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❘❡s♦✉r❝❡ ♠♦❞❛❧✐t✐❡s ✐♥ ❣❛♠❡ s❡♠❛♥t✐❝s

P❛✉❧✲❆♥❞ré ▼❡❧❧✐ès ◆✐❝♦❧❛s ❚❛❜❛r❡❛✉
∗

❆❜str❛❝t

❚❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ r❡s♦✉r❝❡s ✐♥ ❣❛♠❡ s❡♠❛♥t✐❝s ❤❛s ♥❡✈❡r ❛❝❤✐❡✈❡❞ t❤❡ s✐♠♣❧✐❝✐t② ❛♥❞

♣r❡❝✐s✐♦♥ ♦❢ ❧✐♥❡❛r ❧♦❣✐❝✱ ❜❡❝❛✉s❡ ♦❢ ❛ ♠✐s❧❡❛❞✐♥❣ ❝♦♥❝❡♣t✐♦♥✿ t❤❡ ❜❡❧✐❡❢ t❤❛t ❧✐♥❡❛r ❧♦❣✐❝

✐s ♠♦r❡ ♣r✐♠✐t✐✈❡ t❤❛♥ ❣❛♠❡ s❡♠❛♥t✐❝s✳ ❲❡ ❛❞✈♦❝❛t❡ ✐♥st❡❛❞ t❤❡ ❝♦♥tr❛r②✿ t❤❛t ❣❛♠❡

s❡♠❛♥t✐❝s ✐s ❝♦♥❝❡♣t✉❛❧❧② ♠♦r❡ ♣r✐♠✐t✐✈❡ t❤❛♥ ❧✐♥❡❛r ❧♦❣✐❝✳ ❙t❛rt✐♥❣ ❢r♦♠ t❤✐s r❡✈✐s❡❞ ♣♦✐♥t

♦❢ ✈✐❡✇✱ ✇❡ ❞❡s✐❣♥ ❛ ❝❛t❡❣♦r✐❝❛❧ ♠♦❞❡❧ ♦❢ r❡s♦✉r❝❡s ✐♥ ❣❛♠❡ s❡♠❛♥t✐❝s✱ ❛♥❞ ❝♦♥str✉❝t ❛

❈♦♥✇❛② ❣❛♠❡ ♠♦❞❡❧ ❡①t❡♥❞❡❞ ✇✐t❤ ❛ ♥♦t✐♦♥ ♦❢ ♣❛②♦✛ ✐♥ ♦r❞❡r t♦ ❝❛♣t✉r❡ ✈❛r✐♦✉s r❡s♦✉r❝❡

♣♦❧✐❝✐❡s✿ ❧✐♥❡❛r✱ ❛✣♥❡✱ r❡❧❡✈❛♥t ❛♥❞ ❡①♣♦♥❡♥t✐❛❧✳

❑❡②✇♦r❞s✿ ●❛♠❡ s❡♠❛♥t✐❝s✱ ❧✐♥❡❛r ❧♦❣✐❝✱ r❡s♦✉r❝❡s✱ ❝♦♥t✐♥✉❛t✐♦♥ ♠♦♥❛❞s✱ ❝❛t❡❣♦r✐❝❛❧
♠♦❞❡❧s✳

✶ ■♥tr♦❞✉❝t✐♦♥

●❛♠❡ s❡♠❛♥t✐❝s ❛♥❞ ❧✐♥❡❛r ❧♦❣✐❝✳ ❈♦♥t❡♠♣♦r❛r② ❣❛♠❡ s❡♠❛♥t✐❝s ✐s t❤❡ ②♦✉♥❣❡r
s✐❜❧✐♥❣ ♦❢ ❧✐♥❡❛r ❧♦❣✐❝✿ ❜♦r♥ ✭♦r r❛t❤❡r r❡❜♦r♥ ❛❢t❡r t❤❡ ✇♦r❦ ♦❢ ▲♦r❡♥③❡♥✬s s❝❤♦♦❧ ❬✷✽✱ ✷✾❪✮
❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ✶✾✾✵s✱ ✐♥ t❤❡ t✉r♠♦✐❧ ♣r♦❞✉❝❡❞ ❜② t❤❡ r❡❝❡♥t ❞✐s❝♦✈❡r② ♦❢ ❧✐♥❡❛r
❧♦❣✐❝ ❜② ●✐r❛r❞ ❬✶✸❪✱ ✐t r❡♠❛✐♥❡❞ ✉♥❞❡r ✐ts s♣✐r✐t✉❛❧ ✐♥✢✉❡♥❝❡ ❢♦r ❛ ❧♦♥❣ t✐♠❡✳

■♥ t❤❡ ❡❛r❧② ❞❛②s✱ t❤✐s r❛❞✐❛♥❝❡ ♦❢ ❧✐♥❡❛r ❧♦❣✐❝ ✇❛s ❡①tr❛♦r❞✐♥❛r✐❧② ❤❡❛❧t❤② ❛♥❞ ♣r♦✜t❛❜❧❡✳
Pr♦♣❡r❧② ❣✉✐❞❡❞✱ ❣❛♠❡ s❡♠❛♥t✐❝s ❞❡✈❡❧♦♣❡❞ st❡❛❞✐❧②✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ✐❞❡❛ t❤❛t ❡✈❡r② ❢♦r♠✉❧❛

♦❢ ❧✐♥❡❛r ❧♦❣✐❝ ❞❡s❝r✐❜❡s ❛ ❣❛♠❡❀ ❛♥❞ t❤❛t ❡✈❡r② ♣r♦♦❢ ♦❢ t❤❡ ❢♦r♠✉❧❛ ❞❡s❝r✐❜❡s ❛ str❛t❡❣②

❢♦r ♣❧❛②✐♥❣ ♦♥ t❤❛t ❣❛♠❡✳
❚❤✐s ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❢♦r♠✉❧❛s ♦❢ ❧✐♥❡❛r ❧♦❣✐❝ ❛♥❞ ❣❛♠❡s ✐s s✉♣♣♦rt❡❞ ❜② ❛ s❡r✐❡s

♦❢ ❡❧❡❣❛♥t ❛♥❞ str✐❦✐♥❣ ❛♥❛❧♦❣✐❡s✳ ❖♥❡ ❜❛s✐❝ ♣r✐♥❝✐♣❧❡ ♦❢ ❧✐♥❡❛r ❧♦❣✐❝ ✐s t❤❛t ♥❡❣❛t✐♦♥

A 7→ ¬A

✐s ✐♥✈♦❧✉t✐✈❡✳ ❚❤✐s ♠❡❛♥s t❤❛t ❡✈❡r② ❢♦r♠✉❧❛ A ✐s ❡q✉❛❧ ✭♦r ❛t ❧❡❛st ✐s♦♠♦r♣❤✐❝✮ t♦ t❤❡
❢♦r♠✉❧❛ ♥❡❣❛t❡❞ t✇✐❝❡✿

A ∼= ¬¬A. ✭✶✮

❚❤✐s ♣r✐♥❝✐♣❧❡ ✐s ♥✐❝❡❧② r❡✢❡❝t❡❞ ✐♥ ❣❛♠❡ s❡♠❛♥t✐❝s ❜② t❤❡ ✐❞❡❛ t❤❛t ♥❡❣❛t✐♥❣ ❛ ❣❛♠❡ A

❝♦♥s✐sts ✐♥ ♣❡r♠✉t✐♥❣ t❤❡ r♦❧❡s ♦❢ t❤❡ t✇♦ ♣❧❛②❡rs✳ ❍❡♥❝❡✱ ♥❡❣❛t✐♥❣ ❛ ❣❛♠❡ t✇✐❝❡ ❛♠♦✉♥ts

∗❚❤✐s ✇♦r❦ ❤❛s ❜❡❡♥ s✉♣♣♦rt❡❞ ❜② t❤❡ ❆◆❘ ■♥✈❛r✐❛♥ts ❛❧❣é❜r✐q✉❡s ❞❡s s②stè♠❡s ✐♥❢♦r♠❛t✐q✉❡s ✭■◆❱❆▲✮✳
P♦st❛❧ ❛❞❞r❡ss✿ ➱q✉✐♣❡ PP❙✱ ❯♥✐✈❡rs✐té P❛r✐s ❱■■✱ ✷ ♣❧❛❝❡ ❏✉ss✐❡✉✱ ❈❛s❡ ✼✵✶✹✱ ✼✺✷✺✶ P❛r✐s ❈❡❞❡① ✵✺✱
❋❘❆◆❈❊✳ ❊♠❛✐❧ ❛❞❞r❡ss❡s✿ ♠❡❧❧✐❡s❅♣♣s✳❥✉ss✐❡✉✳❢r ❛♥❞ t❛❜❛r❡❛✉❅♣♣s✳❥✉ss✐❡✉✳❢r

✶



t♦ ♣❡r♠✉t✐♥❣ t❤❡ r♦❧❡ ♦❢ Pr♦♣♦♥❡♥t ❛♥❞ ❖♣♣♦♥❡♥t t✇✐❝❡✱ ✇❤✐❝❤ ✐s ❥✉st ❧✐❦❡ ❞♦✐♥❣ ♥♦t❤✐♥❣✳
❚②♣✐❝❛❧❧②✱ ✐❢ A ✐s ❛ ❝❤❡ss ❜♦❛r❞ ✇❤❡r❡ ❲❤✐t❡ st❛rts✱ ¬A ✐s ❛ ✐s t❤❡ ❝❤❡ss ❜♦❛r❞ ✇❤❡r❡ ❇❧❛❝❦
st❛rts✱ ❛♥❞ ¬¬A ✐s ❛❣❛✐♥ t❤❡ ❝❤❡ss ❜♦❛r❞ ✇❤❡r❡ ❲❤✐t❡ st❛rts✳ ❆♥♦t❤❡r ❜❛s✐❝ ♣r✐♥❝✐♣❧❡ ♦❢
❧✐♥❡❛r ❧♦❣✐❝ ✐s t❤❛t ❡✈❡r② ❢♦r♠✉❧❛ ❜❡❤❛✈❡s ❛s ❛ r❡s♦✉r❝❡✱ ✇❤✐❝❤ ❞✐s❛♣♣❡❛rs ♦♥❝❡ ❝♦♥s✉♠❡❞✳
■♥ ♣❛rt✐❝✉❧❛r✱ ❛ ♣r♦♦❢ ♦❢ t❤❡ ❢♦r♠✉❧❛

A⊸ B

❡♥❛❜❧❡s t♦ ❞❡❞✉❝❡ t❤❡ ❝♦♥❝❧✉s✐♦♥ B ❜② ✉s✐♥❣ ✭✇❡ r❛t❤❡r s❛② ✿ ❝♦♥s✉♠✐♥❣✮ ❡①❛❝t❧② ♦♥❝❡ ✐ts
❤②♣♦t❤❡s✐s A ✕ s❡❡♥ ❤❡r❡ ❛s ❛ r❡s♦✉r❝❡✳ ❆❣❛✐♥✱ t❤✐s ♣r✐♥❝✐♣❧❡ ✐s ♥✐❝❡❧② r❡✢❡❝t❡❞ ✐♥ ❣❛♠❡
s❡♠❛♥t✐❝s✱ ❜② t❤❡ ✐❞❡❛ t❤❛t ♣❧❛②✐♥❣ ❛ ❣❛♠❡ ✐s ❥✉st ❧✐❦❡ ❝♦♥s✉♠✐♥❣ ❛ r❡s♦✉r❝❡✱ t❤❡ ❣❛♠❡
✐ts❡❧❢✳

❚❤❡ ❝♦♥♥❡❝t✐✈❡s ♦❢ ❧✐♥❡❛r ❧♦❣✐❝ ❛r❡ ❛❧s♦ ❝♦♥✈✐♥❝✐♥❣❧② r❡✢❡❝t❡❞ ✐♥ ❣❛♠❡ s❡♠❛♥t✐❝s✳ ❋♦r
✐♥st❛♥❝❡✱ t❤❡ t❡♥s♦r ♣r♦❞✉❝t

A ⊗ B

♦❢ t✇♦ ❢♦r♠✉❧❛s A ❛♥❞ B ✐s s✉✐t❛❜❧② ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ❣❛♠❡ ✭♦r ❢♦r♠✉❧❛✮ A ♣❧❛②❡❞ ✐♥
♣❛r❛❧❧❡❧ ✇✐t❤ t❤❡ ❣❛♠❡ ✭♦r ❢♦r♠✉❧❛✮ B✱ ✇❤❡r❡ ♦♥❧② ❖♣♣♦♥❡♥t ♠❛② s✇✐t❝❤ ❢r♦♠ ❛ ❝♦♠♣♦♥❡♥t
t♦ t❤❡ ♦t❤❡r ♦♥❡✳ ❚❤✐s ❛♠♦✉♥ts t♦ ♣❧❛❝❡ t✇♦ ❜♦❛r❞s ♦♥ t❤❡ s❛♠❡ t❛❜❧❡ ❛♥❞ t♦ s❛② t❤❛t
❇❧❛❝❦ ♠✉st r❡s♣♦♥❞ ♦♥ t❤❡ ❜♦❛r❞ ✇❤❡r❡ ❲❤✐t❡ ❤❛s ❥✉st ♣❧❛②❡❞✳ ❙✐♠✐❧❛r❧②✱ t❤❡ s✉♠

A ⊕ B

♦❢ t✇♦ ❢♦r♠✉❧❛s A ❛♥❞ B ✐s ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ❣❛♠❡ ✇❤❡r❡ Pr♦♣♦♥❡♥t ♣❧❛②s t❤❡ ✜rst ♠♦✈❡✱
✇❤✐❝❤ ❝♦♥s✐sts ✐♥ ❝❤♦♦s✐♥❣ ❜❡t✇❡❡♥ t❤❡ ❣❛♠❡ A ❛♥❞ t❤❡ ❣❛♠❡ B✱ ❜❡❢♦r❡ ❝❛rr②✐♥❣ ♦♥ ✐♥ t❤❡
s❡❧❡❝t❡❞ ❝♦♠♣♦♥❡♥t✳ ❚❤✐s ❛♠♦✉♥ts t♦ ♣❧❛❝❡ t✇♦ ❜♦❛r❞s ♦♥ t❤❡ s❛♠❡ t❛❜❧❡ ❛♥❞ t♦ ❧❡t ❇❧❛❝❦
❞❡❝✐❞❡s ✐❢ ❤❡ ✇❛♥ts t♦ ♣❧❛② ♦♥ t❤❡ ❧❡❢t ♦r r✐❣❤t ❜♦❛r❞✳ ❚❤✐s ❝❤♦✐❝❡ ✐s t❤❡♥ ✐rr❡✈❡rs✐❜❧❡✳
❋✐♥❛❧❧②✱ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♠♦❞❛❧✐t② ♦❢ ❧✐♥❡❛r ❧♦❣✐❝

!A

❛♣♣❧✐❡❞ t♦ t❤❡ ❢♦r♠✉❧❛ A ✐s ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ❣❛♠❡ ✇❤❡r❡ s❡✈❡r❛❧ ❝♦♣✐❡s ♦❢ t❤❡ ❣❛♠❡ A ❛r❡
♣❧❛②❡❞ ✐♥ ♣❛r❛❧❧❡❧✱ ❛♥❞ ♦♥❧② ❖♣♣♦♥❡♥t ✐s ❛❧❧♦✇❡❞ ✭❛✮ t♦ s✇✐t❝❤ ❢r♦♠ ❛ ❝♦♣② t♦ ❛♥♦t❤❡r ❛♥❞
✭❜✮ t♦ ♦♣❡♥ ❛ ❢r❡s❤ ❝♦♣② ♦❢ t❤❡ ❣❛♠❡ A✳ ❚❤✐s ❛♠♦✉♥ts t♦ ♣❧❛② ♦♥ ♣❛r❛❧❧❡❧ ❝❤❡ss ❜♦❛r❞s ❛s
❢♦r t❡♥s♦r ❜✉t ✇✐t❤ t❤❡ ❛❜✐❧✐t② ❢♦r ❲❤✐t❡ t♦ ❛❞❞ ❛ ♥❡✇ ❝❤❡ss ❜♦❛r❞ t♦ t❤♦s❡ ❛❧r❡❛❞② t❤❡r❡✳

❲❤❛t ✇❡ ❞❡s❝r✐❜❡ ❤❡r❡ ✐s ✐♥ ❡ss❡♥❝❡ t❤❡ ❣❛♠❡ s❡♠❛♥t✐❝s ♦❢ ❧✐♥❡❛r ❧♦❣✐❝ ❞❡✜♥❡❞ ❜② ❇❧❛ss
✐♥ ❬✾❪✳ ❙✐♠♣❧❡ ❛♥❞ ❡❧❡❣❛♥t✱ t❤❡ ♠♦❞❡❧ r❡✢❡❝ts t❤❡ ❢✉❧❧ ✢❛✈♦r ♦❢ t❤❡ r❡s♦✉r❝❡ ♣♦❧✐❝② ♦❢ ❧✐♥❡❛r
❧♦❣✐❝✳ ■♥t❡r❡st✐♥❣❧②✱ t❤✐s ❣❛♠❡ s❡♠❛♥t✐❝s ✐s ❛♥ ❡❛r❧② ♣r❡❞❡❝❡ss♦r t♦ ❧✐♥❡❛r ❧♦❣✐❝ ❬✽❪✳ ■t ❤❛s
✜rst ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ✐♥❞✐r❡❝t❧② ❜② ❇❡rr② ❛♥❞ ❈✉r✐❡♥ ❬✼❪ t❤r♦✉❣❤ t❤❡✐r ♠♦❞❡❧ ♦❢ ❝♦♥❝r❡t❡
❞❛t❛ str✉❝t✉r❡s ✇❤✐❝❤ ❝♦♥st✐t✉t❡s t❤❡ ✜rst ✐♥t❡r❛❝t✐✈❡ s❡♠❛♥t✐❝s ❢♦r s❡q✉❡♥t✐❛❧ ❛❧❣♦r✐t❤♠s✳
●❛♠❡ s❡♠❛♥t✐❝s ❤❛s t❤❡♥ ❜❡❡♥ ✉s❡❞ ❞✐r❡❝t❧② t♦ ♦❜t❛✐♥ ❝♦♠♣❧❡t❡ ♠♦❞❡❧s ♦❢ ♠✉❧t✐♣❧✐❝❛t✐✈❡
❧✐♥❡❛r ❧♦❣✐❝ ❬✷✱ ✶✽❪✳ ❚❤❡s❡ ✇♦r❦s ❤❛✈❡ t❤❡♥ ❜❡❡♥ ♣✉rs✉❡❞ ♦♥ ♠♦r❡ ❡①t❡♥❞❡❞ ❢r❛❣♠❡♥t
♦❢ ❧✐♥❡❛r ❧♦❣✐❝ ❬✷✺✱ ✺❪✳ ●❛♠❡ s❡♠❛♥t✐❝s ❤❛s ❛❧s♦ ❜❡❡♥ r❡❧❛t❡❞ t♦ t❤❡ ❝❛❧❝✉❧✉s ♦❢ ❧✐♥❡❛r
❤❡❛❞✲r❡❞✉❝t✐♦♥ ❝♦♠♣✉t❡❞ ❜② s♦♠❡ ❛❜str❛❝t ♠❛❝❤✐♥❡s ❬✶✶❪✳

❆ s❝❤✐s♠ ✇✐t❤ ❧✐♥❡❛r ❧♦❣✐❝✳ ❚❤❡ ❞❡st✐♥② ♦❢ ❣❛♠❡ s❡♠❛♥t✐❝s ❤❛s ❜❡❡♥ t♦ ❡♠❛♥❝✐♣❛t❡
✐ts❡❧❢ ❢r♦♠ ❧✐♥❡❛r ❧♦❣✐❝ ✐♥ t❤❡ ♠✐❞✕✶✾✾✵s✱ ✐♥ ♦r❞❡r t♦ ❝♦♠♣❧② ✇✐t❤ ✐ts ♦✇♥ ❞❡s✐❣♥s✱ ✐♥❤❡r✐t❡❞
❢r♦♠ ❞❡♥♦t❛t✐♦♥❛❧ s❡♠❛♥t✐❝s✿

✶✳ t❤❡ ❞❡s✐r❡ t♦ ✐♥t❡r♣r❡t ♣r♦❣r❛♠s ✇r✐tt❡♥ ✐♥ ♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡s ✇✐t❤ ❡✛❡❝ts ✭r❡✲
❝✉rs✐♦♥✱ st❛t❡s✱ ❡t❝✳✮ ❛♥❞ t♦ ❝❤❛r❛❝t❡r✐③❡ ❡①❛❝t❧② t❤❡✐r ✐♥t❡r❛❝t✐✈❡ ❜❡❤❛✈✐♦r ✐♥s✐❞❡
❢✉❧❧② ❛❜str❛❝t ♠♦❞❡❧s❀

✷



✷✳ t❤❡ ❞❡s✐r❡ t♦ ✉♥❞❡rst❛♥❞ t❤❡ ❛❧❣❡❜r❛✐❝ ♣r✐♥❝✐♣❧❡s ♦❢ ♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡s ❛♥❞
❡✛❡❝ts✱ ✉s✐♥❣ t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ ❝❛t❡❣♦r② t❤❡♦r②✳

❆ ♥❡✇ ❣❡♥❡r❛t✐♦♥ ♦❢ ❣❛♠❡ s❡♠❛♥t✐❝s ❛r♦s❡✱ ♣r♦♣❡❧❧❡❞ ❜② ✭❛t ❧❡❛st✮ t✇♦ ❞✐✛❡r❡♥t ❧✐♥❡s ♦❢
r❡s❡❛r❝❤✿

✶✳ ❆❜r❛♠s❦② ❛♥❞ ❏❛❣❛❞❡❡s❛♥ ❬✷❪ ♥♦t✐❝❡❞ t❤❛t t❤❡ ✭❛❧t❡r♥❛t✐♥❣ ✈❛r✐❛♥t ♦❢ t❤❡✮ ❇❧❛ss
♠♦❞❡❧ ❞♦❡s ♥♦t ❞❡✜♥❡ ❛ ❝❛t❡❣♦r✐❝❛❧ ♠♦❞❡❧ ♦❢ ❧✐♥❡❛r ❧♦❣✐❝✳ ❲♦rs❡✿ ✐t ❞♦❡s ♥♦t ❡✈❡♥
❞❡✜♥❡ ❛ ❝❛t❡❣♦r②✱ ❢♦r ❧❛❝❦ ♦❢ ❛ss♦❝✐❛t✐✈✐t②✳ ❆❜r❛♠s❦② ❞✉❜s t❤✐s ♣❤❡♥♦♠❡♥♦♥ t❤❡
❇❧❛ss ♣r♦❜❧❡♠ ❛♥❞ ❞❡s❝r✐❜❡s ✐t ✐♥ ❬✶❪✳

✷✳ ❍②❧❛♥❞ ❛♥❞ ❖♥❣ ❬✶✾❪ ✐♥tr♦❞✉❝❡❞ t❤❡ ♥♦t✐♦♥ ♦❢ ❛r❡♥❛ ❣❛♠❡✱ ❛♥❞ ❝❤❛r❛❝t❡r✐③❡❞ t❤❡
✐♥t❡r❛❝t✐✈❡ ❜❡❤❛✈✐♦r ♦❢ ♣r♦❣r❛♠s ✇r✐tt❡♥ ✐♥ t❤❡ ❢✉♥❝t✐♦♥❛❧ ❧❛♥❣✉❛❣❡ P❈❋ ✖ t❤❡
s✐♠♣❧②✲t②♣❡❞ λ✲❝❛❧❝✉❧✉s ✇✐t❤ ❝♦♥❞✐t✐♦♥❛❧ t❡st✱ ❛r✐t❤♠❡t✐❝ ❛♥❞ r❡❝✉rs✐♦♥✳ ❆ s✐♠✐❧❛r
r❡s✉❧t ✇✐t❤ ❛ s❧✐❣❤t❧② ❞✐✛❡r❡♥t ♠♦❞❡❧ ❤❛s ❜❡❡♥ ♦❜t❛✐♥❡❞ ❜② ❆❜r❛♠s❦②✱ ▼❛❧❛❝❛r✐❛
❛♥❞ ❏❛❣❛❞❡❡s❛♥ ❬✸❪✳ ◆♦t❡ t❤❛t ❞❡s♣✐t❡ t❤❡✐r ♣✉❜❧✐❝❛t✐♦♥ ❞❛t❡s✱ t❤♦s❡ ✇♦r❦s ❤❛✈❡
❜♦t❤ ❜❡❡♥ ❞♦♥❡ ❞✉r✐♥❣ ✶✾✾✹✳

❙♦✱ t❤❡ ❇❧❛ss ♣r♦❜❧❡♠ ✐♥❞✐❝❛t❡s t❤❛t ✐t ✐s ❞✐✣❝✉❧t t♦ ❝♦♥str✉❝t ❛ ✭s❡q✉❡♥t✐❛❧✮ ❣❛♠❡ ♠♦❞❡❧
♦❢ ❧✐♥❡❛r ❧♦❣✐❝❀ ❛♥❞ ❛r❡♥❛ ❣❛♠❡s ❜❡❝❛♠❡ ♠❛✐♥str❡❛♠ ✐♥ t❤❡ ♠✐❞✕✶✾✾✵s✱ ❛❧t❤♦✉❣❤ t❤❡② ❞♦
♥♦t ❞❡✜♥❡ ❛ ♠♦❞❡❧ ♦❢ ❧✐♥❡❛r ❧♦❣✐❝✳ ❚❤❡s❡ t✇♦ r❡❛s♦♥s ✭❛t ❧❡❛st✮ ♦♣❡♥❡❞ ❛ s❝❤✐s♠ ❜❡t✇❡❡♥
❣❛♠❡ s❡♠❛♥t✐❝s ❛♥❞ ❧✐♥❡❛r ❧♦❣✐❝✿ ✐t s✉❞❞❡♥❧② ❜❡❝❛♠❡ ❛❝❝❡♣t❡❞ t❤❛t ❝❛t❡❣♦r✐❡s ♦❢ ✭s❡q✉❡♥✲
t✐❛❧✮ ❣❛♠❡s ❛♥❞ str❛t❡❣✐❡s ✇♦✉❧❞ ♦♥❧② ❝❛♣t✉r❡ ❢r❛❣♠❡♥ts ♦❢ ❧✐♥❡❛r ❧♦❣✐❝ ✭✐♥t✉✐t✐♦♥✐st✐❝ ♦r
♣♦❧❛r✐③❡❞✮ ❜✉t ♥♦t t❤❡ ✇❤♦❧❡ t❤✐♥❣✳

❆ ❝♦♥❝✐❧✐❛t✐♦♥ t❤r♦✉❣❤ t❡♥s♦r✐❛❧ ❧♦❣✐❝✳ ■♥ ♦r❞❡r t♦ ✉♥❞❡rst❛♥❞ ✐♥ ❞❡❡♣ r❡s♦✉r❝❡
♠♦❞❛❧✐t✐❡s ♦❢ ❧✐♥❡❛r ❧♦❣✐❝ ✐♥ ❣❛♠❡ s❡♠❛♥t✐❝s✱ ✐t ❛♣♣❡❛rs ♥❡❝❡ss❛r② t♦ r❡✉♥✐❢② t❤❡ t✇♦ s✉❜✲
❥❡❝ts✳ ❙✐♥❝❡ t❤❡ ❞✐s❛❣r❡❡♠❡♥t st❛rt❡❞ ✇✐t❤ ❝❛t❡❣♦r② t❤❡♦r②✱ t❤✐s r❡✉♥✐✜❝❛t✐♦♥ s❤♦✉❧❞ ♦❝❝✉r
❛t t❤❡ ❝❛t❡❣♦r✐❝❛❧ ❧❡✈❡❧✳ ❲❡ ❡①♣❧❛✐♥ ✭✐♥ ➓✷✮ ❤♦✇ t♦ ❛❝❤✐❡✈❡ t❤✐s ❜② r❡❧❛①✐♥❣ t❤❡ ✐♥✈♦❧✉t✐✈❡
♥❡❣❛t✐♦♥ ♦❢ ❧✐♥❡❛r ❧♦❣✐❝ ✐♥t♦ ❛ ❧❡ss ❝♦♥str❛✐♥❡❞ t❡♥s♦r✐❛❧ ♥❡❣❛t✐♦♥✳ ❚❤✐s ♥❡❣❛t✐♦♥ ✐♥❞✉❝❡s
✐♥ t✉r♥ ❛ ❧✐♥❡❛r ❝♦♥t✐♥✉❛t✐♦♥ ♠♦♥❛❞✱ ✇❤♦s❡ ✉♥✐t

A −→ ¬¬A ✭✷✮

r❡✜♥❡s t❤❡ ✐s♦♠♦r♣❤✐s♠ ✭✶✮ ♦❢ ❧✐♥❡❛r ❧♦❣✐❝✳ ▼♦✈✐♥❣ ❢r♦♠ ❛♥ ✐♥✈♦❧✉t✐✈❡ t♦ ❛ t❡♥s♦r✐❛❧
♥❡❣❛t✐♦♥ ♠❡❛♥s t❤❛t ✇❡ r❡♣❧❛❝❡ ❧✐♥❡❛r ❧♦❣✐❝ ❜② ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❛♥❞ ♣r✐♠✐t✐✈❡ ❧♦❣✐❝ ✕ ✇❤✐❝❤
✇❡ ❝❛❧❧ t❡♥s♦r✐❛❧ ❧♦❣✐❝✳ ❆s ✇❡ ✇✐❧❧ s❡❡✱ t❤✐s s❤✐❢t t♦ t❡♥s♦r✐❛❧ ❧♦❣✐❝ ❝❧❛r✐✜❡s t❤❡ ❇❧❛ss
♣r♦❜❧❡♠✱ ❛♥❞ ❞❡s❝r✐❜❡s t❤❡ str✉❝t✉r❡ ♦❢ ❛r❡♥❛ ❣❛♠❡s✳ ■t ❛❧s♦ ❡♥❛❜❧❡s t❤❡ ❡①♣r❡ss✐♦♥s ♦❢
r❡s♦✉r❝❡ ♠♦❞❛❧✐t✐❡s ✐♥ ❣❛♠❡ s❡♠❛♥t✐❝s✱ ❥✉st ❛s ✐t ✐s ✉s✉❛❧❧② ❞♦♥❡ ✐♥ ❧✐♥❡❛r ❧♦❣✐❝✳

❚❡♥s♦r✐❛❧ ❧♦❣✐❝ ♣r♦✈✐❞❡s ❛ ♥❡✇ ✐♥s✐❣❤t ♦♥ ♣♦❧❛r✐③❡❞ ❧♦❣✐❝ ✐♥tr♦❞✉❝❡❞ ❜② ●✐r❛r❞ ✐♥ ❤✐s
✇♦r❦ ♦♥ ❝❧❛ss✐❝❛❧ ❧♦❣✐❝ ❛♥❞ s②st❡♠ ▲❈ ❬✶✹❪✳ ❆♥ ✉♥❡①♣❡❝t❡❞ ♣❤❡♥♦♠❡♥♦♥ s❤♦✇s ✉♣ ✐♥
t❤❡s❡ ♣♦❧❛r✐③❡❞ ❧♦❣✐❝✿ r❡s♦✉r❝❡ ♠♦❞❛❧✐t✐❡s ❝❤❛♥❣❡ t❤❡ ♣♦❧❛r✐t② ♦❢ ❛ ❢♦r♠✉❧❛✳ ❚❤✐s ♣❡❝✉❧✐❛r
❢❛❝t ✐s ❡①♣❧❛✐♥❡❞ ✐♥ t❡♥s♦r✐❛❧ ❧♦❣✐❝ ❜② ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❧✐❢t✐♥❣ ♦♣❡r❛t♦r !•♣♦❧ ✐♥t♦ t✇♦
❝♦♥str✉❝t♦rs✿ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♠♦❞❛❧✐t② ! ✇❤✐❝❤ ❞♦ ♥♦t ❝❤❛♥❣❡ t❤❡ ♣♦❧❛r✐t② ♦❢ ❢♦r♠✉❧❛s✱ ❛♥
t❤❡ t❡♥s♦r✐❛❧ ♥❡❣❛t✐♦♥✱ ♥♦t❡❞ ´ ✐♥ t❤✐s ❢r❛♠❡✇♦r❦ ✭r❛t❤❡r t❤❛t ¬✮✱ ✇❤♦s❡ r♦❧❡ ❛s ❛ ♥❡❣❛t✐♦♥
✐s t♦ s✇❛♣ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ ❖♣♣♦♥❡♥t ❛♥❞ Pr♦♣♦♥❡♥t ♦♥ ❛ ❢♦r♠✉❧❛ ✕ ✇❤✐❝❤ ❛♠♦✉♥ts
t♦ r❡✈❡rs❡ ✐ts ♣♦❧❛r✐t②✿

!•♣♦❧A = ! ´A.

✸



❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ♣r♦♠♦t❡ ❛ r❛❞✐❝❛❧ ❝❤❛♥❣❡ ♦❢ ♣❡rs♣❡❝t✐✈❡ ♦♥ ♣♦❧❛r✐③❡❞ ❧♦❣✐❝✳ ■♥❞❡❡❞✱
❛❝❝♦r❞✐♥❣ t♦ ✉s✱ t❡♥s♦r✐❛❧ ❧♦❣✐❝ ✐s ♥♦t r❡❞✉❝❡❞ t♦ ❛ ❢r❛❣♠❡♥t ♦❢ ❧✐♥❡❛r ❧♦❣✐❝✱ ❛s ♦♥❡ ✉s❡❞ t♦
t❤✐♥❦ ♦❢ ♣♦❧❛r✐③❡❞ ❧♦❣✐❝✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ✇❡ ❞❡❢❡♥❞ t❤❡ t❤❡s✐s t❤❛t t❡♥s♦r✐❛❧ ❧♦❣✐❝ ✐s ❛ ♠♦r❡
♣r✐♠✐t✐✈❡ ❧♦❣✐❝ t❤❛t ❧✐♥❡❛r ❧♦❣✐❝✱ ❝❧♦s❡r t♦ ♠❡❝❤❛♥✐s♠s ♦❢ ❝♦♥t✐♥✉❛t✐♦♥ ❞❡s❝r✐❜❡❞ ❜② ❣❛♠❡
s❡♠❛♥t✐❝s✳ ❆♥❞ ✐♥ t❤❡ s❛♠❡ ✇❛② t❤❛t ❝❧❛ss✐❝❛❧ ❧♦❣✐❝ ✐s ✐♥t❡r♣r❡t❡❞ ✐♥ ✐♥t✉✐t✐♦♥✐st✐❝ ❧♦❣✐❝
t❤r♦✉❣❤ t❤❡ ●ö❞❡❧ tr❛♥s❧❛t✐♦♥✱ ✇❡ ✇✐❧❧ s❡❡ t❤❛t ❧✐♥❡❛r ❧♦❣✐❝ ✐s ✐♥t❡r♣r❡t❡❞ ✐♥ t❡♥s♦r✐❛❧ ❧♦❣✐❝
t❤r♦✉❣❤ ❛ s✐♠✐❧❛r tr❛♥s❧❛t✐♦♥✱ ♦❢ ❛ ❝❛t❡❣♦r✐❝❛❧ ♥❛t✉r❡ ✭❑❧❡✐s❧✐ ❝♦♥str✉❝t✐♦♥✮✳ ■♥ ❛ ✇♦r❞✱
t❡♥s♦r✐❛❧ ❧♦❣✐❝ ✐s t♦ ❧✐♥❡❛r ❧♦❣✐❝ ✇❤❛t ✐♥t✉✐t✐♦♥✐st✐❝ ❧♦❣✐❝ ✐t t♦ ❝❧❛ss✐❝❛❧ ❧♦❣✐❝✿ ❛ ❢♦r♠❛❧✐s♠
❝❧♦s❡r t♦ ❝♦♠♣✉t❛t✐♦♥s ❛♥❞ ♣r♦❣r❛♠s✳

P❧❛♥ ♦❢ t❤❡ ♣❛♣❡r✳ ❲❡ ❞❡s❝r✐❜❡ ✭§2✮ ❛ ❝❛t❡❣♦r✐❝❛❧ s❡♠❛♥t✐❝s ♦❢ r❡s♦✉r❝❡s ✐♥ ❣❛♠❡
s❡♠❛♥t✐❝s✱ ❛♥❞ ❡①♣❧❛✐♥ ✭§3✮ ✐♥ ✇❤❛t s❡♥s❡ t❤❡ r❡s✉❧t✐♥❣ t♦♣♦❣r❛♣❤② r❡✜♥❡s ❜♦t❤ ❧✐♥❡❛r
❧♦❣✐❝ ❛♥❞ ♣♦❧❛r✐③❡❞ ❧♦❣✐❝✳ ❆❢t❡r t❤❛t✱ ✇❡ ❝♦♥str✉❝t ✭§4✮ ❛ ❝♦♠♣❛❝t✲❝❧♦s❡❞ ✭t❤❛t ✐s✱ s❡❧❢✲❞✉❛❧✮
❝❛t❡❣♦r② ✐♥s♣✐r❡❞ ❜② ❈♦♥✇❛② ❣❛♠❡s✱ ✇❤❡r❡ t❤❡ r❡s♦✉r❝❡ ♣♦❧✐❝② ✐s ❡♥❢♦r❝❡❞ ❜② ❛ ♥♦t✐♦♥ ♦❢
♣❛②♦✛✳ ❋r♦♠ t❤✐s✱ ✇❡ ❞❡r✐✈❡ ✭§5✮ ❛ ♠♦❞❡❧ ♦❢ ♦✉r ❝❛t❡❣♦r✐❝❛❧ s❡♠❛♥t✐❝s ♦❢ r❡s♦✉r❝❡s✱ ✉s✐♥❣
❛ ❢❛♠✐❧② ❝♦♥str✉❝t✐♦♥✱ ❛♥❞ ❝♦♥❝❧✉❞❡ ✭§6✮✳

✷ ❈❛t❡❣♦r✐❝❛❧ ♠♦❞❡❧s ♦❢ r❡s♦✉r❝❡s

❉❡s♣✐t❡ ✐ts ❛♣♣❛r❡♥t ❡✣❝✐❡♥❝② t♦ ♠♦❞❡❧ ❢r❛❣♠❡♥ts ♦❢ ❧✐♥❡❛r ❧♦❣✐❝✱ ❣❛♠❡ s❡♠❛♥t✐❝s ❤❛s✱
❢♦r ❛ ❧♦♥❣ t✐♠❡✱ r❡s✐st t♦ ♠✉❧t✐♣❧❡ ❛tt❡♠♣ts t♦ ♠❛❦❡ ✐t ✐♥t❡r♣r❡t✐♥❣ t❤❡ ✇❤♦❧❡ ❧✐♥❡❛r ❧♦❣✐❝✳
❚❤✐s ✐s ❞✉❡ ✐♥ ♣❛rt✐❝✉❧❛r t♦ t❤❡ ❇❧❛ss ♣r♦❜❧❡♠ ✱ ♣♦✐♥t❡❞ ♦✉t ❜② ❆❜r❛♠s❦② ❛♥❞ ❏❛❣❛❞❡❡s❛♥
❬✷❪✱ ✇❤✐❝❤ ✐♥❞✐❝❛t❡s t❤❛t t❤❡ ❣❛♠❡ s❡♠❛♥t✐❝s ✐♥tr♦❞✉❝❡❞ ❜② ❇❧❛ss ❬✾❪ ❞♦❡s ♥♦t ❣✐✈❡ r✐s❡
t♦ ❛ ❝❛t❡❣♦r②✳ ❖♥❡ ❤❛❞ t♦ ✇❛✐t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤✐s ❝❡♥t✉r②✱ ❛♥❞ t❤❡ ✇♦r❦ ♦❢ t❤❡ ✜rst
❛✉t❤♦r ❬✸✸✱ ✸✹❪ ♦♥ ❛s②♥❝❤r♦♥♦✉s ❣❛♠❡s✱ t♦ ❣❡t ❛ ✜rst ❝♦♠♣❧❡t❡♥❡ss r❡s✉❧t✳ ❈✉r✐♦✉s❧②✱ t❤❡
s♦❧✉t✐♦♥ ✐s ❜❛s❡❞ ♦♥ ❛ q✉♦t✐❡♥t ♦♥ str❛t❡❣✐❡s ✕ q✉♦t✐❡♥t ✇❤✐❝❤✱ ✐♥ t❤❡ ❧✐❣❤t ♦❢ t❤❡ ✇♦r❦
♦❢ ❍❛s❡❣❛✇❛✱ ❛♠♦✉♥ts t♦ tr❛♥s❢♦r♠ ❛ str♦♥❣ ❝♦♥t✐♥✉❛t✐♦♥ ♠♦♥❛❞ ✐♥t♦ ❛ ❝♦♠♠✉t❛t✐✈❡
❝♦♥t✐♥✉❛t✐♦♥ ♠♦♥❛❞✳ ■t ✐s t❤❡♥ ♥❛t✉r❛❧ t♦ ✇♦♥❞❡r ✇❤❛t ✇♦✉❧❞ ❜❡ ❛ ❧✐♥❡❛r ❧♦❣✐❝ ✇❤❡r❡
t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ♠♦♥❛❞ ✐s ♥♦t ❝♦♠♠✉t❛t✐✈❡❀ ✇❤✐❝❤ ❧❡❛❞s ✉s t♦ t❡♥s♦r✐❛❧ ❧♦❣✐❝ ✕ ❛ ♠♦r❡
♣r✐♠✐t✐✈❡ ❧♦❣✐❝ ❞❡❡♣❧② r❡❧❛t❡❞ t♦ ❣❛♠❡ s❡♠❛♥t✐❝s✳

■t ❛♣♣❡❛rs t❤❛t ♠♦st ♦❢ t❤❡ ♠♦❞❡❧s ♦❢ ❧✐♥❡❛r ❧♦❣✐❝ ❛r✐s❡ ✐♥ t❤✐s ✇❛②✱ ❢r♦♠ ♠♦❞❡❧ ♦❢
t❡♥s♦r✐❛❧ ❧♦❣✐❝ ✇❤❡r❡ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ♠♦♥❛❞ ✐s ❝♦♠♠✉t❛t✐✈❡✳ ❚❤✐s ✐s t❤❡ ❝❛s❡ ❢♦r ❡①❛♠♣❧❡
❢♦r ❝♦❤❡r❡♥t s♣❛❝❡s✱ ♣❤❛s❡ s♣❛❝❡s✱ ✜♥✐t❡♥❡ss s♣❛❝❡s ❬✶✷❪✱ ❡t❝✳ ❖♥❡ ♦❢ t❤❡ ✐♥t❡r❡sts ♦❢ t❤❡
❛♣♣r♦❛❝❤ ✐s t❤❛t ✇❡ ❝❛♥ ❞❡✜♥❡ ❞✐✛❡r❡♥t ♥❡❣❛t✐♦♥s ♦♥ t❤❡ s❛♠❡ ♠♦❞❡❧ ✕ ✇❤✐❝❤ ❤❛r♠♦♥✐♦✉s❧②
❣❡♥❡r❛t❡ ❞✐✛❡r❡♥t ♠♦❞❡❧s ♦❢ ❧✐♥❡❛r ❧♦❣✐❝ ✭❝♦❤❡r❡♥t s♣❛❝❡s✱ ✜♥✐t❡♥❡ss s♣❛❝❡s ❬✸✽❪✮✳ ❚❤✐s
✐♥s✐❣❤t ♦❢ ❧✐♥❡❛r ❧♦❣✐❝ t❤r♦✉❣❤ t❡♥s♦r✐❛❧ ❧♦❣✐❝ ❧♦♦❦s tr✐❝❦✐❧② ❧✐❦❡ t❤❡ ♦♥❡ ❜r♦✉❣❤t ❜② ♣♦❧❛r✐③❡❞
❧♦❣✐❝s ❬✷✻❪✳ ❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ❧✐❡s ✐♥ ♦✉r ❞❡s✐r❡ t♦ ❞✐st✐♥❣✉✐s❤ r❡s♦✉r❝❡ ♠♦❞❛❧✐t✐❡s✱ ❧✐❦❡
t❤❡ ❡①♣♦♥❡♥t✐❛❧✱ ❢r♦♠ t❤❡ ♥❡❣❛t✐♦♥❀ ❛♥❞ t❤✉s t♦ ❣❡t r✐❞ ♦❢ t❤❡ ❈❛rt❡s✐❛♥ ♣❛r❛❞✐❣♠ ✇❤✐❝❤
✐s ✐♥❤❡r❡♥t t♦ ♣♦❧❛r✐③❡❞ ❧♦❣✐❝s✳

❲❡ ✐♥tr♦❞✉❝❡ ♥♦✇ t❤❡ ♥♦t✐♦♥ ♦❢ t❡♥s♦r✐❛❧ ♥❡❣❛t✐♦♥ ♦♥ ❛ s②♠♠❡tr✐❝ ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r②❀
❛♥❞ t❤❡♥ ❡①♣❧❛✐♥ ❤♦✇ s✉❝❤ ❛ ❝❛t❡❣♦r② ✇✐t❤ ♥❡❣❛t✐♦♥ ✭❝❛❧❧❡❞ ❛ ❞✐❛❧♦❣✉❡ ❝❛t❡❣♦r②✮ ♠❛② ❜❡
❡q✉✐♣♣❡❞ ✇✐t❤ ❛❞❞✐t✐✈❡s ❛♥❞ ✈❛r✐♦✉s r❡s♦✉r❝❡ ♠♦❞❛❧✐t✐❡s✳ ❚❤❡ ✜rst ❛✉t❤♦r ❞❡s❝r✐❜❡s ✐♥ ❬✸✶❪
❤♦✇ t♦ ❡①tr❛❝t ❛ s②♥t❛① ♦❢ ♣r♦♦❢s ❢r♦♠ ❛ ❝❛t❡❣♦r✐❝❛❧ s❡♠❛♥t✐❝s✱ ✉s✐♥❣ str✐♥❣ ❞✐❛❣r❛♠s ❛♥❞
❢✉♥❝t♦r✐❛❧ ❜♦①❡s✳ ❚❤❡ r❡❝✐♣❡ ♠❛② ❜❡ ❛♣♣❧✐❡❞ ❤❡r❡ t♦ ❡①tr❛❝t t❤❡ s②♥t❛① ♦❢ ❛ ❧♦❣✐❝✱ ❝❛❧❧❡❞
t❡♥s♦r✐❛❧ ❧♦❣✐❝✳ ❍♦✇❡✈❡r✱ ✇❡ ♣r♦✈✐❞❡ ✐♥ s❡❝t✐♦♥ ✸ ❛ s❡q✉❡♥t ❝❛❧❝✉❧✉s ❢♦r t❡♥s♦r✐❛❧ ❧♦❣✐❝✱ ✐♥
♦r❞❡r t♦ ❝♦♠♣❛r❡ ✐t t♦ ❧✐♥❡❛r ❧♦❣✐❝ ♦r ❖❧✐✈✐❡r ▲❛✉r❡♥t✬s ♣♦❧❛r✐③❡❞ ❧✐♥❡❛r ❧♦❣✐❝ ❬✷✻❪✳

✹



❚❡♥s♦r✐❛❧ ♥❡❣❛t✐♦♥✳ ❆ t❡♥s♦r✐❛❧ ♥❡❣❛t✐♦♥ ♦♥ ❛ s②♠♠❡tr✐❝ ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r② (C,⊗, 1)
✐s ❞❡✜♥❡❞ ❛s ❛ ❢✉♥❝t♦r

¬ ✿ C −→ Cop

t♦❣❡t❤❡r ✇✐t❤ ❛ ❢❛♠✐❧② ♦❢ ❜✐❥❡❝t✐♦♥s

ϕA,B,C : C(A ⊗ B,¬C) ∼= C(A,¬(B ⊗ C))

♥❛t✉r❛❧ ✐♥ A, B ❛♥❞ C s✉❝❤ t❤❛t t❤❡ ❞✐❛❣r❛♠

C(A ⊗ (B ⊗ C),¬D)
C(αA,B,C ,¬C)

//

ϕA,B⊗C,D

��

C((A ⊗ B) ⊗ C,¬D)

ϕA⊗B,C,D
��

C(A ⊗ B,¬ (C ⊗ D))

ϕA,B,C⊗D
��

C(A,¬ ((B ⊗ C) ⊗ D))
C(A,¬α−1

B,C,D
)

// C(A,¬ (B ⊗ (C ⊗ D)))

❝♦♠♠✉t❡s✳ ❆ s②♠♠❡tr✐❝ ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r② ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ t❡♥s♦r✐❛❧ ♥❡❣❛t✐♦♥ ✐s s❛✐❞ t♦
❜❡ ❛ ❞✐❛❧♦❣✉❡ ❝❛t❡❣♦r②✳ ●✐✈❡♥ ❛ ♥❡❣❛t✐♦♥✱ ✐t ✐s ❝✉st♦♠❛r② t♦ ❞❡✜♥❡ t❤❡ ❢♦r♠✉❧❛ ❢❛❧s❡ ❛s

t❤❡ ♦❜❥❡❝t ⊥
def
= ¬ 1 ♦❜t❛✐♥❡❞ ❜② ✏♥❡❣❛t✐♥❣✑ t❤❡ ✉♥✐t ♦❜❥❡❝t 1 ♦❢ t❤❡ ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r②✳

◆♦t❡ t❤❛t ✇❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ 1 ✭✐♥st❡❛❞ ♦❢ I ♦r e✮ ✐♥ ♦r❞❡r t♦ r❡♠❛✐♥ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡
♥♦t❛t✐♦♥s ♦❢ ❧✐♥❡❛r ❧♦❣✐❝✳ ◆♦t❡ ❛❧s♦ t❤❛t t❤❡ ❜✐❥❡❝t✐♦♥ ϕA,B,1 ♣r♦✈✐❞❡s t❤❡♥ t❤❡ ❝❛t❡❣♦r② C
✇✐t❤ ❛ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡

ϕA,B,1 : C(A ⊗ B,⊥) ∼= C(A,¬B)

❢♦r ❛❧❧ ♦❜❥❡❝ts A ❛♥❞ B✳ ❋♦r t❤❛t r❡❛s♦♥✱ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ♥❡❣❛t✐♦♥ ¬ ✐s ♦❢t❡♥ r❡♣❧❛❝❡❞
❜② t❤❡ ✕ s♦♠❡✇❤❛t t♦♦ ✐♥❢♦r♠❛❧ ✕ st❛t❡♠❡♥t t❤❛t ✏t❤❡ ♦❜❥❡❝t ⊥ ✐s ❡①♣♦♥❡♥t✐❛❜❧❡✑ ✐♥ t❤❡
s②♠♠❡tr✐❝ ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r② C✱ ✇✐t❤ ♥❡❣❛t✐♦♥ ¬A ♥♦t❡❞ ⊥A✳

❙❡❧❢✲❛❞❥✉♥❝t✐♦♥✳ ■♥ ❤✐s P❤❉ t❤❡s✐s✱ ❚❤✐❡❧❡❝❦❡ ❬✸✾❪ ♦❜s❡r✈❡s ❢♦r t❤❡ ✜rst t✐♠❡ ❛ ❢✉♥❞❛✲
♠❡♥t❛❧ ✏s❡❧❢✲❛❞❥✉♥❝t✐♦♥✑ ♣❤❡♥♦♠❡♥♦♥✱ r❡❧❛t❡❞ t♦ ♥❡❣❛t✐♦♥✳ ❚❤✐s ♦❜s❡r✈❛t✐♦♥ ♣❧❛②s t❤❡♥ ❛
❦❡② r♦❧❡ ✐♥ ❛♥ ✉♥♣✉❜❧✐s❤❡❞ ✇♦r❦ ❜② ❙❡❧✐♥❣❡r ❛♥❞ t❤❡ ✜rst ❛✉t❤♦r ❬✸✷❪ ♦♥ ♣♦❧❛r ❝❛t❡❣♦r✐❡s✱
❛ ❝❛t❡❣♦r✐❝❛❧ s❡♠❛♥t✐❝s ♦❢ ♣♦❧❛r✐③❡❞ ❧✐♥❡❛r ❧♦❣✐❝✱ ❝♦♥t✐♥✉❛t✐♦♥s ❛♥❞ ❣❛♠❡s✳ ❚❤❡ s❛♠❡ ✐❞❡❛
r❡❛♣♣❡❛rs r❡❝❡♥t❧② ✐♥ ❛ ♥✐❝❡✱ ❝♦♠♣r❡❤❡♥s✐✈❡ st✉❞② ♦♥ ♣♦❧❛r✐③❡❞ ❝❛t❡❣♦r✐❡s ✭❂❞✐str✐❜✉t♦rs✮
❜② ❈♦❝❦❡tt ❛♥❞ ❙❡❡❧② ❬✶✵❪✳ ■♥ ♦✉r s✐t✉❛t✐♦♥✱ t❤❡ ✏s❡❧❢✲❛❞❥✉♥❝t✐♦♥✑ ♣❤❡♥♦♠❡♥♦♥ ❛♠♦✉♥ts t♦
t❤❡ ❢❛❝t t❤❛t ❡✈❡r② t❡♥s♦r✐❛❧ ♥❡❣❛t✐♦♥ ✐s ❧❡❢t ❛❞❥♦✐♥t t♦ t❤❡ ♦♣♣♦s✐t❡ ❢✉♥❝t♦r

¬ : Cop −→ C ✭✸✮

❜❡❝❛✉s❡ ♦❢ t❤❡ ♥❛t✉r❛❧ ❜✐❥❡❝t✐♦♥

Cop(¬A, B) ∼= C(A,¬B).

✺



❈♦♥t✐♥✉❛t✐♦♥ ♠♦♥❛❞✳ ❊✈❡r② t❡♥s♦r✐❛❧ ♥❡❣❛t✐♦♥ ¬ ✐♥❞✉❝❡s ❛♥ ❛❞❥✉♥❝t✐♦♥✱ ❛♥❞ t❤✉s ❛
♠♦♥❛❞

¬¬ : C −→ C

❚❤✐s ♠♦♥❛❞ ✐s ❝❛❧❧❡❞ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ♠♦♥❛❞ ♦❢ t❤❡ ♥❡❣❛t✐♦♥✳ ❖♥❡ ❢✉♥❞❛♠❡♥t❛❧ ❢❛❝t
♦❜s❡r✈❡❞ ❜② ▼♦❣❣✐ ❬✸✺❪ ✐s t❤❛t t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ♠♦♥❛❞ ✐s str♦♥❣ ❜✉t ♥♦t ❝♦♠♠✉t❛t✐✈❡ ✐♥
❣❡♥❡r❛❧✳ ❇② str♦♥❣ ♠♦♥❛❞✱ ✇❡ ♠❡❛♥ t❤❛t t❤❡ ♠♦♥❛❞ ¬¬ ✐s ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ❢❛♠✐❧② ♦❢
♠♦r♣❤✐s♠s✿

tA,B : A ⊗ ¬¬B −→ ¬¬ (A ⊗ B)

♥❛t✉r❛❧ ✐♥ A ❛♥❞ B✱ ❛♥❞ s❛t✐s❢②✐♥❣ ❛ s❡r✐❡s ♦❢ ❝♦❤❡r❡♥❝❡ ♣r♦♣❡rt✐❡s✳ ❇② ❝♦♠♠✉t❛t✐✈❡
♠♦♥❛❞✱ ✇❡ ♠❡❛♥ ❛ str♦♥❣ ♠♦♥❛❞ ♠❛❦✐♥❣ t❤❡ t✇♦ ❝❛♥♦♥✐❝❛❧ ♠♦r♣❤✐s♠s

¬¬A ⊗ ¬¬B ⇒ ¬¬ (A ⊗ B) ✭✹✮

❝♦✐♥❝✐❞❡✳ ❆ t❡♥s♦r✐❛❧ ♥❡❣❛t✐♦♥ ¬ ✐s ❝❛❧❧❡❞ ❝♦♠♠✉t❛t✐✈❡ ✇❤❡♥ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ♠♦♥❛❞
✐♥❞✉❝❡❞ ✐♥ C ✐s ❝♦♠♠✉t❛t✐✈❡ ✖ ♦r ❡q✉✐✈❛❧❡♥t❧②✱ ❛ ♠♦♥♦✐❞❛❧ ♠♦♥❛❞ ✐♥ t❤❡ ❧❛① s❡♥s❡✳

▲✐♥❡❛r ✐♠♣❧✐❝❛t✐♦♥✳ ❆ ❞✐❛❧♦❣✉❡ ❝❛t❡❣♦r② C✱ ✇✐t❤ ♥❡❣❛t✐♦♥ ¬ ✐s ♥♦t ✈❡r② ❢❛r ❢r♦♠ ❜❡✐♥❣
♠♦♥♦✐❞❛❧ ❝❧♦s❡❞✳ ■t ✐s ♣♦ss✐❜❧❡ ✐♥❞❡❡❞ t♦ ❞❡✜♥❡ ❛ ❧✐♥❡❛r ✐♠♣❧✐❝❛t✐♦♥ ⊸ ✇❤❡♥ ✐ts t❛r❣❡t ¬B

✐s ❛ ♥❡❣❛t❡❞ ♦❜❥❡❝t✿

A ⊸ ¬B
def
= ¬ (A ⊗ B).

■♥ t❤✐s ✇❛②✱ t❤❡ ❢✉♥❝t♦r ✭✸✮ ❞❡✜♥❡s ✇❤❛t ✇❡ ❝❛❧❧ ❛♥ ❡①♣♦♥❡♥t✐❛❧ ✐❞❡❛❧ ✐♥ t❤❡ ❝❛t❡❣♦r② C✳
❲❤❡♥ t❤❡ ❢✉♥❝t♦r ✐s ❢❛✐t❤❢✉❧ ♦♥ ♦❜❥❡❝ts ❛♥❞ ♠♦r♣❤✐s♠s✱ ✇❡ ♠❛② ✐❞❡♥t✐❢② t❤✐s ❡①♣♦♥❡♥t✐❛❧
✐❞❡❛❧ ✇✐t❤ t❤❡ s✉❜❝❛t❡❣♦r② ♦❢ ♥❡❣❛t❡❞ ♦❜❥❡❝ts ✐♥ t❤❡ ❝❛t❡❣♦r② C✳ ❚❤❡ ❡①♣♦♥❡♥t✐❛❧ ✐❞❡❛❧
❞✐s❝✉ss❡❞ ✐♥ ▼❝❈✉s❦❡r✬s P❤❉ t❤❡s✐s ❬✸✵❪ ❛r✐s❡s ♣r❡❝✐s❡❧② ✐♥ t❤✐s ✇❛②✳

❈♦♥t✐♥✉❛t✐♦♥ ❝❛t❡❣♦r②✳ ❊✈❡r② ❞✐❛❧♦❣✉❡ ❝❛t❡❣♦r② C✱ ✇✐t❤ ♥❡❣❛t✐♦♥ ¬✱ ✐♥❞✉❝❡s ❛ ❝❛t❡❣♦r②

♦❢ ❝♦♥t✐♥✉❛t✐♦♥s C¬ ✇✐t❤ t❤❡ s❛♠❡ ♦❜❥❡❝ts ❛s C✱ ❛♥❞ ♠♦r♣❤✐s♠s ❞❡✜♥❡❞ ❛s

C¬(A, B)
def
= C(¬A,¬B).

◆♦t❡ t❤❛t t❤❡ ❝❛t❡❣♦r② C¬ ✐s t❤❡ ❑❧❡✐s❧✐ ❝❛t❡❣♦r② ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❝♦♠♦♥❛❞ ✐♥ Cop ✐♥❞✉❝❡❞
❜② t❤❡ ❛❞❥✉♥❝t✐♦♥❀ ❛♥❞ t❤❛t ✐t ✐s ❛t t❤❡ s❛♠❡ t✐♠❡ t❤❡ ♦♣♣♦s✐t❡ ♦❢ t❤❡ ❑❧❡✐s❧✐ ❝❛t❡❣♦r②
❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ♠♦♥❛❞ ✐♥ C✳ ❇❡❝❛✉s❡ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ♠♦♥❛❞ ✐s str♦♥❣✱
t❤❡ ❝❛t❡❣♦r② C¬ ✐s ♣r❡♠♦♥♦✐❞❛❧ ✐♥ t❤❡ s❡♥s❡ ♦❢ P♦✇❡r ❛♥❞ ❘♦❜✐♥s♦♥ ❬✸✻❪✳ ◆♦t❡ t❤❛t str✐♥❣
❞✐❛❣r❛♠s ✐♥ ♣r❡♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r✐❡s ❛r❡ ✐♥❤❡r❡♥t❧② r❡❧❛t❡❞ t♦ ❝♦♥tr♦❧ ✢♦✇ ❝❤❛rts ✐♥ s♦❢t✇❛r❡
❡♥❣✐♥❡❡r✐♥❣✱ ❛s ❡①♣❧❛✐♥❡❞ ❜② ❏❡✛r❡② ❬✷✷❪✳

❙❡♠❛♥t✐❝s ♦❢ r❡s♦✉r❝❡s✳ ❆ r❡s♦✉r❝❡ ♠♦❞❛❧✐t② ♦♥ ❛ s②♠♠❡tr✐❝ ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r② (C,⊗, e)
✐s ❞❡✜♥❡❞ ❛s ❛♥ ❛❞❥✉♥❝t✐♦♥✿

M

U

&&
⊥ C

F

gg ✭✺✮

✇❤❡r❡

• (M, •, u) ✐s ❛ s②♠♠❡tr✐❝ ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r②✱

✻



• U ✐s ❛ s②♠♠❡tr✐❝ ♠♦♥♦✐❞❛❧ ❢✉♥❝t♦r✳

❘❡❝❛❧❧ t❤❛t ❛ s②♠♠❡tr✐❝ ♠♦♥♦✐❞❛❧ ❢✉♥❝t♦r U ✐s ❛ ❢✉♥❝t♦r ✇❤✐❝❤ tr❛♥s♣♦rts t❤❡ s②♠♠❡tr✐❝
♠♦♥♦✐❞❛❧ str✉❝t✉r❡ ♦❢ (M, •, u) t♦ t❤❡ s②♠♠❡tr✐❝ ♠♦♥♦✐❞❛❧ str✉❝t✉r❡ ♦❢ (C,⊗, e)✱ ✉♣ t♦
✐s♦♠♦r♣❤✐s♠s s❛t✐s❢②✐♥❣ s✉✐t❛❜❧❡ ❝♦❤❡r❡♥❝❡ ♣r♦♣❡rt✐❡s✳ ❆♥♦t❤❡r ♠♦r❡ ❝♦♥❝❡♣t✉❛❧ ❞❡✜♥✐t✐♦♥
♦❢ ❛ r❡s♦✉r❝❡ ♠♦❞❛❧✐t② ✐s ♣♦ss✐❜❧❡✿ ✐t ✐s ❛♥ ❛❞❥✉♥❝t✐♦♥ ❞❡✜♥❡❞ ✐♥ t❤❡ ✷✲❝❛t❡❣♦r② ♦❢ s②♠♠❡tr✐❝
♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r✐❡s✱ ❧❛① s②♠♠❡tr✐❝ ♠♦♥♦✐❞❛❧ ❢✉♥❝t♦rs✱ ❛♥❞ ♠♦♥♦✐❞❛❧ tr❛♥s❢♦r♠❛t✐♦♥s✳
◆♦✇✱ t❤❡ r❡s♦✉r❝❡ ♠♦❞❛❧✐t② ✐s ❝❛❧❧❡❞

• ❛✣♥❡ ✇❤❡♥ t❤❡ ✉♥✐t u ✐s t❤❡ t❡r♠✐♥❛❧ ♦❜❥❡❝t ♦❢ t❤❡ ❝❛t❡❣♦r② M✱

• r❡❧❡✈❛♥t ✇❤❡♥ ❡✈❡r② ♦❜❥❡❝t ♦❢ M ✐s ❞✉♣❧✐❝❛❜❧❡✱ t❤❛t ✐s ✇❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❞✐❛❣♦♥❛❧

δA : A −→ A ⊗ A

♥❛t✉r❛❧ ✐♥ A✱ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ s②♠♠❡tr② ❛♥❞ s❛t✐s❢②✐♥❣ t❤❡ ❛ss♦❝✐❛t✐✈✐t② ❞✐❛❣r❛♠

A
δA //

δA ''PPPPPPPPPPPPP A ⊗ A

σA,A

��
A ⊗ A

✭✻✮

A
δA //

δA

��

A ⊗ A

A⊗δA

��
A ⊗ A

δA⊗A
// A ⊗ A ⊗ A

✭✼✮

• ❡①♣♦♥❡♥t✐❛❧ ✇❤❡♥ t❤❡ t❡♥s♦r ♣r♦❞✉❝t • ✐s ❛ ❝❛rt❡s✐❛♥ ♣r♦❞✉❝t✱ ❛♥❞ t❤❡ ✉♥✐t u ✐s t❤❡
t❡r♠✐♥❛❧ ♦❜❥❡❝t ♦❢ t❤❡ ❝❛t❡❣♦r② M✳

❚❤✐s ❞❡✜♥✐t✐♦♥ ♦❢ r❡s♦✉r❝❡ ♠♦❞❛❧✐t② ✐s ✐♥s♣✐r❡❞ ❜② t❤❡ ❝❛t❡❣♦r✐❝❛❧ s❡♠❛♥t✐❝s ♦❢ ❧✐♥❡❛r ❧♦❣✐❝✱
❛♥❞ ♠♦r❡ s♣❡❝✐✜❝❛❧❧② ❜② ❇❡♥t♦♥✬s ♥♦t✐♦♥ ♦❢ ▲✐♥❡❛r✲◆♦♥✲▲✐♥❡❛r ♠♦❞❡❧ ❬✻❪ ✖ ✇❤✐❝❤ ♠❛② ❜❡
♥♦✇ r❡❢♦r♠✉❧❛t❡❞ ❛s ❛ s②♠♠❡tr✐❝ ♠♦♥♦✐❞❛❧ ❝❧♦s❡❞ ❝❛t❡❣♦r② C ❡q✉✐♣♣❡❞ ✇✐t❤ ❛♥ ❡①♣♦♥❡♥t✐❛❧
♠♦❞❛❧✐t② ✐♥ ♦✉r s❡♥s❡✳ ❱❡r② ♦❢t❡♥✱ ✇❡ ✇✐❧❧ ✐❞❡♥t✐❢② t❤❡ r❡s♦✉r❝❡ ♠♦❞❛❧✐t② ❛♥❞ t❤❡ ✐♥❞✉❝❡❞
❝♦♠♦♥❛❞ ! = U ◦ F ♦♥ t❤❡ ❝❛t❡❣♦r② C✳ ❲❡ s✉♠ ✉♣ t❤❡ ❞✐✛❡r❡♥t r❡s♦✉r❝❡ ♠♦❞❛❧✐t✐❡s ✐♥
t❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡✳

▼♦❞❛❧✐t② ❈❛t❡❣♦r② (M,⊗, e)

❆✣♥❡ t❤❡ ✉♥✐t e ✐s t❡r♠✐♥❛❧
❘❡❧❡✈❛♥t ❡✈❡r② ♦❜❥❡❝t ✐s ❞✉♣❧✐❝❛❜❧❡

❊①♣♦♥❡♥t✐❛❧ t❤❡ str✉❝t✉r❡ ✐s ❝❛rt❡s✐❛♥

❚❤❡ ✇♦r❦ ♦❢ ❏❛❝♦❜s ♦♥ ❛✣♥❡ ❛♥❞ r❡❧❡✈❛♥t ♠♦❞❛❧✐t✐❡s ❬✷✶❪ ✐s ❜❛s❡❞ ♦♥ ❛ ❝♦♠♠✉t❛t✐✈❡ ♠♦♥❛❞
♦♥ ❛ ❝❛rt❡s✐❛♥ ❝❧♦s❡❞ ❝❛t❡❣♦r②✳ ❍❡ t❤❡♥ ❝♦♥s✐❞❡rs t❤❡ ❊✐❧❡♥❜❡r❣✲▼♦♦r❡ ❝❛t❡❣♦r② ✐♥❞✉❝❡❞
❜② t❤✐s ✭❛✣♥❡ ♦r r❡❧❡✈❛♥t✮ ♠♦♥❛❞ ✐♥ ♦r❞❡r t♦ ❞❡❞✉❝❡ ♠♦❞❡❧s ♦❢ ✐♥t✉✐t✐♦♥✐st✐❝ ❧✐♥❡❛r ❧♦❣✐❝
✭■▲▲✮ ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ✭❛✣♥❡ ♦r r❡❧❡✈❛♥t✮ ♠♦❞❛❧✐t②✳ ❚❤❡ ✇❡❛❦ ♣♦✐♥t ♦❢ t❤✐s ❝♦♥str✉❝t✐♦♥
✐s ✐ts ❧✐♠✐t❛t✐♦♥ t♦ ✈❡r② s♣❡❝✐❛❧ ❦✐♥❞ ♦❢ ♠♦❞❡❧ ♦❢ ■▲▲ ✇❤✐❝❤ ❛r❡ ♦❜t❛✐♥❡❞ ❛s ❝❛t❡❣♦r✐❡s ♦❢
❛❧❣❡❜r❛s✳

✸ ❚❡♥s♦r✐❛❧ ❧♦❣✐❝

■♥ ♦✉r ♣❤✐❧♦s♦♣❤②✱ t❡♥s♦r✐❛❧ ❧♦❣✐❝ ✐s ❡♥t✐r❡❧② ❞❡s❝r✐❜❡❞ ❜② ✐ts ❝❛t❡❣♦r✐❝❛❧ s❡♠❛♥t✐❝s ✖
✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳ ❋✐rst✱ ❡✈❡r② ❞✐❛❧♦❣✉❡ ❝❛t❡❣♦r② C ❞❡✜♥❡s ❛ ♠♦❞❡❧ ♦❢
♠✉❧t✐♣❧✐❝❛t✐✈❡ t❡♥s♦r✐❛❧ ❧♦❣✐❝✳ ❙✉❝❤ ❛ ❝❛t❡❣♦r② ❞❡✜♥❡s ❛ ♠♦❞❡❧ ♦❢ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❛❞❞✐t✐✈❡

✼



t❡♥s♦r✐❛❧ ❧♦❣✐❝ ✇❤❡♥ t❤❡ ❝❛t❡❣♦r② C ❤❛s ✜♥✐t❡ ❝♦♣r♦❞✉❝ts ✭♥♦t❡❞ ⊕✮ ✇❤✐❝❤ ❞✐str✐❜✉t❡ ♦✈❡r
t❤❡ t❡♥s♦r ♣r♦❞✉❝t✿ t❤✐s ♠❡❛♥s t❤❛t t❤❡ ❝❛♥♦♥✐❝❛❧ ♠♦r♣❤✐s♠s

(A ⊗ B) ⊕ (A ⊗ C) −→ A ⊗ (B ⊕ C)

0 −→ A ⊗ 0

❛r❡ ✐s♦♠♦r♣❤✐s♠s✳ ❚❤❡♥✱ ❛ ♠♦❞❡❧ ♦❢ ✭❢✉❧❧✮ t❡♥s♦r✐❛❧ ❧♦❣✐❝ ✐s ❞❡✜♥❡❞ ❛s ❛ ♠♦❞❡❧ ♦❢ ♠✉❧t✐✲
♣❧✐❝❛t✐✈❡ ❛❞❞✐t✐✈❡ t❡♥s♦r✐❛❧ ❧♦❣✐❝✱ ❡q✉✐♣♣❡❞ ✇✐t❤ ❛♥ ❛✣♥❡ r❡s♦✉r❝❡ ♠♦❞❛❧✐t② ✭✇✐t❤ ❝♦♠♦♥❛❞
♥♦t❡❞ !•w✮✱ ❛ r❡❧❡✈❛♥t r❡s♦✉r❝❡ ♠♦❞❛❧✐t② ✭✇✐t❤ ❝♦♠♦♥❛❞ ♥♦t❡❞ !•c✮ ❛s ✇❡❧❧ ❛s ❛♥ ❡①♣♦♥❡♥t✐❛❧
r❡s♦✉r❝❡ ♠♦❞❛❧✐t② ✭✇✐t❤ ❝♦♠♦♥❛❞ ♥♦t❡❞ !•e✮✳

❚❤❡ ❞✐❛❣r❛♠♠❛t✐❝ s②♥t❛① ♦❢ t❡♥s♦r✐❛❧ ❧♦❣✐❝ ✇✐❧❧ ❜❡ ❡①tr❛❝t❡❞ ❢r♦♠ ✐ts ❝❛t❡❣♦r✐❝❛❧ ❞❡✜♥✐✲
t✐♦♥✱ ✉s✐♥❣ t❤❡ r❡❝✐♣❡ ❡①♣❧❛✐♥❡❞ ✐♥ ❬✸✶❪✳ ❚♦ ❣✐✈❡ ❛ ♠♦r❡ ❢❛♠✐❧✐❛r ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❡♥s♦r✐❛❧
❧♦❣✐❝✱ ✇❡ ♥♦✇ ❢♦r♠✉❧❛t❡ ✐ts s❡q✉❡♥t ❝❛❧❝✉❧✉s ✐♥ t✇♦ ❞✐✛❡r❡♥t ❜✉t ❡q✉✐✈❛❧❡♥t ✇❛②s✿ ❜✐❧❛t❡r❛❧
❛♥❞ ♠♦♥♦❧❛t❡r❛❧✳

❇✐❧❛t❡r❛❧ ♣r❡s❡♥t❛t✐♦♥✳ ❚❤❡ ❢♦r♠✉❧❛s A, B, . . . ♦❢ t❡♥s♦r✐❛❧ ❧♦❣✐❝ ✭✐♥ ✐ts ❜✐❧❛t❡r❛❧ ♣r❡✲
s❡♥t❛t✐♦♥✮ ❛r❡ ❝♦♥str✉❝t❡❞ ❛s ❢♦❧❧♦✇s✿

♠✉❧t✐♣❧✐❝❛t✐✈❡s 1 | ¬A | A ⊗ B

❛❞❞✐t✐✈❡s 0 | A ⊕ B

r❡s♦✉r❝❡ ♠♦❞❛❧✐t✐❡s !•wA | !•cA | !•eA

❚❤❡ s❡q✉❡♥ts ❛r❡ ♦❢ t✇♦ ❢♦r♠s✿ Γ ⊢ A ✇❤❡r❡ Γ ✐s ❛ ❝♦♥t❡①t✱ ❛♥❞ A ✐s ❛ ❢♦r♠✉❧❛❀ Γ ⊢
✇❤❡r❡ Γ ✐s ❛ ❝♦♥t❡①t✳ ❚❤❡ s❡q✉❡♥t ❝❛❧❝✉❧✉s ♦❢ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❢r❛❣♠❡♥t ❛♣♣❡❛rs ✐♥ ❋✐❣✲
✉r❡ ✶✳ ❚❤❡ ✜rst ❢♦✉r r✉❧❡s ❡①♣r❡ss t❤❡ ♠♦♥♦✐❞❛❧ str✉❝t✉r❡ ♦♥ C✱ t❤❡ t✇♦ ❜❡❧♦✇ ❞❡✜♥❡ ❛
t❡♥s♦r✐❛❧ ♥❡❣❛t✐♦♥ ❛♥❞ t❤❡ t✇♦ ❧❛st ❥✉st r❡♣r❡s❡♥t ✐❞❡♥t✐t② ❛♥❞ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ♦✉r ❝❛t❡✲
❣♦r② C✳ ❋✐❣✉r❡ ✷ ❞❡s❝r✐❜❡s t❤❡ r✉❧❡s ♠❛♥❛❣✐♥❣ ✜♥✐t❡ ❝♦♣r♦❞✉❝ts✳ ❋✐❣✉r❡ ✸ ❞❡♣✐❝ts t❤❡
❡①♣❡❝t❡❞ r✉❧❡s ❢♦r t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♠♦❞❛❧✐t② ✭t❤♦s❡ ❛r❡ t❤❡ r✉❧❡s ♦❢ t❤❡ ! ♦❢ ❧✐♥❡❛r ❧♦❣✐❝✮✳
❚❤❡ r✉❧❡s ❢♦r t❤❡ ❛✣♥❡ ♠♦❞❛❧✐t②✱ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✹✱ ❛r❡ t❤❡ s❛♠❡ ❛s ❢♦r t❤❡ ❡①♣♦♥❡♥t✐❛❧
♠♦❞❛❧✐t②✱ ❜✉t ✇✐t❤♦✉t ❝♦♥tr❛❝t✐♦♥✳ ❚❤❡ r✉❧❡s ❢♦r t❤❡ r❡❧❡✈❛♥t ♠♦❞❛❧✐t②✱ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✺✱
❛r❡ t❤❡ s❛♠❡ ❛s ❢♦r t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♠♦❞❛❧✐t②✱ ❜✉t ✇✐t❤♦✉t ✇❡❛❦❡♥✐♥❣✳

▼♦♥♦❧❛t❡r❛❧ ♣r❡s❡♥t❛t✐♦♥✳ ■♥ ♦r❞❡r t♦ s✇✐t❝❤ t♦ t❤❡ ♠♦♥♦❧❛t❡r❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❡♥✲
s♦r✐❛❧ ❧♦❣✐❝✱ ✇❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ ♣♦❧❛r✐t✐❡s✳ ❚❤❡ ❢♦r♠✉❧❛s t❤❛t ✇❡r❡ ♦♥ t❤❡ r✐❣❤t ✐♥ t❤❡
❜✐❧❛t❡r❛❧ ♣r❡s❡♥t❛t✐♦♥ r❡♠❛✐♥ t❤❡r❡✱ ❛♥❞ ❛r❡ ❝❛❧❧❡❞ ♣♦s✐t✐✈❡✳ ❉✉❛❧❧②✱ t❤❡ ❢♦r♠✉❧❛s ♦♥ t❤❡
❧❡❢t ♠♦✈❡ ♦♥ t❤❡ r✐❣❤t✱ ❛♥❞ ❛r❡ ♥♦✇ ❝❛❧❧❡❞ ♥❡❣❛t✐✈❡✳

❇✐❧❛t❡r❛❧ ♣r❡s❡♥t❛t✐♦♥ ▼♦♥♦❧❛t❡r❛❧ ♣r❡s❡♥t❛t✐♦♥
Γ ⊢  ⊢ Γ∗

Γ ⊢ A  ⊢ Γ∗, A

❙♦✱ t❤❡r❡ ❛r❡ t✇♦ ❦✐♥❞s ♦❢ s❡q✉❡♥ts ✐♥ t❤✐s ❢♦r♠✉❧❛t✐♦♥✿ t❤❡ s❡q✉❡♥ts ⊢ Γ ✇❤❡r❡ Γ ❝♦♥✲
t❛✐♥s ♦♥❧② ♥❡❣❛t✐✈❡ ❢♦r♠✉❧❛s✱ ❛♥❞ t❤❡ s❡q✉❡♥ts ⊢ Γ, P ❝♦♥t❛✐♥✐♥❣ ❡①❛❝t❧② ♦♥❡ ♣♦s✐t✐✈❡
❢♦r♠✉❧❛ P ✳ ❚♦ ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ❢♦r♠✉❧❛s✱ ✇❡ ❤❛✈❡ t♦ ❝❧♦♥❡ ❡❛❝❤
❝♦♥str✉❝t 0, 1,⊕,⊗, !•w, !•c, !•e ✐♥t♦ ✐ts❡❧❢✿ 0, 1,⊕,⊗, !•w, !•c, !•e ❛♥❞ ✐ts ❞✉❛❧✿ ⊤,⊥, &,`, ?•w, ?•c, ?•e✳ ❚❤❡
♥❡❣❛t✐♦♥ ¬ ✐ts❡❧❢ ✐s ❝❧♦♥❡❞ ✐♥ t✇♦ ♦♣❡r❛t✐♦♥s ˆ ❛♥❞ ´✱ ❡❛❝❤ ♦❢ t❤❡♠ ✇✐t❤ ❛ s♣❡❝✐✜❝ ❡✛❡❝t✿

• ˆ tr❛♥s♣♦rts t❤❡ ♣♦s✐t✐✈❡ ❢♦r♠✉❧❛s ✐♥t♦ t❤❡ ♥❡❣❛t✐✈❡ ❢♦r♠✉❧❛s✱

✽



Γ ⊢ A ∆ ⊢ B ❚❡♥s♦r✲❘✐❣❤t
Γ,∆ ⊢ A ⊗ B

Γ1, A,B,Γ2 ⊢ C
❚❡♥s♦r✲▲❡❢t

Γ1, A ⊗ B,Γ2 ⊢ C

❯♥✐t✲❘✐❣❤t
⊢ 1

Γ ⊢ A
❯♥✐t✲▲❡❢t

Γ, 1 ⊢ A

Γ, A ⊢
◆❡❣❛t✐♦♥✲❘✐❣❤t

Γ ⊢ ¬A

Γ ⊢ A ◆❡❣❛t✐♦♥✲▲❡❢t
Γ,¬A ⊢

❆①✐♦♠
A ⊢ A

Γ ⊢ A A,∆ ⊢ B
❈✉t

Γ,∆ ⊢ B

Figure 1. Multiplicative tensorial logic: bilateral presentation

Γ ⊢ A ❙✉♠✲❘✐❣❤t✲✶
Γ ⊢ A ⊕ B

Γ ⊢ B ❙✉♠✲❘✐❣❤t✲✷
Γ ⊢ A ⊕ B

Γ, A ⊢ C Γ, B ⊢ C
❙✉♠✲▲❡❢t

Γ, A ⊕ B ⊢ C

◆♦ r✐❣❤t ✐♥tr♦❞✉❝t✐♦♥ r✉❧❡ ❢♦r t❤❡ ③❡r♦ ❩❡r♦✲▲❡❢t
Γ, 0 ⊢ A

Figure 2. Additive tensorial logic: bilateral presentation

!•eΓ ⊢ A
❙tr❡♥❣t❤❡♥✐♥❣

!•eΓ ⊢ !•eA

Γ, A ⊢
❉❡r❡❧✐❝t✐♦♥

Γ, !•eA ⊢

Γ ⊢ ❲❡❛❦❡♥✐♥❣
Γ, !•eA ⊢

Γ, !•eA, !•eA ⊢
❈♦♥tr❛❝t✐♦♥

Γ, !•eA ⊢

Figure 3. Exponential modality: bilateral presentation

!•wΓ ⊢ A
❙tr❡♥❣t❤❡♥✐♥❣

!•wΓ ⊢ !•wA

Γ, A ⊢
❉❡r❡❧✐❝t✐♦♥

Γ, !•wA ⊢

Γ ⊢ B ❲❡❛❦❡♥✐♥❣
Γ, !•wA ⊢

Figure 4. Affine modality: bilateral presentation

!•cΓ ⊢ A
❙tr❡♥❣t❤❡♥✐♥❣

!•cΓ ⊢ !•cA

Γ, A ⊢
❉❡r❡❧✐❝t✐♦♥

Γ, !•cA ⊢

Γ, !•cA, !•cA ⊢
❈♦♥tr❛❝t✐♦♥

Γ, !•cA ⊢

Figure 5. Relevant modality: bilateral presentation

✾



• ´ tr❛♥s♣♦rts t❤❡ ♥❡❣❛t✐✈❡ ❢♦r♠✉❧❛s ✐♥t♦ t❤❡ ♣♦s✐t✐✈❡ ❢♦r♠✉❧❛s✳

❘❡♠❛r❦ t❤❛t t❤❡ ❛✣♥❡ ❛♥❞ ❡①♣♦♥❡♥t✐❛❧ ♠♦❞❛❧✐t✐❡s ❞♦ ♥♦t ❝❤❛♥❣❡ ♣♦❧❛r✐t✐❡s t❤❡♠s❡❧✈❡s✿
t❤✐s ✐s ❛ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ✇✐t❤ ♣♦❧❛r✐③❡❞ ❧♦❣✐❝✳ ❲❡ ✉s❡ t❤❡ ❧❡tt❡rs P ❛♥❞ Q ❢♦r t❤❡ ♣♦s✐t✐✈❡
❢♦r♠✉❧❛s✱ t❤❡ ❧❡tt❡rs L ❛♥❞ M ❢♦r t❤❡ ♥❡❣❛t✐✈❡ ❢♦r♠✉❧❛s✱ ❛♥❞ t❤❡ ❧❡tt❡rs Γ,∆ ❢♦r t❤❡
❝♦♥t❡①ts ♦❢ ♥❡❣❛t✐✈❡ ❢♦r♠✉❧❛s✳ ❋♦r♠✉❧❛s ❛r❡ ❝♦♥str✉❝t❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❣r❛♠♠❛r✿

P♦s✐t✐✈❡s 0 | 1 | ´L | P ⊗ Q | P ⊕ Q | !•wP | !•cP | !•eP
◆❡❣❛t✐✈❡s ⊥ | ⊤ | ˆP | L ` M | L & M | ?•wL | ?•cL | ?•eL

❊✈❡r② ♣♦s✐t✐✈❡ ❢♦r♠✉❧❛ P ❤❛s ❛ ❞✉❛❧ ♥❡❣❛t✐✈❡ ❢♦r♠✉❧❛ P⊥✱ ♦❜t❛✐♥❡❞ ❜② ❞✉❛❧✐③✐♥❣ ❡✈❡r②
❧♦❣✐❝❛❧ ❝♦♥str✉❝t ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❢♦r♠✉❧❛ P ✳ ❚❤❡ s❡q✉❡♥t ❝❛❧❝✉❧✉s ✐♥ ❋✐❣✉r❡ ✻ ❢♦r t❤❡
♠✉❧t✐♣❧✐❝❛t✐✈❡s ❛❞❛♣ts ❋✐❣✉r❡ ✶❀ ❋✐❣✉r❡ ✼ ❢♦r t❤❡ ❛❞❞✐t✐✈❡s ❛❞❛♣ts ❋✐❣✉r❡ ✷✳ ❋✐❣✉r❡s ✽✱ ✾
❛♥❞ ✶✵ ❢♦r t❤❡ r❡s♦✉r❝❡ ♠♦❞❛❧✐t✐❡s ❛❞❛♣t ❋✐❣✉r❡s ✸✱ ✹ ❛♥❞ ✺✳

❆r❡♥❛ ❣❛♠❡s ❛♥❞ ❝❧❛ss✐❝❛❧ ❧♦❣✐❝✳ ❙t❛rt✐♥❣ ❢r♦♠ ❚❤✐❡❧❡❝❦❡✬s ✇♦r❦✱ ❙❡❧✐♥❣❡r ❬✸✼❪ ❞❡s✐❣♥s
t❤❡ ♥♦t✐♦♥ ♦❢ ❝♦♥tr♦❧ ❝❛t❡❣♦r② ✐♥ ♦r❞❡r t♦ ❛①✐♦♠❛t✐③❡ ♥❡❛t❧② t❤❡ s❡♠❛♥t✐❝s ♦❢ ❝❧❛ss✐❝❛❧ ❧♦❣✐❝✳
❚❤❡♥✱ ♣r♦♠♣t❡❞ ❜② ❛ ❝♦♠♣❧❡t❡♥❡ss r❡s✉❧t ❡st❛❜❧✐s❤❡❞ ❜② ❍♦❢♠❛♥♥ ❛♥❞ ❙tr❡✐❝❤❡r ✐♥ ❬✶✼❪✱
❤❡ ♣r♦✈❡s ❛ ❜❡❛✉t✐❢✉❧ str✉❝t✉r❡ t❤❡♦r❡♠✱ st❛t✐♥❣ t❤❛t ❡✈❡r② ❝♦♥tr♦❧ ❝❛t❡❣♦r② P ✐s t❤❡
❝♦♥t✐♥✉❛t✐♦♥ ❝❛t❡❣♦r② C¬ ♦❢ ❛ r❡s♣♦♥s❡ ❝❛t❡❣♦r② C✳ ◆♦✇✱ ❛ r❡s♣♦♥s❡ ❝❛t❡❣♦r② C ✖ ✇❤❡r❡
t❤❡ ♠♦♥✐❝ r❡q✉✐r❡♠❡♥t ♦♥ t❤❡ ✉♥✐ts ✭✷✮ ✐s r❡❧❛①❡❞ ✖ ✐s ❡①❛❝t❧② t❤❡ s❛♠❡ t❤✐♥❣ ❛s ❛ ♠♦❞❡❧
♦❢ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❛❞❞✐t✐✈❡ t❡♥s♦r✐❛❧ ❧♦❣✐❝✱ ✇❤❡r❡ t❤❡ t❡♥s♦r ⊗ ✐s ❝❛rt❡s✐❛♥ ❛♥❞ t❤❡ t❡♥s♦r
✉♥✐t 1 ✐s t❡r♠✐♥❛❧✳

❆ ♣✉r❡❧② ♣r♦♦❢✲t❤❡♦r❡t✐❝ ❛♥❛❧②s✐s ♦❢ ❝❧❛ss✐❝❛❧ ❧♦❣✐❝ ❧❡❛❞s ❡①❛❝t❧② t♦ t❤❡ s❛♠❡ ❝♦♥❝❧✉s✐♦♥✳
❙t❛rt✐♥❣ ❢r♦♠ ●✐r❛r❞✬s ✇♦r❦ ♦♥ ♣♦❧❛r✐t✐❡s ✐♥ ▲❈ ❬✶✹❪✱ ▲❛✉r❡♥t ❞❡✈❡❧♦♣❡❞ ❛ ❝♦♠♣r❡❤❡♥s✐✈❡
❛♥❞ ♣❡rs♣✐❝✉♦✉s ❛♥❛❧②s✐s ♦❢ ♣♦❧❛r✐t✐❡s ✐♥ ❧♦❣✐❝✱ ✐♥❝♦r♣♦r❛t✐♥❣ ❝❧❛ss✐❝❛❧ ❧♦❣✐❝ ❬✷✻❪✱ ✭♥♦♥✲✇❡❧❧✲
❜r❛❝❦❡t❡❞✮ ❛r❡♥❛ ❣❛♠❡s ❬✷✼❪ ❛♥❞ ❝♦♥tr♦❧ ❝❛t❡❣♦r✐❡s ❬✷✼❪✳ ◆♦✇✱ ✐t ❛♣♣❡❛rs t❤❛t ▲❛✉r❡♥t✬s
♣♦❧❛r✐③❡❞ ❧♦❣✐❝ ❝♦✐♥❝✐❞❡s ✇✐t❤ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❛❞❞✐t✐✈❡ t❡♥s♦r✐❛❧ ❧♦❣✐❝ ✖ ✇❤❡r❡ t❤❡ ♠♦♥♦✐❞❛❧
str✉❝t✉r❡ ✐s ❝❛rt❡s✐❛♥✳ ❚❤✐s ❛♣♣❡❛rs ❝❧❡❛r❧② ✐♥ t❤❡ ♠♦♥♦❧❛t❡r❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❡♥s♦r✐❛❧
❧♦❣✐❝✳ ❲❡ s✉♠ ✉♣ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❡♥s♦r✐❛❧ ❧♦❣✐❝ ❛♥❞ ❝❧❛ss✐❝❛❧ ❧♦❣✐❝ ✐♥ ❛ ✈❡r②
s❝❤❡♠❛t✐❝ t❛❜❧❡✿

❚❡♥s♦r✐❛❧ ❧♦❣✐❝
⊗ ✐s ♠♦♥♦✐❞❛❧
¬ ✐s t❡♥s♦r✐❛❧

❈❧❛ss✐❝❛❧ ❧♦❣✐❝
⊗ ✐s ❝❛rt❡s✐❛♥
¬ ✐s t❡♥s♦r✐❛❧

●❛♠❡ s❡♠❛♥t✐❝s ❛♥❞ ❧✐♥❡❛r ❧♦❣✐❝✳ ❚❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ♠♦♥❛❞ A 7→
O
¬

P
¬ A ♦❢ ❣❛♠❡

s❡♠❛♥t✐❝s ❧✐❢ts ❛♥ ❖♣♣♦♥❡♥t✲st❛rt✐♥❣ ❣❛♠❡ A ✇✐t❤ ❛♥ ❖♣♣♦♥❡♥t ♠♦✈❡ ¬O ❢♦❧❧♦✇❡❞ ❜② ❛
P❧❛②❡r ♠♦✈❡ ¬P ✳ ◆♦✇✱ ✐t ❛♣♣❡❛rs t❤❛t t❤❡ ❇❧❛ss ♣r♦❜❧❡♠ ♠❡♥t✐♦♥❡❞ ✐♥ §1 ❛r✐s❡s ♣r❡❝✐s❡❧②
❜❡❝❛✉s❡ t❤❡ ♠♦♥❛❞ ✐s str♦♥❣✱ ❜✉t ♥♦t ❝♦♠♠✉t❛t✐✈❡ ❬✸✷✱ ✸✸❪✳ ■♥❞❡❡❞✱ ♦♥❡ ♦❜t❛✐♥s ❛ ❣❛♠❡
♠♦❞❡❧ ♦❢ ✭❢✉❧❧✮ ♣r♦♣♦s✐t✐♦♥❛❧ ❧✐♥❡❛r ❧♦❣✐❝ ❜② ✐❞❡♥t✐❢②✐♥❣ t❤❡ t✇♦ ❝❛♥♦♥✐❝❛❧ str❛t❡❣✐❡s ✭✹✮ ✖
t❤✐s ❧❡❛❞✐♥❣ t♦ ❛ ❢✉❧❧② ❝♦♠♣❧❡t❡ ♠♦❞❡❧ ♦❢ ❧✐♥❡❛r ❧♦❣✐❝✱ ✐♥ t❤❡ ✇❛② ❞❡s❝r✐❜❡❞ ✐♥ ❬✸✹❪✳

❚❤✐s ❝♦♥str✉❝t✐♦♥ ✐♥ ❣❛♠❡ s❡♠❛♥t✐❝s ❤❛s ❛ ♥✐❝❡ ❝❛t❡❣♦r✐❝❛❧ ❝♦✉♥t❡r♣❛rt✳ ❲❡ ❛❧r❡❛❞②
♠❡♥t✐♦♥❡❞ t❤❛t t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ❝❛t❡❣♦r② C¬ ✐♥❤❡r✐ts ❛ ♣r❡♠♦♥♦✐❞❛❧ str✉❝t✉r❡ ❢r♦♠ t❤❡
s②♠♠❡tr✐❝ ♠♦♥♦✐❞❛❧ str✉❝t✉r❡ ♦❢ C✳ ◆♦✇✱ ❍❛s❡❣❛✇❛ ▼❛s❛❤✐t♦ s❤♦✇s ❬✶✻❪ t❤❛t t❤❡ ❝♦♥✲
t✐♥✉❛t✐♦♥ ❝❛t❡❣♦r② C¬ ❡q✉✐♣♣❡❞ ✇✐t❤ t❤✐s ♣r❡♠♦♥♦✐❞❛❧ str✉❝t✉r❡ ✐s ∗✲❛✉t♦♥♦♠♦✉s ✐❢ ❛♥❞
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⊢ Γ, P ⊢ ∆, Q
❚❡♥s♦r

⊢ Γ,∆, P ⊗ Q

⊢ Γ1, L,M,Γ2, P
P❛r

⊢ Γ1, L ` M,Γ2, P

❖♥❡
⊢ 1

⊢ Γ
❇♦tt♦♠

⊢ Γ,⊥

⊢ Γ, L
▲✐♥❡❛r str❡♥❣t❤❡♥✐♥❣

⊢ Γ, ´L

⊢ Γ, P
▲✐♥❡❛r ❞❡r❡❧✐❝t✐♦♥

⊢ Γ, ˆP

❆①✐♦♠
⊢ P⊥, P

⊢ Γ, P ⊢ P⊥,∆, Q
❈✉t

⊢ Γ,∆, Q

Figure 6. Multiplicative tensorial logic: monolateral presentation

⊢ Γ, P
❙✉♠✲▲❡❢t

⊢ Γ, P ⊕ Q

⊢ Γ, Q
❙✉♠✲❘✐❣❤t

⊢ Γ, P ⊕ Q

⊢ Γ, L ⊢ Γ, M
❲✐t❤

⊢ Γ, L & M

◆♦ ✐♥tr♦❞✉❝t✐♦♥ r✉❧❡ ❢♦r t❤❡ ③❡r♦ ❚♦♣
⊢ Γ,⊤

Figure 7. Additive tensorial logic: monolateral presentation

⊢ ?•eΓ, P
❙tr❡♥❣t❤❡♥✐♥❣

⊢ ?•eΓ, !•eP

⊢ Γ, L
❉❡r❡❧✐❝t✐♦♥

⊢ Γ, ?•eL

⊢ Γ ❲❡❛❦❡♥✐♥❣
⊢ !•eΓ, ?•eL

⊢ Γ, ?•eL, ?•eL
❈♦♥tr❛❝t✐♦♥

⊢ Γ, ?•eL

Figure 8. Exponential modality: monolateral presentation

⊢ ?•wΓ, P
❙tr❡♥❣t❤❡♥✐♥❣

⊢ ?•wΓ, !•wP

⊢ Γ, L
❉❡r❡❧✐❝t✐♦♥

⊢ Γ, ?•wL

⊢ Γ, L
❲❡❛❦❡♥✐♥❣

⊢ Γ, ?•wL

Figure 9. Affine modality: monolateral presentation

⊢ ?•cΓ, P
❙tr❡♥❣t❤❡♥✐♥❣

⊢ ?•cΓ, !•cP

⊢ Γ, L
❉❡r❡❧✐❝t✐♦♥

⊢ Γ, ?•cL

⊢ Γ, ?•cL, ?•cL
❈♦♥tr❛❝t✐♦♥

⊢ Γ, ?•cL

Figure 10. Relevant modality: monolateral presentation
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♦♥❧② ✐❢ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ♠♦♥❛❞ ✐s ❝♦♠♠✉t❛t✐✈❡✳ ❚❤❡ s♣❡❝✐❛❧✐st ✇✐❧❧ r❡❝♦❣♥✐③❡ ❤❡r❡ ❛ ❝❛t✲
❡❣♦r✐✜❝❛t✐♦♥ ♦❢ ●✐r❛r❞✬s ♣❤❛s❡ s♣❛❝❡ s❡♠❛♥t✐❝s ❬✶✸❪✳ ❆♥②✇❛②✱ t❤✐s s❤♦✇s t❤❛t ❧✐♥❡❛r ❧♦❣✐❝
✐s ❡ss❡♥t✐❛❧❧② t❡♥s♦r✐❛❧ ❧♦❣✐❝ ✐♥ ✇❤✐❝❤ t❤❡ t❡♥s♦r✐❛❧ ♥❡❣❛t✐♦♥ ✐s ❝♦♠♠✉t❛t✐✈❡✳

▲✐♥❡❛r ❧♦❣✐❝
⊗ ✐s ♠♦♥♦✐❞❛❧
¬ ✐s ❝♦♠♠✉t❛t✐✈❡

❲❡ ♥♦✇ ❢♦r♠❛❧✐③❡ t❤✐s ✐❞❡❛ ❛♥❞ s❤♦✇ t❤❛t ❛♥② ♠♦❞❡❧ ♦❢ t❡♥s♦r✐❛❧ ❧♦❣✐❝✱ ❢♦r ✇❤✐❝❤ t❤❡
❝♦♥t✐♥✉❛t✐♦♥ ♠♦♥❛❞ ✐s ❝♦♠♠✉t❛t✐✈❡✱ ✐♥❞✉❝❡s ❛ ♠♦❞❡❧ ♦❢ ❧✐♥❡❛r ❧♦❣✐❝✳ ❚♦ s❤♦✇ t❤✐s✱ ✇❡ ✇✐❧❧
♠❛✐♥❧② ✇♦r❦ ♦♥ t❤❡ ❑❧❡✐s❧✐ ❝❛t❡❣♦r② ♦❢ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ♠♦♥❛❞

C

FT

""
⊥ CT

GT

aa

❲❡ ✜rst s❤♦✇ t❤❛t t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♠♦❞❛❧✐t② ❧✐❢t t♦ t❤❡ ❑❧❡✐s❧✐ ❝❛t❡❣♦r②

▲❡♠♠❛ ✶ ❚❤❡ ❡①♣♦♥❡♥t✐❛❧ ♠♦❞❛❧✐t② !•e ❧✐❢t t♦ ❛♥ ❡①♣♦♥❡♥t✐❛❧ ♠♦❞❛❧✐t② ! ♦♥ t❤❡ ❑❧❡✐s❧✐

❝❛t❡❣♦r② CT ✳

Pr♦♦❢✿ ❆❝❝♦r❞✐♥❣ t♦ P♦✇❡r ❛♥❞ ❘♦❜✐♥s♦♥ ❬✸✻❪✱ t❤❡ ❧❡❢t ❛❞❥♦✐♥t FT ❜❡t✇❡❡♥ C ❛♥❞ CT ✐s
❛ s②♠♠❡tr✐❝ ♠♦♥♦✐❞❛❧ str♦♥❣ ❢✉♥❝t♦r✳ ❲❡ t❤❡♥ ❞❡❞✉❝❡ t❤❛t t❤❡ ❛❞❥✉♥❝t✐♦♥ ✐s s②♠♠❡tr✐❝
♠♦♥♦✐❞❛❧✳ ❆s s②♠♠❡tr✐❝ ♠♦♥♦✐❞❛❧ ❛❞❥✉♥❝t✐♦♥s ❞♦ ❝♦♠♣♦s❡✱ t❤❡ r❡s✉❧t✐♥❣ ❛❞❥✉♥❝t✐♦♥

M

U

&&
⊥ C

!•e

gg

FT

''
⊥ CT

GT

ff

✐s s②♠♠❡tr✐❝ ♠♦♥♦✐❞❛❧✳ ◆♦✇✱ M ✐s ❝❛rt❡s✐❛♥✱ s♦ t❤✐s ❛❞❥✉♥❝t✐♦♥ ❜✉✐❧❞s ❛ ❝♦♠♠✉t❛t✐✈❡
⊗✲❝♦♠♦♥♦✐❞

!A =
def
= !•e¬¬A

♦♥ CT ✳ �

◆♦✇✱ ✇❡ r❡❝❛❧❧ ❛ ❢♦❧❦❧♦r❡ r❡s✉❧t ❛♠♦♥❣ ❝❛t❡❣♦r② t❤❡♦r✐st✿ t❤❡ ❑❧❡✐s❧✐ ❝❛té❣♦r② ♣r❡s❡r✈❡s
✜♥✐t❡ ❝♦♣r♦❞✉❝ts✳ ▼♦r❡ ♣r❡❝✐s❡❧②

Pr♦♣♦s✐t✐♦♥ ✶ ▲❡t T ❜❡ ❛ ♠♦♥❛❞ ♦♥ ❛ ❝❛t❡❣♦r② C ❡q✉✐♣♣❡❞ ✇✐t❤ ✜♥✐t❡ ❝♦♣r♦❞✉❝ts✳ ❚❤❡

❑❧❡✐s❧✐ ❝❛t❡❣♦r② CT ✐s ❛❧s♦ ❡q✉✐♣♣❡❞ ✇✐t❤ ✜♥✐t❡ ❝♦♣r♦❞✉❝ts✳ ❋✉rt❤❡r♠♦r❡✱ ✐❢ ✜♥✐t❡ ❝♦♣r♦❞✉❝ts

❝♦♠♠✉t❡ ✇✐t❤ t❤❡ t❡♥s♦r ♣r♦❞✉❝t ✐♥ C✱ t❤❡② st✐❧❧ ❞♦ ✐♥ CT ✳

Pr♦♦❢✿ ◆♦t❡ A + B t❤❡ ❝♦♣r♦❞✉❝t ♦❢ A ❛♥❞ B✳ ■♥❥❡❝t✐♦♥s ❛r❡ ❞❡✜♥❡❞ ❛s

A
inj1 // A + B

ηA+B // T (A + B) B
inj2 // A + B

ηA+B // T (A + B)

▲❡t X ❜❡ ❛♥ ♦❜❥❡❝t ♦❢ C ❛♥❞ f : A → TX ❡t g : B → TX ❜❡ t✇♦ ♠♦r♣❤✐s♠s✱ ♦♥❡ ❞❡✜♥❡s
t❤❡ s✉♠ f + g ❜②

A + B
f+g // TX
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❖♥❡ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t t❤✐s ❛rr♦✇ ❣✐✈❡s r✐s❡ t♦ ❛ ❝♦♣r♦❞✉❝t✳
❋♦r t❤❡ ❝♦♠♠✉t❛t✐♦♥ ✇✐t❤ t❤❡ t❡♥s♦r ♣r♦❞✉❝t✱ ✐t s✉✣❝❡s t♦ ♥♦t✐❝❡ t❤❛t t❤❡ ❞❡✜♥✐t✐♦♥

♦❢ t❤❡ t❡♥s♦r ♣r♦❞✉❝t ❛♥❞ ♦❢ ✜♥✐t❡ ❝♦♣r♦❞✉❝ts ❛r❡ ❣✐✈❡♥ ❜② t❤❡ ✐♠❛❣❡ ♦❢ FT ♦❢ t❤♦s❡ ✐♥ C✳
❚❤❡♥✱ t❤❡ ❝❛♥♦♥✐❝❛❧ ❞✐str✐❜✉t✐✈✐t② ♠♦r♣❤✐s♠

(A ⊗ B) ⊕ (A ⊗ C) ∼= A ⊗ (B ⊕ C)

✐♥ CT ✐s t❤❡ ✐♠❛❣❡ ❜② FT ♦❢ t❤❡ ❞✐str✐❜✉t✐✈✐t② ♠♦r♣❤✐s♠ ✐♥ C✳ ■t ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✐♥ C
s♦ ✐t ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✐♥ CT ❛s ❛♥② ❢✉♥❝t♦r ♣r❡s❡r✈❡s ✐s♦♠♦r♣❤✐s♠s✳ �

❇② ❞✉❛❧✐t②✱ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡ ❑❧❡✐s❧✐ ❝❛t❡❣♦r② CT ♦♥ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ♠♦♥❛❞ ✐s q✉✐♣♣❡❞
✇✐t❤ ✜♥✐t❡ ♣r♦❞✉❝ts

A & B
def
= ¬(¬A ⊕ ¬B).

❲❡ ❝❛♥ ♥♦✇ ❡①♣r❡ss ❛ ❧❛st ❧❡♠♠❛✳

▲❡♠♠❛ ✷ ❚❤❡ ✐s♦♠♦r♣❤✐s♠

!(A & B) ∼= !A ⊗ !B

❤♦❧❞s ✐♥ t❤❡ ❝❛t❡❣♦r② CT ✳

Pr♦♦❢✿ ❚❤❡ ✐s♦♠♦r♣❤✐s♠ ❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t r✐❣❤t ❛❞❥♦✐♥ts ✭❤❡r❡ !•e ❛♥❞ GT ✮ ♣r❡s❡r✈❡
✜♥✐t❡ ♣r♦❞✉❝ts ❛♥❞ t❤❛t t❤❡ ❧❡❢t ❛❞❥♦✐♥ts FT ❛♥❞ U ❛r❡ str♦♥❣ ♠♦♥♦✐❞❛❧ ❢✉♥❝t♦rs✳ �

❚❤❡ ❑❧❡✐s❧✐ ❝❛t❡❣♦r② CT t❤✉s ❞❡✜♥❡s ❛ ♠♦❞❡❧ ♦❢ ❧✐♥❡❛r ❧♦❣✐❝✳ ■t ✐s ❛❧s♦ t❤❡ ❝❛s❡ ❢♦r ✐ts
♦♣♣♦s✐t❡ ❝❛t❡❣♦r② C¬✱ t❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ✐s t❤❛t t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♠♦❞❛❧✐t② ✐s✱ ✐♥ t❤❛t ❝❛s❡✱
❣✐✈❡♥ ❜②

!A
def
= ¬¬ !•eA.

❚❤❡♦r❡♠ ✶ ▲❡t C ❜❡ ❛ ♠♦❞❡❧ ♦❢ t❡♥s♦r✐❛❧ ❧♦❣✐❝ ✭♠✉❧t✐♣❧✐❝❛t✐✈❡✱ ❛❞❞✐t✐✈❡✱ ❡①♣♦♥❡♥t✐❛❧✮ ❢♦r

✇❤✐❝❤ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ♠♦♥❛❞ ¬¬ ✐s ❝♦♠♠✉t❛t✐✈❡✳ ❚❤❡ ❝❛t❡❣♦r② ♦❢ ❝♦♥t✐♥✉❛t✐♦♥ C¬ ❣✐✈❡s

r✐s❡ t♦ ❛ ♠♦❞❡❧ ♦❢ ❧✐♥❡❛r ❧♦❣✐❝ ✭♠✉❧t✐♣❧✐❝❛t✐✈❡✱ ❛❞❞✐t✐✈❡✱ ❡①♣♦♥❡♥t✐❛❧✮✳

✹ P❛②♦✛ ❈♦♥✇❛② ❣❛♠❡s

❲❡ ❞❡✜♥❡ ❤❡r❡ ❛♥❞ ✐♥ §5 ❛ s✐♠♣❧❡ ❣❛♠❡ s❡♠❛♥t✐❝s ✇✐t❤ r❡s♦✉r❝❡ ♠♦❞❛❧✐t✐❡s ✐♥ ♦r❞❡r t♦
❣✐✈❡ ❛ ♠♦❞❡❧ ♦❢ t❡♥s♦r✐❛❧ ❧♦❣✐❝✳ ❲❡ ❛❝❤✐❡✈❡ t❤✐s ❜② ❡♥r✐❝❤✐♥❣ t❤❡ ♠♦❞❡❧ ♦❢ ❈♦♥✇❛② ❣❛♠❡s✱
✐♥tr♦❞✉❝❡❞ ❜② ❏♦②❛❧ ✐♥ ❤✐s ♣✐♦♥❡❡r ✇♦r❦ ❬✷✸❪✱ ✇✐t❤ ❛ ♥♦t✐♦♥ ♦❢ ♣❛②♦✛✳

❈♦♥✇❛② ❣❛♠❡s✳ ❈♦♥✇❛② ❣❛♠❡s ❣✐✈❡ ❛ ✈❡r② ✐♥t✉✐t✐✈❡ ❢♦r♠❛❧✐s♠ ✇❤✐❝❤ ❝♦♥♥❡❝ts ❞✐r❡❝t❧②
❣❛♠❡ s❡♠❛♥t✐❝s t♦ ❛❧❣♦r✐t❤♠✐❝ ♥♦t✐♦♥s ✉s✐♥❣ t❤❡ str✉❝t✉r❡ ♦❢ ❣r❛♣❤s ❡①♣❧✐❝✐t❧②✳

❆ ❈♦♥✇❛② ❣❛♠❡ A ✐s ❛♥ ♦r✐❡♥t❡❞ r♦♦t❡❞ ❣r❛♣❤ (VA, EA, λA) ❝♦♥s✐st✐♥❣ ♦❢

✲ ❛ s❡t VA ♦❢ ✈❡rt✐❝❡s ❝❛❧❧❡❞ t❤❡ ♣♦s✐t✐♦♥s ♦❢ t❤❡ ❣❛♠❡✱

✲ ❛ s❡t EA ⊂ VA × VA ♦❢ ❡❞❣❡s ❝❛❧❧❡❞ t❤❡ ♠♦✈❡s ♦❢ t❤❡ ❣❛♠❡✱

✲ ❛ ❢✉♥❝t✐♦♥ λA : EA → {−1,+1} ✐♥❞✐❝❛t✐♥❣ ✇❤❡t❤❡r ❛ ♠♦✈❡ ❜❡❧♦♥❣s t♦ ❖♣♣♦♥❡♥t
✭−1✮ ♦r Pr♦♣♦♥❡♥t ✭+1✮✱

❲❡ ♥♦t❡ ⋆A t❤❡ r♦♦t ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❣r❛♣❤✳ ❆ ❈♦♥✇❛② ❣❛♠❡ ✐s s❛✐❞ t♦ ❜❡ ♥❡❣❛t✐✈❡ ✭r❡s♣✳
♣♦s✐t✐✈❡✮ ✇❤❡♥ ❛❧❧ ✐ts ♠♦✈❡ st❛rt✐♥❣ ❢r♦♠ t❤❡ r♦♦t ❜❡❧♦♥❣s t♦ ❖♣♣♦♥❡♥t ✭r❡s♣✳ Pr♦♣♦♥❡♥t✮✳

✶✸



P❛t❤ ❛♥❞ ♣❧❛②✳ ❆ ♣❧❛② m1 ·m2 · . . . ·mk−1 ·mk ♦❢ ❛ ❈♦♥✇❛② ❣❛♠❡ A ✐s ❛ ♣❛t❤ st❛rt✐♥❣
❢r♦♠ t❤❡ r♦♦t ⋆A ✿

⋆A
m1−−→ x1

m2−−→ . . .
mk−1
−−−→ xk−1

mk−−→ xk ✭✽✮

❚✇♦ ♣❛t❤s ❛r❡ ♣❛r❛❧❧❡❧ ✇❤❡♥ t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ ✐♥✐t✐❛❧ ❛♥❞ ✜♥❛❧ ♣♦s✐t✐♦♥s✳ ❆ ♣❧❛② ✭✽✮ ✐s
❛❧t❡r♥❛t✐♥❣ ✇❤❡♥✿

∀i ∈ {1, . . . , k − 1}, λA(mi+1) = −λA(mi).

❲❡ ♥♦t❡ P❧❛②A t❤❡ s❡t ♦❢ ♣❧❛②s ♦❢ ❛ ❣❛♠❡ A✳

❙tr❛t❡❣✐❡s✳ ❘❡♠❛r❦ t❤❛t t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ❈♦♥✇❛② ❣❛♠❡ ❞♦❡s ♥♦t ✐♠♣❧② t❤❛t ❛❧❧ t❤❡
♣❧❛②s ❛r❡ ❛❧t❡r♥❛t✐♥❣✳ ❚❤❡ ♥♦t✐♦♥ ♦❢ ❛❧t❡r♥❛t✐♦♥ ❜❡t✇❡❡♥ ❖♣♣♦♥❡♥t ❛♥❞ Pr♦♣♦♥❡♥t ♦♥❧②
❛♣♣❡❛rs ❛t t❤❡ ❧❡✈❡❧ ♦❢ str❛t❡❣✐❡s ✭✐✳❡✳ ♣r♦❣r❛♠s✮ ❛♥❞ ♥♦t ❛t t❤❡ ❧❡✈❡❧ ♦❢ ❣❛♠❡s ✭✐✳❡✳ t②♣❡s✮✳
❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✐♥t✉✐t✐♦♥ t❤❛t ❛ ❣❛♠❡ ❞❡s❝r✐❜❡s ❛ ❢❛✐r❧② ❧✐❜❡r❛❧ s♣❛❝❡ ♦❢ ❝♦♠♣✉t❛t✐♦♥
✇❤❡r❡❛s ❛ str❛t❡❣② ❞❡s❝r✐❜❡s r❡❣✉❧❛t❡❞ ❡①❡❝✉t✐♦♥s✳

❆ str❛t❡❣② σ ♦❢ ❛ ❈♦♥✇❛② ❣❛♠❡ A ✐s ❞❡✜♥❡❞ ❛s ❛ ♥♦♥ ❡♠♣t② s❡t ♦❢ ❛❧t❡r♥❛t✐♥❣ ♣❧❛②s ♦❢
❡✈❡♥ ❧❡♥❣t❤ s✉❝❤ t❤❛t

• ❡✈❡r② ♥♦♥ ❡♠♣t② ♣❧❛② st❛rts ✇✐t❤ ❛♥ ❖♣♣♦♥❡♥t ♠♦✈❡✱

• σ ✐s ❝❧♦s❡❞ ❜② ❡✈❡♥ ❧❡♥❣t❤ ♣r❡✜①✿ ❢♦r ❛❧❧ ♣❧❛②s s ❛♥❞ ❢♦r ❛❧❧ ♠♦✈❡s m, n✱

s · m · n ∈ σ ✐♠♣❧✐❡s s ∈ σ;

• σ ✐s ❞❡t❡r♠✐♥✐s♠✿ ❢♦r ❛❧❧ ♣❧❛②s s✱ ❛♥❞ ❢♦r ❛❧❧ ♠♦✈❡s m, n, n′✱

s · m · n ∈ σ ❛♥❞ s · m · n′ ∈ σ ✐♠♣❧✐❡s n = n′.

◆♦t❡ t❤❛t ♦✉r ♥♦t✐♦♥ ♦❢ str❛t❡❣② ✐s ♣❛rt✐❛❧ ❜❡❝❛✉s❡ ❛ str❛t❡❣② ❞♦❡s ♥♦t ♥❡❝❡ss❛r✐❧② ❤❛✈❡
t♦ ❛♥s✇❡r t♦ ❛♥ ❖♣♣♦♥❡♥t ♠♦✈❡✳ ❲❡ ✇r✐t❡ σ : A t♦ ✐♥❞✐❝❛t❡ t❤❛t σ ✐s str❛t❡❣② ♦✈❡r t❤❡
❣❛♠❡ A✳

❉✉❛❧✳ ❊✈❡r② ❈♦♥✇❛② ❣❛♠❡ A ✐♥❞✉❝❡s ❛ ❞✉❛❧ ❣❛♠❡ A∗ ♦❜t❛✐♥❡❞ s✐♠♣❧② ❜② r❡✈❡rs✐♥❣ t❤❡
♣♦❧❛r✐t② ♦❢ ♠♦✈❡s✳ ▼♦r❡ ❢♦r♠❛❧❧②✱ A∗ = (VA∗ , EA∗ , λA∗) ✐s ❞❡✜♥❡❞ ❜②

• VA∗ = VA❀

• EA∗ = EA❀

• λA∗ = −λA✳

❚❡♥s♦r ♣r♦❞✉❝t✳ ❚❤❡ t❡♥s♦r ♣r♦❞✉❝t A⊗B ♦❢ t✇♦ ❈♦♥✇❛② ❣❛♠❡s A ❛♥❞ B ✐s ❡ss❡♥t✐❛❧❧②
t❤❡ ❛s②♥❝❤r♦♥♦✉s ♣r♦❞✉❝t ♦❢ t❤❡ t✇♦ ✉♥❞❡r❧②✐♥❣ ❣r❛♣❤s✳ ▼♦r❡ ❢♦r♠❛❧❧②✱ ✐t ✐s ❞❡✜♥❡❞ ❛s✿

✲ ✐ts ♣♦s✐t✐♦♥s ❛r❡ t❤❡ ♣❛✐rs (x, y) ♥♦t❡❞ x ⊗ y ✇✐t❤ ⋆A⊗B = ⋆A ⊗ ⋆B✱ t❤❛t ✐s

VA⊗B = VA × VB,

✶✹



✲ ✐ts ♠♦✈❡s ❛r❡ ♦❢ t✇♦ ❦✐♥❞s ✿

x ⊗ y →

{

z ⊗ y ✐❢ x → z ✐♥ t❤❡ ❣❛♠❡ A

x ⊗ z ✐❢ y → z ✐♥ t❤❡ ❣❛♠❡ B,

✲ t❤❡ ♣♦❧❛r✐t② ♦❢ ♠♦✈❡s ✐♥ t❤❡ ❣❛♠❡ A ⊗ B ✐s ✐♥❤❡r✐t❡❞ ❢r♦♠ ❣❛♠❡s A ❛♥❞ B✳

❚❤❡ ❈♦♥✇❛② ❣❛♠❡ 1 ✇✐t❤ ❛ ✉♥✐q✉❡ ♣♦s✐t✐♦♥ ⋆ ❛♥❞ ♥♦ ♠♦✈❡ ✐s t❤❡ ♥❡✉tr❛❧ ❡❧❡♠❡♥t ♦❢ t❤❡
t❡♥s♦r ♣r♦❞✉❝t✳ ❆s ✉s✉❛❧ ✐♥ ❣❛♠❡ s❡♠❛♥t✐❝s✱ ❡✈❡r② ♣❧❛② s ♦❢ t❤❡ ❣❛♠❡ A ⊗ B ❝❛♥ ❜❡ s❡❡♥
❛s t❤❡ ✐♥t❡r❧❡❛✈✐♥❣ ♦❢ ❛ ♣❧❛② s|A ♦❢ t❤❡ ❣❛♠❡ A ❛♥❞ ❛ ♣❧❛② s|B ♦❢ t❤❡ ❣❛♠❡ B✳

❈♦♠♣♦s✐t✐♦♥✳ ❲❡ ♥♦✇ ❞❡✜♥❡ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t✇♦ str❛t❡❣✐❡s ✉s✐♥❣ t❤❡ ❝♦♥❝❡♣t ♦❢
✏♣❛r❛❧❧❡❧ ❛♥❞ ❤✐❞✐♥❣✑ ✇❤✐❝❤ ✇♦r❦s ❢♦r ❣❛♠❡ s❡♠❛♥t✐❝s ❛s ✇❡❧❧ ❛s ❢♦r ♠♦r❡ ❛❜str❛❝t s❡tt✐♥❣s
s✉❝❤ ❛s tr❛❝❡❞ ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r② ♦r ❝♦♠♣❛❝t ❝❧♦s❡❞ ❝❛t❡❣♦r②✳

❲❡ ♣r♦❝❡❡❞ ❛s ✐♥ ❬✸✵✱ ✶✺❪✱ ❛♥❞ s❛② t❤❛t u ✐s ❛♥ ✐♥t❡r❛❝t✐♦♥ ♦♥ t❤r❡❡ ❣❛♠❡s A, B,C✱ t❤✐s
♥♦t❡❞ u ∈ intABC ✱ ✇❤❡♥ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ u ♦♥ ❡❛❝❤ ❣❛♠❡ A∗ ⊗ B✱ B∗ ⊗ C ❛♥❞ A∗ ⊗ C

✐s ❛ ♣❧❛②✳ ●✐✈❡♥ t✇♦ str❛t❡❣✐❡s σ : A∗ ⊗ B, τ : B∗ ⊗ C✱ ✇❡ ❞❡✜♥❡ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡s❡
str❛t❡❣✐❡s ❛s ❢♦❧❧♦✇s✿

σ; τ = {u|A∗⊗C | u ∈ intABC , u|A∗⊗B ∈ σ, u|B∗⊗C ∈ τ}

❚❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t✇♦ str❛t❡❣✐❡s ✐s ❛ str❛t❡❣②✳

■❞❡♥t✐t② ♠♦r♣❤✐s♠✳ ❲❡ ❞❡✜♥❡ t❤❡ ✐❞❡♥t✐t② ♠♦r♣❤✐s♠ idA ♦♥ ❛ ❣❛♠❡ A ❛s ❛ ✈❛r✐❛t✐♦♥
♦♥ t❤❡ ❝♦♣②❝❛t str❛t❡❣② ♦♥ t❤❡ ❣❛♠❡ A∗ ⊗ A ❞❡s❝r✐❜❡❞ ❜② ❆♥❞ré ❏♦②❛❧ ✐♥ ❬✷✸❪✳ ❈♦❛rs❡❧②✱
❢♦r ❡✈❡r② ❖♣♣♦♥❡♥t ♠♦✈❡ ✐♥ ♦♥❡ ♦❢ t❤❡ ❝♦♠♣♦♥❡♥t A∗ ♦r A✱ t❤❡ ❝♦♣②❝❛t str❛t❡❣② r❡s♣♦♥s❡s
✇✐t❤ t❤❡ ❞✉❛❧ ♠♦✈❡ ✐♥ t❤❡ ♦t❤❡r ❝♦♠♣♦♥❡♥t✳ ▼♦r❡ ❢♦r♠❛❧❧②✱ t❤❡ ✐❞❡♥t✐t② ✐s ❞❡✜♥❡❞ ❛s

idA
def
= {s ∈ P❧❛②even

A∗
1⊗A2

| ∀t ≺even s , t|A1
= t|A2

}

✇❤❡r❡ ✇❡ ✉s❡ t❤❡ t❛❣s 1 ❛♥❞ 2 t♦ ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥ t❤❡ t✇♦ ♦❝❝✉rr❡♥❝❡s ♦❢ A ❛♥❞ ✇❤❡r❡
t❤❡ ❡①♣♦♥❡♥t even r❡str✐❝ts t❤❡ ♣r❡✜① r❡❧❛t✐♦♥ ♦♥ ♣❛t❤s t♦ t❤❡ ♣r❡✜① r❡❧❛t✐♦♥ ♦♥ ❡✈❡♥
♣❛t❤s✳

❚❤❡ ❝❛t❡❣♦r② Conway ♦❢ ❈♦♥✇❛② ❣❛♠❡s✳ ❚❤❡ ❝❛t❡❣♦r② Conway ❤❛s ❈♦♥✇❛② ❣❛♠❡s
❛s ♦❜❥❡❝ts✱ ❛♥❞ str❛t❡❣✐❡s σ ♦❢ A∗ ⊗ B ❛s ♠♦r♣❤✐s♠s σ : A → B✳ ❚❤❡ r❡s✉❧t✐♥❣ ❝❛t✲
❡❣♦r② Conway ✐s ❝♦♠♣❛❝t✲❝❧♦s❡❞ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❬✷✹❪ ✇✐t❤ ✉♥✐ts ηA : 1 → A ⊗ A∗ ❛♥❞
❝♦✉♥✐ts εA : A∗⊗A → 1 ❞❡✜♥❡❞ ❛s ❝♦♣②❝❛t str❛t❡❣✐❡s✳ ❈♦♠♣❛❝t ❝❧♦s✉r❡ ♠❡❛♥s t❤❛t ⊗ = `

❢r♦♠ ❛ ❧♦❣✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ♦r t❤❛t t❤❡r❡ ❡①✐st ❛♥ ✐s♦♠♦r♣❤✐s♠ (A⊗B)∗ ∼= A∗⊗B∗ ♥❛t✉✲
r❛❧ ✐♥ A ❛♥❞ B✳ ❆❧❧ ✇❡ ♥❡❡❞ ❤❡r❡ ✐s t❤❛t Conway ✐s ❛✉t♦♠❛t✐❝❛❧❧② ♠♦♥♦✐❞❛❧ ❝❧♦s❡❞✱ ✇✐t❤
❝❧♦s✉r❡ ❞❡✜♥❡❞ ❛s

A∗ ⊗ B.

❇❡❢♦r❡ ✐♥tr♦❞✉❝✐♥❣ ❛ ♥♦t✐♦♥ ♦❢ r❡s♦✉r❝❡s t❤r♦✉❣❤ ❛ ♣❛②♦✛ ❢✉♥❝t✐♦♥✱ ✇❡ ❤❛✈❡ t♦ r❡str✐❝t
♦✉rs❡❧✈❡s t♦ ♥❡❣❛t✐✈❡ ❈♦♥✇❛② ❣❛♠❡s✳ ■♥❞❡❡❞✱ ✐❢ ✇❡ st❛② ✐♥ ❛♥ ❡♥t✐r❡❧② s❡❧❢ ❞✉❛❧ s❡tt✐♥❣✱
❤❛✈✐♥❣ ❛ ♥♦t✐♦♥ ♦❢ ✇✐♥♥✐♥❣ str❛t❡❣✐❡s t❤❛t ❝♦♠♣♦s❡ ✐s q✉✐t❡ tr✐❝❦②✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡
♣❛②♦✛ ❢✉♥❝t✐♦♥ ❝❛♥ ♥♦t ❜❡ ♣♦s✐t✐♦♥❛❧ ❛♥❞ t❤❡ ❝♦♥str❛✐♥ts ✐♠♣♦s❡❞ ♦♥ str❛t❡❣✐❡s ❤❛✈❡ t♦
❞❡❛❧ ✇✐t❤ ❡✈❡r② s✉❜♣❛t❤ ♦❢ ❛ ♣❧❛② r❛t❤❡r t❤❛♥ ❡✈❡r② r❡❛❝❤❡❞ ♣♦s✐t✐♦♥s✳ ❙✉❝❤ ❛ ♥♦t✐♦♥
❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ✐♥ ❬✸✽❪ ✐♥ ♦r❞❡r t♦ ❡①t❡♥❞s t❤❡ ♥♦t✐♦♥ ♦❢ ❜r❛❝❦❡t✐♥❣ t♦ ❛ s❡❧❢ ❞✉❛❧
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❢r❛♠❡✇♦r❦✱ ❧❡❛❞✐♥❣ t♦ t❤❡ ♥♦t✐♦♥ ♦❢ ♠✉❧t✐❜r❛❝❦❡t✐♥❣✳ ❍♦♣❡❢✉❧❧②✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❣✐✈❡ ❛
♠♦❞❡❧ ♦❢ t❡♥s♦r✐❛❧ ❧♦❣✐❝ ❜② ♠✉❝❤ s✐♠♣❧❡r ❝♦♥❞✐t✐♦♥s✳

❚❤❡ ❢✉❧❧ s✉❜❝❛t❡❣♦r② N ♦❢ ♥❡❣❛t✐✈❡ ❈♦♥✇❛② ❣❛♠❡s ✐s ♥♦ ❧♦♥❣❡r ❝♦♠♣❛❝t ❝❧♦s❡❞ ❜✉t
✐♥❤❡r✐ts t❤❡ ❝❧♦s✉r❡ ♦❢ Conway✳ ●✐✈❡♥ ❛ ❈♦♥✇❛② ❣❛♠❡ A✱ ✇❡ ♥♦t❡ A− t❤❡ ♥❡❣❛t✐✈❡
❈♦♥✇❛② ❣❛♠❡ ♦❜t❛✐♥❡❞ ❜② r❡♠♦✈✐♥❣ ❛❧❧ Pr♦♣♦♥❡♥t ♠♦✈❡s st❛rt✐♥❣ ❢r♦♠ t❤❡ r♦♦t✳

❚❤✐s ❝♦♥str✉❝t✐♦♥ ❡①t❡♥❞s t♦ ❛ ❢✉❧❧② ❢❛✐t❤❢✉❧ ❢✉♥❝t♦r ❢r♦♠ Conway t♦ N ✱ ✇❤✐❝❤ ♠❛❦❡s
N ❛ ❝♦r❡✢❡①✐✈❡ ❝❛t❡❣♦r② ♦❢ Conway✳ ❚❤✐s ✐s ❡♥♦✉❣❤ t♦ ❡①♣♦rt t❤❡ ❝❧♦s✉r❡ ♦❢ t❤❡ ❝❛t❡❣♦r②
Conway t♦ t❤❡ ❝❛t❡❣♦r② N ❜②

A⊸ B
def
= (A∗ ⊗ B)−

❛s s❤♦✇♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✷ ✭tr❛♥s♣♦rt ♦❢ ❝❧♦s✉r❡✮ ▲❡t (C,⊗,_) ❜❡ ❛ s②♠♠❡tr✐❝ ♠♦♥♦✐❞❛❧ ❝❧♦s❡❞

❝❛t❡❣♦r② ❛♥❞ (D, •) ❜❡ ❛ s②♠♠❡tr✐❝ ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r②✳ ❙✉♣♣♦s❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♠♦♥♦✐❞❛❧

❛❞❥✉♥❝t✐♦♥ U ⊣ F : D → C ✇❤❡r❡ U ✐s ❢✉❧❧② ❢❛✐t❤❢✉❧✳ ❲❡ ❝❛♥ ❡①♣♦rt t❤❡ ❝❧♦s✉r❡ ♦♥ C t♦ ❛

❝❧♦s✉r❡ ♦♥ D ✇❤✐❝❤ ✐s ❞❡✜♥❡❞✱ ❢♦r ❡✈❡r② A, B ✐♥ D✱ ❜②✿

A⊸ B = F (U(A) _ U(B))

Pr♦♦❢✿ ❆s t❤❡ ❛❞❥✉♥❝t✐♦♥ ✐s ♠♦♥♦✐❞❛❧✱ t❤❡ ❢✉♥❝t♦r U ✐s str♦♥❣ ♠♦♥♦✐❞❛❧✳ ❚❤❡ ❝❧♦s✉r❡ ✐s
❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛s❝❛❞❡ ♦❢ ❜✐❥❡❝t✐♦♥s✿

D(B, A⊸ C) ∼= D(B, F (U(A) _ U(C)))
∼= C(U(B), U(A) _ U(C)) ❛❞❥✉♥❝t✐♦♥ U ⊣ F
∼= C(U(A) ⊗ U(B), U(C)) ❝❧♦s✉r❡ ✐♥ C
∼= C(U(A ⊗ B), U(C)) U str♦♥❣ ♠♦♥♦✐❞❛❧
∼= D(A • B, C) U ❢✉❧❧② ❢❛✐t❤❢✉❧

�

Pr♦♣♦s✐t✐♦♥ ✸ ❚❤❡ ❝❛t❡❣♦r② N ✐s s②♠♠❡tr✐❝ ♠♦♥♦✐❞❛❧ ❝❧♦s❡❞✳

❚❤✐s ❝❛t❡❣♦r② ✇✐❧❧ ❜❡ t❤❡ ♥❡✇ ❜❛s❡ ♦♥ ✇❤✐❝❤ ✇❡ ✇✐❧❧ ❞❡✜♥❡ ♦✉r ♥♦t✐♦♥ ♦❢ ❣❛✐♥✳

P❛②♦✛ ❈♦♥♥✇❛② ❣❛♠❡s✳ ❆ ♣❛②♦✛ ❈♦♥✇❛② ❣❛♠❡ ✐s ❛ ♥❡❣❛t✐✈❡ ❈♦♥✇❛② ❣❛♠❡ A =
(VA, EA, λA) ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ♣❛②♦✛ ❢✉♥❝t✐♦♥ ✭❞❡✜♥❡❞ ♦♥ ♣♦s✐t✐♦♥s✮

κA : VA → {−1, 0,+1}.

❆ ♣♦s✐t✐♦♥ ✐s s❛✐❞ t♦ ❜❡ ✇✐♥♥✐♥❣ ✐❢ κA(x) ∈ {0, +1}✳ ■♥t✉✐t✐✈❡❧②✱ t❤❡ ✈❛❧✉❡ −1 ❞❡♥♦t❡s ❛
✇✐♥♥✐♥❣ ♣♦s✐t✐♦♥ ❢♦r ❖♣♣♦♥❡♥t✱ t❤❡ ✈❛❧✉❡ +1 ❞❡♥♦t❡s ❛ ✇✐♥♥✐♥❣ ♣♦s✐t✐♦♥ ❢♦r Pr♦♣♦♥❡♥t✱
❛♥❞ t❤❡ ✈❛❧✉❡ 0 ❞❡♥♦t❡s ❛ ✏♥❡✉tr❛❧✑ ♣♦s✐t✐♦♥✳
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⊗ −1 0 +1

−1 −1 −1 −1

0 −1 0 +1

+1 −1 +1 +1

⊸ −1 0 +1

−1 +1 +1 +1

0 −1 0 +1

+1 −1 −1 +1

Table 1. “Truth tables” of the tensor product and the closure.

❚❡♥s♦r ♣r♦❞✉❝t ❛♥❞ ❝❧♦s✉r❡ ♦❢ ♣❛②♦✛ ❣❛♠❡s✳ ❲❡ ♥♦✇ ❡①t❡♥❞ t❤❡ ♣❛②♦✛ ❢✉♥❝t✐♦♥ t♦
t❤❡ t❡♥s♦r ♣r♦❞✉❝t ❛♥❞ t❤❡ ❝❧♦s✉r❡ ♦♣❡r❛t♦r✳ ❆s t❤❡ ♣❛②♦✛ ✐s ♣♦s✐t✐♦♥❛❧✱ ✐t ✐s s✉✣❝✐❡♥t t♦
♣r♦✈✐❞❡ ❛ ✏tr✉t❤ t❛❜❧❡✑ ✭❝❢✳ ❚❛❜❧❡ ✶✮✳ ❚❤♦s❡ ✏❚r✉t❤ t❛❜❧❡s✑ ❛r❡ ❣✉✐❞❡❞ ❜② t❤❡ ✐♥t✉✐t✐♦♥ t❤❛t
⊗ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❜♦♦❧❡❛♥ ❝♦♥❥✉♥❝t✐♦♥ ∧✱ ⊸ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❜♦♦❧❡❛♥ ✐♠♣❧✐❝❛t✐♦♥
⇒✱ −1 ♠❡❛♥s ❢❛❧s❡✱ +1 ♠❡❛♥s tr✉❡ ❛♥❞ 0 ♥❡✈❡r ❝❤❛♥❣❡s t❤❡ ♣♦❧❛r✐t②✳

❚❤✉s✱ t❤❡ ♣❛②♦✛ ❈♦♥✇❛② ❣❛♠❡ A⊗B ✐s ❞❡✜♥❡❞ ❛s t❤❡ ✉♥❞❡r❧②✐♥❣ ❈♦♥✇❛② ❣❛♠❡ A⊗B✱
❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ♣❛②♦✛ ❢✉♥❝t✐♦♥

κA⊗B(x ⊗ y) = κA(x) ⊗ κB(y);

❛♥❞ t❤❡ ♣❛②♦✛ ❈♦♥✇❛② ❣❛♠❡ A⊸ B ✐s ❞❡✜♥❡❞ ❛s t❤❡ ✉♥❞❡r❧②✐♥❣ ❈♦♥✇❛② ❣❛♠❡ A⊸ B✱
❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ♣❛②♦✛ ❢✉♥❝t✐♦♥

κA⊸B(x⊸ y) = κA(x)⊸ κB(y).

❲❡ s❡t t♦ 0 t❤❡ ✉♥✐q✉❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❣❛♠❡ 1✳

❲✐♥♥✐♥❣ str❛t❡❣✐❡s✳ ❲✐t❤ t❤❡ ❣❡♥❡r❛❧ ♥♦t✐♦♥ ♦❢ str❛t❡❣②✱ ❡✈❡r② ♥❡❣❛t✐✈❡ ❣❛♠❡ ❤❛s ❛
✉♥✐q✉❡ ♠♦r♣❤✐s♠ t♦ 1✳ ❲❡ ✇✐❧❧ ✉s❡ t❤❡ ♣❛②♦✛ ❢✉♥❝t✐♦♥ t♦ ❞❡✜♥❡ ✇✐♥♥✐♥❣ str❛t❡❣✐❡s✱ ✇❤✐❝❤
✇✐❧❧ ❤❡❧♣ ✉s t♦ ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥ ❛✣♥❡ ❣❛♠❡s ✭✇❤♦s❡ ♣♦❧❛r✐t② ♦❢ t❤❡ r♦♦t ✐s 0✮ ❛♥❞ ❧✐♥❡❛r

❣❛♠❡s ✭✇❤♦s❡ ♣♦❧❛r✐t② ♦❢ t❤❡ r♦♦t ✐s +1✮✳
❆ str❛t❡❣② σ ♦♥ ❛ ♣❛②♦✛ ❈♦♥✇❛② ❣❛♠❡ A ✐s ✇✐♥♥✐♥❣ ✇❤❡♥ ❛❧❧ t❤❡ ♣❧❛②s ✐♥ t❤❡ str❛t❡❣②

❧❡❛❞ t♦ ✇✐♥♥✐♥❣ ♣♦s✐t✐♦♥s✱ t❤❛t ✐s ♣♦s✐t✐♦♥ ♦❢ ♣❛②♦✛ 0 ♦r +1✿

❢♦r ❛❧❧ s : x։ y, s ∈ σ ✐♠♣❧✐❡s κA(s) ∈ {0,+1}

❲❡ ✇✐❧❧ ❞❡✜♥❡ ❛ ❝❛t❡❣♦r② ♦❢ ♣❛②♦✛ ❈♦♥✇❛② ❣❛♠❡s ✇❤♦s❡ ♠♦r♣❤✐s♠s ❢r♦♠ ❛ ❣❛♠❡ A t♦ ❛
❣❛♠❡ B ❛r❡ ✇✐♥♥✐♥❣ str❛t❡❣✐❡s ♦♥ A⊸ B✳ ❘❡♠❛r❦ t❤❛t ♦✉r ❞❡✜♥✐t✐♦♥ ♦❢ ♣❛②♦✛ ♦♥ A⊸ B

✐♠♣❧✐❡s t❤❛t t❤❡r❡ ✐s ♥♦ ✇✐♥✐♥❣ str❛t❡❣✐❡s ❢r♦♠ A t♦ B ✇❤❡♥ κA(⋆A) ⊸ κB(⋆B) = −1✳
❚❤✐s ✐s t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡ ❣❛♠❡ A ✐s ❧✐♥❡❛r ❛♥❞ t❤❡ ❣❛♠❡ B ✐s ❛✣♥❡✳ ❚♦ ❞❡✜♥❡ ❛ ❝❛t❡❣♦r②✱
✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t ✇✐♥♥✐♥❣ str❛t❡❣✐❡s ❞♦ ❝♦♠♣♦s❡✳

Pr♦♣♦s✐t✐♦♥ ✹ ❲❤❡♥ σ : A⊸ B ❛♥❞ τ : B ⊸ C ❛r❡ ✇✐♥♥✐♥❣ str❛t❡❣✐❡s✱ τ ◦ σ : A⊸ C

✐s ❛❧s♦ ❛ ✇✐♥♥✐♥❣ str❛t❡❣②✳

Pr♦♦❢✿ ❲❡ ❛❧r❡❛❞② ❦♥♦✇ t❤❛t str❛t❡❣✐❡s ❞♦ ❝♦♠♣♦s❡✱ ✐t ❥✉st r❡♠❛✐♥s t♦ ❝❤❡❝❦ t❤❡ ✇✐♥♥✐♥❣
❝♦♥❞✐t✐♦♥✳ ❆s ✐t ✐s ❞❡✜♥❡❞ ♣♦s✐t✐♦♥❛❧❧②✱ ✐t s✉✣❝❡s t♦ ♦❜s❡r✈❡ ❜② ❛ ❝❛s❡ ❛♥❛❧②s✐s t❤❛t t❤❡
❝♦♠♣♦s✐t❡ ♦❢ t✇♦ ✇✐♥♥✐♥❣ ♣♦s✐t✐♦♥s ♦♥⊸ ✐s ✇✐♥♥✐♥❣✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t

κA(x)⊸ κB(y) ∈ {0,+1} ✭x⊸ y ✿ ✇✐♥♥✐♥❣✮
κB(y)⊸ κC(z) ∈ {0,+1} ✭y⊸ z ✿ ✇✐♥♥✐♥❣✮

κA(x)⊸ κC(z) ∈ {0,+1} ✭x⊸ z ✿ ✇✐♥♥✐♥❣✮
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❚❤✐s ✇♦r❦s ❜❡❝❛✉s❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♣❛②♦✛ ❢✉♥❝t✐♦♥ ♦♥ ⊸ ❝♦♠❡s ❢r♦♠ t❤❡ ❜♦♦❧❡❛♥
✐♠♣❧✐❝❛t✐♦♥ ⇒✱ ✇❤✐❝❤ ✐s ✐ts❡❧❢ st❛❜❧❡ ❜② ❝♦♠♣♦s✐t✐♦♥✳ �

Pr♦♣♦s✐t✐♦♥ ✺ ✭❝❛t❡❣♦r② ♦❢ ♣❛②♦✛ ❈♦♥✇❛② ❣❛♠❡s✮ ❚❤❡ ❝❛t❡❣♦r② ✕ ✇❤♦s❡ ♦❜❥❡❝ts ❛r❡

♣❛②♦✛ ❈♦♥✇❛② ❣❛♠❡s ❛♥❞ ✇❤♦s❡ ♠♦r♣❤✐s♠s ❢r♦♠ A t♦ B ❛r❡ ✇✐♥♥✐♥❣ str❛t❡❣✐❡s ♦♥ A⊸ B

✕ ✐s s②♠♠❡tr✐❝ ♠♦♥♦✐❞❛❧ ❝❧♦s❡❞✳

Pr♦♦❢✿ ❲❡ ❛❧r❡❛❞② ❦♥♦✇ t❤❛t N ✐s ❛ s②♠♠❡tr✐❝ ♠♦♥♦✐❞❛❧ ❝❧♦s❡❞ ❝❛t❡❣♦r②✳ ■t r❡♠❛✐♥s
t♦ ❝❤❡❝❦ t❤❛t

(κA(x) ⊗ κB(y))⊸ κC(z) = κA(x)⊸ (κB(y)⊸ κC(z))

❢♦r ❛❧❧ ♣♦s✐t✐♦♥s x ∈ VA✱ y ∈ VB ❛♥❞ z ∈ VC ✳ ❚❤✐s ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡
✈❛❧✐❞✐t② ♦❢ t❤❡ ❜♦♦❧❡❛♥ ❢♦r♠✉❧❛

(A ∧ B) ⇒ C ≡ A ⇒ (B ⇒ C).

�

❚❡❝❤♥✐❝❛❧❧②✱ ✐♥ ♦r❞❡r t♦ ❞❡✜♥❡ ❛♥ ❡①♣♦♥❡♥t✐❛❧ ♠♦❞❛❧✐t② ♦♥ ♦✉r ❝❛t❡❣♦r②✱ ✇❡ ♥❡❡❞ t♦
r❡str✐❝t ♦✉rs❡❧✈❡s t♦ ❣❛♠❡s ✇❤♦s❡ r♦♦t ✐s ✇✐♥♥✐♥❣✳ ❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ✇✐❧❧ ✇♦r❦ ✇✐t❤ t❤❡ ❢✉❧❧
s✉❜❝❛t❡❣♦r② P ✇❤♦s❡ ♦❜❥❡❝ts ❛r❡ r❡str✐❝t❡❞ t♦ ♣❛②♦✛ ❈♦♥✇❛② ❣❛♠❡s ✇✐t❤ ❛ ✇✐♥♥✐♥❣ r♦♦t✳
❋♦r s❤♦rt✱ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ s✉❝❤ ❣❛♠❡s ❛s ♣❛②♦✛ ❣❛♠❡s✳ ❘❡♠❛r❦ t❤❛t P ✐s st✐❧❧ s②♠♠❡tr✐❝
♠♦♥♦✐❞❛❧ ❜✉t ♥♦ ❧♦♥❣❡r ❝❧♦s❡❞ ❛s ⊸ ❞♦❡s ♥♦t ♣r❡s❡r✈❡ ✇✐♥♥✐♥❣ r♦♦t✳ ■t ✐s ♥❡✈❡rt❤❡❧❡ss
♣♦ss✐❜❧❡ t♦ ❞❡✜♥❡ ❛ t❡♥s♦r✐❛❧ ♥❡❣❛t✐♦♥ ♦♥ P✳

❚❡♥s♦r✐❛❧ ♥❡❣❛t✐♦♥✳ ▲❡t ⊥ t❤❡ ❧✐♥❡❛r ❣❛♠❡ ❛s ❢♦❧❧♦✇s

• t✇♦ ♣♦s✐t✐♦♥ ⋆⊥ ❡t x✱

• ❛ ✉♥✐q✉❡ ❖♣♣♦♥❡♥t ♠♦✈❡ m⊥ : ⋆⊥ ։ x✱

• κ⊥(⋆⊥) = +1 ❛♥❞ κ⊥(x) = 0✳

❆s ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✱ t❤❡ ❝❧♦s✉r❡ ♦♣❡r❛t♦r ❣✐✈❡s r✐s❡ t♦ ❛ t❡♥s♦r✐❛❧ ♥❡❣❛t✐♦♥ ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ ✇❛②✿ t❤❡ t❡♥s♦r✐❛❧ ♥❡❣❛t✐♦♥ ♦❢ ❛ ♣❛②♦✛ ❣❛♠❡ A ✐s ❞❡✜♥❡❞ ❛s

¬A
def
= A⊸ ⊥.

Pr♦♣♦s✐t✐♦♥ ✻ ❚❤❡ ❝❛t❡❣♦r② P ✐s ❛ ❞✐❛❧♦❣✉❡ ❝❛t❡❣♦r②✳

✺ ❆ ❣❛♠❡ ♠♦❞❡❧ ✇✐t❤ r❡s♦✉r❝❡s

❲❡ ♥♦✇ ❣✐✈❡ ❛♥ ❡①♣❧✐❝✐t ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ t❤r❡❡ r❡s♦✉r❝❡ ♠♦❞❛❧✐t✐❡s ♦❢ t❡♥s♦r✐❛❧ ❧♦❣✐❝
✐♥ ♦✉r ❣❛♠❡ ♠♦❞❡❧✳ ❲❡ ♣r♦✈❡ t❤❡ ❛❞❞✐t✐♦♥❛❧ ♣r♦♣❡rt✐❡s t❤❛t t❤❡ ❛✣♥❡ ❛♥❞ ❡①♣♦♥❡♥t✐❛❧
♠♦❞❛❧✐t✐❡s ❛r❡ ❢r❡❡✱ ❜✉t ♥♦t t❤❡ r❡❧❡✈❛♥t ♠♦❞❛❧✐t②✳
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❆✣♥❡ ♠♦❞❛❧✐t②✳ ❲❡ ❤❛✈❡ ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞ t❤❛t ❛ ♣❛②♦✛ ❣❛♠❡s A ✐s s❛✐❞ t♦ ❜❡ ❛✣♥❡

✇❤❡♥ ✐ts r♦♦t ✐s ♦❢ ♣❛②♦✛ 0✳ ❚❤❡ ✉♥✐q✉❡ str❛t❡❣② ❢r♦♠ A t♦ 1✱ ♥♦t❡❞ tA✱ ✐s t❤❡♥ ✇✐♥♥✐♥❣✳
❲❡ ♥♦t❡ Pw t❤❡ s✉❜❝❛t❡❣♦r② ♦❢ ❛✣♥❡ ♣❛②♦✛ ❣❛♠❡s✳

❚❤❡ ❛✣♥❡ ❣❛♠❡ !•wA ❛ss♦❝✐❛t❡❞ t♦ ❛ ♣❛②♦✛ ❣❛♠❡ A ✐s ♦❜t❛✐♥❡❞ ❜② ♣♦s✐♥❣ t❤❛t t❤❡ r♦♦t
♦❢ A ✐s ♦❢ ♣❛②♦✛ 0✳ ❚❤✐s ♠♦❞❛❧✐t② ❡①t❡♥❞s t♦ ❛ str❛t❡❣② σ : A ⊸ B ❜② ♣♦s✐♥❣ !•wσ = σ✳
❚❤✐s ❞❡✜♥✐t✐♦♥ ✐s ✈❛❧✐❞ ❜❡❝❛✉s❡ ♠❛❦✐♥❣ t❤❡ r♦♦ts ♦❢ A ❛♥❞ B ♥❡✉tr❛❧ ♦♥❧② ❣r♦✇s ✉♣ t❤❡
♥✉♠❜❡r ♦❢ ✇✐♥♥✐♥❣ ♣♦s✐t✐♦♥s ♦♥ A⊸ B✳

▲❡♠♠❛ ✸ ▲❡t A ❜❡ ❛♥ ❛✣♥❡ ♣❛②♦✛ ❣❛♠❡ ❛♥❞ B ❜❡ ❛ ♣❛②♦✛ ❣❛♠❡✳ ❊✈❡r② ♣♦s✐t✐♦♥ x⊸ y

♦❢ A⊸ B ✭♦r ✐♥❞✐✛❡r❡♥t❧② ♦❢ A⊸ !•wB✮ s❛t✐s✜❡s

κA(x)⊸ κB(y) ∈ {0,+1} ✐✛ κA(x)⊸ κ !•wB(y) ∈ {0, +1}

Pr♦♦❢✿ ■❢ y ✐s ♥♦t t❤❡ r♦♦t ♦❢ B✱ y ❤❛s t❤❡ s❛♠❡ ♣♦❧❛r✐t② ✐♥ ❜♦t❤ ❣❛♠❡s B ❛♥❞ !•wB✳ ❚❤✉s✱
✐t s✉✣❝❡s t♦ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ y = ⋆B✳ ■♥ t❤❛t ❝❛s❡✱ x = ⋆A ❜❡❝❛✉s❡ ❖♣♣♦♥❡♥t
♠✉st ♣❧❛② ✐ts ✜rst ♠♦✈❡ ✐♥ B ✭❜♦t❤ ❣❛♠❡ ❛r❡ ♥❡❣❛t✐✈❡✮✳ ❆s A ✐s ❛✣♥❡✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

{

κA(x)⊸ κB(y) = κB(⋆B) ∈ {0,+1} ❝❛r ❧❛ r❛❝✐♥❡ ❡st ❣❛❣♥❛♥t❡
κA(x)⊸ κ !•wB(y) = κ !•wB(⋆B) = 0 ❝❛r !•wB ❡st ❛✣♥❡✳

�

Pr♦♣♦s✐t✐♦♥ ✼ ❚❤❡ ❢✉♥❝t♦r !•w : P → Pw✱ ✇❤✐❝❤ ❛ss♦❝✐❛t❡s !•wA t♦ ❛ ♣❛②♦✛ ❣❛♠❡ A✱ ❞❡✜♥❡s

❛♥ ❛✣♥❡ ♠♦❞❛❧✐t✐❡s ♦♥ P✳

Pr♦♦❢✿ ❚❤❡ ❝❛t❡❣♦r② ♦❢ ❛✣♥❡ ♣❛②♦✛ ❣❛♠❡s Pw ✐s ❛ s②♠♠❡tr✐❝ ♠♦♥♦✐❞❛❧ s✉❜❝❛t❡❣♦r②
♦❢ P✱ ❤❛✈✐♥❣ 1 ❛s t❡r♠✐♥❛❧ ♦❜❥❡❝t✳ ❚❤❡ ❜❛❝❦✇❛r❞ ❢✉♥❝t♦r ❢r♦♠ Pw t♦ P ✐s s✐♠♣❧② t❤❡
✐♥❝❧✉s✐♦♥ ❢✉♥❝t♦r✳ ■t r❡♠❛✐♥s t♦ ❞❡✜♥❡ ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ Pw(A, !•wB) ❛♥❞ P(A, B) ❢♦r
❛♥② ❛✣♥❡ ♣❛②♦✛ ❣❛♠❡ A ❛♥❞ ❛♥② ♣❛②♦✛ ❣❛♠❡ B✳ ❇✉t ▲❡♠♠❛ ✸ ♣♦✐♥ts ♦✉t t❤❛t ❛ str❛t❡❣②
♦♥ A∗ ⊗ B ✐s ✇✐♥♥✐♥❣ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ✇✐♥♥✐♥❣ ♦♥ A∗⊗ !•wB✳ t❤❡ ❜✐❥❡❝t✐♦♥ ✐s t❤✉s ❣✐✈❡♥
❜② t❤❡ ✐❞❡♥t✐t②✳ �

❘❡♠❛r❦✱ ❜② t❤❡ ✇❛②✱ t❤❛t t❤✐s ♠♦❞❛❧✐t② ✐s ❢r❡❡✳ ■♥❞❡❡❞✱ ♥♦t✐♥❣ [idB] : !•wB → B t❤❡
❝♦♣②❝❛t str❛t❡❣② ✇❤✐❝❤ ❤❛s t❤❡ s❛♠❡ ♣❧❛②s ❛s t❤❡ ✐❞❡♥t✐t② ♦♥ B✱ ✇❡ ❦♥♦✇ t❤❛t ❢♦r ❡✈❡r②
str❛t❡❣② σ : A → B✱ ✇❤❡r❡ A ✐s ❛✣♥❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❛❣r❛♠ ❝♦♠♠✉t❡s ✉♥✐q✉❡❧② ❢♦r t❤❡
str❛t❡❣② !•wσ✿

!•wA = A
σ //

!•wσ

��

B

!•wB

[idB ]

99sssssssssss

❘❡❧❡✈❛♥t ♠♦❞❛❧✐t②✳ ❊✈❡r② ♣❛②♦✛ ❣❛♠❡ A ✐♥❞✉❝❡s ❛ r❡❧❡✈❛♥t ❣❛♠❡ !•cA ✕ ✇❤✐❝❤ ❝❛♥ ❜❡
s❡❡♥ ❛s t❤❡ ✐♥✜♥✐t❡ t❡♥s♦r ♦❢ A ✕ ❛s ❢♦❧❧♦✇s✿

• ✐ts ♣♦s✐t✐♦♥s ❛r❡ ✇♦r❞s w = x1 · · ·xk ✇❤♦s❡ ❧❡tt❡rs ❛r❡ ♣♦s✐t✐♦♥s xi ♦❢ t❤❡ ❣❛♠❡
A ❞✐st✐♥❝t ❢r♦♠ t❤❡ r♦♦t❀ t❤❡ ✐♥t✉✐t✐♦♥ ✐s t❤❛t ❡❛❝❤ ❧❡tt❡r xi ❞❡s❝r✐❜❡s t❤❡ ❝✉rr❡♥t
♣♦s✐t✐♦♥ ✐♥ t❤❡ it❤ ❝♦♣② ♦❢ A✱
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• ✐ts r♦♦t ⋆ !•cA ✐s t❤❡ ❡♠♣t② ✇♦r❞✱

• ✐ts ♠♦✈❡s m : w → w′ ❛r❡ ❡✐t❤❡r ♠♦✈❡s ♣❧❛②❡❞ ✐♥ ♦♥❡ ❝♦♣② ✿

w1 · x · w2
m
−→ w1 · y · w2

✇❤❡r❡ m : x → y ✐s ❛ ♠♦✈❡ ♦❢ t❤❡ ❣❛♠❡ A❀ ♦r ♠♦✈❡s ✇❤❡r❡ ❖♣♣♦♥❡♥t ♦♣❡♥s ❛ ♥❡✇
❝♦♣②✿

w
m
−→ w · x

✇❤❡r❡ m : ⋆A → x ✐s ❛♥ ✐♥✐t✐❛❧ ♠♦✈❡ ♦❢ A✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ m ✐s ❛ ♠♦✈❡ ♦❢ !•cA✱ ✇❡
♥♦t❡ m t❤❡ ✉♥❞❡r❧②✐♥❣ ♠♦✈❡ ✐♥ A✱

• ✐ts ♣❛②♦✛ ❢✉♥❝t✐♦♥ ♦♥ ❛ ♣♦s✐t✐♦♥ w = x1 · · ·xk ✐s ♦❜t❛✐♥❡❞ ❜②

κ !•cA(w) =
⊗

1≤i≤n

κA(xi)

❚❤❡ ♣♦❧❛r✐t② ♦❢ ❛ ♠♦✈❡ ✐♥ !•cA ✐s ❞✐r❡❝t❧② ✐♥❤❡r✐t❡❞ ❢r♦♠ t❤❡ ♣♦❧❛r✐t② ♦❢ ✐ts ✉♥❞❡r❧②✐♥❣ ♠♦✈❡
✐♥ A✳ ❲❡ ✇✐❧❧ ♥♦✇ ❞❡s❝r✐❜❡s t❤❡ ❞✐❛❣♦♥❛❧ str❛t❡❣②

δA ✿ !•cA −→ !•cA ⊗ !•cA

✇❤✐❝❤ ♠❛❦❡s !•c ❛ r❡❧❡✈❛♥t ♠♦❞❛❧✐t② ♦♥ P✳ ❈♦❛rs❡❧②✱ δA ✐s ❛ ❝♦♣②❝❛t str❛t❡❣② ♣❧✉s ❛ ♠❛♥❛❣❡✲
♠❡♥t ♦❢ ✐♥❞✐❝❡s✳ ❲❤❡♥ ❖♣♣♦♥❡♥t ♦♣❡♥s ❛ ♥❡✇ ❝♦♣② ✐♥ !•cA⊗ !•cA✱ δA r❡s♣♦♥s❡s ❜② ♦♣❡♥✐♥❣
❛ ♥❡✇ ❝♦♣② ✐♥ !•cA✳ ❚❤✐s ❝♦♣② ✐s t❤❡♥ ❧✐♥❦❡❞ t♦ t❤❡ ❢♦r♠❡r ✉♥t✐❧ t❤❡ ❡♥❞ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥✳
❈♦♥s❡q✉❡♥t❧②✱ ✇❤❡♥ ❖♣♣♦♥❡♥t ♣❧❛②s ❛ ♠♦✈❡ ✐♥ ❛♥ ❛❧r❡❛❞② ♦♣❡♥❡❞ ❝♦♣②✱ δA r❡s♣♦♥s❡s ❜②
t❤❡ s❛♠❡ ♠♦✈❡ ✐♥ t❤❡ r❡❧❛t❡❞ ❝♦♣②✳ ▼♦r❡ ❢♦r♠❛❧❧②✱ ✇❡ ❞❡✜♥❡ ❜② ✐♥❞✉❝t✐♦♥ t❤❡ ✐♥t❡r❧❡❛✈✐♥❣
♦❢ ❛ ♣❧❛② s ♦❢ !•cA⊗ !•cA ❛s t❤❡ ♣❧❛② 〈s〉 ♦❢ !•cA t❤❛t ♠✐♠✐❝s t❤❡ ♠♦✈❡s ♦❢ s✳ ❚❤❡ ❡♠♣t②
♣❧❛② ✐♥ !•cA⊗ !•cA ✐s ✉♥s✉r♣r✐s✐♥❣❧② tr❛♥s❧❛t❡❞ ✐♥t♦ t❤❡ ❡♠♣t② ♣❧❛② ✐♥ !•cA ❛♥❞ ❛ ♣❧❛② s · m ✐s
tr❛♥s❧❛t❡❞ ✐♥t♦

〈s · m〉
def
= 〈s〉 · m′

✇❤❡r❡ m′ ❤❛s t❤❡ s❛♠❡ ✉♥❞❡r❧②✐♥❣ ♠♦✈❡

m′ = m

♣❧❛②❡❞ ✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♣② ✐❢ m ✐s ♥♦t ✐♥✐t✐❛❧ ✐♥ A✱ ♦r ✐♥ ❛ ♥❡✇ ❝♦♣② ✐❢ m ✐s ✐♥✐t✐❛❧
✐♥ A✳ ❯s✐♥❣ t❤✐s ✐♥t❡r❧❡❛✈✐♥❣ ❢✉♥❝t✐♦♥✱ t❤❡ str❛t❡❣② δA ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

δA
def
= {s ∈ P❧❛②even

!•cA1⊸ ( !•cA2⊗ !•cA3) | ∀t ≺even s , t| !•cA1
= 〈t| !•cA2⊗ !•cA3

〉}

❆❣❛✐♥✱ t❤❡ t❛❣ 1✱ 2 ❛♥❞ 3 ❛r❡ ❤❡r❡ t♦ ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥ t❤❡ ❞✐✛❡r❡♥t ❝♦♣✐❡s ♦❢ t❤❡ ❣❛♠❡
A✳ ❚❤✐s str❛t❡❣② ✐s ✇✐♥♥✐♥❣ ❜❡❝❛✉s❡ ❡✈❡r② ♣♦s✐t✐♦♥ ✐t ♣❧❛②s ❤❛s t❤❡ s❛♠❡ ♣♦❧❛r✐t② ♦♥ t❤❡
❧❡❢t ❛♥❞ ♦♥ t❤❡ r✐❣❤t ♦❢ ⊸✳ ■t ✐s ♥♦t ❞✐✣❝✉❧t t♦ s❡❡ t❤❛t δA s❛t✐s✜❡s t❤❡ ❞✐❛❣r❛♠s ✭✻✮
❛♥❞ ✭✼✮ ❛♥❞ t❤✉s ❞❡✜♥❡s ❛ ❞✐❛❣♦♥❛❧ ♦♥ !•cA✳ ❚❤✐s ♠♦❞❛❧✐t② ❡①t❡♥❞s t♦ ✇✐♥♥✐♥❣ str❛t❡❣②
σ : A⊸ B ❜② ♣♦s✐♥❣

!•c σ =
def
= {(x1 · · ·xk)⊸ (y1 · · · yk) | ∀1 ≤ i ≤ k, xi ⊸ yi ∈ σ}

✇❤✐❝❤ ✐s ❛ ♠♦r♣❤✐s♠ ♦❢ P ❛s ♣♦✐♥t❡❞ ♦✉t ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✹ ■❢ σ ✐s ❛ ✇✐♥♥✐♥❣ str❛t❡❣②✱ t❤❡♥ t❤❡ str❛t❡❣② !•c σ ✐s ❛❧s♦ ✇✐♥♥✐♥❣✳

✷✵



Pr♦♦❢✿ ■t s✉✣❝❡s t♦ ♦❜s❡r✈❡ t❤❛t ❢♦r ❛❧❧ ♣♦s✐t✐♦♥s x ∈ VA✱ y ∈ VB✱ z ∈ VC ❛♥❞ t ∈ VD

s✉❝❤ t❤❛t
κ(A⊸B)⊗(C⊸D)((x⊸ y) ⊗ (z⊸ t)) ∈ {0,+1},

✇❡ ❤❛✈❡
κ(A⊗C)⊸(B⊗D)((x ⊗ z)⊸ (y ⊗ t)) ∈ {0,+1}.

�

❲❡ ♥♦✇ ❝❧❛✐♠ t❤❛t !•c ❞❡✜♥❡s ❛ r❡❧❡✈❛♥t ♠♦❞❛❧✐t②✳ ❲❡ ♥♦t❡ Pc t❤❡ s✉❜❝❛t❡❣♦r② ♦❢ P ♦❢
♦❜❥❡❝ts ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ❞✐❛❣♦♥❛❧ ❛♥❞ ✇✐♥♥✐♥❣ str❛t❡❣✐❡s ♣r❡s❡r✈✐♥❣ t❤✐s ❞✐❛❣♦♥❛❧✳

Pr♦♣♦s✐t✐♦♥ ✽ ❚❤❡ ❢✉♥❝t♦r !•c : P → Pc✱ ✇❤✐❝❤ ❛ss♦❝✐❛t❡s t❤❡ r❡❧❡✈❛♥t ❣❛♠❡ !•cA t♦ ❛ ❣❛♠❡

A✱ ❞❡✜♥❡s ❛ r❡❧❡✈❛♥t ♠♦❞❛❧✐t② ♦♥ P✳

Pr♦♦❢✿ ❚♦ ❞❡✜♥❡ ❛♥ ❛❞❥✉♥❝t✐♦♥ ❜❡t✇❡❡♥ Pc ❛♥❞ P✱ ✐t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t !•c ❞❡✲
✜♥❡s ❛ ❝♦♠♦♥❛❞ ♦♥ P ❜❡❝❛✉s❡ ✐ts ❛❞❥♦✐♥t ✐s t❤❡ ✐♥❝❧✉s✐♦♥ ❢✉♥❝t♦r✳ ❚❤❡ ❝♦✉♥✐t eA ❛♥❞
❝♦♠✉❧t✐♣❧✐❝❛t✐♦♥ dA ♦❢ t❤❡ ❝♦♠♦♥❛❞

eA : !•cA −→ A dA : !•cA −→ !•c !•cA

❛r❡ ❞❡✜♥❡❞ ❛s ❢♦r t❤❡ ❞✐❛❣♦♥❛❧ ✕ ❜② ✜rst ❞❡✜♥✐♥❣ t✇♦ ✐♥t❡r❧❡❛✈✐♥❣ ❢✉♥❝t✐♦♥s ❢r♦♠ ♣❧❛②s
♦❢ !•cA t♦ ♣❧❛②s ♦❢ A ❛♥❞ !•c !•cA ❛♥❞ t❤❡♥ ❞❡✜♥✐♥❣ ❛ ❝♦♣②❝❛t✲❧✐❦❡ str❛t❡❣②✳ ❚❤❡ ❡♠♣t② ♣❧❛② ✐s
s❡♥❞ t♦ t❤❡ ❡♠♣t② ♣❧❛②✳ ●✐✈❡♥ ❛ ♣❧❛② s · m ♦❢ !•cA✱ ✇❡ ❞❡✜♥❡

〈s · m〉e = 〈s〉e · m 〈s · m〉d = 〈s〉d · m
′

✇❤❡r❡ m′ ❤❛s t❤❡ s❛♠❡ ✉♥❞❡r❧②✐♥❣ ♠♦✈❡ m ♣❧❛②❡❞ ✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♣② ✐❢ m ✐s ♥♦t
✐♥✐t✐❛❧ ✐♥ A✱ ♦r ✐♥ ❛ ♥❡✇ ❝♦♣② ✐❢ m ✐s ✐♥✐t✐❛❧ ✐♥ A✳ ❲❡ t❤❡♥ ❞❡✜♥❡

eA
def
= {s ∈ P❧❛②even

!•cA1⊸ A2
| ∀t ≺even s , t| !•cA1

= 〈t|A2
〉e}

dA
def
= {s ∈ P❧❛②even

!•cA1⊸ !•c !•cA2
| ∀t ≺even s , t| !•cA1

= 〈t| !•c !•cA2
〉d}

■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t t❤❡ ❝♦❤❡r❡♥❝❡ ❞✐❛❣r❛♠s ❢♦r ❛ ❝♦♠♦♥❛❞ ❛r❡ s❛t✐s✜❡❞✳ �

❲❡ ❝❛♥ ♥♦✇ ✇♦♥❞❡r ✇❤❡t❤❡r t❤✐s ❝♦♠♦♥❛❞ ❞❡✜♥❡s t❤❡ ❢r❡❡ ❞✉♣❧✐❝❛❜❧❡ ♦❜❥❡❝t ♦♥ t❤❡

❝❛t❡❣♦r② P ✐♥ t❤❡ s❡♥s❡ t❤❛t ❛♥② ❛rr♦✇ D
f
−→ A ❢r♦♠ ❛ ❞✉♣❧✐❝❛❜❧❡ ❣❛♠❡ D t♦ ❛ ❣❛♠❡ A

❝❛♥ ❜❡ ✉♥✐q✉❡❧② ❢❛❝t♦r✐③❡❞ ❛s D
f†

−→ !•cA
eA−→ A✱ ✇❤❡r❡ f † ♣r❡s❡r✈❡s t❤❡ ❞✐❛❣♦♥❛❧ ❢r♦♠ D

t♦ !•cA✳ ❚❤✐s ✐s ♥♦t ♣♦ss✐❜❧❡ ✐♥ ❣❡♥❡r❛❧ ❛s ✇❡ ❝❛♥ s❡❡ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❣❛♠❡

Unit
def
= !•w(⊥⊸ ⊥).

❚❤✐s ❣❛♠❡ ✐s ❛✣♥❡ ❛♥❞ ✇❡ ❝❛♥ ❞❡✜♥❡ ❛ str❛t❡❣② com : 1 → Unit t❤❛t ❛♥s✇❡r t♦ t❤❡ ✉♥✐q✉❡
❖♣♣♦♥❡♥t ♠♦✈❡ ❜② t❤❡ ✉♥✐q✉❡ Pr♦♣♦♥❡♥t ♠♦✈❡✳ ❚❤❡♥✱

Unit
tUnit−−→ 1 ∼= 1 ⊗ 1

com⊗com
−−−−−−→ Unit⊗ Unit

♠❛❦❡s t❤❡ ❣❛♠❡ Unit ❛ ❞✉♣❧✐❝❛❜❧❡ ♦❜❥❡❝t✳ ◆♦✇✱ ❛♥② str❛t❡❣② σ : Unit → !•cA t❤❛t ♣r❡s❡r✈❡s
t❤❡ ❞✉♣❧✐❝❛t✐♦♥ ❝❛♥♥♦t ♣❧❛② ✐♥ Unit ❛s ❡①♣r❡ss❡❞ ❜② t❤❡ ❞✐❛❣r❛♠

Unit
tA //

σ

��

1 ∼= 1 ⊗ 1
com⊗com // Unit⊗ Unit

σ⊗σ

��
!•cA

δA // !•cA⊗ !•cA

✷✶



■t ❢♦❧❧♦✇s t❤❛t ✐t ✐s ♦♥❧② ♣♦ss✐❜❧❡ t♦ ❢❛❝t♦r ❛rr♦✇s ♦❢ t❤❡ ❢♦r♠

Unit
tUnit // 1

f // A

❚❤✉s✱ t❤❡ r❡❧❡✈❛♥t ♠♦❞❛❧✐t② ✐s ♥♦t ❢r❡❡ ✐♥ P✳ ❇✉t t❤✐s ✐s ♦♥❧② ❞✉❡ t♦ t❤❡ ❧❛❝❦ ♦❢ ❝♦❤❡r❡♥❝❡
r❡q✉✐r❡♠❡♥ts ❜❡t✇❡❡♥ t❤❡ ❞✉♣❧✐❝❛t✐♦♥ ❛♥❞ t❤❡ ✇❡❛❦❡♥✐♥❣✳ ❚❤✐s ❡♥❛❜❧❡s ❛♥② ❛✣♥❡ ❣❛♠❡
t♦ ❛❝t ❛s ❛ ❞✉♣❧✐❝❛❜❧❡ ❣❛♠❡ ✇✐t❤♦✉t ✐♠♣❧❡♠❡♥t✐♥❣ ❛ ✏r❡❛❧✑ ❞✉♣❧✐❝❛t✐♦♥✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤✐s
❦✐♥❞ ♦❢ ❢❛❦❡ ❞✉♣❧✐❝❛t✐♦♥ ✇✐❧❧ ❜❡ r❡❥❡❝t❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ ❝♦♠♠✉t❛t✐✈❡ ❝♦♠♦♥♦✐❞s ✐♥st❡❛❞ ♦❢
❞✉♣❧✐❝❛❜❧❡ ♦❜❥❡❝ts ❛s ✇❡ ✇✐❧❧ s❡❡ ✐♥ t❤❡ ♥❡①t ♣❛r❛❣r❛♣❤✳

❊①♣♦♥❡♥t✐❛❧ ♠♦❞❛❧✐t②✳ ❚❤❡ ❝♦♠♦♥♦✐❞❛❧ ❣❛♠❡ !•eA ❛ss♦❝✐❛t❡❞ t♦ ❛ ♣❛②♦✛ ❣❛♠❡ A ✐s
♦❜t❛✐♥❡❞ ❜② ❛♣♣❧②✐♥❣ s✉❝❝❡ss✐✈❡❧② ❜♦t❤ ❛✣♥❡ ❛♥❞ r❡❧❡✈❛♥t ♠♦❞❛❧✐t✐❡s

!•eA
def
= !•c !•wA = !•w !•cA.

❚❤❡ ♦r❞❡r ♦❢ ❛♣♣❧✐❝❛t✐♦♥ ❞♦❡s ♥♦t ♠❛tt❡r ❛s t❤❡ t✇♦ ❝♦♠♦♥❛❞s ❝♦♠♠✉t❡✳ ❲❡ ❡❛s✐❧② ❝❤❡❝❦
t❤❛t t❤❡ ❣❛♠❡ !•eA ❧✐✈❡s ✐♥ t❤❡ ❝❛rt❡s✐❛♥ ❝❛t❡❣♦r② Pe ♦❢ ❝♦♠♠✉t❛t✐✈❡ ❝♦♠♦♥♦✐❞s ♦♥ P✳

Pr♦♣♦s✐t✐♦♥ ✾ ❚❤❡ ❢✉♥❝t♦r !•e : P → Pe ✇❤✐❝❤ ❛ss♦❝✐❛t❡s t❤❡ ❝♦♠♦♥♦✐❞❛❧ ❣❛♠❡ !•eA t♦ ❡❛❝❤

❣❛♠❡ A ❞❡✜♥❡s ❛♥ ❡①♣♦♥❡♥t✐❛❧ ♠♦❞❛❧✐t② ♦♥ P✳

Pr♦♦❢✿ ❚❤❡ ❝♦♠♠✉t❛t✐♦♥ ♦❢ !•w ❛♥❞ !•c ✐♥❞✉❝❡s ❛ ❞✐str✐❜✉t✐✈❡ ❧❛✇ ❜❡t✇❡❡♥ t❤♦s❡ t✇♦ ❝♦♠♦♥✲
❛❞s✱ ❡q✉✐♣♣✐♥❣ ❛✉t♦♠❛t✐❝❛❧❧② !•e ♦❢ ❛ ❝♦♠♦♥❛❞✐❝ str✉❝t✉r❡ ♦♥ P✳ �

❲❡ ✇✐❧❧ ♥♦✇ s❤♦✇ t❤❛t t❤✐s ❝♦♠♦♥❛❞ ❞❡✜♥❡s t❤❡ ❢r❡❡ ❝♦♠♠✉t❛t✐✈❡ ❝♦♠♦♥♦✐❞✳ ❲❡
s✉♣♣♦s❡ ✕ ✇✐t❤♦✉t ❧♦st ♦❢ ❣❡♥❡r❛❧✐t② ❜❡❝❛✉s❡ t❤❡ ❛✣♥❡ ♠♦❞❛❧✐t② ✐s ❢r❡❡ ✕ t❤❛t B ✐s ❛♥
❛✣♥❡ ❣❛♠❡✳ ▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ str❛t❡❣② in : B⊗n → !•eB t❤❛t ♣❧❛②s ❛ ❝♦♣②❝❛t ♦♥ t❤❡
✜rst n ❝♦♣✐❡s ♦❢ !•eB ✐♥ B⊗n ❛♥❞ ❞♦❡s ♥♦t ❛♥s✇❡r t♦ t❤❡ ♦♣❡♥✐♥❣ ♦❢ t❤❡ n + 1t❤ ❝♦♣②✳
●✐✈❡♥ ❛ str❛t❡❣② σ : A → B ❢r♦♠ ❛ ❝♦♠♠✉t❛t✐✈❡ ❝♦♠♦♥♦✐❞ A ✕ ✇✐t❤ ❝♦✉♥✐t ♥♦t❡❞ tA
❛♥❞ ❝♦♠✉❧t✐♣❧✐❝❛t✐♦♥ ♥♦t❡❞ d ✕ t♦ ❛ ❣❛♠❡ B✱ ✇❡ ❞❡✜♥❡ σ†(n) ✐s ❞❡✜♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣
❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠ ✿

A
dn //

σ†(n)

��

A⊗n

σ⊗n

��
!•eB B⊗n

inoo

✇❤❡r❡ d0 = e✱ d1 ✐s t❤❡ ✐❞❡♥t✐t② ♦♥ A ❛♥❞ dn ❞❡♥♦t❡s t❤❡ n − 1 ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡
❝♦♠✉❧t✐♣❧✐❝❛t✐♦♥ d✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❛❣r❛♠ s❤♦✇s t❤❛t σ†(n) ⊂ σ†(n+1)

A
dn+1

//

dn

%%

σ†(n+1)

��

A⊗n+1

σ⊗n+1

��

A⊗n⊗tA

// A⊗n

σ⊗n

��
!•eB B⊗n+1

in+1oo B⊗n⊗tB // B⊗n

in

ee

✷✷



■♥ t❤❡ ❞✐❛❣r❛♠ ❛❜♦✈❡✱ ❛❧❧ t❤❡ ❢❛❝❡s ❝♦♠♠✉t❡ ❡①❝❡♣t t❤❡ ❜♦tt♦♠ ♦♥❡ ✇❤✐❝❤ ✐s ❥✉st ❛♥
✐♥❝❧✉s✐♦♥ ❛♥❞ t❤❡ ❡①tr❡♠❛❧ ❝❧♦❝❦✇✐s❡ ♣❛t❤ ✐s ❡q✉❛❧ t♦ σ†(n)✳ ❚❤✉s✱ ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡
❝♦♠♦♥♦✐❞❛❧ ❧✐❢t✐♥❣ str❛t❡❣② σ† ❜②

σ† def
=

⋃

n

σ†(n)

❲❡ ✇✐❧❧ ♥♦✇ s❤♦✇ t❤❛t σ† ✐s ❝♦♠♦♥♦✐❞❛❧✳ ❲❡ ❤❛✈❡ t❤❡ ✐♥❝❧✉s✐♦♥ ❝❤❛✐♥

δB ◦ σ†(n) ⊆ (σ†(n) ⊗ σ†(n)) ◦ d ⊆ δB ◦ σ†(2n).

❚❛❦✐♥❣ t❤❡ ❧✐♠✐t ♦❢ t❤✐s ✐♥❝❧✉s✐♦♥ ❝❤❛✐♥ ❣✐✈❡s ✉s✿

δB ◦ σ† ⊆ (σ† ⊗ σ†) ◦ d ⊆ δB ◦ σ†,

✇❤✐❝❤ ✐s t❤❡ r❡q✉✐r❡❞ ❡q✉❛❧✐t②✳ ❘❡♠❛r❦ t❤❛t !•eB
e⊗n
B

◦dn
B−−−−−→ B⊗n ❝♦❡q✉❛❧✐③❡s σ† ❛♥❞ σ†(n)✱

✇❤❡r❡ ✕ ❛s ❢♦r dn ✕ t❤❡ ♥♦t❛t✐♦♥ d0
B st❛♥❞s ❢♦r eB✱ d1

B ✐s t❤❡ ✐❞❡♥t✐t② ♦♥ !•eB ❛♥❞ dn
B ❞❡♥♦t❡s

t❤❡ n − 1 ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ❝♦♠✉❧t✐♣❧✐❝❛t✐♦♥ dB ✳ ❯s✐♥❣ t❤✐s r❡♠❛r❦ ❢♦r n = 1 ❣✐✈❡s t❤❡
❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠s

A
d1

σ†(1)

��
σ†

&&

A

σ

��
!•eB

eB

��

B
i1oo

w
w
w
w
w
w
w
w
w

w
w
w
w
w
w
w
w
w

B

✇❤✐❝❤ ✐♥❞✐❝❛t❡s t❤❛t
eB ◦ σ† = σ.

■t r❡♠❛✐♥s t♦ s❤♦✇ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤✐s ❧✐❢t✐♥❣✳

Pr♦♣♦s✐t✐♦♥ ✶✵ ●✐✈❡♥ ❛ str❛t❡❣② σ : A → B ❢r♦♠ ❛ ❝♦♠♠✉t❛t✐✈❡ ❝♦♠♦♥♦✐❞ A t♦ ❛ ♣❛②♦✛

❣❛♠❡ B✱ σ† : A → !•eB ✐s t❤❡ ✉♥✐q✉❡ str❛t❡❣② t❤❛t s❛t✐s✜❡s ✿

A
tA //

σ†

��

1

!•eB

t !•eB

;;
x

x
x

x
x

x
x

x
x

A
d //

σ†

��

A ⊗ A

σ†⊗σ†

��
!•eB

dB // !•eB⊗ !•eB

A
σ //

σ†

��

B

!•eB

eB

;;
wwwwwwwww

Pr♦♦❢✿ ❲❡ ❤❛✈❡ ❛❧r❡❛❞② s❤♦✇♥ t❤❛t σ† ✇❛s ❛ ❣♦♦❞ ❝❛♥❞✐❞❛t❡✳ ■t r❡♠❛✐♥s t♦ s❤♦✇ t❤❛t
✐t ✐s t❤❡ ♦♥❧② ♦♥❡✳ ❚❛❦❡ ❛♥♦t❤❡r ❝❛♥❞✐❞❛t❡ τ ✳ ❲❡ ❞❡✜♥❡ τ (n) ❛s t❤❡ s✉❜✲str❛t❡❣② ♦❢ τ t❤❛t
♣❧❛②s ♦♥❧② ♦♥ t❤❡ ✜rst n ❝♦♣✐❡s ♦❢ !•eB✱ t❤❛t ✐s

τ (n) = in ◦ (e⊗n
B ◦ dn

B) ◦ τ ❛♥❞ τ =
⋃

n

τ (n).

❈♦♥s✐❞❡r ♥♦✇ t❤❡ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠s

A
dn //

τ

��

A⊗n

τ⊗n

��

A⊗n

σ⊗n

��
!•eB

dn
B

// !•eB
⊗n

e⊗n
B

// B⊗n

✷✸



P♦st❝♦♠♣♦s✐♥❣ t❤✐s ❞✐❛❣r❛♠s ✇✐t❤ in ❞✐r❡❝t❧② ❣✐✈❡s t❤❡ ❡q✉❛❧✐t②

τ (n) = σ†(n)

✇❤✐❝❤ ♠❡❛♥s t❤❛t τ = σ†✳ �

❚❤❡ ♦♥❧② t❤✐♥❣s t❤❛t ❛r❡ ♠✐ss✐♥❣ t♦ ❤❛✈❡ ❛ ♠♦❞❡❧ ♦❢ t❡♥s♦r✐❛❧ ❧♦❣✐❝ ❛r❡ ❛❞❞✐t✐✈❡s✳ ❯♥❢♦r✲
t✉♥❛t❡❧②✱ t❤❡ ❝❛t❡❣♦r② P ❞♦❡s ♥♦t ❤❛✈❡ ❝♦♣r♦❞✉❝ts✳ ❲❡ ✇✐❧❧ ✉s❡ t❤❡ ❢❛♠✐❧② ❝♦♥str✉❝t✐♦♥✱
❞❡s❝r✐❜❡❞ ❜② ❆❜r❛♠s❦② ❡t ▼❝❈✉s❦❡r ✐♥ ❬✹❪✱ t♦ ❛❞❞ t❤❡♠ ❢r❡❡❧② t♦ ♦✉r ❝❛t❡❣♦r②✳

❋✐♥✐t❡ ♣r♦❞✉❝ts✳ ❋♦r ♦✉r ❢❛♠✐❧② ❝♦♥str✉❝t✐♦♥ t♦ ✜t ✇❡❧❧ ✇✐t❤ t❤❡ t❡♥s♦r✐❛❧ ♥❡❣❛t✐♦♥✱ ✇❡
♥❡❡❞ ✜♥✐t❡ ♣r♦❞✉❝ts✳ ●✐✈❡♥ ❛ ❢❛♠✐❧② (Ai)i∈I ♦❢ ♣❛②♦✛ ❣❛♠❡s ✐♥❞❡①❡❞ ♦♥ ❛ ✜♥✐t❡ s❡t I✱ t❤❡
♣r♦❞✉❝t &i∈IAi ✐s ❞❡✜♥❡❞ ❛s

• ✐ts ✉♥❞❡r❧②✐♥❣ ❣r❛♣❤ ✐s ♦❜t❛✐♥❡❞ ❜② t❛❦✐♥❣ t❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ t❤❡ ❣r❛♣❤s ✉♥❞❡r❧②✐♥❣
❡❛❝❤ Ai✱ ❛♥❞ ❜② ♠❡r❣✐♥❣ t❤❡✐r r♦♦t✱

• t❤❡ ♣♦❧❛r✐t② ♦❢ ♠♦✈❡s ✐s ❞✐r❡❝t❧② ✐♥❤❡r✐t❡❞ ❢r♦♠ t❤❡ ♣♦❧❛r✐t② ♦❢ t❤❡ ♠♦✈❡s ✐♥ Ai❀

• t❤❡ ♣❛②♦✛ ❢✉♥❝t✐♦♥ ✐s ✐♥❤❡r✐t❡❞ ❢r♦♠ t❤❡ ♣❛②♦✛ ❢✉♥❝t✐♦♥ ♦❢ ❡❛❝❤ Ai✱ ❡①❝❡♣t ❢♦r t❤❡
r♦♦t ✇❤✐❝❤ ❤❛s ♣❛②♦✛ +1 ✐❢ ❛❧❧ t❤❡ r♦♦ts ♦❢ t❤❡ Ai ❛r❡ ♦❢ ♣❛②♦✛ +1✱ ❛♥❞ ❤❛s ♣❛②♦✛
0 ❡❧s❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❣❛♠❡ &i∈IAi ✐s ❛✣♥❡ ❛s s♦♦♥ ❛s ♦♥❡ ♦❢ t❤❡ ❣❛♠❡ ✐s ❛✣♥❡✳

❚❤❡ it❤ ♣r♦❥❡❝t✐♦♥ ✐s ❣✐✈❡♥ ❜② t❤❡ ♦❜✈✐♦✉s ❝♦♣②❝❛t str❛t❡❣② ♦♥ t❤❡ ❣❛♠❡ Ai✳

❋r❡❡ ✜♥✐t❡ ❝♦♣r♦❞✉❝ts✳ ▲❡t ✉s ♥♦✇ ❝♦♥str✉❝t t❤❡ ❢r❡❡ ❝♦♠♣❧❡t✐♦♥ ✉♥❞❡r ✜♥✐t❡ ❝♦♣r♦❞✲
✉❝ts ✕ ♥♦t❡❞ Fam(P) ✕ ♦❢ t❤❡ ❝❛t❡❣♦r② P✳

●✐✈❡♥ ❛ ❝❛t❡❣♦r② C✱ ✐ts ❢r❡❡ ❝♦♠♣❧❡t✐♦♥ ✉♥❞❡r ✜♥✐t❡ ❝♦♣r♦❞✉❝ts Fam(C) ✐s ❞❡✜♥❡❞ ❛s
❢♦❧❧♦✇s✿

• ♦❜❥❡❝ts✿ ❢❛♠✐❧✐❡s {Ai|i ∈ I} ♦❢ ♦❜❥❡❝ts ♦❢ C✱ ✇❤❡r❡ I ✐s ❛ ✜♥✐t❡ s❡t✱

• ♠♦r♣❤✐s♠s✿ ❛ ♠♦r♣❤✐s♠ ❢r♦♠ {Ai | i ∈ I} t♦ {Bj | j ∈ J} ❝♦♥s✐st ✐♥ ❛ r❡✐♥❞❡①✐♥❣
❢✉♥❝t✐♦♥ f : I → J t♦❣❡t❤❡r ✇✐t❤ ❛ ❢❛♠✐❧② ♦❢ ♠♦r♣❤✐s♠s {fi : Ai → Bf(i) | i ∈ I} ♦❢
C✳

❋✐♥✐t❡ ❝♦♣r♦❞✉❝ts ✐♥ Fam(C) ❛r❡ s✐♠♣❧② ❣✐✈❡♥ ❜② ❞✐s❥♦✐♥t ✉♥✐♦♥s ♦❢ ❢❛♠✐❧✐❡s✳ ❚❤✐s ❝♦♥✲
str✉❝t✐♦♥ ❡①t❡♥❞s t♦ ❛ ✷✲♠♦♥❛❞✳ ❍②❧❛♥❞ ❛♥❞ P♦✇❡r ❣✐✈❡ t❤✐s ✷✲♠♦♥❛❞ ❛s ❛♥ ❡①❛♠♣❧❡
♦❢ ❛ s②♠♠❡tr✐❝ ♣s❡✉❞♦❝♦♠♠✉t❛t✐✈❡ ✷✲♠♦♥❛❞ ✐♥ ❬✷✵❪✳ ❋r♦♠ t❤✐s✱ t❤❡② ❞❡❞✉❝❡ t❤❛t ✐t
❞✐str✐❜✉t❡s ✇✐t❤ t❤❡ ✷✲♠♦♥❛❞ ❢♦r s②♠♠❡tr✐❝ ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r✐❡s✳ ❈♦♥s❡q✉❡♥t❧②✱ ✭❛✮ t❤❡
❝❛t❡❣♦r② Fam(C) ✐♥❤❡r✐ts t❤❡ s②♠♠❡tr✐❝ ♠♦♥♦✐❞❛❧ str✉❝t✉r❡ ♦❢ C✱ ✭❜✮ ✜♥✐t❡ ❝♦♣r♦❞✉❝ts ✐♥
Fam(C) ❞✐str✐❜✉t❡s ✇✐t❤ t❤❡ t❡♥s♦r ♣r♦❞✉❝t✱ ❛♥❞ ✭❝✮ Fam ♣r❡s❡r✈❡s ♠♦♥♦✐❞❛❧ ❛❞❥✉♥❝t✐♦♥✳

❆❜r❛♠s❦② ❛♥❞ ▼❝❈✉s❦❡r ❬✹❪ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤✐s ❢❛♠✐❧② ❝♦♥str✉❝t✐♦♥ ♣r❡s❡r✈❡s ❛❧s♦
✜♥✐t❡ ♣r♦❞✉❝ts ❛♥❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ t❡r♠✐♥❛❧ ♦❜❥❡❝ts✳ ❚❤✉s✱ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤✐s ❝♦♥✲
str✉❝t✐♦♥ ♣r❡s❡r✈❡s ❛✣♥❡✱ r❡❧❡✈❛♥t ❛♥❞ ❡①♣♦♥❡♥t✐❛❧ ♠♦❞❛❧✐t✐❡s❀ ❛♥❞ t❤❛t t❤❡ ✜♥✐t❡ ♣r♦❞✉❝ts
♦❢ C ❧✐❢ts t♦ Fam(C)✳ ▼♦r❡ ❝♦♥❝r❡t❡❧②✱ t❤❡ t❡♥s♦r ♣r♦❞✉❝t ❛♥❞ ♣r♦❞✉❝t ♦❢ A = {Ai|i ∈ I}
❛♥❞ B = {Bj |j ∈ J} ❛r❡ ❞❡✜♥❡❞ ❛s

A ⊗ B
def
= {Ai ⊗ Bj | (i, j) ∈ I × J}

A & B
def
= {Ai & Bj | (i, j) ∈ I × J}

✷✹



❲❤❡♥ C ❤❛s ❛ t❡♥s♦r✐❛❧ ♥❡❣❛t✐♦♥✱ ✐t ❝❛♥ ❛❧s♦ ❜❡ ❡①♣♦rt❡❞ t♦ Fam(C) ❜② ❛ss♦❝✐❛t❡❞ t♦
❛♥② A = {Ai|i ∈ I} t❤❡ s✐♥❣❧❡t♦♥ ❢❛♠✐❧②

¬A = {&i(¬Ai)}.

Pr♦♦❢✿ ❆ ♠♦r♣❤✐s♠ A ⊗ B → ¬C ✐♥ Fam(C) ✐s ❣✐✈❡♥ ❜② ♠♦r♣❤✐s♠s fi,j : Ai ⊗ Bj →
&k(¬Ak) ✭t❤❡ r❡✐♥❞❡①✐♥❣ ❢✉♥❝t✐♦♥ ✐s tr✐✈✐❛❧ ❤❡r❡✮✳ ❚❤♦s❡ ♠♦r♣❤✐s♠s ❝❛♥ ❜❡ ♣r♦❥❡❝t❡❞ ❜②
πk ◦ fi,j : Ai ⊗ Bj → ¬Ck✳ ❲❡ ❝❛♥ ♥♦✇ ✉s❡ t❤❡ t❡♥s♦r✐❛❧ ♥❡❣❛t✐♦♥ ♦❢ C t♦ ❣❡t ♠♦r♣❤✐s♠s
gi,j,k : Ai → ¬(Bj ⊗ Ck) ♦♥ ✇❤✐❝❤ ✇❡ ❝❛♥ ❢♦r♠ t❤❡ ♣r♦❞✉❝t

gi
def
= &j,k gi,j,k ✿ Ai → &j,k¬(Bj ⊗ Ck).

❲❡ ♦❜t❛✐♥ ✐♥ t❤✐s ✇❛② ❛ ♠♦r♣❤✐s♠ g : A → ¬(B ⊗ C) ♦♥ t❤❡ ❝❛t❡❣♦r② Fam(C)✳ ■t ✐s
❡❛s② t♦ ❝❤❡❝❦ t❤❛t t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡✜♥❡s ❛❜♦✈❡ ✐♥❞✉❝❡s ❛ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡
❜❡t✇❡❡♥ Fam(C)(A ⊗ B,¬C) ❛♥❞ Fam(C)(A,¬(B ⊗ C))✳ �

●❛t❤❡r✐♥❣ ❛❧❧ t❤♦s❡ r❡♠❛r❦s✱ ✇❡ ♦❜t❛✐♥ t❤❛t✿

Pr♦♣♦s✐t✐♦♥ ✶✶ Fam(P) ✐s ❛ ♠♦❞❡❧ ♦❢ t❡♥s♦r✐❛❧ ❧♦❣✐❝✳

✻ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ✐♥t❡❣r❛t❡ r❡s♦✉r❝❡ ♠♦❞❛❧✐t✐❡s ✐♥ ❣❛♠❡ s❡♠❛♥t✐❝s✱ ❛ t❛s❦ ✇❤✐❝❤ ❤❛s
❛❧✇❛②s ❛♣♣❡❛r❡❞ ❡①tr❡♠❡❧② ❞✐✣❝✉❧t t♦ ❛❝❝♦♠♣❧✐s❤ ✐♥ t❤❡ ♣❛st✳ ❚❤❡ t❛s❦ r❡q✉✐r❡s ✐♥❞❡❡❞ t♦
♣✉t ♠❛♥② ✐❞❡❛s t♦❣❡t❤❡r✱ ❛♥❞ t♦ r❡✉♥❞❡rst❛♥❞ t❤❡ t♦♣♦❣r❛♣❤② ♦❢ t❤❡ ✜❡❧❞✳ ■♥ ♣❛rt✐❝✉❧❛r✱
❧✐♥❡❛r ❧♦❣✐❝ ✐s r❡✜♥❡❞ ❛❧♦♥❣ t❤❡ ✇❛② ✐♥t♦ t❡♥s♦r✐❛❧ ❧♦❣✐❝✱ ✇❤❡r❡ t❤❡ ✐♥✈♦❧✉t✐✈❡ ♥❡❣❛t✐♦♥ ♦❢
❧✐♥❡❛r ❧♦❣✐❝ ✐s r❡♣❧❛❝❡❞ ❜② ❛ t❡♥s♦r✐❛❧ ♥❡❣❛t✐♦♥✳ ■t ✐s t❤❡♥ ♣♦ss✐❜❧❡ t♦ ❦❡❡♣ t❤❡ ❜❡st ♦❢
❧✐♥❡❛r ❧♦❣✐❝✿ r❡s♦✉r❝❡ ♠♦❞❛❧✐t✐❡s✱ ❡t❝✳ ❜✉t t♦ ✇♦r❦ ♦♥ ❣❛♠❡s ❛♥❞ ❝♦♥t✐♥✉❛t✐♦♥s ✐♥st❡❛❞✳
❆♥❞ ❧✐♥❡❛r ❧♦❣✐❝ ❝♦✐♥❝✐❞❡s t❤❡♥ ✇✐t❤ t❡♥s♦r✐❛❧ ❧♦❣✐❝ ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❛①✐♦♠ t❤❛t t❤❡
❝♦♥t✐♥✉❛t✐♦♥ ♠♦♥❛❞ ✐s ❝♦♠♠✉t❛t✐✈❡✳ ■♥ t❤❛t s❡♥s❡✱ t❡♥s♦r✐❛❧ ❧♦❣✐❝ ✐s ♠♦r❡ ♣r✐♠✐t✐✈❡ t❤❛♥
❧✐♥❡❛r ❧♦❣✐❝✱ ✐♥ t❤❡ s❛♠❡ ✇❛② t❤❛t ❣r♦✉♣s ❛r❡ ♠♦r❡ ♣r✐♠✐t✐✈❡ t❤❛♥ ❛❜❡❧✐❛♥ ❣r♦✉♣s✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❙✳ ❆❜r❛♠s❦②✱ ❙❡q✉❡♥t✐❛❧✐t② ✈s✳ ❝♦♥❝✉rr❡♥❝② ✐♥ ❣❛♠❡s ❛♥❞ ❧♦❣✐❝✱ ▼❛t❤❡♠❛t✐❝❛❧ ❙tr✉❝✲
t✉r❡s ✐♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ✶✸ ✭✷✵✵✸✮ ✺✸✶✕✺✻✺✳

❬✷❪ ❙✳ ❆❜r❛♠s❦②✱ ❘✳ ❏❛❣❛❞❡❡s❛♥✱ ●❛♠❡s ❛♥❞ ❢✉❧❧ ❝♦♠♣❧❡t❡♥❡ss ❢♦r ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❧✐♥❡❛r
❧♦❣✐❝✱ ❏♦✉r♥❛❧ ♦❢ ❙②♠❜♦❧✐❝ ▲♦❣✐❝ ✺✾ ✭✷✮ ✭✶✾✾✹✮ ✺✹✸✕✺✼✹✳

❬✸❪ ❙✳ ❆❜r❛♠s❦②✱ ❘✳ ❏❛❣❛❞❡❡s❛♥✱ P✳ ▼❛❧❛❝❛r✐❛✱ ❋✉❧❧ ❛❜str❛❝t✐♦♥ ❢♦r P❈❋✱ ■♥❢♦r♠❛t✐♦♥
❛♥❞ ❈♦♠♣✉t❛t✐♦♥ ✶✻✸ ✭✷✮ ✭✷✵✵✵✮ ✹✵✾✕✹✼✵✳

❬✹❪ ❙✳ ❆❜r❛♠s❦②✱ ●✳ ▼❝❈✉s❦❡r✱ ❈❛❧❧✲❜②✲✈❛❧✉❡ ❣❛♠❡s✱ ✐♥✿ ▼✳ ◆✐❡❧s❡♥✱ ❲✳ ❚❤♦♠❛s ✭❡❞s✳✮✱
Pr♦❝❡❡❞✐♥❣s ♦❢ ❈❙▲✬✾✼✱ ✈♦❧✳ ✶✹✶✹ ♦❢ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ❙♣r✐♥❣❡r✱
✶✾✾✽✳

❬✺❪ P✳ ❇❛✐❧❧♦t✱ ❱✳ ❉❛♥♦s✱ ❚✳ ❊❤r❤❛r❞✱ ▲✳ ❘❡❣♥✐❡r✱ ❇❡❧✐❡✈❡ ✐t ♦r ♥♦t✱ ❛❥♠✬s ❣❛♠❡s ♠♦❞❡❧ ✐s
❛ ♠♦❞❡❧ ♦❢ ❝❧❛ss✐❝❛❧ ❧✐♥❡❛r ❧♦❣✐❝✳✱ ✐♥✿ ▲■❈❙✱ ✶✾✾✼✳

✷✺



❬✻❪ ◆✳ ❇❡♥t♦♥✱ ❆ ♠✐①❡❞ ❧✐♥❡❛r ❛♥❞ ♥♦♥✲❧✐♥❡❛r ❧♦❣✐❝✿ Pr♦♦❢s✱ t❡r♠s ❛♥❞ ♠♦❞❡❧s✱ ✐♥✿ ❈❙▲
✬✾✹✱ ✈♦❧✳ ✾✸✸ ♦❢ ▲◆❈❙✱ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ P♦❧❛♥❞✱ ✶✾✾✺✳

❬✼❪ ●✳ ❇❡rr②✱ P✳✲▲✳ ❈✉r✐❡♥✱ ❙❡q✉❡♥t✐❛❧ ❛❧❣♦r✐t❤♠s ♦♥ ❝♦♥❝r❡t❡ ❞❛t❛ str✉❝t✉r❡s✱ ❚❤❡♦r❡t✐❝❛❧
❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ✷✵ ✭✶✾✽✷✮ ✷✻✺✕✸✷✶✳

❬✽❪ ❆✳ ❇❧❛ss✱ ❉❡❣r❡❡s ♦❢ ✐♥❞❡t❡r♠✐♥❛❝② ♦❢ ❣❛♠❡s✱ ❋✉♥❞❛t✐♦♥s ♦❢ ▼❛t❤❡♠❛t✐❝s ✼✼ ✭✶✾✼✷✮
✶✺✶✕✶✻✻✳

❬✾❪ ❆✳ ❇❧❛ss✱ ❆ ❣❛♠❡s s❡♠❛♥t✐❝s ❢♦r ❧✐♥❡❛r ❧♦❣✐❝✱ ❆♥♥❛❧s ♦❢ P✉r❡ ❛♥❞ ❆♣♣❧✐❡❞ ▲♦❣✐❝ ✺✻
✭✶✾✾✷✮ ✶✽✸✕✷✷✵✳

❬✶✵❪ ❘✳ ❈♦❝❦❡tt✱ ❘✳ ❙❡❡❧②✱ P♦❧❛r✐③❡❞ ❝❛t❡❣♦r② t❤❡♦r②✱ ♠♦❞✉❧❡s✱ ❛♥❞ ❣❛♠❡ s❡♠❛♥t✐❝s✱ ❚❤❡♦r②
❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s ♦❢ ❈❛t❡❣♦r✐❡s ✶✽ ✭✷✮ ✭✷✵✵✼✮ ✹✕✶✵✶✳

❬✶✶❪ ❱✳ ❉❛♥♦s✱ ❍✳ ❍❡r❜❡❧✐♥✱ ▲✳ ❘❡❣♥✐❡r✱ ●❛♠❡ s❡♠❛♥t✐❝s ❛♥❞ ❛❜str❛❝t ♠❛❝❤✐♥❡s✱ Pr♦❝❡❡❞✲
✐♥❣s✱ ❊❧❡✈❡♥t❤ ❆♥♥✉❛❧ ■❊❊❊ ❙②♠♣♦s✐✉♠ ♦♥ ▲♦❣✐❝ ✐♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ✶✷ ✭✶✾✾✻✮
✸✾✹✕✹✵✺✳

❬✶✷❪ ❚✳ ❊❤r❤❛r❞✱ ❋✐♥✐t❡♥❡ss s♣❛❝❡s✱ ▼❛t❤❡♠❛t✐❝❛❧ ❙tr✉❝t✉r❡s ✐♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ✶✺ ✭✵✹✮
✭✷✵✵✺✮ ✻✶✺✕✻✹✻✳

❬✶✸❪ ❏✳✲❨✳ ●✐r❛r❞✱ ▲✐♥❡❛r ❧♦❣✐❝✱ ❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ✺✵ ✭✶✾✽✼✮ ✶✕✶✵✷✳

❬✶✹❪ ❏✳✲❨✳ ●✐r❛r❞✱ ❆ ♥❡✇ ❝♦♥str✉❝t✐✈❡ ❧♦❣✐❝✿ ❈❧❛ss✐❝❛❧ ❧♦❣✐❝✱ ▼❛t❤❡♠❛t✐❝❛❧ ❙tr✉❝t✉r❡s ✐♥
❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ✶ ✭✸✮ ✭✶✾✾✶✮ ✷✺✺✕✷✾✻✳
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