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Intersection Number and Topology Preservation
within Digital Surfaces

Sébastien Fourey and Rémy Malgouyres

GREYC, ISMRA, 6 bd Maréchal Juin 14000 Caen - France,
{Fourey, Malgouyres } @greyc.ismra.fr

Abstract

In this paper, we prove a new result of digital topology which state that the digital
fundamental group — a notion previously introduced by Kong in [Kon89| — is sufficient
to characterize topology preservation whithin digital surfaces. This proof involves a
new tool for proving theorems in this field : the Intersection Number which counts
the number of real intersections between two surfels loops lying on a digital surface.
The main property of the intersection number and the reason why it is useful is the
following : the intersection number between two paths does not change after any
continuous deformation applied to the paths.
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Introduction

In [Kon89|, Kong introduced the digital fundamental group as a criterion for topology
preservation in the digital space Z3. The question being “When some set Y can be obtained
by applying an homotopic thinning algorithm to another set X ¢”. Indeed, whereas a
simple necessary condition considering holes in objects of Z? exists, the 3D case is not so
trivial.

Furthermore, in the 2D case, topology preservation has shown to be a very basic and
essential tool in pattern recognition and classification of objects represented in a planar
grid. Thus, the topology preservation in the 3D case is a very important question if
we expect to develop useful and efficient tools for 3D images analysis. Many authors
have worked on homotopic thinning algorithms from which a simple notion of homotopy
between digital sets can be derived (see [Kon89|, [Ber94] or [Kon95]). Now a question
remains about existence of a usable algorithm to decide if a given 3D set can be obtained
by homotopic thinning of another one.

Today, a necessary condition P(X,Y’) can be given in terms of properties of the funda-
mental group morphism induced by inclusion of sets, and inclusion between cavities of
the objects.

Now, another kind of digital objects is heavily used for image visualization and analysis
. digital surfaces. Such objects are defined as the “visible” boundaries of a 3D object
represented as a set of unit cubes (or vozels). These surfaces are constituted by unit 2D
squares so called surfels. For example, such objects have been used in [MLI8| to extract
some anatomical informations from Nuclear Magnetic Resonance (NMR) images.

In [ML98|, authors have proved that a similar criterion to the condition P previously
mentioned, using the digital fundamental group and intersection between “holes”, is a



necessary and sufficient condition for homotopy between parts of digital surfaces. Holes
here denote connected components of the complement of a part X of a digital surface >.

Since this paper, it was a conjecture that the condition about the “holes” was itself a
consequence of the condition relative to the fundamental groups except in a very particular
case. The purpose of this paper is to state and prove this result and then give a new
Theorem about homotopy between subsets of a digital surface (Section 6). This leads to
a very comprehensive new characterization which shows the ability of the fundamental
group to completely characterize homotopy within digital surfaces.

On the other hand, the lack of tools for studying homotopy classes of paths, which are
elements of the fundamental group, brings us to consider a new tool : the Intersection
Number. This number, which counts oriented intersections between two kinds of paths,
is invariant under any continuous deformation of the paths. Then, it can be used for
example to show that two paths are not homotopic. Similarly, it can also be used to show
that a path cannot be continuously deformed into a trivial path (i.e. a path reduced to
a single surfel). This property can be seen as a generalization of the notion introduced
in [RN97] where Rosenfeld and Nakamura study the properties of digital curves in 2D,
considering for example curves surrounding a 2D hole. In our case, we have studied curves
surrounding tunnels and this appears as an intermediate step between 2D and 3D cases.
Note that the possible numbers of real intersections between closed curves drawn on a
digital surface is related to the genus of the surface. Indeed, it is for example possible to
draw two curves wich intersect only one time on the surface of a solid thorus whereas this
is impossible on a sphere. The intersection number, which is defined here, allows such
considerations in the digital field.

The definition of the Intersection Number is given in subsection 2.1, the main properties
are stated in Section 3 and their proofs are given in 5. In the section 6 we use this new tool
and prove the above mentioned theorem on the characterization of homotopy between
sets using the fundamental group.

1 Definitions and preliminaries
1.1 Basic notions

The context of this paper is digital surfaces. In order to define what we call a digital
surface, we must recall few notions of digital topology. First, we consider objects as
subsets of the 3 dimensional space Z>. Elements of Z? are called vozels (short for “volume
elements”). The set of voxels which do not belong to an object O C Z3 constitute the
complement of the object and is denoted by O. Any voxel can be seen as a unit cube
centered at a point with integer coordinates v = (7,7, k) € Z3. Now, we can define some
binary symmetric antireflexive relations between voxels. Two voxels are said 6—adjacent
if they share a face, 18—adjacent if they share an edge and 26—adjacent if they share
a vertex. For topological considerations, we must always use two different adjacency
relations for an object and its complement. We sum this up by the use of a couple (n,7)



with {n,n} = {6, 18}, the n—adjacency being used for the object and the m—adjacency for
its complement. By transitive closure of these adjacency relations, we can define another
one : connectivity between voxels. We define an n-path m with a length %k from a voxel a
to a voxel bin O C Z3 as a sequence of voxels (v;)i=o,... & such that for 0 < ¢ < k, the voxel
v; is n-adjacent or equal to v;,1, with vg = a and v, = b. Now we define connectivity :
two voxels a and b are called n-connected in an object O if there exists an n-path 7 from
a to b in O. This is an equivalence relation between voxels of O, and the n—connected
components of an object O are equivalence classes of voxels according to this relation.
Using this equivalence relation on the complement of an object we can define a background
component of O as an n—connected component of O.

1.2 Digital surfaces

In this paper, we are interested by surfaces constituted of the boundary between a
6—connected or 18—connected subset O of Z3, and V which is one of its background
components. As in [Udu94| we first define the border between O and V' by:
3(0,V) ={(a,b) | a € O, b€V and a is 6—adjacent to b}

The set 3 = §(0, V) is called a digital surface and has the Jordan property (according
to the definition given in [Udu94|). Each couple (a,b) of ¥ is called a surfel (short for
surface element) and can be seen as the common face shared by two 6-adjacent voxels,
the first one belonging to the object, the second one to its background. Note that such
a face is oriented according to the outward normal and this definition of a surfel is more
restrictive than the classical one. In fact, we call a vozxel face the unit square shared by
any two 6-adjacent voxels, but a surfel is the oriented common face of two 6-adjacent
voxels, where the first one is a voxel of O and the second one is a voxel of V.

In the sequel of this paper, 3 = 6(0,V) is a digital surface.
1.3 Surfels Neighborhood, surfel paths

A surfel in a digital surface shares a given edge with at most three other surfels. We can
define an adjacency relation between surfels, which depends on the adjacency considered
for the object (6 or 18), in such a way that a surfel has exactly four neighbors, one per
edge . The definition of this classical regular graph on ¥ can be found for instance in
[RKWO1], and is as follows :

Definition 1 If X = §(O,V) where O C Z? is n—connected and V is one of its back-

ground components. Let (a,b) and (a’,b") be two surfels of §. We say that the two surfels

(a,b) and (a',V') are e—adjacent if they share an edge and :

o [f(n,m) = (6,18) then a and a' are 6—connected by a sequence of at most 3 vozxels in
0.

o If (n,m) = (18,6) then b and b are 6—connected by a sequence of at most 3 vowels in

0.
A pair {z,y} of e—adjacent surfels of 3 is called an edgel.



As in [ML98] we define a loop as an e—connected component of the set of the surfels
which share a given vertex (see Figure 1). One can see that a vertex is not sufficient to
uniquely define a loop since a vertex can define two distinct loops. In fact, a loop is well
defined given a vertex and a surfel incident to this vertex. We say that two surfels are
v—adjacent (short for “vertex adjacent”) if they belong to a common loop. We denote by
N, (z) for n € {e,v} the n—neighborhood of the surfel x, i.e. the set composed of the
surfels of ¥ which are n—adjacent to x.

In the case when ¥ = §(0,V) and O is 18—connected, we avoid some special configu-
rations by the assumption that any loop of the surface is a topological disk. A formal
way to express this assumption is to say that two v—adjacent surfels which are not
e—adjacent cannot both belong to two distinct loops. An equivalent formulation can be
stated as follows: we assume that if the object O the surface of which we consider is stud-
ied with 18 —connectivity, and if there exists in O two 18—adjacent voxels which are not
6—adjacent (see Figure 2) then, at least one of the two following properties is satisfied:
e The two voxels have an 18—neighbor in O in common.

e The voxels have two 26—neighbors in O in common which are themselves 26—adjacent.

yk+1
N L
Fig. 2. A pathological case for which a
Fig. 1. Example of a loop. loop is not a topological disk.

This restriction is necessary and sufficient to ensure that a loop is a topological disk. We
need a similar restriction on O when ¥ = 64 (O, V).

In the sequel, we refer to the following remark :

Remark 1 FEzxactly one loop of 3 may contain two surfels which are v—adjacent but not
e—adjacent.

The purpose of this paper is to study the topological properties of subsets of the set of
the surfels of X. Let X C X, let a and b two surfels of X and n € {e,v}. We define an
n—path ¢ from a to b in X with a length k as a sequence (z;);—o... » of surfels of X with
xog = a, x = b and such that for i € {0,... ,k — 1}, the surfel z; is n—adjacent to x;,1.
The n—path ¢ is called closed if z; is equal to xg, and then subscripts of surfels in ¢
must be understood modulo k. A path (z;)i—,.. & is said simple if x; # x; when i # j
(except for {i,j} = {0,k} if ¢ is closed). For a surfel z, we will denote x € c if z = x;
for some i € {0,...,k}, we also denote by ¢* the set {z | z € c}. Two surfels z and 2’
are called n—connected in X if there exists an n—path from z to ' in X. This is an
equivalence relation and the n—connected components of X are the equivalence classes of
this relation. If X C 3, we denote by C,,(X) the set of n—connected components of X
and by C*(X) the set of all n—connected components of X which are n—adjacent to a



given surfel z. Note that C,(X) is a set of subsets of ¥ and not a set of surfels. If o and
[ are two n—paths such that the last surfel of « is n—adjacent or equal to the first surfel
of 3, we denote by « * J the concatenation of the two paths o and . Note that in the
case when the last surfel of « is equal to the first surfel of 5 it is not duplicated in the
resulting concatenation.

We also need to recall the notion of a digital simple closed curve.

Definition 2 A subset C' of 3 is called a simple closed n—curve (for n € {e,v}) if it is
n—connected and any surfel x of C' is n—adjacent to exactly two other surfels of C. In
this case, one can find a simple closed n—path c in ¥ such that ¢ = C which is called a
parameterization of the curve C. We also call ¢ a parameterized simple closed n— curve.

1.4 Simple surfels, Homotopy

Let z € X. As previously set, we assume that any loop in X is a topological disk. However,
the v—neighborhood of the surfel x is not always a topological disk. In such a case, we have
to define a topology on N,(z) U {z} under which it is a topological disk. Let us consider
two surfels y and ¢’ in N,(z) U {z}. We say that y and ¢’ are e,—adjacent |respectively
vy—adjacent| if they are e—adjacent [respectively v—adjacent| and are contained in a
common loop which contains z. We denote by G.(z, X) [respectively G, (z, X)| the graph
whose vertices are the surfels of N,(z) N X and whose edges are pairs of e,—adjacent
[respectively v, —adjacent| surfels of N, (x) N X. We denote by C¥ (G, (x, X)) the set of all
connected components of G, (z, X) which contain a surfel n—adjacent to x.

Definition 3 We call + € X an n—isolated surfel if N,,(z) N X =0 and an n—interior
surfel if Ny(z) N X = 0.

Definition 4 (simple surfel [ML98]) A surfel x is called n—simple in X if and only if
the number Card(CE(G,(z, X))) of connected components of G, (x, X) which are n—adja-
cent to x is equal to 1, and if x is not n—interior to X. Intuitively, a surfel is n—simple
in X if its deletion does not change the topology of X.

Remark 2 Similarly with the 2D case, if the surfel x is neither n—isolated nor
n—interior then we have Card(C*|(G,,(x, X)]) = Card(CE|Grn(z, X)]).

Definition 5 (Homotopy) Let Y C X be two subsets of Sigma. The set Y is said to
be (lower) n—homotopic to X if and only if Y can be obtained from X by sequential
deletion of n—simple surfels.

This notion of homotopy enables to define topology-preserving thinning algorithms within
subsets of a digital surface.

1.5 The fundamental group of a digital surface

In this section, we define the digital fundamental group in the framework of digital sur-
faces, following the definition of Kong in [Kon89| and [Kon88|.

Now, we need to introduce the n—homotopy relation between n—paths. Intuitively, a
path « is homotopic to a path [ if a can be “continuously deformed” into . Let us



consider X C X. First, we introduce the notion of an elementary deformation. Two closed
n—paths 7 and 7’ in X having the same extremities are the same up to an elementary
n—deformation (with fized extremities) in X if they are of the form 7 = 7y * v % My and
7! = my*7 %7y, the n—paths v and 7’ having the same extremities and being both included
in a common loop. Now, the two n—paths 7 and 7’ are said to be n—homotopic (with
fized extremities) in X if there exists a finite sequence of n—paths © = mg,... , 7, = 7’
such that for : = 0,... ,m — 1 the n—paths 7; and m;,; are the same up to an elementary
deformation (with fixed extremities). In this case, we denote m ~ 7’. A closed n—path
T = (Yo, .- ,Yp = Yo) is said to be n—reducible in X if 7 ~,, (yo,%0) in X.

Let B € X be a fixed surfel called the base surfel. We denote by A’%(X) the set of all
closed n—paths ™ = (o, ... , x,) which are included in X and such that zg = =, = B. The
n—homotopy relation is an equivalence relation on A%%(X), and we denote by II7(X, B)
the set of the equivalence classes of this equivalence relation. If ¢ € A%(X), we denote by
[c]in(x,B)y the class of ¢ under this relation.

The concatenation of closed n—paths is compatible with the n—homotopy relation, hence
it defines an operation on I17(X, B), which to the class of o and the class of 5 associates
the class of a * 3. This operation provides I17(X, B) with a group structure. We call this
group the n—fundamental group of X. The n—fundamental group defined using a surfel
B’ as base surfel is isomorphic to the n—fundamental group defined using a surfel B as
base surfel if X is n—connected.

Now, we consider Y C X C ¥ and B € Y a base surfel. A closed n—path in YV is a
particular case of a closed n—path in X. Furthermore, if two closed n—paths of Y are
n—homotopic (with fixed extremities) in Y, they are n—homotopic (with fixed extremi-
ties) in X. These two properties enable us to define a canonical morphism i, : II7(Y) —
II7(X), which we call the morphism induced by the inclusion map i : Y — X. To the
class of a closed n—path a € A%(Y) in [I7(Y") the morphism i, associates the class of the
same n—path in II7(X).

1.6 FEuler characteristics

In the following, we will need to define precisely what we call a topological disk and a
topological sphere. For this purpose, we will use the classical notion of Euler characteristics
which has been defined for this framework in [ML9S].
Definition 6 We associate a dimension to surfels, edgels and loops which is equal re-
spectively to 2, 1 and 0. We can identify a surfel x with the set {x}. We call a surfel a
2—cell, an edgel a 1—cell and a loop a 0—cell.
Definition 7 (Elementary Euler n—characteristics of a cell)
For d € {0,1,2} and for ¢ a d—cell, we define the elementary Euler characteristics of ¢
m X as

XX, c) = (—1)%. Card(C,(z N X)).
Note that the only case in which x4(X,c) can be different from 0, 1 and —1 is when c
is a loop and n = e. If Es and Ly, are respectively the sets of edgels and loops of 3, we



denote :
Xa(X) =D (X, 8), xu(X) = D xau(X€) and X (X) = > xn(X,0).
SED e€ly leLy
Definition 8 We define the Fuler n—characteristics of X, and we denote by x,(X) the
following quantity:
Xn(X) = X (X) 4 X, (X) +X0(X) = Card(X) + x,,(X) + x5 (X).
The following Theorem has been proved in [MLI8] :
Theorem 1 IfY C X C X aren—connected, then the following properties are equivalent:
(1) Y is n—homotopic to X.
(2) Xn(X) = xn(Y) and each n—connected component of Y contains a surfel of X.

2 Intersection Number of paths

In this section, we introduce a new tool for proving theorems in the framework of digital
surfaces which has been introduced in [FM99]. The main idea of this tool is to count the
number of real intersections between a v—path and an e—path. Again, we have to use two
complementary adjacencies notably in order to avoid the classical topological paradox of
paths which could cross without meeting themselves. Then, the main property of this
number is that it is left unchanged when one apply an homotopic deformation to any of
the two paths. Thus, it will be useful to distinguish homotopy classes of paths.

2.1 Definition

In order to define oriented intersections, we first define an orientation for surfels and then
what we call the “left side” and the “right side” of an e—path.

Notation 1 (Vertices and oriented edges) Since a surfel has four vertices, we can
order these vertices as in [RKWO91| by distinguishing one vertex for each type of surfel
(we distinguish 6 types of surfels according to their outward normal vector) and impose a
turning order for vertices around the outward normal to the surfel (the counterclockwise
order). Each vertex of a given surfel is associated with a number in {0, 1,2, 3}. With this
parameterization of vertices we can define oriented edges as couples of consecutive vertices
according to the cyclic order. So, for each surfel, we have the four following oriented edges
:(0,1), (1,2), (2,3) and (3,0). For an e—path m = (y)k=o,.. , and for k € {0,... ,p}, we
define front_ (k) when yr # yr+1 (resp. back,(k) when y, # yr_1) as the oriented edge
(a,b) with a,b € {0,1,2,3} of the surfel y; shared as an edge by yx and yry1 (resp. y
and yi_1). Remark that back,(0) and front (p) are not defined if 7 is not closed.

We want to define locally, at each point y; of an e—path 7, the right side and the left
side of 7 on the surface, taking into account the orientation of the surface (Definition 10
below). These local left and right sets will be in fact subsets of the v—neighborhood of
the surfel y;

Lemma 1 Let x be a surfel of X. Then, N,(x) is a simple closed e,— curve.



Proof: We prove that for any surfel y of N,(z), there are exactly two surfels z; and 2z
in N,(z) such that y is e,—adjacent to z; and zs.

Let y be a surfel of N,(z). First, we suppose that y and z are not e—adjacent. Then, from
Remark 1, only one loop £ of ¥ may contain both x and y. Let z; and z, be the only
(from the very definition of a loop) two surfels of £ which are e—adjacent to y. It follows
that z; and z5 are the only two surfels e—adjacent to y which can belong to a loop which
contains x. In other words, z; and 2, are the only two surfels e, —adjacent to y.

Now, we may suppose that x and y are e—adjacent. Then, we may suppose without loss
of generality that y shares as an edge with x the oriented edge (0,1) of y. Then, exactly
two loops contain both x and y : Lo(y) and L1(y). Let z; be the (unique) surfel of X
which shares as and edge with y the oriented edge (3,0) of y; and let z5 be the (unique)
surfel of ¥ which shares as and edge with y the oriented edge (1,2) of y. It is immediate
that {z1, 20} C Ny(z) and z; # 2. Obviously the surfel z3 which share as an edge with
y the oriented edge (2,3) can belong neither to £; nor to £y. Finally, z; and 2, are the
only two surfels of > which are e, —adjacent to y.

Furthermore, we must state that NV,(z) is e,—connected. This comes immediately from
the fact that N,(x) is made of the union of the four loops which contain z, minus the
surfel x itself. Now, the loops can be ordered following the vertices order; each one is
e—connected and shares a surfel with its successor in the latter order. It follows that the
union (minus {z}) introduced before is e, —connected. O

Now, given a surfel y in N,(z), there exists exactly two parameterizations (see Defini-
tion 2) ™ = (yk)k=o,.. p and ™ = (Y} )k=o,.. » Of the simple closed e,—curve C = N,(z)
such that yy = yj. Furthermore, is is immediate that 7=! = 7/. Then, we can define as
follows a canonical parameterization of the neighborhood of a surfel x which starts at a
given surfel y of N,(z).

Definition 9 (canonical parameterization of N,(z)) Let z € ¥ and y € N,(z). We
define the canonical parameterization of N,(x) associated to the surfel y, denoted by
Cy(x), as the only e,—path m = (Yo,...,yp) fromy = yo to y = y, such that 7 is
a parameterization of the simple closed e,—curve C = N,(x) and which satisfies the
following property : for all k € {0,... ,p—1}, x € L, (yr) where (wy — 1 mod 4, wy) is
the oriented edge of yr shared as an edge by y, and ygy1.

In other words, Cy(x) is the only e,—path 7 from y to y in N,(z) such that x is always
on the left of w for an observer which would walk on 7 and always look in the direction
of the next surfel in the parameterization.

We can now define locally, at each point y; of an n—path 7, the locals left and right sides
of 7 on the surface, taking into account the orientation of the surface.

Notation 2 For a surfel z and a given vertex number w € {0, 1,2, 3} we denote by L, (x)
the unique loop associated with the vertex number w of x which contains the surfel x.
Definition 10 (local left and right sets) Let 7 = (yx)k—o..p be an n—path for n €
{e,v} and k€ {1,... ,p—1} (k€{0,...,p} if mis closed). Then, let v = (Yo,... , 1) =
Cy._, (yr) be the canonical parameterization of N,(yx) associated to yy_1. Let h be the
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Lefi ()
Right (k) ||
(a) (b) Left (k) = 0. é)C) Left (k) =

Fig. 3. Some illustrations of the sets Left, (k) and Right. (k) where m = (y)k=o0,... p-

only integer in {1,... 1} such that yrs1 = vn. We define the sets of surfels Left (k) and
Right (k) by :
Ifl="h (i.e yp_1 = yrs1) then Left (k) = Right (k) =0, otherwise,

Right (k) = Ny(yx) N {7 | 0 <i<h—1}
L@ftWUi’) = Nv(yk) N {’}/Z | h+l<i< l}

Note that both sets Right(0) and Left,.(0) are not defined in the case when 7 is not closed
(since the notation y;—1 has no meaning for i = 0 in this case).

A few examples of such sets Left (k) and Right (k) are depicted in Figure 3 for some
e—paths.

Remark 3 Ifc = (x;)iz0,.. 4 is an n—path [resp. a closed n—path] and i € {1,... ,¢q—1}
[resp. i € {0, ... ,q}] is such that x;,1 and x;_1 are e—adjacent, then either Right (i) = ()
and Left (i) = Ny(x;) \{xi_1, zis1}; or Left (i) = 0 and Right (i) = Ny(z;) \ {®i—1, Tis1}-
See Figure 3(c) for an example of such a situation. Conversely, one of these two sets may
be empty only when the the two surfels x;_1 and x;11 are either equal or e—adjacent.

gooe

goee

and x;11 are neither equal nor n,, —adjacent; then the sets Left (i) and Right (i) are both
non empty and each contains a surfel which is m—adjacent to x;.

An example of a configuration which satisfies the latter remark is depicted in Fig-
ure 3(a). Indeed, the two surfels yx_; and yg; of Figure 3(a) are not e,—adjacent so
that Left. (k) N N,(z) # 0 and Right_ (k) N N,(x) # (. Finally, a counter example is
depicted in Figure 3(c).

The following property is the necessary and sufficient condition which will allow the
definition of the intersection number between two paths.

10
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We say that the property P(m,c) is satisfied if in case when 7 is not closed then neither
Yo nor y, belongs to c*.

Now we define the contribution to the intersection number of a couple of subscripts.
Definition 11 (contribution to the intersection number) Let 7 = (yi)p—o.., be

1} and i € {0,...,q}. We define the contribution to the intersection number of the
couple (k,i) denoted by I, .(k,i) which is equal to zero if xv; # yi, otherwise L, .(k,i) =
T, (ki) + T (ki) where :

T (kyi) = 0 if i =0, T (k,i) = 0 if i = g,

T, (ki) = 0.5 if z;_, € Right (), T} (ki) = 0.5 if w1 € Right (k),
I, (ki) = —0.5if v;y € Left (k), (ki) = 0.5 if w1 € Left, (k),

1 .(k,i) =0 in all other cases. T} .(k,i) = 0 in all other cases.

Note that T, (k,i) = 0 if ;i1 = Tiy1 or Ye—1 = Y1 (since Left (k) = Right (k) =0 in
this case).

Note that Z_ (k,i) depends on the position of z;_; relative to the n—path 7 at the surfel
Yr, and I (k,i) depends on the position of x;;;. Also observe that Z, .(0,7) = 0 for all
i €40,...,q} if 7 is not closed since P(m,c) implies that x; # yo for all i € {0,... ,q}
in this case. Indeed, otherwise Z, .(0,4) would not be defined when 7 is not closed and
T = Yo.

goee

(%i)i=o... 4 be a m—path such that the property P(m,c) holds. The intersection number of
the n—path © and the n—path c, denoted by I ., is defined by :

L= YTk =Y ¥ ki)=Y ¥ Tki)

k=0 1=0 k=0 i|xi:yk 1=0 k‘xi:yk

guue

that P(m, ¢) holds, then, for h € {0,... ,p} and [ € {0,... ,q} we denote :
p—1 q
7 (1) = Y Tpo(k,1) and ZE (h) = I o(h,i).
k=0 i=0

Figure 4 and Figure 5 show two examples of intersection numbers.
Notation 5 We call a trivial path any closed path (x,z) reduced to a surfel x of 3.

Remark 6 From the very definition of L, ., we have I.. = 0 as soon as ™ or c is a
trivial path.

3 Main properties

In this section, we introduce the main theorem relative to the intersection number which
was first stated in [FM99] and [FM]| with a less comprehensive proof. Indeed, the proofs
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Fig. 4. A v—path ¢ (in grey) and an  Fig. 5. A v—path ¢ and an e—path 7
e—path 7 (in black) such that Z . = 0.  such that Z, . = £1.

which will be given here are more concise then the ones in previously mentioned papers.

Theorem 2 Let m = (yi)k=0,.. p be an n—path in ¥ (n € {e,v}). Furthermore, let ¢ =
(%i)izo0,... q and ¢ = (2})i=0,... 4 be two T—paths such that P(m,c) and P(w, ) hold. If ¢ is
ni—homotopic to ¢ in X (in X\ {yo,yp} if ™ is not closed), then I, =L, .

In other words, the intersection number between an n—path m and an m—path ¢, as
defined in previous subsection, is invariant under any homotopic deformation applied to
the path c. First, we prove the following Proposition which states that the intersection
number has a commutative property (up to a change of sign).

Proposition 2 Let m = (yi)k—0,.. p be an n—path of ¥ and ¢ = (x;)i—o,... 4 be an T—path
of ¥ such that both P(m,c) and P(c,m) hold. Then, I .= —1..

The Property stated by Theorem 2 can be used together with Proposition 2 to show
that a closed n—path « (n € {e,v}) is not n—homotopic to a trivial path by finding an
n—path g whose intersection number with « is not equal to zero. More generally, it can
be used to distinguish two not n—homotopic paths if their intersection numbers with a
third n—path are different.

Indeed, the following theorem is an immediate consequence of both Theorem 2 and Propo-
sition 2.

Theorem 3 Let m = (yi)k=o... p and @ = (Y}, )k—=0... p be two n—paths in ¥ (n € {e,v}).
Furthermore, let ¢ = (x;)i—o,.. 4 be an T—path such that the properties P(m,c), P(n',c),
Ple,m), and P(c, ") hold. If ©’ is n—homotopic to m in X (in X\ {xo,x,} if ¢ is not
closed), then I . =T .

Proof: From Proposition 2 and since P(m,¢) and P(c¢, ) hold we have Z,, = —Z. .
On the other hand, still from Proposition 2 and since P(7’, ¢) and P(¢, 7’) hold we have
Zwe = —Zep. Finally, from Theorem 2, since P(c,7) and P(c, 7') hold; and since 7’ is
n—homotopic to w in ¥ (in X\ {zo, z,} if ¢ is not closed) then Z. . = Z. . O

The proof of Theorem 2 will come after the following section which states several useful
properties of the intersection number.

12



4 Useful Properties
4.1 Change of sign with path inversion

Proposition 3 Let m be an n—path and ¢ be an n—path such that P(mw,c) holds. Then
Lece=—Tr1,.

In order to prove Proposition 3, we first state the following Lemmas.

Lemma 4 Let m = (Yx)k—o,.. p be an n—path in 3. Then, Left (k) = Right,.(p—k) and
Right, (k) = Left,—1(p — k) for all k € {1,... ,p — 1}. Furthermore, if w is closed, then
Left .(0) = Right,.1(0) and Right.(0) = Left.1(0).

Proof: Let m = (yg)k—o, p and 71 = (Y} k=0, p-

If 7 is closed, then yo = y§, y1 = y,_; and y,_1 = y;. Let 5 =C,,_, (yo) = (8°,...,B")
be the canonical parameterization of N,(yp) associated to y,—1. And let hy be the only
integer of {1,...,lo} such that y,_; = B". If hy = [ it is immediate that Left, (0) =
Right,.—1(0) = Right,(0) = Left,—1(0) = 0. If hg < lo then it is also immediate that
B = (Bho, photl . pl).(8° B, ..., B"0) is the canonical parameterization of N, (y)) =
Ny (o) associated to the surfel y, | = y; (see Definition 9). Finally, from Definition 10,
Left. (0) = Right.-.1(0) and Right,(0) = Left,.-1(0).

Now, for all k € {1,...,p — 1} we observe that yx = vy, , Y1 = yEp—k)+1 and yp1 =
yzp_k)_l . For such k, let v = C,y,_, (yx) = (7°, ... ,7') be the canonical parameterization of
N, (yi) associated to y,_1. And let h be the only integer of {1,... 1} such that y,, 1 = "
If h = [ it is immediate that Left, (k) = Right,.-1(p—k) = Right (k) = Left,.—.(p—k) = 0.
If h < [ then it is also immediate that v/ = (", 4" ... 41).(7%, 4%, ... ,7") is the
canonical parameterization of N,y;, ;. = N,y associated to the surfel yEpfk)fl = Y1 (see
Definition 9). Finally, from Definition 10, Left (k) = Right. —.(p — k) and Right. (k) =
Left_(p— k). O

gooe

n—path with a length q in X such that P(m, c) holds. Then, L, .(k,i) = —Z,-1 .(p—k,1) for
allke{l,... ,p—1} and alli € {0, ... ,q}. If m is closed, then Z..(0,7) = —Z,-1.(0,1)
foralli e {0,...,q}.

Proof: Let 7' = (y;,... ,y,). From Lemma 5, we have Right (k) = Left,-.(p — k)
and Left (k) = Right.—.(p — k) for all k € {1,... ,p — 1}. Then, following Definition 11,

we have Z, .(k,i) = —Z,—1.(p — k,i) for all : € {0,... ,¢}. If w is closed and still from
Lemma 4 and Definition 11, we have Right _(0) = Left,-1(0) and Left (0) = Right,.-1(0)
so that Z .(0,i) = —Z,-1.(0,7) for all i € {0,... ,¢}. O

Proof of Proposition 3: Let 7 = (yo,... ,yp), 7 ' = (yp, . - - ,Yp) and ¢ = (o, ... , ).

13



Z..(0, z>] SN T (k) 1)

k=11=0

I7r,c = [

s,
a MQ
o

To-1.= [ZIW1 Oz]%—ZZIﬂl p—k,i) (2)
k=11=0

Following Lemma 5, we have Z. .(k,i) = —Z,-1.(p — k,7) for all k € {1,...,p — 1}

and all 7 € {0,...,q}. Furthermore, if 7 is not closed and since P(r,c) holds, then

Zrc(0,3) = -1 .(0,7) = 0 for all i € {0,...,¢} (since z; # yo for such ). If 7 is closed

and still from Lemma 5, we have Z, .(0,7) = —Z,-1.(0,4) for all i € {0,... ,q}. Finally,

Zre= —ZIz1. from equations (1) and (2). O

Proposition 6 Let m = (yx)k—o,...,
that P(m, c) holds; then I, = =1, 1.
In order to prove Proposition 6, we first establish the following Lemma.

q be an m—path such

-----

Lemma 7 Let m = (Yi)k—o,.. p be an n—path with a length p in ¥ and ¢ = (x;)i—o,.. 4 be
an —path with a length q in 3 such that P(m, c) holds. Then, I, .(k,i) = =L, .1 (k,q—1)
for allk € {0,... ,p—1} and alli € {0,... ,q}.

Proof: Let ¢! = (2g,... ,}) so that for all i € {0,... ,¢} we have z; =
e For i € {1,...,q— 1} we observe that x; = xq i Tic1l = :c(q N4t Tipl = :C(q i—
Thus from Deﬁmtlon 11 and for such ¢, we have Z,.(k,i) = —Z, 1(k,q — 1) for all
ke{0,...,p—1}.

—i°

e For i = 0, since vy = zj, and 1 = z,_;, we also have Z, .(k,0) = Zf (k,0) =
Zml(k q) =Ty o1(k,q—0) forall k € {0,... ,p—1}.

e For i = ¢, since 7, = 7y and x,1 = 7 we also have Z..(k,q) = I .(k,q) =

I 1(k,0) = —Tp 1 (k,q—q) forall k € {0,... ,p—1}.

Finally, forall k € {0,... ,p—1}andalli € {1,... ,¢—1} we have Z, .(k, i) = —Z .(k,q—
i). O

1 _

Proof of Proposition 6: Let c™' = (xg,... ,2;) so that for all 7 € {0,... ,q} we have

— !
z; = x,_,;. Then,

p—1 ¢
Lee =3 T, (ki)

k=01=0

But, from Lemma 7, Z, .(k,i) = —Z,.1(k,q — i) for all i € {0,...,¢} and all k €
{0,...,p— 1}. It is then immediate that,

ZZ IWC 1 k Z Iﬂ—’cfl

k=0 1=0
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4.2 Commutativity property

In further proofs, we will use Proposition 2 which was introduced in subsection 3 and
which sates that swapping the roles played by the two paths in the definition of the
intersection number leads to a change of the sign of this intersection number, when such
a permutation is possible. Indeed, in the case when 7 is closed and c is not closed, then if
an extremity of ¢ belongs to 7* the intersection number 7, . is well defined whereas the
number Z. . is not. The idea of this commutativity property is summarized in Figure 6
where one can say that ¢ crosses m from left to right by observing one of the two following
statements :

— c enters 7 from the left side at the point a and exits 7 to the right side of 7w at the point
b, or

— 7 enters ¢ from the right side of ¢ at the point a and exits ¢ to the left side of ¢ at the
point b.

Fig. 6. There are two ways to check that ¢ crosses 7 from left to right.

We recall Proposition 2 :

........

of ¥ such that both P(m,c) and P(c,w) hold. Then, I .= —1,.

In order to prove this very intuitive result, we must state several technical lemmas.

Lemma 8 Let m = (yi)k=o,.. p be an n—path of ¥ and ¢ = (x;)i—o,.. 4 be an T—path of X

such that both P(m,c) and P(c,m) hold. For allk € {1,... ,p—1} (k€ {0,...,p—1}if

m is closed) and all i € {1,... ,q— 1}, we have Iy (k,i) = =L, (i, k).

Proof of Lemma 8: Following Definition 11, the cases when z; # y, x;-1 = ;11

Or Y,—1 = Y1 are immediate since in these cases Z, .(k,i) = Z..(i,k) = 0. Thus, we

suppose in the sequel of this proof that z; = yx, T;1 # Tir1, Ype—1 7 Yrr1- By the same

way, if x; 1 = yr_1 and x;11 = Y1, or if ;1 = Y1 and x; 1 = yp_1 it is immediate that

Zro(k,i) =Z.(i,k) = 0. Then we may also suppose that {yx_1,yr+1} # {Zi—1, Tiy1}; the

following cases remain :

Case 1 z; 1 = yp1 (see Figure 7) so that Z_ (ki) = Z_, (i,k) = 0. Then, let v =
(v°...,7") = Cy_,(yx) = Cu,_,(x;) be the canonical parameterization of N,(yx) =
N,(z;) and h be the only integer in {1,... [} such that y,,; = 7". Following assump-
tions made before, 2,11 ¢ {7° =+, 7"}

If z;,1 =/ for 0 < j < h then z;;; € Right_(k) and h > j implies that y,,, €
Left (i) (see Definition 10). From Definition 11, it follows that Z (k,i) = —Z7 (i, k) =
0.5 and finally Z, .(k, 1) = —Z. (i, k).
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If 2;,y = 79 for h < j < [ then z;,, € Left (k) and j > h implies that y.,; €
Right (i) (see Definition 10). From Definition 11, it follows that Z (k,7) = 0.5 and
T7.(i,k) = —0.5 so that Z (ki) = —Z. (i, k).

Case 2 z; | = yp1 (see Figure 7) so that T~ (k,i) = Z_ (i, k) = 0. We observe that
Trec(k,i) = —Ip-1.(p — k,1) and Z. (i, k) = —Z.-1(¢,p — k) (Lemma 5). Thus, we
must prove that Z -1 (p — k,i) = Z.r-1(i,p — k). Now, let 7' = (y;,... ,y,) then
Yr = Yp_r and Y41 = y(, 5y and we are came down to the previous case at subscript
p—kof m7 L.

Case 3 7311 = yrq1 (see Figure 7) so that ZF (k,i) = I} (i,k) = 0. We observe that
Treclk,i) = —Tp-1.(p—k,i) = Zy-11(p — k,q — i) (from Lemma 5 and Lemma 7),
by the same way Z. (i, k) = Z.-1 n~1(¢ — i,p — k). It is then sufficient to prove that
Ti-1e-1(p—k,q—1) = —Lo-1 1 (p—k,q—i). I 7 = (xf, ... , ;) and Tt =(yp,... ,Yy)
then, 01/1 a first hand z; = xéTi, Tyl = x’(q_i)_l, Tii1 = x'(q_i)H. On the other hand,
Y = Yp—kmodps Yk—1modp = y(p—k)—i—lmodp and Yk+1modp = yEp—k)—lmodp' We are came
back to case 1 with the subscripts (p — k£ mod p) and (¢ — ¢ mod p) so that this case is
equivalent to case 1.

Case 4 2,1 = yr_1 (see Figure 7) so that T (k,i) = ZF (i,k) = 0. We observe that
Tnclkyi) = —Zpe—1(k,q — 1) and Z, (¢, 7) = —Zo—1 (¢ — i,k) (Lemma 7). It is then
sufficient to prove that Zp .1(k,q — i) = Zo14(q — i, k). If ¢* = (xf,...,2]) then
T =Ty, Tiog = :L”(qﬂ-)+1 and ;.1 = x’(qfi)fl so that this cases is equivalent to case 1.

Case 5 If {z;1, 21} N {yr_1, yp1} = 0.

Let v = (7%...,7") = C,,_, (yx) be the canonical parameterization of N,(y;) and h
be the only integer in {1,... 1} such that yz,1 = +". Then there exists m and m’ such
that 4™ = x;,_; and 4" = x;,;. Since, {xiv1, i1} N {7 =44} = 0 it follows that
{m,m'} < {1,... ,h =1} U{h+1,...,1 — 1}. The following cases are illustrated in
Figure 8.

i) If 1 <m < m/ < h then

/ m m’

V=0 A A0 ™)
is the canonical parameterization C,, ,(z;) of N,(z;). It follows that {z;_1,z;11} C
Right (k) and {7° = yp_1,7" = kpy1} C Left(i). Finally, from Definition 11, we
obtain that Z, .(k,i) = Z. (i, k) = 0.

it) If 1 <m’ <m < h then
'V/ = ('7m7 e a'Yh)-('Yh» e 77l)~(’70a ce a’Ym/)-('Vm/a ce a”Vm)
is the canonical parameterization C,, ,(z;) of N,(z;). It follows that {z;_1,= z;41} C
Right (k) and {v' = yp_1,7" = kr11} C Left (7). Finally, from Definition 11, we obtain
that Z, .(k,i) = Z..(i,k) = 0.

iti) If h <m < m' < then

’

/ m

v = (v

m

e a’le)-(’Y e a7l)~(70a-~- Wh)-(Vhw-- ™)

is the canonical parameterization C,, ,(z;) of N,(z;). It follows that {z;_1,2;11} C
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Left (k) and {7° = yp_1,7" = kxy1} C Left (). Finally, from Definition 11, we obtain
that Z, o(k, 1) = —Z,.(i, k) = 0.

iv) If h <m/ < m <[ then
Y =" )00 )G ™))
is the canonical parameterization C,, ,(z;) of N,(z;). It follows that {x;_1,x;11} C
Left (k) and {v' = yp_1,7" = kr11} C Right (7). Finally, from Definition 11, we obtain
that Z, .(k,i) = —Z..(i,k) = 0.

v) If 0 <m < h <m' <[ then

=" )G ™). D0 ™)

is the canonical parameterization C,, ,(z ) N (x;). It is then stralghtforward that
T 1 € Right_(k), zis1 € Left (k), ys_1 = 7° € Left, ( ) and Y11 = fy € Right (7).
Finally, from Definition 11, we obtain that Z. (k; i) =—Ter(i, k) =

vi) If 0 <m/ <h <m <[ then

Y =00 ) A (™)

is the canonical parameterization Cu;_,(z;) of Ny(z;). It follows that x;_1 € Left (k),
Tiv1 € Right (k), yeo1 = 7° € Right (1) and yk+1 = ’y € Left,(i). Finally, from
Definition 11, we obtain that Z, .(k,i) = —Z. (i, k)

MIARIES!

| Case 1 | Case 2 | . Case3 | | Case4 |
- |T[ ¢l et cl
Fig. 7. An illustration of the cases investigated in the proof of Lemma 8 when

{zict, zip} O {yr—1, yps1} # 0

KKAALK

i)

Fig. 8. An illustration of the cases investigated in the proof of Lemma 8 when
st i} OV {Yk—1, Ypr1} =0
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O

The following definition will allow us to use Lemma 8 for closed paths at subscripts
corresponding to the extremities of either the path ¢ or the path 7 of this lemma when
the path is closed.

Definition 13 (shift operation) Let m = (y;)k—o,..p be a closed n—path in ¥ with a
length p > 1. We denote by Sh(w) the closed n—path (Yp—1,Yo,- .- ,Yp—1) which is the
result of a shift of m of one step in the opposite direction of its parameterization.

Then, the two following Lemmas will be of interest in the sequel.

Lemma 9 Let m = (yi)k—o,.p be a closed n—path and ¢ = (x;)i—o,... 4 be an T—path in
Y. If © has a length p > 1, then I .(0,%) = Zgp(x)c(1,%) for alli € {0,... ,q}.
Corollary 10 Let m = (yx)k=0
in X, then Ir .= Tsp(n),c-
Proof of Lemma 9: Let Sh(m) = (yg, ... ,¥,) so that y, 1 = yj, yo = y; and y1 = y5.
It follows that Right, (0) = Rightg,(1) and Left,(0) = Left g, (1) so that Z; .(0,1) =
Tsn(m),e(1,7) for all i € {0,... ,q}. O

» be a closed n—path and ¢ = (x;)i—o... 4 be an T—path

----------

Lemma 11 Let m = (yx)k=o,.. p be an n—path and ¢ = (;)i=o,.. 4 be a closed T—path in

.........

3. If ¢ has a length ¢ > 1, then Ly gn(e)(k, 1) = Ly o(k, 0) +Zr o(k, q) for all k € {0,... ,p}.

Corollary 12 Let m = (yx)k=0,.. p be an n—path and ¢ = (x;)i—,... 4 be closed m—path in

Z then IWC = .’Z;T ,Sh(c)-

........

Proof of Lemma 11: Let Sh(c) = (xo, . ,xq) so that z,_1 = (), o = 2} and x, = ).
We have Z g (k,1) = I;Sh(c (k,1) + (¢(k;1). Since zo = @ and 2g1 = zj it
follows that 7 g, (k, 1) = I (k, q) for all k‘ 6 {0, ... ,p}. Furthermore, since zy = 7}

and z; = 2} it follows that I sn(e) (k1) = I (K, 0) for all k € {0,...,p}.

Finally, Zr sn()(k, 1) = I (k, 0) +I7r,c(k, q) for all k € {0, ... ,p}; but from Definition 11,
T (K, 0) =Ly o(k,0) and Z_ (k,q) = Iy c(k,q). O

Then, in order to prove Proposition 2 we will need the two following lemmas which state
the behavior of the contributions to the intersection number at the extremities of each
path 7 and ¢ of the Proposition.

Lemma 13 Let m = (yg)k—o....p be a closed n—path and ¢ = (x;)i=o.. 4 be an n—path in
Y. Then I (0,i) = —(Zox(7,0) + Ze (i, p)) for alli e {1,... ,q—1}.

Proof: From Lemma 9, we have Z .(0,%) = Zgp(x)(1,%). From Lemma 8 and for all i €
{1,...,0 =1}, Zsnim),e(1,7) = =Zc sn(m (i, 1). Now, since 7 is closed and from Lemma 11,
—4c,Sh(r) (i, 1) = _<Ic,7r(i> O) +ICJF(Z.7P))' .

Lemma 14 Let m = (yi)k—o,..p be closed n—path and ¢ = (z;)i=o
in 3. Then I .(0,0) + Z; (0,q) = —(Zc«(0,0) + Z. (0, p))

Proof: From Lemma 9, Z;.(0,0) + Zr :(0,9) = Zsn(),c(1,0) + Zspm)c(1,¢) and from
Lemma 11, Zgy(x)c(1,0) + Zsn(r),e(1,9) = Zsn(m),sne)(1,1). Then, following Lemma 8,
Tsn(r),sne)(1,1) = =Tsn(e),sn(x)(1,1). Again, Lemma 9 implies that —Zgu () snx)(1,1) =

be closed m—path

~~~~~
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—Z¢,sn(x)(0,1) whereas Lemma 11 implies that —Z. g,(»(0,1) = —(Z.+(0,0) + Z. (0, p)).
Finally, we have obtained that Z, .(0,0) + Z, .(0,¢) = —(Z.~(0,0) + Z. (0, p)). O

Proof of Proposition 2: The sum of Definition 12 may be written as follows :

q—1
Iﬂ,c - ZTI',C(OJ 0) + IW,C(()’ Q) + ZIﬂ',C<07 Z) +

i=1
p—1 qg—1 (3)
Tro(k,0) + Zno(k, q) + D T ok, 0)
k=1 i=1
o If 7 is closed then Lemma 13 implies that Z,.(0,7) = —Z..(i,0) — Z..(i,p) for

q—1

q—1
i€ {l,...,¢— 1} Then, Y Z,.(0,i) = = > [Z.(,0) + Z. (i, p)]. Furthermore, from

i=1 1=1
Lemma 8, Z, .(k,i) = —Z.,(i,k) for all k € {1,... ,p—1} and all i € {1,...,¢ — 1}.
Thus, equation (3) becomes :

q—1
ITr,c = I7r,c<0a O) + Iﬂ,c(oy q) + Z _(Ic,w<i7 0) + Icﬂr(iup» +
— = qg—1 (4)
Z e c(k,0) + Lo (K, q) + sz(z',k;)]
k=1 i=1

— If ¢ is closed, then Lemma 13 implies that Z..(0,k) = —(Z;.(k,0) + Z, .(k,q)) for
ke {l,...,p— 1} so that equation (4) becomes :

q—1
Iﬂ,c = Iﬂ,c<0a0) + Iﬂ,c(O7Q) - Z [Ic,w(iao) +Ic,7r(i>p)] +
- =1
ST —Z.(0, k) ZIM i, k)
k=1

If 7 and c are closed paths, it follows from Lemma 14 that Z, .(0,0) + Z, .(0,q) =
Z.(0,0) +Z. (0, p). Then,

q—1
Iﬂ',c = _(Ic,w(()?()) c7r 0 p Z c,T Z O +-,Z'.07r(7f p)] +

p—1 = 1q—l
Ton(0, k) = 3 Ton(is )

k=1 =1

or,
q—1 p—1qg—1
ITr,c = - Z [Ic,ﬂ(iu O) + Ic,w(iap)] - Z ch,w(ia k)

=0 k=1 1i=0
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S0,

qg—1 qg—1 p—1g—1
Iﬂc = - ZICﬂ(Z O) ZIC,ﬂ‘(Z p) Z ZICW(Z k)
=0 =0 k=1 =0
and finally,
p gq-1
ITI',C = - Z ch,ﬂ(i7 k) = _Ic,ﬂ
k=0 =0

— If ¢ is not closed and since P(c, w) holds, then Z. (0, k) = Z; .(k,0) = Z .(k,q) = 0 for
all k£ € {0,...,p}. Then, equation (4) becomes :

g—1 —1g—1
Tne= Y. —(Zer(i,0) + L. x(i, p)) ZZIM i,k) or,
Z‘ql q—1 1;;7}2711
Tre=— Zzw(z',o) — ZIM(@', p)— > > T..(i,k) finally,
k=1 1i=1
:—ZZIMZIC ZZIMzk
k=0 i=1 i=1 k=0

Since Z..(0,k) = 0 for all k € {0,... ,p},

g—1 p

Iﬂ',c = - Z Z Zc,w(ia k) = _IC,7T
1=0 k=0

e If 7 is not closed and since P(m,c) holds, then Z, .(0,7) = Z;.(p,i) = Z..(i,0) =
q

Z..(i,p) =0for i€ {0,...,q} so that > Z..(0,4) = 0. Then, equation (3) becomes :
=0

3
L

Imc -

q—1
T o(k,0) + Zno(kyq) + D I o, i)]

i=1

i

1

From Lemma 8, Z .(k,i) = —Z. (i, k) forallk € {1,... ,p—1} andalli € {1,... ,¢g—1}.

3
L

Iﬂ,c -

Tk, 0) + T ok, q) — ch,rzk] (5)

e
Il
—

— If ¢ is closed, then Lemma 13 implies that Z, .(k,0) + Z. .(k,q) = —Z.(0,k) for all
ke {l,...,p—1} and equation (5) becomes :

p—1qg—1 q—1p—1
ITr,c = Z Z _Icmr(i, k) - Z Z _Ic,w(ia k)
k=11i=0 =0 k=1
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Furthermore, Z. .(,0) = Z. .(i,p) = 0 for all i € {0,... ¢} since 7 is not closed and
P(m, c) holds, so that :

I
-

q

P
= Z ~TLer =—"Ter

=0

i\
o
ol

— If ¢ is not closed then Z, .(k,0) = Z,.(k,q) = 0 for all k € {0,...,p} since P(c, )
holds, then equation (5) becomes :

p—1qg—1

Iﬁ,c = Z ZIC,W(i7 k)
k=1i=1
From Lemma 8, 7, .(k,i) = —Z. (i, k) forall k € {1,... ,p—1}and alli € {1,... ,¢—
1}. Then,

qg—1p—1

Irr,c = - Z Z Ic,w(iy k) = _Ic,rr

i=1 k=1

4.8 An additive property

The following proposition will be useful in further proofs.

Proposition 15 Let m = (yx)r=0,... p be an n—path on X; let ¢ = (x;)i=,.. 4 and ¢ =
(2})izo.... 4 be two m—paths on ¥ such that x, = x. If P(m,c) and P(mw, ") hold, then
Trce =Tnect+ Ly

Proof of Proposition 15: Let us compute Z, .~ with c.c’ = (20, ... , Z44q¢)-

It is sufficient to prove that for k € {1,... ,p — 1} (k € {0,... ,p} if 7 is closed) :

!

q+q q
Zl}rcc/ (k,1) Zfﬁc(k i)+ Z.’Zﬂ’cl(k},i) (6)
1=0 =0
We simply write that for &k € {0,... ,p — 1} (k € {0,... ,p} if 7 is closed) :
q+q’
Z I?T,C.C/(kv Z) I7r c.c/ k O Z Iﬂ' c.c/ k Z + ITI’,C.CI(k7 Q) (7)
q+q' -1
Z Iﬂ',c.c’(k7 Z) + Iﬂ,c.c’(k7 q + q/)
i=q+1

Now, for such k we observe that Z. .(k,0) = Zf .(k,0) from Definition 11. Since zy = z
and z; = z; we obtain that I+ Jk,0) =Tt (k 0) which is also equal to Z, .. (k,0)

TI'CC

following Definition 11. By the same way, we prove that Z, . (k,q + ¢') = Zr o (k, ).
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For i € {1,...,q — 1}, we have Z, .« (k,i) = Z..(k, i) since x; = z;, ;-1 = z_1 and
Tit1 = 2zit1. Similarly, fori € {¢+1,... ,¢+ ¢ — 1}, we have Z, . »(k,1) = L, o (k,1 — q)
since x; = 2j_q, Ti—1 = Z(i—q)—1 and Tit1 = Z(i—q)41-

Furthermore, we have T .o (k,q) = Z_,.(k,q) + Z,.(k,q). Then, we observe that
Irelk,q) = Z;.(k,q) and T, (k,0) = Z],(k,0). But, T .(k,q) = I . .(k,q) since
Tq = zq and g1 = zg_1. Similarly, ZF ,(k,0) = Z_ ,(k, q) since z{, = z, and 2} = zg41.
Finally, Z, .o (k,q) = Ly o(k, q) + Ly o (K, 0).

By replacing the corresponding terms in equation (7) we obtain that :

a+q' [q—1
Z Iﬂ,c.c/(ky Z) :Iﬂ,c/(k7 O) + Z Iﬂ,c(ka Z) + Iﬂ',c<k7 Q)
1=0 =1
i1
+I7r,c’(k7 O) + Z Iﬂ,c’ (k, 7’) + Iﬁ,c’(k> ql)
=1
or,
a+q’ q q
Z Iﬂ',c.c/<k7 Z) = Zzﬂ',c(ka Z) + ZIﬂ',c’(k> Z)
=0 =0 1=0

Finaﬂy, I7T7C.C/ = z’.71',0 + Iﬂ'»cl' -

Corollary 16 Let m = (yi)k=o,.p and ™ = (Y} )k=0,.. p be two n—paths on a digital
surface ¥ such that y, = y;; let ¢ = (2;)i=o,... 4 be an T—path on ¥ . If P(w,c), P(n',c),
P(c, ) and P(c,7’) hold then Iy o= Lr o+ Lo .

Proof: Since P(¢,7) and P(c, 7) hold it is immediate that P(c, 7.7’) holds. Then, from
Proposition 2, we have Z . = Z. » »». Now, from Proposition 15 we obtain that Z. ; » =
Z.r + I, . But, under the hypothesis of this corollary and again from Proposition 2 we

have Z.» = Zp . and Z, v = Ly . O

5 Proof of the main Theorems

The proof of Theorem 2 will be slightly different for the case when (n,7) = (e,v) and
(n,m) = (v,e). However, in both cases, we will first define a relation of deformation be-
tween paths (the which is in fact equivalent to the homotopy relation as stated respectively
by Proposition 24 and Proposition 17 respectively for n = v and n = e.

For n = v, this new deformation is based on the insertion of triplets of surfels, or the
insertion of back and forth in the paths. Then, Proposition 18 will state that a triplet of
surfel always have an intersection number equal to zero with any e—path (as soon as this
e—path is closed, otherwise the triplet must not meet an extremity of the e—path).

For n = e, this new deformation is based on the insertion of e—loops of surfels (Defini-
tion 17), or the insertion of back and forth in the paths. Then, Proposition 25 will state
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in a similar way to Proposition 18 that an e—loop always have an intersection number
equal to zero with any v—path (a soon as this v—path is closed, otherwise the e—loop
must not meet an extremity of the v—path).

Finally, using Proposition 15, a straightforward proof of Theorem 2 for n = e and n = v
will be given.

Remark 7 Note that, without loss of generality, we suppose in this section that any path
mentioned (except closed ones) has the following property : two consecutive surfels in the
path are distinct.

5.1 Another definition for the homotopy of v—paths

First, we introduce the notion of an elementary 7 —deformation and the definition of the
T —deformation relation follows immediately.

Definition 14 (back and forth) A simple closed n—path m = (x¢, x1, o) in 3 is called
a back and forth in X.

Definition 15 (triplet) A simple closed v—path m = (xg,x1, T2, x9) included in a loop
of ¥ is called a triplet in X.

goae

path ¢ is said to be an elementary T —deformation of ¢ in X (and we denote ¢ ~r ') if
c=m.(8).my and ¢ = m.y.m9; or if ¢ = m.y.me and ¢ = mwy.(s).my. Where v is a back and
forth from s to s in X, or vy is a triplet from s to s in X. We define the T —deformation
relation as the transitive closure of the elementary T —deformation relation.

In other words, the relation of elementary 7 —deformation links together two v—paths
which are almost the same except that one is obtained by insertion in the other of a
triplet of surfels which belongs to the same loop , or by insertion in the other of a back
and forth. Now, we can state the following proposition :

Proposition 17 Let X C 3. Two v—paths ¢ and ¢ are v—homotopic in X if and only
if they are the same up to a T —deformation.

Proof: First, an elementary T —deformation is a particular case of an elementary
v—deformation where the v—paths v and 4/, used in subsection 1.5 to define an ele-
mentary n—deformation, are closed paths, one of which is reduced to a single surfel and
the other one is a triplet or a closed path with a length of 2 which are both included in a
loop, i.e. an elementary deformation cell. It immediately follows that if two v—paths are
the same up to a 7 —deformation then they are v—homotopic.

Now, it is sufficient to prove that, if two v—paths are the same up to an elementary
v—deformation, then they are the same up to a 7 —deformation. Let ¢ and ¢ be two
v—paths which are the same up to an elementary v—deformation, i.e. ¢ = my.7y.m9 and
¢ = m.7y.my where v and 4" are two paths with the same extremities and included in a
common loop.

We first prove that any v—path o = (aq,... ,a;) with a length [ greater than one and
included in a loop is a T —deformation of the path (ag, as). We proceed by an induction
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on the length [. Let o be a v—path included in a loop £ with a length [;,. We distinguish
two cases :

e Either oy, = (ag, a1), or

e (o is a path with a length [, > 2. Then oy, = w.(a,b,c) where {a,b,c} C L and
w may be reduced to (a) if | = 2. Then the path a4 is an elementary 7 —deforma-
tion of the path o/ = w.(a,b,c).(c,b,a,c).(c). Now, o/ = w.(a,b).(b,c,b).(b,a,c) is an
elementary T —deformation of the path o = w.(a, b, a,c) which is itself an elementary
T —deformation of the path ay; = w.(a,c). Finally, oy is an T —deformation of the path
g1 = w.(a,c), which has a length ;. = — 1.

Finally, either the path «y has a length of one or it is shown that «y is a T —deformation
of a path aj,; in X with a lower length then «j. By induction with ay = « , their
must exist &£’ > 0 such that as has a length of one (i.e ap = (ag,ap)) and which is a
T —deformation of .

Then, we have just proved that both paths v and ' are equivalent up to a 7 —deforma-
tion in X to the path reduced to their extremities. It is then immediate that those two
paths are themselves equivalent up to a 7 —deformation in X. O

5.1.1 Intersection number of triplets

In this subsection, we will prove the following Proposition which states that a triplet ¢
(Definition 15) has an intersection number equal to zero with any e—path 7 as soon as
P(m, ¢) holds.

Proposition 18 Let ¢ be a triplet in ¥ and let m = (yy)k=o,... p be an e—path on ¥ such
that P(m,c) holds. Then, I, .= 0.

In order to prove Proposition 18, we first state the two following lemmas.

Lemma 19 Let ¢ = (xg, x1, 2, %) be a triplet in 2. Then, depending on the order of the
parameterization of ¢, one of the two following properties is satisfied :

o Vi {0,1,2}, Left (i) N Ne(z;) = 0.

e Vi€ {0,1,2}, Right.(i) N Ne(z;) = 0.

Proof: This lemma comes from local considerations. Indeed, since for all i € {0,1,2}
the three surfels x; 1, x; and x;; are included in a common loop, then, depending on the
order of the parameterization, exactly one of the intervals between z;_; and x;,; of the
canonical parameterization of N,(z;) cannot contain a surfel e—adjacent to x;. And it is
readily seen that this interval coincides either with Left.(i) for all i € {0,1,2} or with
Right (i) for all i € {0,1,2}. O

Lemma 20 Let ¢ = (g, x1,%2, %) be a triplet in X. Then, one of the two following

properties is satisfied :

© 7., = —0.5 for all e—path ™ with a length 1 which enters ¢ and Z., = +0.5 for all
e—path © with a length 1 which exits c.

® 7., = +0.5 for all e—path m with a length 1 which enters ¢ and L., = —0.5 for all
e—path m with a length 1 which exits c.
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Proof: This lemma is a straightforward consequence of Lemma 19 and Definition 11. O

Proof of Proposition 18: Let 7 = (yx)io,.. , and 7, = (Y, Yn+1) for h € {0, ... ,p—1}
so that m = mp.my. ... .m,_1. Since ¢ is closed, then property P(c, 7’) holds and since P(7, ¢)
holds too, from Proposition 2 we have Z, . = —Z .

Furthermore, since ¢ is closed, the property P(c, 7’) holds for any e—path 7’ in ¥. Then,
Proposition 15 implies :

Ic,7r - IC,T(() + Ic,7r1 + ...+ IC,T(q_1

First, it is immediate that Z.,, = 0 for any h € {0,...,p — 1} such that 7, does not

enter neither exits c¢. Indeed, Z,. ., is obviously equal to 0 if ¢* N7} = 0; and since ¢ has

a length of 3 it is also immediate (from the Definition 11) that Z.,, = 0 when 7}, C c*.

Furthermore, since 7 is either closed or ¢* meets neither y, nor y, (property P(m,c)), it is

immediate that the number of 7;,’s which enter ¢ is equal to the number of 7;,’s which exit
p—1

c. Then, from Lemma 20, it follows that Z. , = Lew, =0. Finally, 2, . = =72, . = 0. O
h=0

Remark 8 The intersection number L, . of an e—path m with a triplet c is either equal

to zero or not defined. Indeed, if P(m, c) is not satisfied, then I . is not defined (see

Figure 9).
%
|

Fig. 9. Z . is not defined since yg € ¢*, whereas 7. . = +0.5.

Now, we can achieve the proof of Theorem 2 for n = e using Proposition 17, Proposition 15
and Proposition 18.

5.2 Proof of Theorem 2 when (n,n) = (e, v)

Here, we achieve the proof of the main theorem in the case of a v—homotopic deformation
of the v—path c.

Proof of Theorem 2 for (n,7) = (e,v): From Proposition 17 it is sufficient to prove
Theorem 2 in the case when ¢ is an elementary T —deformation of ¢ in X. Following
Definition 16, we may suppose that ¢ = ¢;.(s).co and ¢ = ¢1.77.¢co. Where 7 is a back and
forth or a triplet from s to s in X. Since P(7, ¢) holds, it is straightforward that P(m, ¢;),
P(m,v) and P(m, c2) hold too. Then, from Proposition 15, we have Z. . = Zr o, +Zr y+ L7 c, -
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If v is a back and forth in X, i.e v = (7°,4,+®) where v3 = 140, then it is immediate
from Definition 11 that Z7_(0) = 0 and Z7 (1) = 0 so that Z,, = 0. On the other hand,
if v is a triplet, then Z, , = 0 from Proposition 18.

In both cases, it remains that Z, . =7, o, +Zrco = Lrcrco = Lne. O

5.8  Another definition of homotopy for e—paths

Definition 17 (e—loop) A parameterization of a loop containing a surfel x of ¥ and
which starts at the surfel x is called an e—loop from x to x in 3 (see Figure 10).

X
% 3
)% X
2
X
XO 1

Fig. 10. An e—loop ¢ = (xg, x1, T2, %3, T4, T5, o) in a digital surface X.

First, we introduce the notion of an elementary £—deformation and the definition of the
&—deformation relation follows immediately.

Definition 18 Let X C X, ¢ and ¢ be two e—paths in X. The path c is said to be
an elementary €—deformation of ¢ in X (and we denote ¢ ~¢ ') if ¢ = ¢1.(8).co and
d = c1.y.¢9; orif ¢ = c1.y.c9 and & = ¢1.(s).co. Where 7y is an e—loop or a back and forth
from s to s in X. In this case, we also say that ¢ and ¢ are the same up to an elementary
E—deformation. We define the £— deformation relation (denoted by ~¢) as the transitive
closure of the elementary £—deformation relation.

In other words, the relation of elementary £—deformation links together two e—paths
which are almost the same except that one is obtained by insertion in the other of a
simple closed e—path included in a loop. Now, we can state the following proposition :
Lemma 21 Let ¢ be an e—path in 3. Then, either ¢ is simple or ¢ = ¢1.3.co where (3 is
a stmple closed path with a length greater then 1.

Proof: Let ¢ = (2o,... ,z,). Then, if c is not simple, let h € {0,... ,¢} and [ € {0,... , ¢}
be such that x;, = x; and [ > h; and suppose that [ is minimal for these properties. Thus,
c=(xo,...,xp).(Tp,... ,21).(x1,... ,24) and (xp,... ,x;) is simple. O

Lemma 22 Let ¢ = (2;)i—0... 4 be an e—path in X included in a loop L of X. Then c is
E—deformation of a simple path from z¢ to x4 in X.

Proof: We proceed by an induction on the length of a path o for k£ > 0 with a® = c.
Let o* be an e—path in X with a length [, and which is included in £. From Lemma 21,
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o is simple or there exists a simple closed path 8% with a length greater than 1 such

that of = of.3%.ak. Since B is obviously included in £, then $* is an e—loop or a back
and forth in X so that o is an elementary £—deformation of the path o™ = af.ab.
Furthermore, the path o**! has a length [, < [}, since 3* has a length greater than 1.
Since the length [, is necessary greater than or equal to 0, it follows that there exists an
integer [ > 0 such that o' is simple. Furthermore, for i = 0,... ,1 — 1, the path o/*! is an

elementary £ —deformation of o’ so that o! is an £ —deformation of a° = 7. O

Lis an €—deformation

Lemma 23 Let ¢ = (x;)i—0,. 4 be an e—path in X. The path c.c™
of the trivial path (xo, o).

Proof: Let ¢ = (x,...,z,). Then, for i € {0,...,q} be denote by 8% the e—path
(zg,21,...,7;). We first prove that for all j € {1,...,q} the closed paths 57.(37)"! and
B771.(3771)~1 are equivalent up to an elementary £—deformation. Indeed, for such j we
have 37.(879)~t = 7~ (w1, 2y, xj-1).(B71) " where (z;_1,2;,2;-1) is a back and forth.
Finally, we obtain that c.c™! = B9.(89)7! ~¢ pTL(BI ) ~p .. = BO(BY)7E =
(20, z9). O

Proposition 24 Let X C X. Two e—paths ¢ and ¢ are e—homotopic in X if and only
iof they are the same up to an &—deformation.

Proof: First, an elementary £ —deformation is a particular case of an elementary e—defor-
mation where the e—paths v and +/, used in subsection 1.5 to define the elementary
n—deformation, are closed paths ; one of which is reduced to a single surfel and the other
one is simple closed e—path included in a loop, i.e. an elementary deformation cell. It
immediately follows that if two e—paths are the same up to a £—deformation then they
are e—homotopic.

Now, it is sufficient to prove that, if two e—paths are the same up to an elementary
e—deformation in X, then they are the same up to a £—deformation in X. Let ¢ and ¢
be two e—paths which are the same up to an elementary e—deformation, i.e. ¢ = ¢;.7y.co
and ¢ = c¢1.7.co where v and 7/ are two paths in X with the same extremities and
included in a common loop L.

From Lemma 22, the path 7 [resp. 7| is an £—deformation of a simple path  [resp. /|
included in £. Then, ¢ ~¢ ¢;.5.¢co and ¢ ~ ¢1.0".co where [ and ' are simple paths.

If 3=/, then it is immediate that ¢ ~¢ ¢.

Now, if § and 3’ are not the same but are both closed, then 8 and 3’ are simple closed
e—paths in £ so that ¢1.0.co ~g¢ c1.co and ¢1.8".co ~¢ ¢1.¢co (Lemma 22). Then, ¢ ~¢
(c1.09) ~¢ (.

If 5 and ' are not the same and also not closed, let a and b be the two extremities of 3
which are distint. Now, from the very definition of a loop, there exists exactly two dictinct
simple e—paths in a loop between two distinct surfels of this loop (see Figure 10). Since
B # 8 then 3*N B = {a,b}. It follows that the path S71.3" is a simple closed path from
btobin L. So ¢1.8 ~¢ c1.5.87L.5".cy. But from Lemma 23, ¢;.8.87 .8 .co ~¢ c1./3.co s0
that ¢;.8.¢o ~¢ ¢1.3 .co. Finally, ¢ ~¢ ¢/. O
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5.4 Intersection number of e—loops

Proposition 25 Let ¢ be an e—loop in X, then I, = 0 for any v—path ™ on X such
that P(m, c) holds.

Lemma 26 Let ¢ = (x;)i—0,.. 4 be an e—loop in X. Then, depending on the order of the
parameterization of ¢, one of the two following properties are satisfied :

e Viec{0,...,q}, Left (i) N c* =0 and Right (i) C c*.

o Vie{0,...,q}, Right.(i)Nc* =0 and Left (i) C c*.

Proof: This lemma comes from local considerations following the very definition of the
e—loops, the canonical parameterization of the v—neigbhborhood of a surfel, and the
local left and right sets. O

Lemma 27 Let ¢ = (2;)i—0... 4 be an e—loop in X. Then, depending on the order of the
parameterization of ¢, one of the two following properties are satisfied :

® 7., = —0.5 for all v—path © with a length 1 which enters ¢ and I., = +0.5 for all
v—path 7 with a length 1 which exits c.

© 7., = +0.5 for all v—path ™ with a length 1 which enters ¢ and L., = —0.5 for all
v—path m with a length 1 which exits c.

Proof: This lemma is a straightforward consequence of Lemma 26. O

Proof of Proposition 25: Let 7 = (yx)k=o... p and 7, = (Yn, ynt1) for h € {0,... ,p—1}
so that m = m.my. ... .m,_1. Since ¢ is closed, the property P(c, ") holds for any v—path
7" in X, then Proposition 15 implies that :

IC,?T - Ic,m) + Ic,7r1 +...+ Ic,ﬂ'pfl

First, it is immediate that Z.,, = 0 for any h € {0, ... ,p—1} such that 7, does not enter
neither exits c. Indeed, Z, ., is obviously equal to 0 when when 7; N ¢* = 0; and in the
case when 77 C ¢* then from Lemma 27 we also obtain that Z, », = 0. Furthermore, since
7 is either closed or ¢* does meet neither yy nor y, (property P(m,c)), it is immediate
that the number of 7,’s which enter ¢ is equal to the number of 7,’s which exit ¢. Then,
p—1
from Lemma 27, it follows that Z. . = Ler, =0.0
h=0
Remark 9 The intersection number Z., of an e—loop c with a v—path ™ may not be
equal to zero if P(m,c) is not satisfied, as depicted in Figure 11.

5.5  Proof of Theorem 2 when (n,m) = (v,e)
Proof of Theorem 2 for (n,m) = (v,e): Following Proposition 24, it is sufficient to
prove that Z, . = 7, when ¢ and ¢ are two e—paths which are the same up to an

elementary £—deformation in X (in X \ {yo, y,} if 7 is not closed). Then, let ¢ = ¢;.7.¢2
and ¢ = ¢1.(s).co = ¢1.co where v is an e—loop or a back and forth from s to s in X (in
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Fig. 11. An e—loop c and a v—path 7 such that Z. . = 30.5.

X \ {v0,yp} if 7 is not closed).

Since P(m, ') holds, then is is immediate that P(m,¢;), P(w,v) and P(7,c2) hold too.
Then, following Property 15, Zr ¢\ v.co = Zrer + Lrry + Lr ey

If v = (yo, y1.y2) where yo =y is a back and forth in X (in X\ {yo, y,} if 7 is not closed),
then it is immediate from Definition 11 and Definition 12 that Z, ., = 0.

If v is an e—loop, then P(v, 7) holds together with P(m,~). Then, from Proposition 2, we
have 7. , = —Z, . and from Proposition 25 Z, . = 0 . Finally, Z, » = X, + Z;., and
from Proposition 15 it follows that Z; v =Z; ¢, ¢, = Zrc. O

6 Topology preservation within digital surfaces
6.1 A new theorem about homotopy in digital surfaces

In section 1.4 we have given the definition of homotopy between subsets of a digital surface

3. In this section, we are interested by a characterization of homotopy which involves the

digital fundamental group. The following theorem has been proved in [ML9S|.

Theorem 4 Let Y C X C X be n—connected sets. Then, the set Y is n—homotopic to

X if and only if the two following properties are satisfied:

(1) The morphism i, : IIN(Y) — II}(X) induced by the inclusion map i : Y — X is
an 1somorphism.

(2) Each ni—connected component of Y contains a surfel of X.

And the proof of this theorem uses the following lemma also proved in [ML9S|.

Lemma 28 Let X C X, and let © € X be an n—simple surfel of X. Then the group

morphism i, : P(X \ {z}) — }(X) induced by the inclusion of X \ {x} in X is a

group isomorphism.

We recall the following Lemma which is a straightforward consequence of Theorem 1 (see

Section 1.6) and Theorem 4.

Lemma 29 Let Z be an n—connected subset of X, then the following conditions are

equivalent:

(1) There exists z in Z such that {z} is n—homotopic to Z.

(2) Z has exactly one mi—connected component and x,(Z) = 1.
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(3) Z # X and I1IT(Z) = {1}.
(4) Z # % and x,(Z) = 1.
Now, we define what we call a topological disk and a topological sphere.

Definition 19 An n—connected subset Z of ¥ is called a topological disk if it satisfies
the four conditions of Lemma 29.

Definition 20 If Z =X and x,(Z) = 2, we say that Z is a topological sphere.

The purpose of this section is to prove that the condition “z, is an isomorphism” of
Theorem 4 is sufficient to say that each m—connected component of Y contains a surfel of
X, except in the very particular case when X is the whole surface ¥ which is a topological
sphere (see Definition 20) and Y is a disk obtained by removing from X a topological disk
(Definition 19). In other words, except in the above mentioned particular case, condition
2 of Theorem 4 is in fact implied by condition 1 of Theorem 4.

In other words, we prove the following theorem:

Theorem 5 Let Y C X C ¥ be two n—-connected sets such that X # ¥ or 3 is not a
sphere or X \'Y is not a topological disk, or'Y is not a topological disk, then:

Y is lower n—homotopic to X if and only if the morphism i, : II}(Y, B) — I1}(X, B)
induced by the inclusion map i : Y — X is an isomorphism for any base surfel B € Y.
To prove this theorem, we suppose that some (X, Y") satisfies the condition 1 of Theorem 4,
but does not satisfies condition 2 of Theorem 4. In other words, we suppose that i, is
an isomorphism for any base surfel B € Y and we also suppose the existence of an
n—connected component of Y which contains no point of X. Namely, we suppose the
existence of an m—connected component of Y, denoted by A, such that A C X. In a first
step, we prove that this m—connected component A is a topological disk. In a second
step, we will show by an indirect way that the set X \ A is a topological disk too, in fact
equal to Y, and conclude that X =3 and X is a sphere.

In the sequel of this section, Y C X are two n—connected subsets of a digital surface ¥,
and we suppose that for any surfel B € Y, the group morphism i, between I17(Y, B) and
117 (X, B) induced by the inclusion map of Y in X, is an isomorphism, as in Theorem 4.
In further proof, we will use the following simple Lemma.

Lemma 30 Let Y C X be two n—connected subsets of > and B be a surfel of Y. Then,
the two following properties are equivalent :

i) The morphism i, : IIT(Y, B) — I} (X, B) induced by the inclusion of Y in X is an

isomorphism.
it) For all surfels B" in' Y, the morphism i, : IIY(Y, B") — IIY(X, B’) induced by the
inclusion of Y in X is an isomorphism.

Proof: We only have to prove that property ¢) implies property ii). Suppose that i, :
(Y, B) — 1I7(X, B) is group isomorphism and let B’ be any surfel of Y. Then, let i,
be the group morphism from I} (Y, B’) to I17(X, B’) induced by the inclusion of Y in X.
Now, let iy and ix be the two canonical group isomorphisms respectively from II7(Y, B)
to II7(Y, B’') and from II7(X, B) to II7(X, B’) (such isomorphisms exist since X and Y
are both n—connected, see subsection 1.5). Clearly, we have i, = ix 01, 04y so that 7,
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is an isomorphism. O

6.2 First step of the proof

In this section, A is a connected component of Y which contains no surfel of X (i.e.
A C X) and B is a surfel of Y (B is the base surfel of the digital fundamental groups
which are considered in this section).

Lemma 31 There exists a surfel xy € A such that the morphism :

i (Y U (A\{zo}), B) — TI1(X, B)
induced by the inclusion map i" : Y U (A\ {x0}) — X is an isomorphism and Y is
lower n—homotopic to Y U (A\ {zo}).

Corollary 32 The set {xg} is n—homotopic to A, so that A is a topological disk for the
n—adjacency relation.

Before to prove Lemma 31, we have to prove two preliminary results.

Lemma 33 Let xg be a surfel of A. If A is composed of at least 2 surfels, then there
exists a surfel x # xy in A which is n—adjacent to' Y and which is n—simple for Y U{x}.

Corollary 34 Let xq be a surfel of A. If A is composed of at least 2 surfels, then there
exists a surfel x # xy in A which is n—adjacent to'Y and which is m—simple for A.

Proof: From Lemma 33, there exists a surfel + # xy in A which is n—adjacent to Y
and n—simple for Y U {z}. Then, x is neither n—isolated in Y U {x} nor n—interior to
YU{x} (since A C Y is i—connected and x # x,). Then, following Remark 2 and since z is
n—simple for Y U{z} we have Card(CZ|G,(z,Y U{x})]) = Card(CE[Gr(x,Y U{z})]) = 1.
Now, since € A cannot be n—adjacent to any other m—connected component of Y than
A, it follows that CE[Gr(z,Y U {x})] = CE[Gr(z, A)]. Now, since z is n—adjacent to Y it
is not m—interior to A then x is m—simple for A. O

Proof of Lemma 33: Let z be a surfel of A C Y which is n—adjacent to Y and
whose distance to x is maximal among all surfels of A which are n—adjacent to Y. The
distance used here is the length of a shortest n—path in A between two surfels. Let us
prove that the surfel x is n—simple for Y U{z}. We have G,,(z,Y U{z}) = G,(2,Y") and
Gr(z,Y\{z}) = Gz(z,Y). Suppose that this surfel z is not n—simple for Y’ U{z}. Since
is neither n—isolated nor n—interior to Y U {x}, this implies that Card(C*(G,(z,Y))) =
Card(CE(Gx(z,Y))) > 2 (Remark 2). Let @ and b be two surfels n—adjacent to x in two
distinct n,—connected components of G, (z,Y’) which are n—adjacent to x.

Let us denote by 7y the n—path (b, x,a). Since a and b are n—adjacent to x and do not
belong to the same n,—connected component of N,(z) NY, a is not n,—adjacent to b.
Following Remark 5 it follows that none of the sets Left, (1) and Right, (1) is empty
and each one contains a surfel which is m—adjacent to x. Furthermore, if we suppose that
all the surfels of Left, (1) or Right, (1) which are m—adjacent to = belong to Y, it is
immediate that the two surfels a and b are n,—connected in N, (x) NY". Then, there must
exists two surfels s; and sy which are m—adjacent to x such that s; € Rightﬂo(l) NA and
sy € Left, (1) N A. Moreover, we may assume that s, and s, are n—adjacent to Y. Since
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the set Y is n—connected, there exists an n—path 1 from a to B in Y and an n—path
[ from B to bin Y.

Now, an m—path a; = (s1,... ,2) in A\ {z} from s; to the surfel xy must exist since the
m—distance between x and z( is maximal among all surfels of A which are n—adjacent to
Y. Indeed, otherwise, let ¢ be a shortest m—path with a length [ between x and xg in A.
If s; is not m—connected to zg in A\ {z} and since s; is m—adjacent to x, then s; is at a
distance of [ + 1 from zy in A. This contradicts the fact that = is at a maximal distance
[ from zy among all the surfels of A which are n—adjacent to Y. Similarly, there must
exist an m—path ag = (s2,...,20) from sy to g in A\ {z}.

Let a be the closed 7—path a = (x).a;.a5 () in A. Note that, from the very construction
of ag and ay, we have © ¢ af and x ¢ aj. We can also construct a closed n—path
p = (B).f2.m.1.(B) from B to B in Y U{x} with my = (b, z,a) and = ¢ ] U 55 since [,
and (5 are n—paths in Y. We deduce that the two paths a and [ only cross each other
one time in x, and since s; € Right, (1) and sy € Left, (1), we have I, 3 = —Zg = 1.
Now, since the morphism i, from II7(Y, B) to II7(X, B) induced by the inclusion of Y
in X is an isomorphism. In particular, 7, is onto and then, for any equivalence class
(] (x5, there exists a closed n—path ¢ € A7 (Y") which is n—homotopic to ¢ in X so
that 4. ([clur(v,8)) = [Jur(x,p). In our case, there exists an n—path v € AJ(Y’) which is
n—homotopic to the n—path 8 in X and i.([y]urv,5)) = [Blnr(x,s)- If 7 is n—homotopic
to f in X, and from Theorem 2, we deduce that Z,3 = Z,, = 1. But since « is an
n—path in A CY and v is an n—path in Y, we have v* N a* = 0 and then Z, ., = 0 and
we obtain a contradiction. Finally, the point x must be n—simple for Y U {z}. O

Remark 10 If x is an n—simple surfel for Y U{zx}, then, since x is i—simple in A the
set A\ {z} is m—connected.

Proof of Lemma 31: By induction of Lemma 33 (and using Lemma 28) we show that
there exists a sequence of surfels (sg,...,s;) such that for all i« € {0,... I}, s; € A
is n—simple for Y U {so,...,s;} and A\ {so,...,s1} = {xo}. Therefore, Y is lower
n—homotopic to Y U (A \ {zo}).

From Lemma 28, the morphism ¢’ : II7(Y U{sq, ... ,s;_1}, B) — I} (Y U{so,... ,si}, B)
induced by the inclusion of Y U{s,...,s;_1} in Y U{so,...,s;} is a group isomorphism.
On the other hand, the morphism ¢, : II}(Y,B) — I} (Y U{s;li = 0,...,l} =Y U
(A\ {x0}), B) induced by the inclusion map i : Y — Y U (A \ {zo}) is such that
i’ =il o...01% Therefore, the morphism 4’ is an isomorphism. Furthermore, since i,
is an isomorphism, then 7/ = i, 0@’ ™" is an isomorphism from II?(Y U (A \ {z0}), B) to
(X, B). O

6.3 Second step of the proof

In Section 6.2 we have proved that Y is lower n—homotopic to Y U (A\ {zo}) where zg is
an isolated surfel of Y U (A \ {zo}). In this section, we will state that, under the condition
that the n—path surrounding {zo} in Y U (A \ {zo}) is n—reducible in Y U (A \ {z0}),
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then Y U (A \ {zo}) is a topological disk.
6.4 FEdgel borders of a connected subset X C X

First, we have to define explicitly what we call a “border” of a connected set of surfels.
Let X be an n—connected subset of a surface .

Definition 21 (border edgel) We call a border edgel of X any couple (z,y) of surfels
of 3 such that x € X and y € X. We denote by B(X) the set of border edgels of X.

Definition 22 (s—adjacency relation) We say that two border edgels (x,y) and

(«',y") of B(X) are s—adjacent if the three following conditions are satisfied :

o r,y, 2 and y' belong to a common loop L of ¥.

e r£1 ory#£y.

e 1 is e—connected to 2’ in LONX ifn = e, and y is e—connected toy' in LNX if n = v.

We can define the s—connectivity between border edgels as the transitive closure of this

adjacency relation. The definition of an s—path of border edgels also comes immediately.

Note that any s—connected component of border edgels of X is a simple closed curve (i.e.

each border edgel has exactly two s—neighbors, one per loop which contains this border

edgel) and is called a border of X, whereas a parameterization of such a simple closed

curve is called a parameterized border of X.

Definition 23 (n—path c¢,(s)) Let s = (so = (zo,%),-.- 51 = (2, y1)) be a s—path of

border edgels of X. We define the n—path associated with s denoted by c,(s) according

to the following cases :

o Ifn=c¢and fori € {0,...,l — 1}, we call ¢; the shortest e—path joining z; to ;41
in X N L, where L is the unique loop containing {x;, Ti11, Yi, Yir1} (path which exists
according to the definition of the s—adjacency between s; and s;11). Then c.(s) =
Co* ... %C_1.

e I[fn=wvand forie€ {0,...,l— 1}, then z; is v—adjacent to x;.1. We define c,(s) =
(Toy ... ,y).

Remark 11 For any s—path of border edgels s = (so = (xo,%0),---,5 = (z,y1)) of

X C X andn € {e,v}, all the surfels of c,(s) are n—adjacent to X.

6.5 Free group

In the following, we will use the notion of the (non-Abelian) free group with m generators.
Let A = {a1,...,an} U{a;",... ,a;'} be an alphabet with 2m distinct letters, and
let W,, be the set of all words over this alphabet (i.e. finite sequences of letters of the
alphabet). We say that two words w € W, and w’ € W,, are the same up to an elementary
cancellation if one can be obtained by inserting or deleting in the other a sequence of
the form a; 'a; or a sequence of the form a;a; ' with i € {1,... ,m}. Now, two words
w € W, and w' € W,, are said to be free equivalent if there is a finite sequence w =
wy, ..., w, = w' of words of W, such that for i = 2,... , k the words w,;_; and w; are the
same up to an elementary cancellation. This defines an equivalence relation on W,,, and
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we denote by JF,, the set of equivalence classes of this equivalence relation. Furthermore,
if w is a word of W,,, we denote by w the equivalence class of the word w following the
latter equivalence relation. The concatenation of words defines an operation on JF,, which
provides F,, with a group structure (we define wyw; = wiws). The group thus defined is
called the free group with m generators over A. Classically, we denote by w;.w, the word
obtained by concatenation of the words w; and ws,.

We denote by 1,, the unit element of F,, which is equal to € where € is the empty word.
The only result which we shall admit on the free group is the classical result that if a
word w € L,, is such that w = 1,, and w is not the empty word, then there exists
in w two successive letters a;a; ' or a; 'a; with i € {1,... ,m}. This remark leads to an
immediate algorithm to decide whether a word w € W,, is such that w = 1,,, by successive
cancellations.

6.6 Free group element associated with a path

In the sequel X = {z1,...,x;} is an n—connected subset of ¥ with cardinality [ > 1.
Notation 6 If x is a surfel of X, we abbreviate and denote by o(x) the cardinality of
CZGy(z, X)], set of n,—connected components of N,(x) N X which are n—adjacent to x.
We observe that o(z;) may be at most equal to 4 . Then, we may assign a number ¢ in
{1,... ,0(x;)} to each element of C%[G,,(z;, X)] so that it makes sense to talk of the ¢
element of CF[Gp(x;, X))

Definition 24 (alphabet Ayx) Now, we define the alphabet Ax as follows :

AX = {xl,la cee 7$1,0(x1)7 T21,--- 7'7:2,0(12)7 """ y LL1y - - - 7$l,o(zl)}
-1 -1 ~1 -1 —1 -1
U{zyg,. .. ST o(an)s Tods - -+ s T g(ag)s e - - - Ty gy ,xljo(xl)}
Where the symbols {z;1, . .. ,a:w(i)} are associated to the surfel x;, and the symbol x; ; is

associated to the j™ element of C¥ |G, (z, X)].

Definition 25 (word associated to a path) If 7 = (yo,v1) is an n—path in X with
a length 1 such that yo = x, and y, = xp, for {a,b} C {0,...,l}. We associate to 7 a
word wy, (7, X) of the alphabet Ax defined by w, (7, X) = xayta:b_vi where t and u are such
that , belongs to the t" element of C*[Gy (x4, X)] and z, belongs to the u” element of
Cat (G, X)].

If m = (Yr)k=o... p 15 an n—path with a length ¢ > 1 in X, we define the word w,(m, X)
as follows :

wy (¢, X) = wn((Yo, y1), X)wn((y1,y2), X)wn((y2,43), X) - - - wn((Yp-1, ¥p), X)

And we define w, (7w, X) to be the empty word if w is of length O or is a trivial path.

Definition 26 (free group element associated to a path) If 7 is an n—path in X
and Ax has a cardinality of 2m. We define the element v,(mw, X) of the free group with
m generators over Ax by : v, (m, X) = wy(m, X).
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Remark 12 If m; and 7 are two n—paths in X such that the last surfel of m s equal
to the first surfel of my. Then, wy,(my.m2, X) = wy, (w1, X)w, (m2, X)
Remark 13 If 7 is an n—path in X, then, from its very construction, w,(m, X) cannot
contain some pair x;x;, fori€{0,... 1} andt € {1,... o(z;)}.

Proposition 35 Let X be an n—connected subset of ¥ with at least two surfels. Let m
and 7' be two n—paths in X. If m ~, 7’ then v(m, X) =v(7’', X).

The proof of Proposition 35 relies on the three following lemmas.

Lemma 36 If w is an n—back an forth in X, then v, (7, X) = lo,.

Proof: Let m = (yo,v1,y0) be an n—back and forth in X such that yo = z, and
y1 = . From Definition 26, w, (7, X) = z, 2, 2,3, if y1 belongs to the t™ element of
C» (G (yo, X)]; and yo belongs to the u' element C¥[G,,(y1, X)]. Finally, it is immediate
that w, (7, X) = 1g,. O

Lemma 37 If w is a triplet in X, then v,(m, X) = loy,.

Proof: Let m = (yo,41,¥2,%0) be a triplet in X. Then, we may suppose without loss
of generality (up to a new numbering of X) that yo = xo, y1 = 21 and yo = z5. Since
Yo, ¥1 and yo belong to a common loop, the surfels y; and y, belong to the same ele-
ment of C¥[G,(yo, X)] (say the first one, still without loss of generality); the two surfels
yo and y2 belong to the same (say the second) element of C¥'[G,(y1, X)]; and the two
surfels yo and 7, belong to the same (say the third) element of C¥?|G,(y2, X)]. Thus,
wv(<y07y1)>X) = xO,lxl_,%a wy((?ﬂ, 92)7 X) = x172x2_,2137 and wv((y2>y0)a X) = 1’2,3535& so that
w(m, X) = xojlxi%xmaj;’éwz,gajﬁ. Then,

_ —1 —1 -1 __ -1 -1 _ -1 _
w(m, X) = L1101 9%2 3T2 301 = L0,1T23T23%1 9 = L1,0L1,0 = lom. O

Lemma 38 If w is an e—loop in X, then v.(m, X) = lop,.

Proof: Let m = (yo,...,y,) be an e—loop in X. First, we observe that p > 2 and
we may suppose that y; = z; for all i € {0,...,p}. Then, from Definition 25 we have
wy(m, X) = wy,((z0, 1), X ). wy((x1, 22), X). ... wy((zp-1,2p), X).

Furthermore, for all k € {1,... ,p—1} let us denote by (k) the number of the element of
C2* |Gy (zy, X)] which contains the surfel x_;. Then, from the very definition of an e—loop
in X, it is immediate that o (k) is also the number of the element of C**[G,(z, X)] which
contains the surfel 24,1 (indeed, xy_; and .1 are both e—connected in 7* C N, (zx)NX).
On the other hand, it is also obvious that x; and z,_; both belong to the same element
of C*[Gy(zo, X)], say the first one. It follows that :

_ -1 -1 e —1
Wy <7T7 X) - ZCOJxl,0'(1)xl,a(l)x2,a(2)x2,a(2)$3,a(2) xpfl,a(pfl)xpfl,a(pfl)xﬂ,l

And then : w,(m, X) = 29,751 = lom. O

Proof of Proposition 35:

Following Proposition 24 and Proposition 17, it is sufficient to prove this proposition in
the case when 7 and 7’ are the same up to an elementary 7 —deformation when n = v
and the same up to an elementary S—deformation when n = e.
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If n = e we suppose that m = m;.(s).me and 7’ = m.7.m9 where 7 is an e—back and forth
or an e—loop in X. Then, following Remark 12 we have v (m, X) = we(m1, X )we(m2, X)
and v, (7', X) = we(m1, X)we (v, X)we(m2). Now, from Lemma 36 and Lemma 38, we have
We(7y, X) = 1oy, and it follows that we(my, X)we (v, X)we(me, X) = we(m, X)we(ma, X).
Finally, v.(m, X) = ve(n’, X).

If n = v we suppose that 7 = 7;.(s).7me and 7’ = 7;.7.7m9 where 7y is a v—back and forth or
a triplet in X. Then, following Remark 12 we have v, (7, X) = w,(m, X)w,(ms, X) and
V(' X)) = wy (71, X)w, (v, X)w,(m2, X). Now, from Lemma 36 and Lemma 37, we have
Wy (77, X) = 1oy, and it follows that w, (w1, X)w, (v, X)w,(me, X) = w, (71, X)w, (7, X).
Finally, v, (7, X) = v,(7, X). O

6.7 Important lemmas

The main result of this section is constituted by the following proposition :

Proposition 39 Let Y be an n—connected subset of ¥ and xo be an m—isolated surfel of
Y (i.e. k9 has no m—neighbor in'Y ). Let s be the s—curve ((a,xq), (b, z0), (¢, x0), (d, o))
where a, b, ¢ and d are the appropriately named four e—neighbors of xo in' Y. If ¢,(s) is
n—homotopic to a trivial path in'Y, then Y 1is a topological disk.

In the sequel of this section, Y is an n—connected subset of ¥ and s is a parameterized
border of Y (i.e. s is a parameterization of a simple closed s—curve of border edgels of
Y'). In order to prove Proposition 39, we must state the following lemmas.

Lemma 40 If the n—path c¢,(s) is n—homotopic in'Y to a trivial path and (c,(s))* has
more than one surfel then ¢,(s) contains a surfel which is n—simple for Y.

In order to prove Lemma 40, we first state the following lemma.

Lemma 41 If wy,(c,(s), X) contains a pair x;jx;,, for some i in {1,... 1} and some k
in {1,...,0(z;)} then the surfel * of c,(s) such that x; = c* is n—simple for X.
Proof: If xj_’,}xjvb occurs in wy(c,(s), X), then more precisely and from Definition 25,

xk7ux;§xj7bxk/7t occurs for some k and k' in {1,...,{}, w in {1,... ,0(z)} and ¢ in
{1,... ,0(xp)}. Tt means that there exists in ¢,(s) a subsequence (c?,...,c"*?) such
that :

—wa((eP T, X) = (wa (P, ), X)L wy (P ) X)) = 2y,

— ¢ = x;, belongs to the b element of Cn’ [G,,(x;, X)], and x; belongs to the u' element
of C¥*[Gp (g, X))

— Pt = 11 belongs to the b element of Cn’[G,(x;, X)]; and x; belongs to the t
element of Co* |G, (1, X))

~cr=gjforallke{p+1,...,p+q}

In other words, the parameterized border comes from an n,—connected component of

G (2, X) to x; and exits from x; to the same n,, —connected component of G,,(x;, X). It

is then immediate that G,,(x;, X') has a single n,, —connected component (see Figure 12)

n—adjacent to z; which is itself n—adjacent to a surfel of X (Remark 11). Then, z; is

n—simple for X. O
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X

L
u .
P

either X or X

Fig. 12. If the two grey surfels belong to the same v,—connected of G,(z, X) it is clear that
Card(C%[Gy(x, X)]) = 1 and Card(C*[Ge(z, X)]) = 1.

Proof of Lemma 40: Since ¢,(s) is closed and has a length greater then 1 it follows
that wy(c,(s), X) is a word on Ax with a length (number of symbols) greater or equal
to 4 (see Definition 25). Now, since ¢,(s) is n—homotopic to a trivial path in Y, it
follows from Proposition 35 and Definition 25 for a word associated to a trivial path, that
wp(cn(s), X) = loy,. Then, w,(c,(s), X), having a length greater than 1, must necessarily
contain a pair .CEJ-_J}JZNJ associated to a surfel z; and the " n,, —connected component of
Gp(xj, X) n—adjacent to z;. Indeed, from the very definition of the word wy(c,(s), X),
no pair of the form a:j,ba:j’,; can occur in this word for any j € {0,...,(}.

But, from Lemma 40, this implies that ¢, (s) contains a surfel which is n—simple for X.
O

Definition 27 (border edgels associated with an element of C![G,(z, X)]) Let
x be an n—simple surfel of Z C X, and let C and D be the only elements of respectively
C¥Gp(z, Z)] and CE|Gn(x, Z)] (see Definition 4 and Remark 2). The two edgels of the
form (a,b) and (a’,V'), where {a,a’} C C and {b,V'} C D, are called the two border
edgels associated to the component C' (see Figure 13).

< N(z)NnX -

(a) For (n,m) = (e,v) (b) (n,m) = (e, v) or (v,e) (c) (n,m) = (v,e)

Fig. 13. Border edgels associated with an n,—connected component of Gy, (z, X).

Lemma 42 Let x be a surfel of ¢,(s) which is n—simple for Y. Let f and f’ be the two
border edgels associated with the unique connected component Ny of G, (x,Y). Let s’ be a
parameterized border of Y \ {x} which contains the two border edgels f and f' and such
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that c,(s") is a path from ' to ' where x' # x. Then the surfel path c,(s') is reducible in
Sketch of proof: First, ¢,(s)* must have more than one surfel since z is simple. It
follows that it is possible to find an edgel path sy such that ¢,(s) and ¢,(s2) are the
same up to a cyclic permutation but the extremity of ¢,(sy) is different from x. Now, it
is readily seen that if ¢,(s) is reducible, then ¢,(s3) is reducible too.

Now, let s’ be the s—path obtained by removing in s, the edgels between f and f’ which
contain x (maybe such edgels do not exist as in the case of Figure 13(a)) and possibly
replacing them with edgels of the form (x,q) where ¢ belongs to Ny. If f = (b,d) and
/= (V,d') then let v be the sub-path of ¢,(s2) from b to b’ associated with the s—path
from f to f’ in sy, and let 7/ be the sub-path from b to O’ of ¢,(s") associated with the
s—path from f to f’ in s’. These two paths have the same extremities and are included
in C'U {x} where C is the only n,—connected component of CZ[G,(x,Y)]. Then, it is
easily seen that v is n—homotopic to 7' in Y, so that the paths ¢,(s2) and ¢,(s’) are
n—homotopic too. It follows that ¢, (ss) is reducible in Y. O

Proof of Proposition 39: We show the existence of a sequence of deletion of n—simple
surfels which leads to {y} from Y where y is a surfel of Y.

Let s = ((a,0), (b, o), (¢, 7o), (d, ) be the s—curve of Proposition 39 and we set
Y? =Y. Now, if m > 0 and if s™ is a parameterized border of a set Y™ with at least
2 surfels such that ¢,(s™) is n—homotopic to the trivial path in Y™, then, Lemma 40
shows that ¢,(s™) contains an n—simple surfel for Y™ which we denote by y™. So, let
NJ" be the connected component of G, (y™, Y™) n—adjacent to y™ and let f and f’ be
the two border edgels associated with NJ*. Then, let Y"1 = Y™\ {y™} and s™*! be the
parameterized border of Y™*! which contains the two border edgels f and f’ as defined
in Lemma 42, and let ™" be the basepoint of c,(s™™!) (distinct from y™ following
Lemma 42).

From Lemma 42, the path c¢,(s™) is n—homotopic to ¢,(s™) in Y™ and ¢, (s™"!) is
reducible in Y.

Now, let i : I (Y™ ym ) — TI7(Y™, ™) be the morphism induced by the inclu-
sion of Y™! in Y™, Since y™ is n—simple for Y, Lemma 28 implies that the morphism
17" is a group isomorphism, in particular 7" is one to one.

Then, i7" ([cn(s™)]pymttpmt1y) = [en(s™ )] p(ym pmi1y but since the path c,(s™ 1) is
n—reducible in Y™, it follows that i*([c,(s™*")]mnym+1 pme1)) = [Lmpym pme1y. On the
other hand, we have i ([1]ipym+1 pm+1)) = [Umnym pmi1). Then, since " is one to one
we obtain that [1]msyme1pmity = [cn(s™)]unymet ymr1). In other words, the n—path
cn(s™) is reducible in Y™ so Y™ and s™*! still satisfy conditions of Lemma 40.
By induction on the integer m we prove that while the set Y™ has more than two surfels,
we can find a surfel y™ € Y™ which is n—simple for Y™ and so a set Y"1 = Y™\ {y™}
which is lower n—homotopic to Y™ and strictly included in Y™. Finally, there must exist
an integer k such that Y* is reduced to a single surfel {y}. It is clear from its construction
that Y* = {y} is lower n—homotopic to Y° =Y, so that Y is a topological disk. O
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7 Proof of Theorem 5

Proof of Theorem 5:

We use Theorem 4 and prove that Condition 2 is implied by Condition 1 except in a
very particular case. So, we suppose that Condition 1 is satisfied and that there exists a
n—connected component A of Y which is included in X (i.e. A contains no surfel of X).

From Lemma 31 there exists a surfel xg in A such that Y is lower n—homotopic to
YU(A\{zo}). Then, since i, and i} : II}(Y, B) — I} (YU(A\{xo}), B) are isomorphisms
for all B € Y, the group morphism 4, : II'(Y U (A \ {z0}), B) — II}(X, B) induced by
the inclusion map ' : YU(A\{xo}) — X satistying i, = i, 0¢/ is an isomorphism. Since
xo belongs to the m—connected component A of Y, the surfel z, is an m—isolated surfel
of Y U(A\ {z0}) and let s be a parameterization of the border between Y U (A \ {x¢})
and {zo}. Let ¢,(s) be the n—path associated with the s—path s.

First, we suppose that c¢,(s) is not reducible in Y U (A \ {xo}). It is clear that the same
path ¢, (s) is reducible in YU A and so in X. Thus, let 2y be the base surfel of ¢, (s) and
J« be the morphism from II7(Y U (A \ {x0}), 20) to II7(X, zp) induced by the inclusion of
Y U(A\{zo}) in X. Then, j,. cannot be one to one and from Lemma 30 the morphism 4/,
cannot be an isomorphism since B and zy are n—connected in Y U (A \ {zo}). It follows
that i, is not an isomorphism and we get a contradiction.

Therefore ¢,(s) is n—homotopic to the path reduced to a single surfel in Y U (A \ {xo}).
Then, by Proposition 39 we know that YU(A\{x¢}) is a topological disk. From Lemma 31,
Y is lower n—homotopic to Y U (A \ {x0}) so we have x,,(Y) = xn(Y U (A\ {z0}) = L.
Since Y # ¥, the set Y is a topological disk (Definition 19). Condition 2 of Lemma 29
shows that Y has a single m—connected component so Y = A. From Lemma 31 it is
straightforward that {z(} is lower m—homotopic to A, so that A is a topological disk.

Then, YUA =Y and YUA C X C ¥so X = X. Since x,(Y) = Land x7z(Y) = xa(4) = 1,
then x,(2) = xn(Y) + x#(Y) = 2. This ends to prove that Condition 1 of Theorem 4 is
implied by Condition 2 of Theorem 4 except in the particular case when X is the whole
surface ¥ which is a sphere and Y is a topological disk as well as Y. And we obtain

Theorem 5. O

Conclusion

The intersection number, which was initially used in order to prove a basic Jordan theorem
for digital curves lying on a digital surface (see [FM99]), has been used here among
other tools to prove that the fundamental group can be used to completely characterize
homotopy between subsets of a digital surface. Thus, the intersection number appears as
a good tool for proving theorems of topology within digital surfaces.

Now, we have achieved to show that topology preservation within digital surfaces is
strictly related to properties involving fundamental groups of objects. The framework of
digital surfaces appears as an intermediate framework for digital topology between the
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2D and 3D digital spaces. However, characterizing the homotopy between subsets of Z3 is
still a difficult and open problem. Indeed, the digital fundamental group is not sufficient
in this case. Further works should investigate this open problem.
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