , one can easily see that, from (P.9), the condition E(0) < d is equiv-
alent to the inequality:

p—2

2p 2
Pl ——F 1 2.1
e (2500) < (2.10)
This last inequality will be used in the remaining proofs.

Proof of Lemma R.1: Since I(ug) > 0, then by continuity, there exists T, < T
such that I(u(t,.)) >0, for all ¢ € [0, 7). Since we have the relation:

p—2 9, 1
J(t) = —||Vul|ls + —I(t
(t) 2% [Vullz p()

we easily obtain :

-2
J(0) 2 B =Vl e o, T)

Hence we have: 5
D
Vul|? < —=—J(t
IVl < S5

From (P-3) and (P-4), we obviously have V¢ € [0,T), J(t) < E(t). Thus we obtain:
2p
2< L E(t
IVul§ <~ ()
Since F is a decreasing function of ¢, we finally have:
2 2p
By definition of C,, we have:

lully < CIIVully = C2 | Vully ™| Vull3

Using the inequality (R.11]), we deduce:

p—2

2p N
Jull < ¢ (2550) * Ivul3



Now exploiting the inequality on the initial condition (R.1(]) we obtain:
lullf < ([ Vull3
Hence [|[Vul|3 — |lul|5 > 0, Vt € [0,T.), this shows that u(t,.) € N'*t, Vt € [0,T%).
By repeating this procedure, T} is extended to T'. -
q _
— ) <m<q. Letug e Nt
g+1- p> == e

and uy € L*(Q). Moreover, assume that E(0) < d. Then the solution of the problem
(L:2) is global in time.

Proof of Lemma P.2: Since the map ¢ — E(t) is a decreasing function of time ¢,
we have:

Lemma 2.2 Assume 2 < p < § and max (2,

1 1 (p—2) 1
EO) > B(t) = 5wl + 5lulr, + L2 IVald+-16)
which gives us:
1 1 (r-2)
EO) = 3wl + 5w, + 52 | Vull

Thus, Vt € [0,T), ||[Vul|2 + ||ut]]2 is uniformly bounded by a constant depending
only on F(0) and p. Then by definition @, the solution is global, s0 Tyee = oo m

We can now state the asymptotic behavior of the solution of ()
_ a7
qg+1-p
and uy € L?(Q). Moreover, assume that E(0) < d. Then there exist two positive
constants C and & independent of t such that:

Theorem 2.2 Assume 2 < p < § and max (2, ) <m<q. Letug e Nt

0< BE(t) <Ce ¢, Vi >0.

Remark 2.3 Let us remark that these inequalities imply that there exist positive
constants K and ¢ independent of ¢ such that:

IVu@®)13 + [lu(t)]I3 < Ke™¢*, V> 0.

Thus , this result improves the decay rate of Gazzola and Squassina H, Theorem
3.8], in which the authors showed only the polynomial decay. Here we show that
we can always find initial data satisfying ug € N7 and u; € L?(2) which verify
the inequality (), such that the solution can decay faster than 1/, in fact with
an exponential rate, even in the case m > 2. Also, the same situation happens in
absence of strong damping (o = 0) and m = 2.

Proof of Theorem R.2: Since we have proved that V¢ > 0, u(t) € N't, we already
have:

0<E() Yt>0

The proof of the other inequality relies on the construction of a Lyapunov functional
by performing a suitable modification of the energy. To this end, for £ > 0, to be
chosen later, we define for v € N'T,

W0, L(t):E(t)—i—s/

wpudr + 5/ uudo + ﬂ||VUH§ . (2.12)
Q Ty 2



Let us see that we have:

VE> 0, L)~ B()] =

5/ utudx—i—s/ uutda—i—gHVUH%
Q Ty 2

Since we have proved in Lemma@ and Lemma@tha‘c vVt >0, I(t) >0 and ||Vul2+
lut]]2 is uniformly bounded by a constant depending only on E(0) and p, using
Young inequalities on the two integral terms and then Poincaré’s inequality, there
exists a constant C' > 0 such that:

< CeE(t)

E/Utudx—i—a/ uutda—i—%HVuH%
Q ry 2

Consequently, from the above two inequalities, we have
VE>0, (1-Ce)E(t) < L(t) < (1+Ce)E(t)

It is clear that for € sufficiently small, we can find two positive constants 51 and (2
such that
V>0, f1E(t) < L(t) < BE(t) . (2.13)

By taking the time derivative of the function L defined above in equation (2.12),
using problem (m), and performing several integration by parts, we get:

dL(t)
o = —a|[Vue||3 — rlluelln r, + elluellz — el Vull3
+€Hu|\§+5||ut||§7pl—5r/ lug| ™ P upudo (2.14)
Iy

Now, we estimate the last term in the right hand side of (2.14) as follows.
By using Young’s inequality, we obtain, for any § > 0
om m—1
m—2 m m/(m—2) m
do| < — —0 . 2.15
- |ue] ™ upudo | < [l r, + e[, (2.15)

m,['y

The trace inequality implies that:
lullr, < ClIVulz"

where C here and in the sequel denotes a generic positive constant which my change
from line into line. Since the inequality () holds, we have

m—2

m 2pE0)\
fulle, < 0 (P2EE) T pvalg 2.16)
p
Inserting the two inequalities (R.15)) and (.16) in (.14), we have:
T < alTul 4 (TR 1)
telluell3 + elluell3r, (2.17)
rsm  (2pEO)\TT . 2 S )
—F -1 .
e | = c< = > 02 (25 E0 IVull2
<0
From (P.1(), we have
2p =
cr ( E(O ) —1<0
-2""



Now, let us choose § large enough such that:

(m— C(2pE(O)) Lo (2_PE<0>) _1><0
m p—2 p—2

Once § is fixed, we choose € small enough such that:

<€m__15m/(m—2> _ 1) <0
m

From (), we may find > 0, which depends only on J, such that:

dL(t
% < | Va2 + elluell? + elu]

5.0, — enl| Vull3.
Consequently, using the definition of the energy @), for any positive constant M,
we obtain:

dL(t M
LO < wer+e (14 5) Il - el vl

Me M
+ (e Il +e (G —n) Ival . @as)
By using the Poincaré inequality and the trace inequality

el < ClIVuel3
<

HutHg,Fl CHVUtH;
choosing again € small enough and M < 27, from (), we have:

L
dd—ff) < —MeE(t), Vt>0.

On the other hand, by virtue of (), setting & = —Me/ By, the last inequality

becomes: dLit
d—i < =EL(t), Yt>0 . (2.19)

Integrating the previous differential inequality () between 0 and ¢ gives the
following estimate for the function L:

L(t) < Ce ', Wt>0
Consequently, by using () once again, we conclude
Et)<Ce ¢, Vt>0

This completes the proof.

Remark 2.4 In [@], we have proved the following result:

Theorem 2.3 Assume 2 <p < q and m < p. Let ug € Hp (Q) and uy € L*(Q).
Suppose that
E(0) < d and ||Vuoll, > C7/772.

Then the solution of problem (B} growths exponentially in the LP norm.



The present result on the asymptotic stability completes the above result on the

exponential growth since when ug € N, we have: [|[Vugl|, < C:*/772.
Indeed, since d is the mountain pass level of the function J, we have J(ug) < d.
This writes:

p—2 o 1
—||Vu + —-I1(0) <d
3 IVuoll3 + ~1(0)

Since ug € N, we have:
p—2
L2 Vol < d

Using identity (2.9), we get finally | Vaoll, < coP/r2,

3 Blow up

In this section we consider the problem ([.1)) in the linear boundary damping case
(i.e. m = 2) and we show that if uyp € & and E(0) < d then any solution of ([L.1])
blows up in finite time. Our result reads as follows:

Theorem 3.1 Assume 2 < p < q and m = 2. Let u be the solution of on
[0, Thax). Then Tmax < 0o if and only if there exists t € [0, Timax) such that

ult)eU and E{)<d . (3.1)

Proof of Theorem [B.1: Let us firstly suppose that there exists ¢ € [0, Tiax)
satisfying the conditions (@) Without loss of generality, we may assume that
t=0.

We will prove that Ti,ax < oo by contradiction. We will suppose that the solution
is global “in time” and we will use the concavity argument of Levine [[Lg, [Lq): the
basic idea is to construct a positive functional (¢) of the solution and show that
for some « > 0, the function #~7(t) is a positive concave function of ¢. Thus it will
exists T such that lir%l 60~7(t) = 0. From the construction of the function 6, this

t—T*

will imply that:

lim [|Vulls + fJuglz = +o0

t—T*

t<T*
In order to find such -, we will verify that:

d*0=(t)
dt?

Thus it suffices to prove that 6(¢) satisfies the differential inequality

= 707721 [99” —(1+y)0° (t)} <0, Vt>0 . (3.2)

00" —(1+)0° @) >0, Vt>0 . (3.3)
From the remark E, we firstly have:
Vit € [0, Tmax) s E(t) < d and u(t) el
Hence by (R.7), we obtain:

2dp

P [Vu()ll5, Yt € [0, Tmax) - (3.4)

Assume by contradiction that the solution w is global “in time”. Then for any
T > 0, let us define the functional 8 as follows

t t
6t) = Ju®3+ [u®)Er, +a / IVu(s) |3ds + r / e (5) 13 r, s

+(T = t) [l Vuol3 + rlluoll3r,], ¥t e€[0,T). (3.5)

10



Taking the time derivative of (B.) we have:

t
o't = 2/utudz+2/ utudo+2a/ /VuVutd:cds
Q T 0o Ja
t
+2r/ / upudods . (3.6)
o Jry

Thus, as u is the solution of problem (), differentiating equation (@) with respect
to t gives us:

0" (t) = 2 [lue(0)lI5 — Va3 + llullp + [lu()]

5o
Therefore, using the definition of 6 given by @), we can easily see that:

o (1) — P20 = 200) [Jlant) 3~ Va3 + lally + N3 r, ]

w+2) |00 (7= 0 [alVual} + el ]| (37)
x@w@@+mmm@n+aAWvW@@%+rAWmmﬁfﬁ4

+ (P +2)n()

where the function 7 is defined by:

mwzhuw@+wwman+aé|vwwﬁw+rénwm@nw}

t t
th®ﬁ+hMﬂﬁn+aAIVW@ﬁ%+TAIW@@L%} (3.8)

t t 2
— [/ upudx Jr/ ugudo + a/ / VuVuidxds + T/ / utudads}
Q Iy 0 JQ 0 JI'p

Our purpose now is to show that the right hand side of the equality @) is non
negative. Let us firstly show that n(¢) > 0 for every t € [0,7]. To do this, we
estimate all the terms in the third line of (B.§) making use of Cauchy-Schwarz
inequality, and compared the results with the terms in the first and second line in
@) For instance, when we develop the square term in the inequality (@), we
estimate the terms as follows:

2
</ utudz>
Q
2/ utud:c/ ugudo
Q Iy

Also, the following estimate holds:

¢ ¢
204/ /VuVutdzds/ wudr < ozHut(t)H%/ |V (s) ||3ds
0 JQ Q 0

t
+wwwﬁAHvW@wws

IN

lu@®)l3[lue(®)]l3 and

IN

a3 r, e N3 + @3 r, lu@®)]l3-

By carrying “carefully” all computations based on the same estimates as above, we
finally obtain
vt € [0,T], n(t) =0
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Consequently, the equality (B.7) becomes

000" (1) — 7%2 02 > 6)C(t), Ve [0,T).
where
¢ty = 2[lw@®3 = IVu®)3 + [lullh + @), ]

~0+ 2{lu I3 + lue®) 3 r,

t t
va [ IVuolids +r [ funolfr, ds}
0 0

Let us remark that
t
() = ~2pB®) + (- DIVuOlf - o+ Da | [Vur (5) [3ds
0

t
42 / lue(s) 3.1, ds

From the equality (@), we have:

t t
YVt e [0,T], E(t) + a/ | Vue(s)||3ds + T/ ||ut(s)||§7rlds =E0) . (3.9)
0 0
Thus we can write:
() = —2pE(0)+ (p—2)[|Vu®)l5 — (p — 2)[Vuol3

t t
p—2a / IVus(s)|2ds + (p — 2)r / lue(s) |21, ds.
0 0

Therefore, by using (B.4) and since E(0) < d we have:
t t
(6 > 2p(d— E0) +(p—2a / |Vue(s)|2ds + (p — 2)r / lue(5) |2, ds
0 0

t t
> (- 2a / |Vue(s)|2ds + (p — 2)r / lue(s) 2.0, ds.
Hence, there exists § > 0 such that
C(t)>6, Vtelto,T]

for some to > 0. But, since 0(t) is continuous and positive, there exists p > 0 such
that
0(t) > p, Vi€ l[to,T)

Consequently,

o(t)6" (1) 002 > b, Vi€ lto,T]

_p+2
4
Setting
p—2
=—>0 |,
Ty

the differential inequality (B.) is verified on [to, T']. This proves that 6(t)~” reaches
0 in finite time, say as t — T*. Since T* is independent of the initial choice of T,
we may assume that 7" < T'. This tells us that:

lim 6(t) = +0
ST
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In turn this implies that:

lim ([ Va2 + [Jue]l2 = +o0
t—T*

t<T*

Thus we cannot suppose that the solution of (E) with m = 2 is gobal ¢ in time”,
that is Thee < 00.

Conversely, let us suppose that T;,q, < 0.
By Holder’s and Young’s inequalities, we have:

1 t 2 t
5 ([ Vallulor, + vAITulads) < [ @l +rIvuld) ds

This implies

1

t
2
[ @@, + 19 as > 5 (- Valudar, + FITul) -

(Valu(0)2,r, + \/;||Vu(0)|2)2)_

Since p > 2, we get form (P.3) and (R.4)

1 1 ) o1 , 1 )
310 = 3 (Va1 — [)1p) < 51Vl - Tl < BO) (.10)
By the help of (@), we thus have:
B0 <EO -5 (Vallullar, + vFITull)” -

(Valu(O)zr, + \/7_"|VU(0)||2)2>- (3.11)

Since e < 00, the solution is not global in time. Thus by the defintion of T},,4,,
(see defintion P.1]), we have:

i ([u®)lly, + [Vu(]l,) = +oo (3.12)
From (B.10) and (B.11]), we obtain
tal%r:w I(t) = t%hTrrrnlaI E(t) = —cc. (3.13)

Since the functions I(t) and E(t) are continuous, there exists t; € [0, Tinaz) such
that
E(t1) <d and I(t1) <0

Thus the time t; verifies the condition (B.I)). m

Remark 3.1 The term f(u) = |u|P~2u is clearly responsible for the blow up sit-
uation. It is often called the “blow up term”. Consequently when f(u) = 0, or

f(u) = —|u|P~2u any solution with arbitrary initial data is global in time and the
result of Theorem B.1| holds without condition (P.10).

Remark 3.2 It’s early well known ([E, ]) that this blow up result appears for
solutions with large initial data i.e. F(0) < 0. We note here that if F(0) < 0, then
the blow up conditions (B.1]) hold.
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