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ON PEELING PROCEDURE APPLIED TO A POISSON POINT
PROCESS

YU. DAVYDOV!, A.V. NAGAEV 2 AND A. PHILIPPE?

Main results of this paper were obtained together with Alexander
Nagaev, with whom the first author had collaborated for more than
35 years, until Alexander’s tragic death in 2005. Since then, we
have gathered strength and finalised this paper, strongly feeling
Alexander’s absence - our memories of him will stay with us forever.

ABSTRACT. In the focus of our attention is the asymptotic properties of the
sequence of convex hulls which arise as a result of a peeling procedure applied
to the convex hull generated by a Poisson point process. Processes of the
considered type are tightly connected with empirical point processes and stable
random vectors. Results are given about the limit shape of the convex hulls in
the case of a discrete spectral measure. We give some numerical experiments
to illustrate the peeling procedure for a larger class of Poisson point processes.
Keywords : Control measure ; convex hull ; limiting shape ; peeling ; Poisson
point processes ; stable vectors.

1. INTRODUCTION

Consider a Poisson point process (p.p.p.) m = 74, With points scattered over
R?. Identify R%\ {0} with R} x S?~! where S~ is the unit sphere. Assume that
the intensity measure of this process u is of the form

(1) uw=0xv

where

(1) 0 is the absolutely continuous measure on R}F determined by the density
function

de
o)
A is the Lebesgue measure in R!, o > 0 is a parameter while
(2) v, called the spectral density, is a bounded measure on the o—algebra

Bga-1 of the Borel subsets of S9!, Without loss of generality we assume
that v(S9~!) = 1. We denote by S, the support of v.

The representation ([]) means that for any Borel A C R! and E C §9-!

=ar 7t r>0,

,u{ac ‘ x| € A, e, € E} =0(A)v(E).

where e, = |z|1x, for all x € R%-.

We assume that the Poisson point process 7, , is non-unilateral. It means that
v is supported by a set S, C S9! such that the cone cone(S,) generated by S,
coincides with R?.
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Let B(0,r) denote the ball of a radius r centred at the origin. It is easily seen
that for any § > 0

1(B(0,8)) =00,  u(R?\ B(0,0)) < cc.

It implies that with probability 1 in any neighbourhood of the origin there are
infinitely many points of 7 while 7(R¢\ B(0,)) is finite.

The interest to the point processes controlled by @) is explained by the following
facts.

Let €M, ¢ €0 be independent copies of a random vector ¢ such that
the function P{|{| > r} regularly varies as r — oo with the exponent —« and the
measures (v, ), defined by

v(E)=P{ec € E : [{| >r}, E € Bga-1,

weakly converge to v on B¢(0,7) for any 7 > 0.
Consider the empirical point process 3, generated by ¢, ¢ ¢ or
more precisely, by the random set

o = (b te™, b temy = (€, £y
where
bp = inf {r : nP(egeE’ ] >r) <1}.
It is easily seen that the point process (3, weakly converges to m = 7., (see e.g.
[E], Prop. 3.21). Thus, each m,,, is a weak limit of a sequence of the empirical

processes.
It can be easily established that 7, , admits the following representation

o0
(2) Moy = Z 5{F;1/“6k}
k=1
where
k
o I'y = nyk, the sequence (vx)ken is a sequence of i.i.d. random variable
i=1

with common exponential distribution with mean equal to one.
o (ex)ken is a sequence of i.i.d. with common distribution v
o (7k)ken and (eg)gen are supposed to be independent

(see e.g. [[]). It is worth recalling that the point processes m,, naturally arise
within the framework of the theory of stable distributions. For example, if o €
(0,1) then the series ¢ = > (yen. . 2\ converges a.s.. Furthermore, ¢ has the
d—dimensional stable distribution (’see c.e. H. [, B)-

In the focus of our interest is the sequence of convex hulls that arise from the
peeling procedure introduced in [f[. In what follows by C(4), A C R?, we denote
the convex hull generated by A. Let C be a convex set. By ext C' we denote the
set of the extreme points of C. If C' is a convex polyhedron then ext C is the finite
set of its vertices.

It convenient to start with the binomial process (gl(n)). Let C{n) = C(gl(")). If

the measure P¢, the distribution of £, has no atoms then a.s. C’f") is a polyhedron
and, furthermore,

<Mool =ext 0.
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Define

o = \ext Y, ¢V = C("),
then

" =M \ext €57, 5V = O(g™)

and so on. Obviously, the sequence of the so-built non empty convex hulls C{n), Cé"), . C,in), ...
is finite and its length is random.

Definition 1. We say that the underlying distribution P¢ and corresponding to
it spectral measure v are non-unilateral if the minimal closed cone containing S,
coincides with R?.

If the underlying distribution P¢ is non-unilateral then for any fixed &
ocint ¢V, inf{lal| seac("} >0 as

for n sufficiently large. In ], it was shown that if 0 < o < 2 and v is non-
unilateral then (Cén), Cf"), cee C,g")), as n — oo, converge in distribution to
(Co, C1, ..., Cy) for any fixed k. Consequenlty, the sequence #{extC,in)} is
bounded in probability as n tends to infinity .

In order to learn how Clin) relates to Cy when k = k,, — 0o we need, first, to learn

how C} behaves as k — oo. It should be noted that C,g") can be regarded as the
multi-dimensional analogue of the order statistics. So, the asymptotic properties of
C,(CZ) are of great interest from the view-point of mathematical statistics.

We generalize now the construction of the peeling sequence to infinite set.
Let ¢ = ¢; denote the set of points of 7 or, in other words, let ¢ support the random
measure 7. We may apply to ¢ the same peeling procedure as in the case of the
finite set gf"). As a result we obtain the sequence of sets ¢1, <o, ..., the sequence of
their convex hulls C;, Cs,... and the sets of extreme points ext Cy, k=1,2,... .
Furthermore, a.s. ¢x4+1 = ¢ \ ext Cy. If v is non-unilateral then 0 € Cy, a.s. for all

k. Furthermore, C is a.s. a polyhedron and
s NO Cy =ext C.

Intuitively, we expect that the asymptotic behaviour of C), is rather regular. It
is convenient to state our basic conjecture in the following way:
Denote
(3) C, = p;'Cy, where p, = max |z
zeC)y,
If v is non-unilateral then there exists a non-random set
C such that

lim dg(Cn,C) =0 a.s.

n—oo
Definition 2. C' (if it exists) is called the limit shape of the sequence C,.

It is easy to show that if such C exists then it is certainly non-random. Indeed,
labelling the points of ¢ in the descending order of their distances from the origin
we obtain a sequence (1), 2 2®3) . such that a.s.

2D > 12| > (2O > .- .
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It is worth noting that the joint distribution of |2(M|,|2®)|,..., |2 is absolutely
continuous with the density of the form

—a—le—l/(Sdfl)r;a

(4) Pr(r1, 72, o 1) = Q" (rire -+ 1ry) Lr i sro>esr}

Let (n, €), (m, €M), (n2, €?),... be ii.d. with common distribution
P{n>r, ec E} =e "v(E).

According to (f), we have

(5) {x(j)}‘]?il 4 Dy + -+ Uj)l/a}‘j’;l,

which implies that the event {lim, C'n exists} belongs to the o-algebra Z of
the events invariant with respect to all finite permutations of the random vectors
(m, €M), (g2, €?),.... By the Hewitt-Savage zero-one law T is trivial. Since
the limit set C' = limy, 00 C’n is Z-measurable we conclude that C' is constant with
probability 1.

Now we give a first example where the existence of the limit shape is proved.

Example 1. Let S, consist of d+1 unit vectors eV, ..., el such that cone(e(l), .

coincides with RY. 7, is decomposed on d+ 1 one-dimensional independent p.p.p.

,elth)

of the form (xgj) = |x§;) |e(i)). Since v is non-unilateral the points xg), 1=1,2,...,d+

1, serve as vertices of Cy, k =1,2,... . Moreover, |z,(j)| 4 W)Y+ -+ )t/
and ppnt/* — t+ = Max] <i<d+1 (Vi)l/”‘, a.s.. Then the limit shape C is the convex
polyhedron with vertices v = (t;/t7)e® and t; = (v;))V/*, i=1,2,...,d+ 1.

If #(S,) > d+ 1 then the situation becomes much more complicated. Theorem
m and E proved below deal with a case where a non-unilateral v is supported by a
finite number of unit vectors.

Intuitively, we expect that, say, in case of v uniformly distributed over S9!
the unit ball arises as the limit shape. However, it is not easy at all to prove this
formally. The authors tried to verify the credibility of this conjecture using the
Monte Carlo simulation. Obviously, the representation (ﬁ) provides a basis for such
a simulation. The results of simulation presented below make this conjecture very
credible.

It should be emphasised that the basic goal of the present paper is to draw
attention to new and interesting problems of stochastic geometry. So far, little or
nothing is known about the peels no matter what point process they concern.

The paper is organised as follows. In Section 2, we obtained a partial result
on the limit shape of the convex hulls Cy (7, ) when the spectral measure of the
process 7, is atomic. Section 4 contains some numerical experiments.

2. ALMOST SURE CONVERGENCE OF THE PEELING

In this section we assume that the spectral measure v of the process m,,, is

atomic, i.e. it is supported by a finite number of the points eV, ..., e® belonging
to the unit sphere S¢—1.
Furthermore, it is also assumed that cone{e(™, ..., e®} = RZ Denote by v; =

u({e(i)}), 1=1,2,...,1, the atoms of v.
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It implies that the considered point process is a superposition of the one-dimensional

independent Poisson point processes defined on the rays
L; ={z| z = tel, t>0} i=1,...,1L

If a Borel set A C £; then
(6) w(A) = l/ioz/ rmeldr,
A

Definition 3. Let A = {a(V,...,a"™} be a finite set where a9 € R? for i =
1,...,m, and m > d+ 1. The set A is extreme if

ext C(A) = A.

Theorem 1. Let Cy(mqy,,) be the k-th convex hull of the Poisson point process me, -
Denote by C the convex hull generated by A = {ull/ae(l), e Vll/ae(l)}.
If A is extreme then as k — oo

(1) dir (K Ci(m0,), Cuc) = o< %) a.s.

where llnk = Inln k. The polyhedron Cs determines the limit shape of the convex
hulls Cr(Ta,u)-

Remark 1. If o is uniformly distributed over its support in the sense that v; =171,
then the total number of the vertices of Coy equals l. Furthermore, they lie on the
sphere of the radius 1=/, Loosely speaking, the convex hulls Ci (7o) are getting
round as k — oo.

If the condition A is extreme is omitted, we can state the following result :

Theorem 2. Let Ci(ma,) be the k-th convex hull of wa,. Denote by Cs the

convex hull generated by A = {ull/ae(l), ce Vll/ae(l)}. Then as k — oo

(8) dy (kzl/o‘Ck(ﬂ'a,l,), COO) — 0a.s.

Remark 2. Let f be a continuous homogeneous functional of a degree v defined
on convex sets. From Theorem @, we get

k% f(Cr(mar)) — f(Coo) aus.

In particular, if f(A) is the surface Lebesque measure, i.e. f(A) = A471(0A),
then

) F(Culma)) ~ L
But if f(A) = M(A), then
(10) F(Chlman)) ~ L%2)
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3. PROOF
3.1. Auxiliary lemmas. Let 71,72,... be ii.d. random variables with the stan-
dard exponential distribution, so that a = En; = Varn; = 1. Define the sums
(11) Thn=m+- -+

By the law of the iterated logarithm there exists an a.s. finite random variable &
with values in N such that for n > &

i
(12) T, — 1] < 2/ —  a.s..
n

Consider a function h(z) = 2=/ If |z — 1| < 1/2 then
|h(2) — h(1)| < La|z — 1], Lo < o0.

Let n’ = min {n| 2,/1n < 1/2} . If n > max(n/, k) then

A0 T0) = B < 20/ o
-

and, therefore, for n > k = k(w)

11
< 2La$ a.s..

-1/« -1/
(13) LY —n nl/a+1/2

We call the configuration any countable set of points from R? such that for any
0 > 0 there are a finite number of points belonging to the set that lie outside
the ball {z | |z|] < §}. So the point 0 is the limit point of any configuration.
We call a configuration ¢ non-unilateral if all the convex hulls, Cy, = Ci(c), k =
1,2,..., generated by ¢ contain 0 as an interior point. It is evident that under the
conditions of Theoremﬂl the random measure 7, is almost surely supported by a
non-unilateral configuration .

Denote by int(s) the set of the interior points of ¢, i.e.

int(s) ={z|z€s, ¢ aCi(s)}.
Lemma 1. Let ¢, o € K be such that ¢; C <o, then for all k € N,
(14) Ci(s1) C Cr(s2)-

Proof. Tt is trivial that C(s1) C C1(s2).
Note that if z is an interior point of Cy(s1), i.e. € int(Ci(s1)), then z is also
an interior point of C1(sz), therefore

int(C1(s1)) C int(Cy(s2))
and this implies that
Ca(s1) = Ci(int(C1(1))) € Cr(int(C1(2))) = Ca(<2)
By induction, the lemma is proved . (I

Lemma 2. Let IC be the set of non-unilateral configurations such that no d+1 points
lie on the same hyperplane. Let ¢, ¢’ € IC be such that ¢’ C ¢ and #(s'\¢) = m < 0.
Then we have, for all k € N,

(15) Crtm(s) C Cr(<") C Ci(s)
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Proof. Since ¢, ¢’ € K and 0 is the only limit point of both configurations all
Ck(s), k=1,2,..., are polyhedrons. Note that for all k,] > 1

(16) Cr11(s) = C1(int(Cx () N))
and
(17) Crti(s) = Ci(int(Ci(s) N<)).

First, let m = 1. Note that the inclusion C;(¢") C Ci(s) follows directly from
the relation ¢’ C ¢. Denote {a} = ¢\ ¢’. Consider two possible cases a ¢ Cy(¢") and
a € C1(s") one after another.

Let a ¢ Ci(¢"). In this case a € 9C(s) i.e. Ci(¢") # Ci(s). It implies that
int(s) C ¢'. Utilising ([[)) under k& = 1 yields Ca(s’) C Ci(s). Since the inclusion
C1(s") C C4(s) is obvious we conclude that ([[§) holds for k =m = 1.

Further, let us make use of the induction by k. Assume that (@) holds form =1
and all £ < n and show that then it holds for m = 1 and k£ = n+1. By the induction
assumption we have

(18) Cnt1(s) € Cn(s") € Cn(9).
Since

int(Cy,(s") N¢’) = int(Cp(s") N<)
we obtain, taking into account (E),

Crpi(s") = Ca(int(Cn (<) N6)).
From the right hand side inclusion of ([Ll§), it follows that Cpy1(s") C Chy1(s).
Further, from the left hand side inclusion of @) we conclude that

int(Cry1(s) Ns) = int(Cr(s’) N').

Applying ([L7) yields Cp42(s) C Cppa(s’). Thus, ([L§) holds for k =n+1and m =1,
i.e. the case a ¢ C1(¢’) is exhausted.
If a € C41(¢’), then there exists an integer ng such that

Cn(c)=Cu(s"), n=1,2,...,n9
Cn0+1(§/) 7é CnoJrl(gl)'

Furthermore, a ¢ Cypy+1(s"). Obviously, the relations are trivial for m = 1 and
n = 1,2,...,n9. Hence, it remains to apply the above argument to the configu-
rations Cpy+1(s) N¢ and Cphy4+1(s") N¢’. Thus, the lemma is proved for all k& and
m = 1.

Now, let m > 1, i.e. ¢\ ¢ ={a1,...,am}.

Consider the configurations

S0 =¢, g =¢\{a1},
§2:§\{a1;a2}a"'7
sm=s\{a1,...,an}=<¢"

Note that the neighbouring configurations differ by a single point. So, one may
apply (B) Applying it yields
Cram($) C Crgm-1(s1) C Cram—2(s2) C ... C Ci(sm) = Cr(<) C Cr(s).

The lemma is proved. (I
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3.2. Proof of Theorem .

Lemma 3. Let e fori=1,...,1 withl > d+ 1, be unit vectors such that
cone {eM), ... eV} =RZ

If A= {Vll/ae(l), ceey l/ll/ae(l)} is extreme then there exists v > 0 and € depending
only on A and on the dimension d such that the set {rll/ll/ae(l), e ,Tll/ll/ae(l)} 18
extreme for all (r1,...,1y) such that |ri/r — 1] <e, i=1,... L.

Proof. The proof of this lemma is evident. (Il
Proof of Theorem . Let us label the points lying on the ray £; in the descend-
ing order of their norms. So, we have the sequence xgl),xg), ... such that a.s.
|z§z)| > |:c§l)| > .-+ . Obviously, the sequences {z,(f),n € N}, 1 <4 <1, are jointly

independent. Furthermore, from (E)
i d 1/ap—1/a
{21 £ {m/ Ty

where T, is defined as in ([L1]).
Let € > 0. According to (L), there exists ng = ng(w) such that foralli =1,...,1
and all n > ng

(19) zl — Vil/anfl/o‘ < 2Lan~ Yo7 Y2\/1Inn.
and
2Lan_1/2vllnn <e.
Let the configuration ¢’ is formed by the points xsf), n>mng, i=1,...,1l1ie.

l
¢ = =D, 2l 10 )
=1

Consider for all £ <1

A; ={(nog+k— 1)_1/0‘(1 + Ek)yll/ae(l), coy(no+k— 1)_1/0‘(1 + Ek)yll/ae(l)}
and

A ={(no+k— 1)_1/0‘(1 — Ek)yll/ae(l), o (ng+k— 1)_1/a(1 — Ek)ull/ae(l)}
where
In(k +ng—1)

k+ nog — 1 ’
By virtue of ([9) the points 2 2 hit the layer C(AT)\ C(A7). Then by
Lemma [ the convex hull C;(¢’) is the polyhedron and

ext C1(¢") = {=M, ... 20y,

no s ¥no

er = 2L,

Similarly, the set
1 l _
(ol s 21} © C(AD)\ C(47)
and, therefore, it is extreme, i.e.
1 1 1 1
ext C({:Cgm)Jrl’ e vxiﬁﬂ ) = {zgm)Jrl’ e ,xiﬁﬂ .

It is evident that
1 l
ext Co(") = {al 1, o2l 1
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Continuing in this way we obtain at the k-th convex hull Cj(¢’) such that

ext Ci(s') = {ali) g1y s @i} € CLAD) \ C(AD):
The last inclusion implies that

dy ((k: +no — DYCr(<"), Coo) < &g,

where, we remind, C,, is the convex hull generated by A = {Vll/ae(l), s z/ll/ae(l)}.
From ([1§) it follows that

Crim(s") C Crhgpm(Ta) C Cr(s"), with m = (ng — 1)L.
Therefore,

ext Chym(Ta,w) C CAD\C(AL,,,),  with m' = (ng —1)(1—1).

So, for all sufficiently large k

dy ((k + )Y o (T ) Coo) < 2.

Since m is fixed the theorem follows. O

3.3. Proof of Theorem E Let € be an arbitrary positive real. Hereafter, we
denote A®) the e-neighbourhood of a set A,

A =z : d(z,A) <€}

Let Ay = AN oC(A) wef {V;/ae(j),j € J}, the set Ay is extreme. From the

process Ty, , we construct a new p.p.p. m; obtained by deleting all the points on
the rays £; = {z| z = tel”, t > 0}, j € J. By Lemma l, we have for all n € N
(20) Ch(m) C Ch(ma)

Moreover, A; is extreme and Co, = C(A) = C(A;), thus Theorem [I| ensures the
convergence

(21) dir (n**Cp(m1), Coo) = 0 as.
From (Rd) and (R1), it exists n; € N such that for all n > n,
(22) Cx C nl/acn (7T1>(6) C nl/acn(”om/)(e)-

It is easy to see that there exists ©;, ¢ € I such that the set.
Ay ={v})/%eD, je g5/, ie {1, )\ J}

s 9 Yy
is extreme and satisfies the following relation
(23) Coo C C(Ay) C CL.
From m,, we construct a second p.p.p. m by adding the independent point
processes (7;);e verifying the following conditions

e the (7;);cs are independent of 7, , ;
e for each i € J the spectral measure of 7; is supported by £; and the intensity
measure is fi;(A) = (o —vi)a [, r* " d r.
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According to Theorem [ll we have
(24) dg(nt/*C, (m3), C(Ag) — 0 as.
and using Lemma m, we get, for all n € N|
(25) Cr(Ta,n) C Cp(ma).

From (p3),(B4) and (PF), it exists ns € N such that for all n > n,
(26) nMC (Ta.) C 0 *Ch(ms) € C(A)© c C29),

According to (B2) and (£4), for all n > max(ny,na), we have

nMC, (Ta,,) € C29 and Coo C 0t 2C (0.,) 3.
By definition of dp, this means
dp (n'/*Cr(map), Coo) < 26,

and we get (§).

4. SIMULATION AND CONJECTURES

We investigate using some simulations the limit shape and the asymptotic be-
haviour of basic functionals in the case of continuous spectral measure. Hereafter
we consider the example of the uniform distribution as spectral measure.

The point processes {z7) | j € N} are simulated using the representation (ﬂ)
Let C1 ., be the convex hull generated by the first n points ("), 3, ... 2™ and

Fn1 = Igicn |z|. Since the points of the simulated p.p.p. are ordered by their
xre 1,n

distances from the origin, it is evident that
Oy = Cy with n/ =min{n : r,1 > [¢"TD|}

This fact is used to construct the successive convex hulls (Ck)ren-

Figures EI gives an impression about the behaviour of the peels. The observed
closeness of the peels to the unit circle also support our conjecture about the exis-
tence of the limit shape that is expected to be a circle.

It is of great interest to get impression about a possible behaviour of such basic
functionals of the convex polygons Ci, k = 1,2, ..., as the perimeter £, the area A
and the total number of vertices NV. It seems evident that £(C%) and A(C%) tend
to zero as k — oo. Intuitively, we expect that N (Cy) — oo as k — oo. Figure
Bltop] represents the logarithm of those functionals as function of log(k), calculated
on simulated p.p.p. for different values of . The observed closeness of the points
to straight lines makes it reasonable to expect that in a sense

(27) L(Cr) =< k™, A(Cy) < k™7, N(C) < k™

with v; and 7, depending on o whereas it seems that 7, does not dependent on «.

The next step consists in estimating the exponents and possibly the dependence
on «. Using independent replications of p.p.p., we estimate the three exponents
defined in (P7) for different values of a. Figure ] [bottom] represents the logarithm
of the estimated exponents versus log(«). For the three cases, the linear approx-
imation seems reasonable. According to the estimated coefficients of the straight
lines (see the equations in the caption of Figure )7 it looks very credible that the
true values are

3 3 1
28 =—, vo=—and v, = =
( ) m 2% 0 o and 7, )
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After the k-th iterative step of the peeling procedure, the number of deleted
points should be the order of Zle N(C)) =< k7 and

ké -1/
= =~ 2
pr = max [s] = (k)

Moreover we can expect that dy (p_lck (Taew)s COO) converges to zero.

Using the arguments of Remark g}, this convergence would lead to L(Cy) =< pi =<
k=3/(22) and A(Cy) < p2 = k—3/_ These convergence rates are in agreement with
the estimated values of o; a,d a, obtained in (Rg).

25 50

1.0
1.0

5
5

0 0
7] 2
Q _ Q |
i T T T T T 'l_ T T T T T
-1.0 05 00 05 1.0 -1.0 -05 00 05 1.0
100 150

1.0
1.0

0.5
0.5

-1.0 -05
L
-1.0 -05

FIGURE 1. [dotted line] the normalized simulated shapes of Cos,

Cs0, Cr00 and Ciso in the case a = 3/2 and the spectral measure
is uniform. [solid line] the unit circle.
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perimeter area number of vertices

a=05 e

o --30

-2.0 -1.5 -1.0 -0.5 0.0 0.5

log(alpha)
FIGURE 2. [TOP] Log-log representation of the values of
L(Cy), A(Ck) and N (C}) as function of k. The functionals are cal-
culated on simulated p.p.p. for different values of o = 0.5;1.0;1.5
and the uniform distribution as spectral measure. [BOTTOM] The
estimated values of the logarithm of exponents defined in (R7) ver-
sus In(a) and the best linear fittings In9, = —0.97Ina + In2.95,
In4; = -0.97lna +1n1.48 and In49,, = 0.06Inc + In0.48. Three
exponents are estimated for each a on 1000 independent replica-
tions.
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