N
N

N

HAL

open science

A wavelet analysis of the Rosenblatt process: chaos
expansion and estimation of the self-similarity parameter
Jean-Marc Bardet, Ciprian A. Tudor

» To cite this version:

Jean-Marc Bardet, Ciprian A. Tudor. A wavelet analysis of the Rosenblatt process: chaos expansion
and estimation of the self-similarity parameter. Stochastic Analysis and Applications, 2010, pp.1-25.

10.1016/j.spa.2010.08.003 . hal-00339203v1

HAL Id: hal-00339203
https://hal.science/hal-00339203v1
Submitted on 17 Nov 2008 (v1), last revised 12 Aug 2010 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00339203v1
https://hal.archives-ouvertes.fr

A wavelet analysis of the Rosenblatt process: chaos expansion and
estimation of the self-similarity parameter
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Abstract

The purpose of this paper is to make a wavelet analysis of self-similar stochastic processes by using
the techniques of the Malliavin calculus and the chaos expansion into multiple stochastic integrals. Our
examples are the fractional Brownian motion and the Rosenblatt process. We study the asymptotic
behavior of the statistics based on the wavelet coefficients of these processes. We find that, in the
case when driven process is the Rosenblatt process, this statistics satisfy a non-central limit theorem
although a part of it converges to a Gaussian limit. We also construct estimators for the self-similarity
index and we illustrate our results by numerical simulations.
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1 Introduction

The self-similarity property for a stochastic process means that scaling of time is equivalent to an appro-
priate scaling of space. That is, a process (Y;)¢>o is selfsimilar of order H > 0 if for all ¢ > 0 the processes
(Yet)t>0 and (c?Y:);>0 have the same finite dimensional distributions. This property is crucial in applica-
tions such as network traffic analysis, mathematical finance, astrophysics, hydrology or image processing.
We refer to the monographs [E], [@] or @] for complete expositions on theoretical and practical aspects
of self-similar stochastic processes.

The most popular self-similar process is the fractional Brownian motion (fBm). Its practical
applications are notorious. This process is defined as a centered Gaussian process (Bf!);>¢ with covariance
function .

RH(t,s):= IE(BIB) = 5 T+ — [t =), t,s>0.
It can be also defined as the only Gaussian self-similar process with stationary increments. Recently,
this stochastic process has been widely studied from the stochastic calculus point of view as well as from
the statistical analysis point of view. Various types of stochastic integrals with respect to it have been
introduced and several types of stochastic differential equations driven by fBm have been considered.
Another stochastic processes which are self-similar with stationary increments are the Hermite processes
(see {], A, BF)); an Hermite process of order g is actually an iterated integral of a deterministic function
with ¢ variables with respect to the standard Brownian motion. These processes appears as limits in the
so-called Non-Central Limit Theorem and they have the same covariance as the fBm. The fBm is obtained
for ¢ = 1 and it is the only Gaussian Hermite process. For ¢ = 2 the corresponding process is known
as the Rosenblatt process. Although it received a less important attention than the fractional Brownian



motion, this process is still of interest in practical applications because of its self-similarity, stationarity
and long-range dependence of increments. Actually the numerous uses of the fractional Brownian motion
in practice (hydrology, telecommunications) are due to these properties; one prefers in general fBm before
other processes because it is a Gaussian process and the calculus for it is easier; but in concrete situations
when the Gaussian hypothesis is not plausible for the model, Rosenblatt process may be an interesting
alternative model.

When studying self-similar processes, a question of major interest is to estimate their self-similarity
order. This is important because the self-similarity order characterizes in some sense the process: for
example in the fBm case as well as for Hermite processes this order gives the long-range dependence
property of its increments and it characterizes the regularity of the trajectories. Several statistics, applied
directly to the process or to its increments, have been introduced to this end. Naturally, parametric
statistics (exact or Whittle approached maximum likelihood) estimators were studied. But to enlarge the
method to a more general class of models (that can be for instance locally or asymptotically self-similar), it
can be interesting to apply semi-parametric methods as wavelets based, log-variogram or log-periodogram
estimators. Informations and details on these various approaches can be found in the books of Beran B]
and Doukhan et al. [L3).

Our purpose is to develop a wavelet-based analysis of the fBm and Rosenblatt process using
multiple Wiener-It6 integrals and to apply asymptotic results for estimating the self-similar parameter.
More precisely, let ¢ : R — R be a continuous function with support included in the interval [0, 1] (called
”mother wavelet”). Assume that there exists an integer ¢ > 1 such that

/tpw(t)dt:0f0rp:O,1,...,Q—1 (1)
R

and

/ t@p(t)dt # 0.
R

We will call the integer @ > 1 the number of vanishing moments. For a stochastic process (X¢)¢ejo,n) and
for a "scale” a € N* we define its wavelet coefficient by

d(a, i) f/ (——z)Xtdt f/w Xo(oriyda (2)

fori=1,2,..., N, with N, := [N/a] — 1. Let us set
d(a,1)

J(a, ’L) =71
(IEd?(a,i))?

and
Na

(d2 a,i) — 1) (3)
@ i=1

The wavelet analysis consists in studying the behavior of the sequence Vy(a) when N — oco. But if X
is respectively a stationary long-memory or a self-similar second-order process, IE d*(a,i) is a power-law
function of a with, respectively, an exponent 2H -1 (When a — o0) or 2H + 1. Therefore, if Vy(a) is
proved to converge to 0, a log-log-regression of - Z ° d (aj,1) onto a; will provide an estimator of H
(with an appropriate choice of (a;);). Hence, the asymptotlc behavior of Vy(a) will completely give the
behavior of the estimator (see the Section E for details). There are four main advantages to use such an
estimator: firstly, it a semi-parametric method that may be easily generalized. Secondly, it is based on
the log-regression of the wavelet coefficient sample variances onto several scales and the graph of such a
regression provides interesting information concerning the goodness-of-fit of the model (x? goodness-of-fit
were defined and studied in [f]] or [ from this log-regression). Thirdly, it is very low consuming time
estimator (this is due to the Mallat’s algorithm for computing the wavelet coefficients). Finally, it is a
very robust method: it is not sensitive to possible polynomial trends as soon that the number of vanishing
moments @ is large enough.



Such a method was introduced by Flandrin [@ in the case of fBm, enlarged to more general pro-
cesses in [E] or [m] The asymptotic behavior of such an estimator was specified in the case of long-memory
Gaussian processes in [ff] or [L9], of long memory linear processes in [26] or of locally fractional Gaussian
processes in [p]. However the case of Rosenblatt process was not already studied (note that the wavelet
synthesis of Rosenblatt processes was treated in [E] and we will use this method in the section devoted to
simulations). Since this process is not a Gaussian or a linear process, the standard techniques for obtaining
limit theorems (based respectively on Hermite or Appell decomposition) do not in principle work in its case.
We will use a recently developed theory based on Malliavin calculus and Wiener-1t6 multiple stochastic
integrals. Let us briefly recall these new results. In [@] the authors gave necessary and sufficient condi-
tions for a sequence of random variables in a fixed Wiener chaos (that means in essence that these random
variables are iterated integrals of a fixed order with respect to a given Brownian motion) to converge to
a standard normal random variable (one of these conditions is that the sequence of fourth order moments
converges to 3 which represents the moment of order 4 of a standard normal random variable). Another
equivalent condition is given in the paper [@] in terms of the Malliavin derivative. These results created a
powerful link between the Malliavin calculus and limit theorems and they have already been used in several
papers (for example in and [@] to study the variations of the Hermite processes).

Recall (see [[5] and [{]) that if X = B, a fBm, in @Lthen the following fact happens: for any
Q > 1 and H € (0,1) the statistics Viy(a) renormalized by v N converges to a centered normal random
variable. If @ = 1 then the barrier H = 3/4 appears: that is the behavior of Vy(a) is normal (that is, it
satisfies a central limit theorem) only if H € (1/2,3/4) and we prove in Section Pl that the limit of Vi (a)
(normalized by N272H) is a Rosenblatt random variable Z when H € (3/4,1). In this case we also prove
that the limit is in law and not in IL? in contrast with the case of quadratic variations studied in [@]

The study of Vi (a) in the Rosenblatt case (see Section [, formula ([[4) for the definition) with
H € (1/2,1/4) put in light interesting and somehow intriguing phenomena. The main fact is that the num-
ber of vanishing moments @) does not affect its convergence and the limit of Vy(a) is always non-Gaussian
(it is still Rosenblatt). Actually, the statistics Viy can be decomposed into two parts: a term in the fourth
chaos (an iterated integral of order 4 with respect to a Wiener process) and a term in the second chaos.
We analyze here both terms and we deduce that the term in the fourth Wiener chaos keeps some of the
characteristics of the Gaussian case (it has to be renormalized by v/N and it has a Gaussian limit for
H €(1/2,3/4)). But the main term in Viy(a) which gives the normalization is the second chaos term and
its detailed analysis shows that the normalization depends on H (it is N'=) and its limit is (in law) a
Rosenblatt random variable. In contrast with the case of the statistics based on the quadratic variations
of the observed process (see [@] and [E]), we prove that the convergence in the non-central case holds in
law and not in L2.

The consequence of these results are also interesting for the wavelet based estimator of the self-

similarity. Assume that (Xi,---,Xy) is known, where X is a fBm or a Rosenblatt process. First, we
consider a statistic Vy(a) computed from (Xi,---,Xn) where approximated wavelet coefficients (for in-

stance computed from Mallat’s cascade algorithm) replace formula (E) and we prove that limit theorems
satisfied by Viy(a) also hold with Vv (a) as soon as a is large enough with respect to N. Secondly, we deduce
convergence rates for the wavelet based estimator of H following the cases: @ > 2 and X is a fBm, Q =1,
H €(3/3,1) and X is a fBm, X is a Rosenblatt process (the regularity of ¢ also plays a role). For practical
use, it is clear that if X is fBm it is required to chose @ > 2 and % twice continuously differentiable (for
instance, when ¢ is a Daubechies wavelet with order > 8). But if X is a Rosenblatt process @ plays no
role. Simulations illustrate the convergence of ‘A/N(a) and of the estimator of H in this last case.

These results are also interesting because they open other relative questions: for a process constituted by
the increments of a Rosenblatt process, which is a parametric stationary long-memory process, what are
the convergence rates of usual long-memory parameter estimators such as Whittle’s maximum likelihood
or log-periodogram estimators? As for wavelet based estimator, it may be possible that these convergence
rates are different from those obtained for Gaussian or linear processes...



We organized the paper as follows. Section P| contains some preliminaries on multiple Wiener-It6 inte-
grals with respect to the Brownian motion. In Section B we treat the situation when the driven process
is the fBm. In this case our new result is the Non-Central Limit Theorem satisfied by the wavelet based
statistics proved in Theorem 2. In Section {| we enter into a non-Gaussian world: our observed process is
the Rosenblatt process and using the techniques of the Malliavin calculus and recent interesting results for
the convergence of sequence of multiple stochastic integrals, we study in details the sequence Vi (a). In
Sectionﬁ we construct an observable estimator based on the approximated wavelet coefficient and we study
its asymptotic behavior (under certain hypothesis, it has the same limit as Viy(a)) and its convergence as
well as wavelet based estimator convergence are then illustrated by numerical simulations.

2 Preliminaries

2.1 Basic tool on multiple Wiener-1t6 integrals

Let (Wy)se(o,1) be a classical Wiener process on a standard Wiener space (Q, F, P). If f € L?([0, T]") with
n > 1 integer, we introduce the multiple Wiener-1t6 integral of f with respect to W. We refer to [@] for a
detailed exposition of the construction and the properties of multiple Wiener-It6 integrals.

Let f € S, that means that there exists n > 1 integer such that

f= E Ciy i LAG, % x Ay,
Q1,eeyin

where the coefficients satisfy ¢;, ., = 0 if two indices iy and iy are equal and the sets A; € B([0,T]) are
disjoints. For a such step function f we define

In(f) = > i W(AL) . W(A;L)

where we put W([a,b]) = W, — W,. It can be seen that the application I, constructed above from S,
equipped with the scaled norm \/% |-l 2(jo,777) to L2(Q) is an isometry on S, i.e. for m, n positive integers,

E(L(f)Im(g9)) = nlf,9r2qo,1n) Em=n,
It also holds that _

where f denotes the symmetrization of f defined by f(ml, ce X)) = % desn f(@o@ys s Tom))-

Since the set S, is dense in L2([0,7]") for every n > 2 the mapping I, can be extended to an
isometry from LL2([0,T]") to L?(2) and the above properties hold true for this extension. Note also that
I,, can be viewed as an iterated stochastic integral

In(f):n!/ol/otn.../Ot2f(t1,...,tn)thl...thn

(this follows e.g. by Itd’s formula).
We recall the product for two multiple integrals (see [2J)): if f € L2(]0,T]™) and ¢ € L2([0, T]™)
are symmetric, then it holds that

mAn

L(f)Im(9) = Y 0C,CrIntn—2:(f ®¢ 9) (5)
£=0

where the contraction f ®, g belongs to L2([0,7]™+"~2¢) for £ = 0,1,...,m A n and is given by

(f®e9)(S15-vySn—tstiy v stmop) = / f(s1yeeeySneey ity ooy ue)g(t1, .oyt Uty oy ug)dug - .. dug.
[o,T]*



3 The case of the fractional Brownian motion

3.1 A presentation using chaos expansion

We will assume in this part that X = B a (normalized) fractional Brownian motion (fBm in the sequel)
with Hurst parameter H € (0,1). Recall that BY is a centered Gaussian process with covariance function

1
Ry(t,s) = IE(BEBH) = 5(s”’ + 2t — 27, s,te0,N]. (6)
It is the only normalized Gaussian H-self-similar process with stationary increments. Recall also the fBm
(Bf')ie(0,n) with Hurst parameter H € (0,1) can be written
t
Bl = / KH(t, s)dW,, tecl0,N]
0

where (W;,t € [0, N]) is a standard Wiener process and for s < ¢, and H > 1

t ‘ )
K (t,s):= cHséfH/ (u— )T~ 3uT 34y (7)

with cg = (ﬁ;{?%)) * and B(-,-) the beta function. For ¢t > s, we have

oK I S\ 2
W(t, S) = 61K (t,S) = CH (;)

In this case it is trivial to decompose in chaos the wavelet coefficient d(a, ). By a stochastic Fubini theorem
we can write

(t—s)15. 8)

1 1 a(z+1)
dlai) = Va [ w@Bll e = Va [ vy ( / d35>

1 a(z+1)
= x/E/O w(w)dm/o K% (a(z +i),u)dWy = Iy (fau("))

where I; denote the multiple integral of order one (actually, the Wiener integral with respect to W) and
we denoted by

fa,z'(u) = 1[O,a(i+1)] (u)\/a 1/)(:0)KH(a(:c +1i),u)dz. 9)

2 _4)v0

a

Thus, for all @ > 0 and ¢ € N,
E (&(a,1)) = || fall = «*" T C(H)
1 1
with C(H) := —% / / Y()(2)) |z — o' |PH do da’ (10)
o Jo

(see H]). This formula will be essential for the estimation of H (see Section [f). Using the product formula

L(N)1i(g) = IL(f©g) + (f,9)n
(here and in the sequel H denotes the space L?([0, N])) and we get

Ne I ®'2 a,i 2
el = L3S (D Ul )
i=1

N, (IE d(a, ))?
where

(a) H-1 1 1 ok ®2

a) . —2H— —

N = a C(H) E Efa,i' (11)



3.2 A multidimensional Central Limit Theorem satisfied by (Vi (a;)), ci<m

When the observed process is the fBm with H < 3/4, the statistics Viy(a) satisfies a central limit theorem.
This fact is known and we will not insist on this case. We just recall it to situate it in our context. Since

E L(f) = 2! f||3, we have for (a;)1<i<m a family of integer numbers such that a; = ia for i = 1,...,m
and a € N*,
Nap Na,
COV(VN(aP)5VN(G’q)) = 2|(pqa’ ) 2H= 10( ) a Z Z ap, ],f;@QJ H®2
» Nag j=1j'=1
Na, Nag
= 2(pga®)”Ml0MH)? s fags)
We know from [[] and [f]] that:
<fap,jafaq,j’>7'l = FE (d(a;m])d(atp
= —5(pga®)'? 2H/ / D(@)p(a)|pr — gz’ + pj — qj'|* da da’. (12)

and from a Taylor expansion and using property (ﬂ) satisfied by 1,

. JNAH—4Q
(fap.is Fagi )3 = Pqa* ™ T2O(1 + |pj — q5'|)

= |Cov (Vn(ap), VN (aq))| < C

ZZO 1+ Ipj — qil) "

Nz, j=1j'=1
Consequently, if Q@ > 1 and H € (0,1) or if @ =1 and H € (0,3/4),
N .
N cov (vi(ap). Vw(ag) — Gipa. i) with
1 2
El(p,q,H):W / / Y(@)(2")|pr — gz’ + kdpq| Hdzdz) , (13)

where dpq = GCD(p, q). Moreover,

Theorem 1 Let Viy(a) be defined by () and L(H) = (£1(p, ¢, H))1<p.g<m- Then if @ > 1 and H € (0,1)
orif @ =1 and H € (0,3/4), for all a > 0,

(\/ng a))lggm o Nin(0, Li(H)).

Proof: It is well-known in the literature (see e.g. [[]). |

3.3 A non-Central Limit Theorem satisfied by Vy(a).

We need at this point to define the Rosenblatt process. The Rosenblatt process, denoted in the sequel by
(ZH(t))iep0,n) appears as a limit in the so-called Non Central Limit Theorem (see [[J] or [2§)). It is not
a Gaussian process and can be defined through its representation as double iterated integral with respect
to a standard Wiener process (see []) More precisely, the Rosenblatt process with self-similarity order
H € (3,1) is defined by

/ / yla Y2 dWyl dWyz (14)



where (Wy,t € [0, N]) is a Brownian motion,

t
L (y1,y2) = dulio.4(y1)1j0,4 (y2)/ O KM (u,y1) 01 K™ (u, y2)du, (15)

Yy1Vy2

with K the standard kernel defined in (ﬁ) appearing in the Wiener integral representation of the fBm its
derivatives defined in (§) and

H+1 1 H \~
H = —— d dy:=
I T | <2(2H— 1)>

[

Among the main properties of the Rosenblatt process, we recall

e it is H-self-similar in the sense that for any ¢ > 0, (Z(ct)) =@ (¥ ZH(t)), where ” =4 ” means
equivalence of all finite dimensional distributions;

e it has stationary increments, that is, the joint distribution of (Z¥(¢t + h) — Z¥(h),t € [0,T]) is
independent of h > 0.

e E(|Z|P) < oo for any p > 0, and (Z*(t)) has the same variance and covariance than a standard
fractional Brownian motion with parameter H.

e the Rosenblatt process is Holdér continuous of order § < H.

We obtain the following non central limit theorem for the wavelet coefficient of the fBm with H > %.
Define

2H?(2H — 1)\ 1/2 (folxz/}(x) dx)2
. ) . (16)

t2(H) := ( 4H — C(H)
Then,

Theorem 2 IfQ =1 and % < H < 1 then there exists a Rosenblatt random variable Rinl with self-
stmilarity order 2H — 1 such that

G H) N V() 2z
where Z27 ™1 is a Rosenblatt random variable given by (@)

Proof: With f](\?) defined as in ([LT]), we can write
N22HY(a) = N272H 1, (£().

But using the expression of f, ; provided in (E),

1
v )(yh Ya) = W Z 1[0 a(i+1)] (y1)1[0 a(i+1)] (y2)

/y_l_ )VO/ )VO YW(2)KH (a(x +1), 1) K (a(z + 1), y2) dzdz.

To show that the sequence £, '(H)N2~2H], (f](\?)) converges in law to the Rosenblatt random

variable Z2H~1 it suffices to show that its cumulants converges to the cumulants of Z7~!. We know (see

7, B4)) that the k-cumulant of a random variable I»(f) in the second Wiener chaos can be computed as
follows

ck(L2(f)) = /[O . dyr ... dyx f(y1,y2) f(y2,y3) - f(r—1,96) f (Y, 1)



and thus
Ck (N3_2H12 (f](\;l)))

N,
N(§2H—2)kNa—k Z /[0 . dyy ... dy /[0 - dx1dz .. daegdzp ()Y (z0) ()Y (22) - - Y(ag)Y(zk)

i1yerip=1
x K (a(z1 + i), y1) K7 (a(z1 + 1), yo) K (a(za + i2), y2) K (a(22 + i2), y3)
K (a(wgor +ipm), yem1) K (alze +in), yi) K (a@k + i), yo) K (alzr + k), y1)

Using Fubini theorem and the fact that
a(z+i)Aa(z’+j) " " .
/ K (a(z +1),51) K7 (a(2’ + j),y1)dyr = R7 ((alx + i), a(2" + j)))
0
we get

(5 (1)

No
NPH=2k2HEN R /H dzydzy . depdzh () (20)0(22) Y (22) - . b(xr) Y (2k)
0,1]2k

i1,ein=1

RH(Zl =+ il, o + iQ)RH(ZQ + ig, xr3 + ig) .. .RH(Z]C,1 + ’L'kfl,xk =+ Zk)RH(Zk =+ ik, xr1 + il)

Na
= NPHDkG2HE N Z /[] drydzy.drpdzpp(e1)Y(20)¢(22)h(22) - - k)P (zr)
112k

i1, in=1
X (|21 — @2 + i1 — 2| - |22 — @3 +da —ds] ... |zp—1 — T F -1 — dk] - |2k — @1+ ik —da]]
N,
= NPH=DERGHENTR N (Jiy —dg] - figoy — ik - ig — i ])*"

i1,enin=1

X / dxidzy .. degdzgp (1) (z1)0(x2)(22) . . (k)Y (2k)
[0,1]2k

N
~ NPHDRGEHREZRQH — 12PN N iy —dg] . ik — k| - ik — i)

i1,eyin=1

/[ ] dx1dzy .. dagdzp(x)Y(z0)0(z2)Y(22) - . P (ak)Y(zk) 2121 - - T2k
0,1 2k

and we used the fact that the integral of the mother wavelet vanishes and a Taylor expansion of second order.
As a consequence, by a Riemann sum argument it is clear that the cumulant of ¢, '(H)N2=2HT, (f](\;l))

converges to

/ (|1 — @a|« .. |21 — x| - |2k — z1|]2H_2 dxy ... dzy,
[011]216

which represents the k& cumulant of the Rosenblatt random variable ZZ7 =" (see [29], [Bd)). |

In the case of the statistics based of the variations of the fBm, in the case H € (3/4,1) the
renormalized statics converges in L2(2) to a Rosenblatt random variable at time 1. In the wavelet world,
our above result gives only the convergence in law. The following question is then natural: can we get L2
convergence for the renormalized statistics Viy(a)? The answer is negative and it is proved below.

Proposition 1 Under assumptions of Theorem [, the statistics N>~2HVy(a) does not converge in L2(12)
as N, — 0.




Proof: It is equivalent to show that the sequence le’QHf](\?) is not Cauchy in the space L2([0, >0)?). We
compute

| N2-2H p() M272Hf§;)”]%2([0700)2)
= QO (H)? <N§—4H /[0

—2(M,N,)*2H ](;;)(yla?ﬁ) y)(ylva)dyldyQ)

dy1dya( z(\;l))Q(yl,yz)ﬂLMﬁ_M/ dyrdys(£59)2 (1, y2)

,1]2 [0,1]2

and

N§_4H/ dyrdys(f)2 (91, y2)
[0,1]2

N, 1,1 1,1
= N3_4H/[ ]dyldyQ Z 1[0,a(1+z‘)](y1>1[0,a(1+z‘)](y2)(//dxdm/)(xW(Z)//dzldzl7/)(zl)1/f(zl>)
0,12 ) 0Jo 0Jo

xKH (a(x +1),y0) K (a(z 4+ 1), y2) K2 (a2’ + §), y1) K (a(2' + ), y2)

and then by Fubini
N§_4H/ dydys (F§)? (w1, 2)
[0,1]?

= N374Ha4H1/ 1/)(:E)?/)(Z)¢(z/)¢(zl)dxdzdx/dz/
[0,1]*

4
N,
~ Z (|:C+i|2H+|:L'/+j|2H7|:C7:L'/+Z.7j|2H) (|Z+’L'|2H+|Z/+j|2H7|Z*Z/+’L'fj|2H)
ij=1

N,
1 a
= N3_4Ha4H—/[ ]4w(:c)w(z)w(:c')w(z’)dxdzdx’dz’ x Y Je—a +i— Pz -2 i gPH
0,1

4 ij=1

1 Na o — o\ 2H L \2H
= N3_4Ha4H—/ () Y(2) (2" (2" dedzdr' dz" x Z li — j|** (1 + — ) (1 +—= )

4 Jijo,1)e = i — j i — j

Computing similarly the scalar product Mg*QHNg’QHU](\?), fj(\Z)>]L2([O7OO)2) and repeating some of
the above arguments, we can write

INZ72 ) — 22 ) 1£2(0,00)2)

~ o™ H?(2H - 1)* P(x)(2) (2" (2 xa’ 22 dedzda’ d2’
[0.1]4

Ng Mg, Ng M,
X N2 i i - 2N TS i g MES i )
i,j=1 i=1 j=1 i,j=1
= Caonm [N3—4HN;1H—2 T M3_4HM;1H_2 _ M;_QHN;_2H (M(;lH—Q + N;lH—Q _ |Ma _ Na|4H—2)}

o\ 2H-1 2H-1 2H-1
2+ |Ma 7Na| Ma Na
NaoM, Naq Ma

where ¢, g is a positive constant depending on @ and H. The last expression does not tends to zero in
general for M,, N, — oo (take for instance M, = 2N,). |

= Ca,H




Let us further comment of the behavior of the sequence N2~2H which is decisive for the behavior

of our statistics Vv (a) constructed from wavelet coefficients. The term f ](\? ) can be written as

1

g1, ) 20, (H) N, Z L0,a¢i+1)1 (1) 1[0,a(i4 1)) (Y2)
¢ i=1

X (1[0,(“'] (Y1)1[0,a4) (92)/0 /0 dzdz(x)p(2) KM (a(x + 1), 1) K™ (a(z + 1), y2)

1 1
a0 acrron(e) [ [ dedzi@po(@K afe + 100K (0l +1).00)
‘ 1
10,00 (82) Ut a1 01 /__ | i@ K e 4.0 K (ol + )30

1 1

Fjai,a(1449) Y1) [ai,a(144)] (Y2) Ll .Lz .dzdzdi(z)?/)(Z)KH(a(»’C +14),y1) K7 (a(z + 1), yz))
) + 17 ) + £V we) + 1 (0, we).
First we show that the terms le’QHf](\?’m, Ng’QHf](\?B) and Ng*QHf](\?A) converge to zero in

L?([0,00)?) as N, — oo. Similar techniques apply for all these three terms; we illustrate below the
convergence of fj(\f A,

a,4
||fz(v' )||12L2([0,oo)2)
1

1 1 1
7@4}105( ) Z/[OOO dyldy21[aza(l-H)](yl)l[aza(l-H) y2/ ) y_Z,i/y_lfi/y_Zfi

=1

V(@) ()2 ) (") K (a(z + i), 1) K (a(z + 1), y2) K (a(2 + 1), y1) K (a2’ + i), y2)dadzda’dz’

1 1 / /
- . 3 /[ dedzde! &Y @ (Y@ ()

Z

Z

(@@+))A(@@'+)) _ . _
K (af@ + ), y1) K™ (a(a’ + 1), y1)dy: )

X
—~
N

(A +) _ L
<(/ K™ (az + ), )K" (al=' +1), o)
0
and since f(fAs KH(t,u) K" (s,u)du = R (t,s) with R¥(t,s) given in (f]), we obtain

a,4)
[Eass H12L2 ([0,00)2)

= a4H02 _32/0

=1

z

dadzdz’ dz'(x)y(2)(z (2 ) RY (a(x + i), a(z’ + 1)) R (a(z + 1), a(z' + 1))

1]4

2

- a4H02 —QZ |, dededs' @) L)

4H
Xa4 (|:C|2H + |1,/|2H o |:C7:L'/|2H>(|Z|2H + |Z/|2H o |Z*Z’|2H>

1

1 oyt L
402( )_(/[0 12 drdz"(z)y(2")|z — |2H) N,

from property (), and therefore Nf‘4H||fJ(\7’4)||E2([O ooy2) converges to zero as N — oo since H > 3

It remains to study the convergence of the therm f J(\;l ), Using again the property () of the mother wavelet

10



1) we can write

fj(\?’l)(yl,yz) QHCw / / dzdzp(z)1(2) 110,41 (1) 10,01 (Y2)
X (KH (a(x +i),91) — KH (ai,yl)) (KH (a(z41),y2) — K7 (ai,yg)) )

Therefore, with a(a,i,2) and §(a, i, z) respectively located in [ai, ax + ai] and [ai, az + ai],

Iz(fj(\;l’l)) = aQHCw 12 Z/ / dzdztp(2)(2) 10,41 (Y1) 10,41 (Y2)
xaz 0K (ala,i,2),91) X 4z 0K (30,1, ), p2)

and by approximating the points the points «a(a, i, ) and S(a, i, z) by ai and since from a usual approxi-
mation of a sum by a Riemann integral, when N, — oo, with y1,ys € [0, N],

N, N,
> Lo (1) 10,00 (42) 1 K (i, y1) 01 KM (ai, o) ~ / du oy KM (au, y1)0 K" (au, y2)
i=0 (y1Vy2)/a
1
~ L2H71
dopr_1a N (ybyz)

where L3/~ is the kernel (see its definition in ([[J)) of the Rosenblatt process with self-similarity index 2 —

1. As a consequence ¢ ' (H)N2=2H f](\;l 1 is equivalent (in the sense that it has the same limit pointwise)
to N1=2H [2H=1 Ty some sense €5 ' (H)N2~21Vy (a) is equivalent to N1 =21 [,(L3H~1) = N1-2H 7201 —
Z2H=1 but this equivalence is only in law. The fact that the sequence N2~2#Vy(a) is not Cauchy in L2
comes from the fact that the sequence N1~24 ZJQVH ~! is not Cauchy in L.? as it can be easily seen.

4 The Rosenblatt case

We study in this section the wavelet-based statistics Vi given by (E) in the situation when the driving
process is the Rosenblatt process. Although this section, assume that Z is a Rosenblatt process with
self-similarity order H. In this case, the wavelet coefficient can be written as

d(a,i) = \/_/ U(z a:nJrz

a(z+i) pa(xz+i)
- v w(mdz( / [ L piw, a,)
0 0 0
= I>(ga,i("))

with

9a,i(W1,y2) == du Valjair1)W1)1[0,agi+1) (V2)

X /yl dxp(x) (/G(EH) alKH/ (u,yl)alKH/ (u,yg)du).

\ .
1Ty2 —i y1Vy2

Recall the product formula for multiple stochastic integrals

L(f)12(9) = 1s(f @ g) + 412(f ®1 9) + 2(f, g)L2[0, V]2

11



if f,g € L?([0, N]?) are two symmetric functions and the contraction f ®; g is defined by

N
(f ®19)(y1,92) :/ f(y1,)g(y2, z)dx.
0
Thus, we obtain

d*(a,i) = I1(957) + 4L (ga.i @1 Gai) + 2|/ ga.il

and noting that, since the covariance of the Rosenblatt process is the same as the covariance of the fractional
Brownian motion, we will also have

E ((a,i)) = B (I2(9a.:)" = 2| gaillF2pp 2 = a®" T C(H).

Therefore, we obtain the following decomposition for the statistic Viy(a):

2
L.2[0,N]2

N N,
1 w o
Vn(a) = G_QH_ICw(H)_lN— [Z Li(923) +4) 12 (9ai ®1 gas) | =To+ Ty
@ [i=1 i=1
. T, = a 2710, (H)lei vazal I5 (9a,i ®1 Ga,i)
with —2H—-1 11" N ®2 (17)
Ty = a Cy(H) N, Do (ga,i)

To understand the limit of the sequence Viy we need to regard the two terms above (note that similar terms
appear in the decomposition of the variation statistics of the Rosenblatt process, see [@]) In essence, the
following will happen: the term T, which lives in the fourth Wiener chaos keeps some characteristics of
the fBm case (since it has to be renormalized by /N, except in the case @ = 1 where the normalization
is N272H for H > 2) and its limit will be Gaussian (except for @ = 1 and H > 3). Unfortunately, these
somehow nice behavior does not affect the limit of Vy which is non-normal.

Now, let us study the asymptotic behavior of the term T,. From (@), we have

Ty = Li(gy))

where
N,
(a) —2H-1 -1 1 ®2
gN =a Cy(H) N_Zga,i’ (18)
¢ =1
and thus, by the isometry of multiple stochastic integrals,
1
ET; = 4 Cw(H)_20_4H_2ﬁ Z (922,922 20,314
a =1
1
= 4 Cw(H)_Qa_4H_2m Z (9a,is 9ai)t2(0,n)2
a =1

But

)

-/

1 .
<ga,iaga,j>]l,2[0,N]2 = ) FE (d(a,J)d(aJ ))

and since the second order are the same, we obtain the same behavior (up to a multiplicative constant) as
in the case of the fractional Brownian motion. That is,

Proposition 2 From @), ifQ>1and H € (%, 1) or if @ =1 then for H € (%, %), then
N
— E(T}) v 3G(L1LH) (19)
a —00

and, from Theorem @, ifQ=1and H € (%, 1) then

()" man — o), (20)
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4.1 Asymptotic behavior of the term 75
Evaluation of IET%

We evaluate in this part the L2-norm of the second chaos term and we will compare it with the corresponding
norm of the term 7} in order to determinate the normalization of Vy (note that IF (T,T72) = 0 by the
orthogonality of the multiple integrals). Recall that we have

Ty = L(h)

with N
h(a) ::4;L z“:g i @1 Gai- (21)
N a2H+1C(H> Na P a,t a,i

We compute the contraction g,,; ®1 ga,;- We have

Ng
(Gt ®1 art) (1, 92) = / G (91, 2)ga s, =)z
0

1

) a(i+1)
= ady 1[0,a(i+1)](yl)l[o,a(i+1)](y2)/O dz [[MZ dz(x) (/

=1 y1Vz

a

a(x+1) , ,
K™ (u,y1)01 KT (u, z)du)}

Y2vz_ 4 2Vz

! / / ale’+1) H [ 7 H /7 !
X o da’ (a’) MK (W, y2)0 K7 (U, 2)du
- Y

a

1 1
adi 1[0,a(i+1)](yl)l[o,a(i+1)](y2)(|:/ ) dmﬂ(ﬂﬁ)/ da’ i (a’)

Y1 Y2

a(z+i) pa(x’+i) uAu’
></ / M(u,yl,u’,yg)dudu'/ M(u,z,u’,z)dz}
Y1 Y2 0

where M (u,y1, ', y2) = O K™ (u,y1) 0 K™ (W, y2) and H' = (H +1)/2. Now, we have already seen that

fg/\s KH(t,2)K (s,2)dz = R (t,s) with R (t,s) given in () and therefore

uAu
/ M(u,z,u',2)dz = H' (2H' — 1) |u — o[> 2. (22)
0

Thus denoting agy := H'(2H' — 1) = H(H + 1)/2 and since ¢ is [0, 1]-supported, we obtain

1 1
(9asi ®1 9a,i)(W1,y2) = adfam Lo a1 ¥1)lo,agi+1)] (yz)/ / dedr’)(x)y(z')
(& —i)voJ(2—i)vo
a(z+1) a(z/—i-i) ,
x/ / lu — |22 =2 M (u, y1, v, yo) dudu.
Y1 Y2

13



We compute now the expectation of the square of the term 75. From ) and by the isometry property
of multiple Wiener-It6 integrals

Ng
ET; = 16a*"2C(H 22‘ Z 9ai ®1 Gais Ja,j ®1 a,j)L2[0,N]2
N . .
aZdd 1 a a(ing+1)  pa(ing+1)
— 3944 Y% 1 / / dyd
a 02 (H) N2 ijz:l ) ) Y1ay2

1

1 1
d dz' (2’ d dz'"y (7
/<71—z>vo e )/w o W(x)/@—m W(z)/(%—j)vo e
(z+1) a(z’+1)
dvd KH' (u, y) 0, KH (v, —pH 2
/ / v KM (w500 K™ (0, y2) [ — ]

a(z+j) a(zl+j) , ’ ’
x/ du'/ dv' Oy K™ (u! ) ) oL K (v o) |u’ — ' [PH 2

Y1 Y2

and by calculating first the integrals dy; and dys

N2,

a(z+i) a(x’+4) a(z+3) a(2'+7) N
x/ du/ dv/ du’/ dv'(Ju —v] - [u" = 0'])
0 0 0 0

uAu’ vAY!
X(/ M(u,yl,U’,yl)dm)(/ M(vaz,vl,%)dyz)
0 0

di, 1
ET? = 32a7*H aH H Z/ (@) Y(2" )Y (2)Y(2")deds' dzdz'
[0,1]4

N2,

T+1 erz z+j z+] ;o
/ / / /dv lu—v| | —U’|-|u—u'|-|v—vl|)2H 2

_ gy hdh 1S , o
- C2(H) N2 Z /0 1]41/)(96)1/)@ )¢ (2) ¢ (2 )dwda' dzdz

m+z z—i—z z+] z+_] , , , ol —2
(lu =] | =V Ju—2][v—"2"])

where the property (ﬂ) of 1 is applied four time to reduce the domain of integration. Using the change of
variables % = < (u — i) (and similarly for the other variables) we obtain

B aHd4 1 / / /
= 32 2/01]4 ()0 (") (2) (2" dedx' dzdz

1dy 1
ET;? = 32 aH ) N2 Zz_:l /0 " 2 ()Y (2 rx 22 dedx’ dzd2’
/ ’ / / 1! / . . ’ N .\2H'—2
x/ dudv’ dvdv’ (Jux — va'| - [u'z —V'2] - Juz —u'z + i — j| - [va’ — "2 + i — j]) .

[0.1]

Denote by N
- =
Swa =g O (uw—wati— gl foa’ o5 +i— )"
@ ig=1
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We have

N,
1 < ! !
Sy, = bz Z (No — |k |uz — o'z + k[ 2 |va’ — o'z 4 E[2H 2
a4 k=-—N,
N, 2H' -2 2H' -2
B e TN LY [ S i L L3
Noy “~= ¢ N.'| No N, N, N,

and clearly, since 2(2H’ — 2) = 2H — 2 and the terms “IN” z and 42 T "2’ are negligible in front of 5 for

large k, we get by a Riemann sum argument that for every z, v’ ,
2-2H ' 2H—2 1
NZ7°H S — 2 1-— Cdr = ————.
o PNe N /0 (1-2) T HECH -1

As a consequence, with / dudv|uz — va'|?' =2 = (2H'(2H' — 1))_1(9021{/ + () — |z — x”|2H/) and

[0,1)2
the property (EI) of 1,

N272HE T2 — 32 O/Il{dzfl{
“ ? N—oo T H(2H —1)C3(H)

2H -1 1 AU, 1\H-1 N2
e FIEE (C’(H) /[071]2 Y(x)(a")zx' |z — 2| d:z:d:z:) = Cr,(H). (23)

, 2
( V() (a )z jux — va' |22 72dzdz’dudv)
[0.1]

In conclusion the asymptotic behavior of the term 75 depends on H and, surprisingly and contrary to the
Gaussian case, it is not influenced by the number ) of vanished moment of ). Thus for any @ > 1

B[(3) T = chun,

Therefore, from this formula and (@) and (@), for any @ > 1 and H € (%, 1) the term 7% is dominant
with respect to T} for the behavior of IE Vi (a). We are able to prove the following result:

Theorem 3 Let (ZtH)tE[QM be a Rosenblatt process with self-similarity index H € (%, 1) and the statistic
Vi (a) computed from (ZH)tejo,ny. Then for any Q@ > 1 and H € (3,1),

]E{N;*HVN(a)r — C%,(H).

N —o0

The limit of the term T3
We prove in this paragraph that the sequence Th (and therefore the sequence Vi (a)) converges in L2(2)

to a Rosenblatt random variable with self-similarity index H.

Theorem 4 Let (ZH)i>¢ be a Rosenblatt process and let Ty be the sequence given by (IZ/[) and computed
from (Z{)i>0. Then, for any Q@ > 1 and H € (3,1), there exists a Rosenblatt random variable R{ with
self-similarity order H such as

ol () 2w = oo (X)) vwta) 2 RY

a N—o0
where Cr, is given by (23).

Proof: This proof follows the lines of the proof of Theorem E With Th = Ig(hg\(;)) in mind, as in the
proof of Theorem , a direct proof that the cumulants of the sequence N1~ 1, (hg\?)) converge to those
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of the Rosenblatt process can be given. Indeed, by combining the proof of theorem E and the estimation
of the square mean of 75 we will obtain

o (Va8 (437))

N Z / H¢ 3 (! Y (202} sy sz
TLyeney =1 0 1]4
b 2H' -2
= / dupgdu'ydv;dv] H luja; — vjah| - |ufzy — v25)7
[071]4k ] 1

k
2H'—2
H (|ujzj - u;zj +i; —djq1] |vj:c - v z + i — zj+1|)

with the convention ix41 := ;. The key fact is that the sequence

Na‘ k . . / . ', ', . / / / ; ',
gk _ Nk Z H (|ujx] R I N e R ’J+1|)
N, — a

Naq

2H' -2

i1y =1 j=1
converges as a Riemman sum (for fixed zJ,zJ, zj,zj, Uj, vj,uj, J) to, modulo a constant, the integral

/_
/ dml...d.rk(|$1—$2|'|-T2—-T3|'---|-Tk_x1|)2H ?
[0,1]%

which is the cumulant of Z{.

But we prefer to do here a more detailed study of the sequence N!=# hg\?) to understands why
we have only the convergence in law and the convergence L2 does not hold. Actually, as in the proof of
Theorem E, we prove first that the sequence N;_th\‘;) is NOT Cauchy in L?(]0,00)?) and by the isometry
of multiple stochastic integrals we will obtain that N1~HI,(h{#)) is NOT Cauchy in L2(Q). But here we

want to understand the limit and the behavior of this sequence. We can decompose hg\?) (defined in (R)))
as follows:

a d2 O 1
WO (g1, y0) = 4#(}1)@ X
Nq . , a(z+1i) pa(z’'+1) o o R
> o)) [ dodev@ot) [ [ 0K )k (o)~ o dudo
i—1 [0,1]2 Y1 Y2
a(z+1) (z'+1) I aKH/ I
+110,ai) (V1) Las,a(i+1)] (Y2 // Yl dzdz/ / K (%yﬁw(v,yz)lufvl ““dudv

Y1 Y2
’ / a(2+9) pa(@+4) H' H' 2H' -2
+110,ai) (¥2) L{as,a(i+1) (Y1) o 01/)($)7/)(=T )dxdr LK™ (u,y1)01 K™ (v,y2)lu — v dudv

1 1 a(x+1i) pa(z'+17) , , ,
H1ai,a (41 (W1) Las,a(i+1)] (Y2) /y1 ./y2 Z/J(x)l/i(xl)diﬂdiﬂl/ / NE™ (u,y1)01 K™ (v, y2)Ju — v|* ~2dudv
o W Yy Y2
=B (g1 y2) + WP (1, y2) + 0P () + BN (g1, 92).

Following a similar proof as for Theorem [}, we first show that the terms N;_th\?’2),N;_Hh§\7’3) and

NI=Hp@Y converge to zero in L2([0,00)2) as N — oo. We treat the case N1=#h* goes to zero as
N goes to infinity; the convergence of the other sequences will follow similarly (the key fact is that the
presence of the interval [ai, a(i + 1)] allows only diagonal terms in their L2 norm). Following the previous
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computations in the proof of Theorem E, there exists kpr, k% > 0 not depending on N and a such that

Na

a 1
thvA)HI%,?([O,oo)Q) = ky— Z/[ ( dyldyg/ / / / Y(x) (2 ) () (2 ) dedr' dzdz’
a at,a z+1 —1

=1

a(z+i)pa(z’+i)ra(z+i)ra(z’ Jﬂ) , / / / / !
/ / / / o 2H 2 — o P20, KT (0, 0 )01 KT (0, 42)0 KT (W, 1) 01 KT (v, o ) dudvdu dv’

/ a(z+i)pa(z’+i)pa(z+i)pa(z’ +z) ,
—k 2H -2
= ]\;12 Z/ 7/’(zw(zl)T/J(Z)?/J(Z/)dxdx’dzdz/ / / (lu—vlje’ —v'[[u —u'|jo —o')) dudvdu’ dv’
a ;—1 /[0,1]4 at ai ai

using once again the relation (@) With changes of variables,

a(z+i)pa(z’+i)pa(z+i)pra(z +z N
/ / / (Ju—v|[u" = v'f|u —u'|Jv — V') dudvdu’dv’

/ 2H' -2
= aSH ~xx' 22 / (Juz — va'||u'z — V' |Juz — 2u/||jva’ — v'2']) dudvdu’dv’
[0,1]*
and therefore with k%, > 0 not depending on N and a,

a,4 - 1 — a,4
th\[ )||E2([O,m)2) = kgla’gH 4? - HN; th\/ )”Ez([opo)z) — 0.

a N —o0

Let us now study the term hg\?’l). This term will give actually the limit of the sequence Vi (a). Note that
we can replace the integration interval [y1, a(z + i)] by [ai, a(x 4 i)] since 1 satisfies the property ([l). So
we can write

a 4d3%a
hgv’l)(yl,%) QH}é 2 N Zl[olu Y1)1(0,ai) (Y2 / / deda’y(x)i(z")

a(x+1) (@' +1) /
/ / K (U y1)01 K (U y2)|u v|2H ~2dudv

and by making the change of variable & = 1(% — i) and v = & (¥ — 1), we get

_H(a 4d%a
N} thv’l)(yl,m) = QICH NH Zl[olu Y1) 110,ai) (Y2 / / x x'p(x)y(a’)ded’

X / / oK (auz + ai,yl)alKH/ (avx’ + ai,yo)|auz — cwac'|2H/_2du dv

4d%10q-] N

af-1C(H

Oaz] yl 1[O ai) y2 / / -’L'ZC’lb )dl‘dl‘/

/ / O K7 (ai,y1)01 K (ai,y2)|ugf*U$/|2HL2

where a,, ~ b, means that the sequence a,, and b, have the same limit as n — oo. We proceed to a fist
approximation. For 1,92 € [0, N],

— a 4d2 aH 1
N, thvﬁl)(yhyz) = (1H+C’(H)NH Z //:Exz/} (2")dxdz'

a

y1\/y2

1
X / / N KM (aux + ai,y1)0 K™ (ava! + ai, y)juz — va!|*T " 2dudv.
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But, for i > y1/a, from the formula of & K (t, s) given in (),

, , 3 i\ H—1/2 1
‘61KH (aux + ai,y1) — 0, KT (ai,yl)’ < (cH(§ —H) (%) W) aux.

Now, since for ai — y; large enough,

@%qu 1 1 Ej(m)ﬂﬂ2 1 )
— - ~ - =3 — — 5 o0,
N e e A TR 2 W) @

one deduces that

4d%104H 1

N,
WT1C(H) N Co Z NK™ (ai, y)1 K™ (ai, ys)

. N4
z:[m yz}
a

11 11
/ / x 2’ (x)Y(a)dredx’ / / luz — vz’ 2H'=2 1y dy
o Jo o Jo

1 1
1 , , ,
- /0 /0 @) dede X Sy (e P = e =2

Nithg\?’l)(yl,%)

where

Co

1 e / /12H’ ; 2 ,
- _M/o /0 Y(x)p(a")|x — o' |* dedx _mc(}j)_

As a consequence, from a usual comparison between a sum and an integral of positive terms,

N,
1—Hy (a,1) Sd%{OéH C(HI) 1 a - ”
Na™7hy ()~ H(H +1)a—1C(H) NI Lo,y (1)1 [0,3)(y2) v, N (au,y1)01 K™ (au, yo)du

( SdHCYH C(H/) ) L
H(H +1)alC(H)) NE
~ CTz(H)NiHL%(ylay2)v

x Ly (y1,y2)

where Ly is the kernel of the Rosenblatt process (see its definition in ([[3)). But from the self simi-
larity property, NI (L¥) has the same law as I5 (L{’). Using the equivalence N;_th\?’l)(yl,yg) ~
Cr,(H) N"HLE (yy,ys) it can be easily deduced in the proof of TheoremE that the sequence I, (N;*th\?’l))

(and therefore I (Ng’th\?)) and thus N)~#Cy'(H)T; has the cumulants convergent to those of the

Rosenblatt random variable Z{! (but the direct argument proposed at the beginning of this proof also holds).
In essence, the renormalized statistics Viy(a) does not converge in L? because N~ 1, (L) = N=HZJ
does not converge in .2 as it can be easily seen. |

4.2 Asymptotic analysis of the term 7}

We try here to understand the behavior of the term Ty in the cases Q > 1 and H € (%, 1) or @ =1 and
He (%, %) It can be already seen from its asymptotic variance that it is very close to the Gaussian case.
We will show below that this term converges in law to a Gaussian random variable. This of course does

not influence in principle the limit of Viy but we find that it is interesting from a theoretical point of view.

We need now to introduce the Malliavin derivative. We will use only this derivative for random variables
in a finite chaos. If f € L2([0,T]") is a symmetric function, we will use the following rule to differentiate
in the Malliavin sense

Dt]n(f):nl’ﬂfl(f(at))v te [07 1]
Our strategy is based on the following result (see Theorem 4 in [23], see also [24]).
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Proposition 3 Let Fiy = I,(fn) be a sequence of square integrable random variables in the nth Wiener
chaos such that IF [FJ%,} e 1. Then the following are equivalent:
—00

i) The sequence (Fn)n>o converges to the normal law N(0,1).

2
ii) HDFN”]%Z[O = fOT DI, (f)dt Jiﬂ) n, where D is the Malliavin derivative with respect to the un-
derlying Wiener process W.

Our main result concerning the limit of the renormalized statistic Vi is the following. Following
the limit theorem ([L9), denote by Cr, (H) the positive constant such that

C3,(H) =3¢(1,1,H),
where £(p, q, H) is defined in ([L3).

Theorem 5 Suppose that Z™ is a Rosenblatt process with self-similarity order H. Suppose that Q > 1 or

Q=1and Hc (,3). Then
|N D
; T4 N:;o N(O,C%4(H))

201
Remark 1 In the other case (Q =1 and H € (2,1)) the limit in law of the renormalized Vi is a Rosenblatt
random variable.

Proof of Theorem fj: We have seen in ([[7) that Ty = a =27~ 1Cy(H) ' L SN I, (922) and ET} — 0

Na N —o0
from ([L9). Then by the criterium in Proposition [j it suffices to show that

N
| aromy 2 acs .

But we can write that N

13 gaz T )
=1

1
D, Ty =4a 21710 (

g

~.

and therefore
N N.
/O dr (D, Ty)* = W Z / ((9a:i ® ga.i) ;7)) 13 ((ga.j ® Ga,3) (-, 7)) dr-.

The product formula for multiple stochastic integrals (E) gives

N
/ dr (D, Ty)?
0

= GQHHCw A Z/dT ((9a:i ® 9a,0)(7) @ (9aj ® Ga.5) (7)) + 91a((9asi ® Ga.i) (- 7) @1 (Jaj ® Jaj) (-

+9 I2((9a.,i & ga,i)('a 7’) &2 (gayj & ga,j)(',T)) + IO((ga,i & ga,i)('vr) ®3 (ga-,j & ga,j)('vr)))
i=Tue +Tua +Ts2 +Typ.

First the limit theorem ([[J) we note that:

E l/ON(DTT4)2dr
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Indeed, this follows easily because for a random variable G in the nth Wiener chaos, we have
N
nlE [G*] = / (D, G)*dr.
0

This limit is provided by the term T4 ¢ as for the fBm case. Let us show that the other terms, i.e. Tus, Tasa
and Tys, converge to zero. First we regard the term Tyq.

16 1 No  pN
fae = a2H+1Cw(H)EIG(Z/O dr(ga»i®9a,i>('ﬂ")®(ga,j®ga,j)(~ﬂ’))
ij=1
N,
16 1 “
S (00 © ) © (000 81 g0).
a2H+1C¢(H) N, 6 ijzz:l(97 ®g ,J)®(g i®1g ,])

Since for any function f € L2([0, 00)2 one has || f||r2 < || f]lL2 (see ({)), we obtain, with C' > 0 not depending
on N,

N
1 .
ETy < C 2 (9a,i ® aj> Gak @ Ja,1)L2([0,N]%)(Fai D1 Ga,j> Ga,l @1 Ja,k)L2([0,N]?)
@ 4.5,k,1=1
R
< C Nz Z (9aris Gak)1L2([0,N12)(Gajs Ja.1)L2([0,N12){Fai D1 Ja.j> Ga,l 1 Ga,k)L2([0,N]2)-
@ 4.5,k 1=1

It is not difficult to see that the dominant term of the above expression appears when |i — j|, |: — k|, |k —
I, 17 — 1] > 2. In this case, the scalar product (ga,i,ga,k)1L2(j0,n]2) has been already evaluated before: it
behaves for |i — k| > 1 as |i — k|>=29. Let us regard the factor (ga; ®1 ga.j Gas @1 Ga,k)12(J0,N]2)- It can
be computed as follows

<ga,i &1 Ga,js Ga,l ®1 ga,k>L2([0,N]2)
= / dxdz’ dzdz'y (z)p (' )b (2)(2)
[0,1]*

a(z+1i) a(z’'+7) a(z+k) a(z'+1) 2H'—92
></ du/ dv/ / dv’ (Ju —vl[u" —v'|[u — ' [[v —v'])
0 0 0 0

/ dxdz’ dzdz'y () (2 ) (2) (2 ) wa' 22
[0,1)*

X / dudvdu'dv' (|uz — vz’ +i — jl|u'z —v'2" + j — klluz — 20’ + i — k||jva’ — ’U/Z/|)2H/_2
[0,1]*

and therefore there exists C' > 0 not depending on N such that

2H' -2

[(9a.i @1 9ajs 9at 1 akaqon| < C ((L+1i =N+ k=1 +]i— kDA +15 = 1))

Consequently since for N, — oo

r S0 (Ol D e L) i R~ )T i k(L 1 1)

@ 45k,1=1
1

<

/ C
~ / (zz2t(x +y + 2))2 ~2(2t)* 2R dadydzdt = A NZH=E 5 (NS 41 g1 + Clg>2),
a J N, a

then
ET 0 (24)
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forQ>1or@Q=1and H € (3,3).

We prove now the convergence of Tyy to zero. It holds that (here (f)® means f)

Nq N
1 s
o= ogn(3 | @0 © 00060 1 (005 @ 90,)(0)

N, Ng

1 1
= C N 14( Z (9asi ® gwj)(.ga,iaga,j>]LZ([0,N]2)) +C N I4( Z (9a,i ®1 9a,j) ® (ga,; ®1 ga,i))
a ij=1 “ i,j=1

= Tya1 + Thao.

The expectation of square Ty4; can be handled as follows

N,
1 a
ET;, < C N2 (9a,i @ Gaj> Gak @ Ga,1)L2([0,N])(Ga,i> Ga,)L2([0,N12) (Ga,ks Ja,1)L2([0,N]?)
@ 4.5,k l=1
1 X
< Cﬁ (9a,is 9a,k)12(j0,N12)(Garjs Ja,)L2([0,N12) (Ga,i> Ga,j)12([0,N]2) (Ga,k> Ga 1) L2 ([0,N]?)
@ g4k, l=1
1
. . . . 2H—-2
< O3z (L4 i = BN+ 15— I+ i — G+ [k —1]))>7 729
@ 4.5,k1l=1
1 No pNa pNa 2H-20
< C— (zyz(z+y+2)) dzr dy dz
Na 1 1 1
1 Nao oo o) 2H-2Q 24 8H-8Q
< C— (2% y2) drdydz < CN; — 0 (25)
Na 1 1 1 N —oo

since Q > 1 or when @@ =1 then % < H< %. Concerning the term Ty40, since

(Gasi 1 Gaj» Gak @1 Gan)rz(o.np2) ~ C (L4 [i = 1) (1+ [k = UL+ [i = k(1 + 1[5 = 1)*" 72,
from a similar bound as for IF T, one obtains that
1 Je 2
ET;, < C Nz ((9a.i @1 Ga.j» Jak @1 Ga1)L2(j0,N]4))
@ 4.5,k,l=1
1
. . . . 4H' -4

< Coz Do (A= DA+ k= + i = k(L +15 = 1)
@ 4.5,k,l=1

< CNBH-S 0 (26)

Therefore, from (Rg) and (R6), one deduces that IF T2 e Owhen@ >1lorwhen@ =1andi < H < 2.

Finally let us deal with the term Tys. It can be also decomposed into two parts as follows

Na N
Ty = CN%IQ( Z /O dr(ga,i ® ga,i) (1) @2 (ga,j ®ga,j)(-,r))s
o -
= C A 12(izj<ga,iaga,j>]l,2([0,N]2) (Ga,i @1 ga,j)) +C N, Iz(ijzl(ga,i ®1 Ga,j) @1 (Ga,j @1 Ya,i)
= Tyo1 + T2z
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and therefore

1
ETy, < C A (Ga,is Ga,5)L2([0,N12)(Ga k> Ja,1)L2([0,N]2) {Fai D1 Jaj> Jak D1 Ga,l) L4 ([0,N]?)
@ 4.5,k l=1
O SN im0 e D)2 (i — KD [ — 1)
< O Y (A+]i—iDa+]k—1) (T+]i— kDA +15—1)
a i4,k,l=1
< CONBH-Q-2 __, (27)

N—o0

since Q@ > 1 or Q@ =1 and % < H< %. Concerning Ty20, we have

1 1
(000 91.905) @1 s 1 00)m) = [ [ [ [, et aza vttt o0
2—5J0 J2—i
a(z+1i) (2’ +3) pa(z+3) pa(z'+1) oH' 2 , ,
/ / / / dudvdu’dv’ (|u — vl||u" —v'||u — u'|) KT (v,y2)0 KH (v, o)
Y2 Y2

and therefore with the same changes of variables than in the previous proofs and the property satisfied by

¥,

Ng 8
C a(zi1+1) pa(ze+yj) pa(zs+i) pa(zati) pa(zs+k) pa(ze+l) pa(zr+l) pa(zs+k)
BTy =5 ) /[01 ||1/J:czdx/ / / / / / / / u;
@ik, l=

2H' — |)2H -2

X(|U1—U2||U3—U4||U2—U4|) - (|u5—u6||U7—u8||u6—u8|) (|U1—U5||U2—u6

—C/ zﬂ/)zzdx/
[01H 01]81-1

2H’72 .o
S(Za]7k7l7(upxp)p>

with

N,
o 1 - o o o
S(t, 7,k 1 (upxp)p) = Nz Z (|SC1’U,1*SC2’U,2+’L*]||:L'3’U,37:L'4’U,4+jfl||SCQ’U,2*£L‘4’U,4+]7’L||$5u571'6u6+kfl|
a g.4.k,l=1
. . 2H'—2
|x7ur — xgus + 1 — k||esus — xrur + k — l)|z1ur — zsus + i — k||xous — xgue + j — l|) .

But, with a first order approximation, it is clear that S(i, j, k, [, (upxp),) behaves as S(i, 7, k,1,0) since
upZp € [0,1]. Thus,

N,
o 1 = o ) , H—1
S(i,4, k1,00 ~ = > (li— P [k =17 — kllj — 1)
@ 4.5,k,1=1
C  (Na [N [Na
~ / / / ng*gngfngfl(z +y+z)H71dasdydz
~ CLNZT%1p.5/4 + Co 1og(Na)lp—3/4 + Cs N, 312/3<H<3/4

+Cy N, 1/?’log( o) lp— 3/4+C5 211/2<H<2/3-

Thus if @ =1 then f[o 1]8]_[?:1 2 (z;)dz; # 0 and it implies that IE T3y 0 when 1/2 < H < 3/4.
But if @ > 2 then then f[o 1]8]_[?:1 ziY(x;)dz; = 0 and a second order approximation of S(i, 7, k, I, (upxp)p)

has to be considered. For instance, from a Taylor expansion,

lz1ur — wous + i — j|H Y o |i — §|H1 (1 4 (H ) T Tt “”2).

i
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Therefore in a second order approximation, and using f[o 1181_[?:1 ;¢ (x;)dx; = 0 then

8 Ng

C
/[O mHzm(xi)daziS(i,j,k,l,(upzp>p) N2 /[ Huzsc Ylai)de; Y i — POk — 130 — kP2 -
=1

0111 i,7,k, =1
8

Hence, when Q > 2, ET%, fe 0 for all 1/2 < H < 1. As a consequence, for Q > 2 or @ = 1 and
— OO

1/2 < H < 3/4, with (24), @), £4d) and [£7), we have proved that Tys, Tus and Ty converge to zero in
L2(2). Therefore Ty behaves as Tyg, and the behavior of this term is the same as in the case of a fBm with
parameter H. |

2|Q

5 Applications and simulations

Here, we will denote X# as well a fBm with H € (0,1) or a Rosenblatt process with H € (1/2,1).

5.1 Asymptotic normality of the sample variance of approximated wavelet
coefficients

Here a sample (X, XH ... X)) of X is supposed to be observed. For (a,b), define the approximated
wavelet coefficients of d(a,b) and d(a,b),

e(a,b)

ZX - — b and e(a,b) = aﬁ""l/Q—C'l/Q(fl), (28)
that are the usual Riemann approximations. Define also for a > 0,
1 e
~ o
Vn(a) = oA Zl (€*(a,i) —1). (29)

Remark 2 These approzimations of wavelet coefficients and their sample variance can be directly computed
from data for all mother wavelet 1. In the case of a multiresolution analysis with orthogonal discrete wavelet
transform, the very fast Mallat’s algorithm can be applied to obtain such approximations. It provides a
clear advantage to the wavelet based estimator of the parameter H with regard to the estimators based on
a minimisation of a criterium (such as maximum likelihood estimators).

Now, it can be proved:

Proposition 4 Let a(N) a sequence of integer numbers satisfying N a(N) ™!

Assume also that ¢p € C™(R) with m > 1 and v is [0, 1]-supported. Then,

N—o0

1. if XH ds a fBm and Q > 2 or Q =1 and 0 < H < 3/4, and if N a(N)~2 Je 0 and m > 2, then
Theoreml] holds when Vi (a) is replaced by ‘A/N(a).
2. if X" is a fBm and Q =1 and 3/4 < H < 1, and if

Na(N)7(574H)/(474H) — 0 and Na(N)7(372H+m)/(372H) — 0

N—oo N—oo

2-2H __
then €5 (H) (%) Vi (a) 2, R where R2H=1 s a (2H — 1)-Rosenblatt random variable.

N —o0
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3. if X" is a Rosenblatt process, if Na(N)~(G=2H)/C=2H)  __, 0 gnd Na(N)~*+™ — 0, then

N—oo N—o0

I—H .
forall@Q > 1, szl (H) (%) Vn(a) 2, R where RH is a H-Rosenblatt random variable.

N—o0

Proof of Proposition E: Let Q@ > 1 and X! be as well a fBm with H € (0,1) or a Rosenblatt process
with H € (1/2,3/4) (in the sequel we will only use the second-order properties of the process which are
the same for a H-fBm and a H-Rosenblatt process). First,

E [(é(a,i) —d(a,i)?] = 201(H) ( — /1/21tdt’w(t)1/)(t’)|t A /dtq/) Z V(= (|t + i — |t - %/|2H)

k R L
v 37 o) (e Bl EP - - K,

Ry a a

Now, from usual Taylor expansions, if g is supposed to be a m times continuously differentiable [0, 1]-
supported function for all a > 0,

a—1 1
1 k 1
23 9) - [ o] < sup g0
a =0 a 0 t€[0,1] a
(From a Taylor expansion, there exists C' depending only on H, @ and v such that ‘ fo (i +t)%H dt‘

C((l +1)2H= Q) Therefore, there exists C' depending only on H, @, m and v such that for alla >0

a—1

EZw(S)\—a—m and |- Zw ’l+—‘2H‘:C((1+i)2H_Q+M)_
k=0

am

Finally, as it was already proved in [E], there exists C' depending only on H and 1 such that for all m > 1
and a > 0,

- LR C
S | _ dtdt' N4 _ 4/ |2H ©

MZw v@E -2 = [ [aarvepe -] < ©
1! kg k' 2m tr oH C
—[d e dtdt’ Nt -t —.
‘a/ow“’;_:ow(a)“ S [ Jaarvwuene-eer| < 2

All those inequalities imply that there exists C' depending only on H, @), m and 1 such that for all ¢ > 0,

. $)2H-Q )2H
B [(#(ai) — d(a,))?] < O (= + (Hazn +(12272 ).

But, with Cauchy-Schwarz Inequality,

(30)

]E“A/N(a)fVN(a)‘ < N Z]E’e a,i) d2az)‘

< NL ZWE [(8(ar 1) — d(as1)*]\  [(#(a,5) + d(a,)°]

\/IE 8d2(a ,1) 4+ 2(é(a,i) — d(a, 2))2}

IN
Zl=
[ e
s

s

< (zvi ilE ci(a,w)QJ)l/Q(N% 2”3 [4d* (a,7) + 2(&(a, ) - Cﬂa’“ﬁ)m’
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where the last inequality follows from the Cauchy-Schwarz Inequality. Now since a = a(N) is supposed
to be such that a(N)N—H/(H+m) 0 from (B(), there exists C' > 0 not depending on a and N such

that,

o 1 NH NFTU2
]E‘VN(G)f‘/N(a)‘ SC(%ﬁLa—sLﬁLWlQ:L H>3/4)- (31)
Now, the 3 different cases of the Proposition can be deduced:
e Using the Markov Inequality, and if N a(N)™2 — 0andm > 2, then P(N;/2 “71\/ (a)—Vn(a) ’) — 0.

N—oo N—o0

Therefore, if X is a fBm and Q > 2 or Q = 1 and 0 < H < 3/4, Theorem EI is still valid when
Vv (a) is replaced by Vi (a).

o if X" isa fBm, Q = 1 and 3/4 < H, then if N a(N) 737 — Oand N a(N)~ 5o — 0,
~ 2-2H

then P(N272# |V (a) — Vn(a)|) fe 0 and therefore £; ' (H) (%) Vn(a) NL R2H=1 from
Theorem I, where R?~! is a (2H — 1)-Rosenblatt random variable.

e if X is a Rosenblatt process, if Na(N)fg:gg fe 0 and N a(N)~(+m) Je 0, then for all

1-H

@ > 1, from Theorem i, C3.' (H) (%) Vi (a) N%)O R where R¥ is a H-Rosenblatt random
variable. |

Remark 3 We do not think that the conditions provided on a(N) in Proposition | are optimal. They
could be improved by computing of IE [(IA/N(a) — Vn(a))?] instead of IE ‘XA/N(a) — Vn(a)| in its proof. How-
ever, such computation should be very long and technical in the case of the Rosenblatt process and we have
preferred not to present them.

Since the case of fBm was already studied (see for instance [f[]) we only provide below the results of sim-
ulations when X is a Rosenblatt process. Thus, we first exhibit the main result of this paper, i.e. the

I—H .
limit theorem Cr, L(H) (%N)) Vi (a(N)) Ni) RI following the following procedure.

Concrete procedure of simulations:

e The samples of Rosenblatt processes are obtained following a similar procedure as the one presented
in [{]. It is a wavelet based method introduced by Sellan in the case of the fBm (see for instance
[ILg]). The Matlab procedures of generation of fBm or Rosenblatt processes can be downloaded from
http://samos.univ-parisl.fr/-Jean-Marc-Bardet.

e The chosen mother wavelet ¢ is a Daubechies wavelet of order 10 (which is such that @ > 2 and

¥ € C2(R).

e The values of both the constants C'(H) and Cp,(H) are obtained from usual approximations of
integrals by Riemann sums.

Montecarlo experiments using 100 independent replications of trajectories are realized for each H =
0.6, 0.7, 0.8 and 0.9 and for N = 10 and 10%. The sequence of scales (a(N))x is selected to be such
that a(N) = N°* and a(N) = N°®. The following Table p.]] provides the results of simulations. It

1-H
appears that (Cﬂl (H) (%) Vi (a(N))) n converges in distribution to a centered distribution with
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| | | o6 | o7 | 08 | 09 |

N =103 | VMSE a(N) = N9 o(N)= N6 [ 1.44,1.21 [ 1.23, 1.06 | 0.82, 0.91 | 0.72, 0.97
N =10* | VMSE a(N) = N9 o(N)= N6 [ 1.18,1.13 | 0.89, 1.19 | 0.66, 0.93 | 0.04, 0.04

1-H

Table 1: Convergence of (Cil (H) (a(]y\f)) ~n(a(N))) y for different choices of H, N and a(N), from
100 independent replications.

0.4

0.25- -
Figure 1: FFT  estimation  (Silverman’s method) of the density of the limit of

1-H

(C;;(H) (a(JYV)) Vn(a(N)))y for H = 0.7, N = 10000 and a(N) = NS from 100 independent
replications.

a variance close to 1. However, the case H = 0.9 is not as convincing as the other ones because a bias
appears in the limit distribution (the procedure of the generation of a Rosenblatt process for large H and
the very slow convergence rate (N/a(N))%! of the limit theorem could explain this weak result).

An example of the estimation of the limit density is also presented in Figure @ in the case H = 0.7,
N = 10000 and a(N) = N95. Such a density is quite similar to a standard Gaussian density but a
Kolmogorov-Smirnov test invalides the hypothesis that this distribution is a N(0,1) law. This result
should be compared with the numerical simulation of the Rosenblatt density given in [@]

1-H
Figure @ shows the convergence of the sequence (C;; (H) (a(JYV)) Vn(a(N ))) n When NV increases. It

can be noted that this sequence seems not converge in L?(12).

5.2 Estimation of H

Here we consider that a sample (X1,...,Xx) of X = 02 X is known, but H and o2 are unknown. For
any 3 cases of Proposition E, one deduces that

1 1 e
2(a(N),5) =1
a(N)2H+162 C(H) N, ; e“(a(N), 5) +en,
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0.5 -

—0.5H 4

-1.5

x 10*

1-H
Figure 2: Convergence of the sequence (C;; (H) ( N ) Vn(a(N))) yfor H=0.7 and a(N) = N°5.

a(N)

D
where ey —— 0. Therefore,

N—o0

1 ( 1
O
S\ Naw)

Nav)

Jj=1

> 2(a(N),j)) = (2H +1)log(a(N)) ~ log(0> C(H)) = e,

D e .
where 'y e 0 and the asymptotic distribution of Ngi en and Ng N)€§V are the same (a Gaussian or

a Rosenblatt distribution) with a« = 1/2, 2—2H or 1 — H following the case. Therefore, if £ € N*\ {1} and

a;(N) =ia(N) fori=1,...,¢, alog-log-regression of (m Z;V:“i(m eQ(ai(N),j)) )

(or (i), <;<¢) Provides an estimator of H. Such an estimator is defined by

Na ()

1
2 y —_—
Z € (a’z))gige 2’

i=1

1

1 -1
Hy = (—7 O)’ . (Zé Zg) Zé (m

2

where Zy(i,1) = 1 and Z,(i,2) =logi for all i =1,--- ,£. Then PropositionE implies
Proposition 5 Using the same assumptions as in Proposition , Then,

1. if X" ds a fBm and Q > 2 or Q =1 and 0 < H < 3/4, and if Na(N)™2 —

ci<t by (m(N))1gige

0 and m > 2, then

N—o0

there exists ¥2(H, (,1) > 0 depending only on H, ¢ and 1 such that

oy v —H) = N0, )

2. if XH isafBmandQ =1and3/4 < H < 1, amdifNa(N)*i:zllg Je 0 and N a(N)™ 3-2H

then there exists C' > 0 depending only on H, £ and ¢ such that (%N))Q_2H (ﬁN
L is a distribution depending only on H, £ and 1.

3. if XH is a Rosenblatt process, if Na(N)_g:gg — 0 and N a(N)~0+m)

N—o0

Q > 1, there exists C > 0 depending only on H, ¢ and 1 such that (

N
a(N)

where L is a distribution depending only on H, ¢ and .
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3—2H+4m

— 0
N—o0

—H) 2, L where
N—oo

— 0, then for all
N—o0

D

) (Hy —H) L

N —o0

)



| | H | 0.6 | 0.75 | 0.9 |
N =500 | Mean, STD, vMSE | 0.59,0.15,0.15 | 0.67, 0.17,0.18 | 0.79,0.17,0.19

N =2000 | Mean, STD, vMSE | 0.61, 0.058, 0.059 | 0.72, 0.067, 0.075 | 0.83, 0.075, 0.10

N =10000 | Mean, STD, vMSE | 0.61, 0.032, 0.033 | 0.73, 0.035, 0.038 | 0.86, 0.045, 0.052

Table 2: Convergence of ﬁN for different choices of H and N, from 100 independent replications.

Remark 4 i. An estimator of log(c?C(H)) (and therefore of o) can also be provided by this method,
with the same convergence rate.

ii. Concerning the convergence rates, it is obvious that the choice of the sequence a(N) can not depend on
H. The following table summarizes the optimal choice of a(N) and the corresponding convergence rate for
Hy (with § > 0 arbitrary small and m > 2):

| | Choice of a(N) | Convergence rate |

fBmand Q>2o0orQ=1and 0< H < 3/4 N1/2+o N1/4=0/2
fBmand @Q=1and3/4< H <1 N1/2+6 NI-H-3(2-2H)
Rosenblatt process N1/2+0 NO-H)/2=5(1-H)

It is clear that such convergence rate are weak in a parametric frame. For instance, applied to the increments
of a fBm, the convergence rate of the maximum likelihood or the approximated Whittle mazxzimum likelihood
estimator is N1/2 (see /@] and /@/; we do not know such result concerning the Rosenblatt process).
However, as it was previously recalled in the introduction, the wavelet based estimator can be also applied
to semi-parametric frames.

The results of simulations are given in Table @ It appears that the convergence rate of the estimator
depends on H as it was specified in Proposition E However, as m is chosen to increase with N the
convergence rate are better than in Proposition E
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