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Abstract

We consider a sequence (&, ),>1 of 4.7.d. random values living in the domain

of attraction of an extreme value distribution. For such sequence, there exists
(an) and (by,), with a,, > 0 and b,, € R for every n > 1, such that the sequence
(X,,) defined by X,, = (max(&q,...,&,) — bn)/a, converges in distribution to
a non degenerated distribution.
In this paper, we show that (X,) can be viewed as an Euler scheme with
decreasing step of an ergodic Markov process solution to a SDE with jumps
and we derive a functional limit theorem for the sequence (X,) from some
methods used in the long time numerical approximation of ergodic SDE’s.

Keywords: stochastic differential equation ; jump process ; invariant distribution ;
Euler scheme ; extreme value.
AMS classification (2000): 60G10, 60G70,60J75, 65D15.

1 Introduction

Let (&,)n>1 be a sequence of i.i.d. random values with common distribution func-
tion F. Set M, := max(y,...,&,) and let G denote one of the extreme values
distribution functions:

A(z) = exp(—e™®), r €R,
O, (x) = exp(—z )10 a >0,
U, (z) = exp(—(—x)%) A1, a>0.

One says that F'is in the domain of attraction of one of the preceding extreme values
distributions if there exist some sequences (a,,) and (b,,), with a,, > 0 and b,, € R for
every n > 1, such that ((M,, — b,)/a,)n>1 converges in distribution to G (see [L0],
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[[3] and Proposition [l for background on extreme value theory).
In [{], Lamperti obtained a functional version of this result which is analogous to

the Donsker theorem for sums of independent variables. More precisely, denoting
by (Y ™) the sequence of cadlag processes defined by

t (& —by)/a,  ifO<t<1/n,

he proved that (Y (), 5, converges weakly on D(R,,R) (that denotes the space of
cadlag functions on R, with values in R endowed with the Skorokhod topology) to
a cadlag process Y called extremal process (see also [[[4]).

The aim of this paper is to obtain another functional limit theorem for the sequence
((M,, —by)/an)n>1 by using that ((M,, —by,)/a,).>1 can be viewed as an approxima-
tion of an Euler scheme with decreasing step of an ergodic Markov process solution
to a SDE with jumps.

The motivation is then twofold: on the one hand, we wish to connect the theory of
long time discretization of SDE’s and extreme value theory and on the other hand,
we want to exhibit another functional asymptotic behavior of extremes of i.i.d ran-
dom sequences.

Set X,, := (M,, — b,)/a,. Then, the sequence (X,) can be recursively written as
follows: X; = & and for every n > 1,

G, bn - bn G, n bn
Xn+1: X,n+ +1+ (5 +1_Xn__> '
An1 Ant1 An1 Qp ap /7 +
For every n > 1, we set 0, := inf{z, F(x) > 1—1/n} and v, :== 1 — F(6,). Note
that v, = 1/n if F' is continuous and that (7,),>1 is a nonincreasing sequence.

Then, we denote by (pn)n>1 and (5,)n>1 the sequences defined by p,, := % and
B = % With these notations, we have for every n > 1,
Sn—f—l bn
X1 = Xo + Yot 1(Pni1Xn + Buv1) + (1 + pos1¥ntr) P Xn — o). (1)

Setting ', := >"7'_, vk, we denote by (X (M),>1, the sequence of cadlag processes
defined by

X" = Xymy  with N(n,t) =inf{k >n, Ty — T, > t}. (2)

In particular, XO(") = X,,. Finally, we set F,, = o(X1,..., X,).

In Equation ([]), we try to write X,,11 — X,, as the increment of an Euler scheme
with step 7, of a SDE (that we identify in the sequel). Then, the stepwise constant
process X' plays the role of a continuous-time version of the Euler scheme starting
from time I',,.

At this stage, we can observe that two types of terms appear in the right-hand
member of Equation ([): the first one is close to the time discretization of a drift
term and the second one looks like a positive jump. This heuristic remark will be
clarified in Theorem [I.



2 Main Result

The main result of this paper is Theorem [ In this result, we show under some
mild conditions that the sequence (X(™),,>; converges weakly to a stationary Markov
process for the Skorokhod topology on D(R,, R). In this way, we first need to recall
the result by Gnedenko which characterizes the domain of attraction of each extreme
value distribution (see [f]):

ProrositioN 1. Let (&,) be a sequence of i.i.d. real-valued random variables with
distribution function F' and set xp := sup{x, F'(xv) < 1}. Then, there ezists (a,) and
(bn) such that ((M, — b,)/a,) converges weakly to a random variable with a non-
degenerated distribution function G if and only if one of the following conditions is

fulfilled :
e Type 1 : There exists a positive function g such that

1—F(t+xzg9(t) ¢/ ep
1— F(t)

—In(A(x)) Vr e R. (3)

In this case, G(z) = A(z) for every x € R and the norming constants a, and b,
may be chosen as a, = g(0,) and b, = 0,,.
o Type (2,a) : xp = 400 and for every x > 0

1-— F(t[[’) t——+00
1—F(t)

—In(P,(z)) where o > 0.

In this case, G(x) = ®,(x) and the norming constants a, and b, may be chosen as
a, =0, and b, = 0.
e Type (3,c) : xp < 400 and for every x < 0,

1—F(rrp+at) t zp

—In(¥,(x)) with a > 0.

In this case, G(x) = V¥, (x) and the norming constants a,, and b, may be chosen as
a, =2 — 0, and b, = xp.

In the sequel, we will denote by v the probability associated with G and by 74 the
limiting function that appears in Proposition [

exp(—x) if F'is of type 1,
16(7) = < 27450 if F'is of type (2, ) (4)
(—x)*1,<o if F is of type (3, a)

We will also denote by Ck(Dg) the set of C;-functions with compact support in Dg
with
R if I is of type 1,
D¢g = ¢ (0,400) if F is of type (2, a),
(—o0,0] if Fis of type (3, ).
Finally, for a distribution function F of type 1, (2, @) or (3, a), C(F') will correspond

to the set of sequences (ay,,b,),>1 (with a, > 0 and b, € R) such that, for every
3



sequence (&,)p>1 of i.i.d. random variables with common distribution function F,
((max(&1, ... &) — bn)/an), s, converges weakly to vg. We recall that if (@, by)n>1 €

C(F), then, (an,by)n>1 € C(F) if and only if,

n—-+0o0 ~ bn - bn n—-—+00 oy
an "% a, and 0 (see e.g. [[A], Proposition 0.2).  (5)
Qn

Now, we introduce H} (F') and H3 (F) which are some assumptions that are needed
for Theorem [I] when F is of type 1:

HY} (F') : There exists (ay, b,)n>1 € C(F') such that (p,),>1 and (8,),>1 converge to
some finite values.

H?2 (F) : There exists a function g satisfying (f]), a positive number \ and § €
(—o0, zp) such that for sufficiently large n,

0
9(0,) (5 — 0, )
dv < —=Mu foreveryue [——,0].
/u 90+ 9(6,)0) =00

ReMARK 1. Assumption Hj (F) is only needed when F is of type 1 since it is al-
ways satisfied in the other cases. Actually, when F' is of type (2,«a) or (3, «), one
can build (a,,b,)n,>1 € C(F') such that the pair of sequences (p,, Bn)n>1 converges
to (—1/a,0) and (1/c, 0) respectively (see Section [ for details). We are not able to
obtain such a general result when F is of type 1 but one can check that H} (F) is
true in some standard cases:

e Exponential distribution: we can take a,, = 1 and b, = logn. Then, p, = 0, and
B, L=, .

e Normal distribution: a, = \/mlom and b, = \/2logn — ﬁ(bg logn + log 47)
n—-+00

belong to C(F'). For these choices, p, 22F 0 and B, S 1.

Note that the limits of (p,)n>1 and (8,)n>1 correspond to pe and g defined in
Theorem [I. In particular, they depend only on the type of F in the sense that if
(Pn)n>1 and (f,) converge, then, the limits are systematically ps and [g respectively
(see Section [j for details).

Assumption HZ (F) is needed to control the evolution of (X} )x>1 (see Lemma [J).
First, using that for g and g satisfying (B), g(t)~g(t) as t / xzp, one observes
that Assumption HZ (F') does not depend on the choice of the function g. Second,
H?2 (F) is satisfied in the two preceding examples. Actually, for an exponential

distribution, one can take g(x) = 1 and for a normal distribution, one can show that
T—+400

g(z) "~ 271 (see e.g. [I0]). Hence, for a sufficiently large ¢ and n,

9(6y) g(0n)v + 0, ’ 0—0,
TG I R ( 9(6,) ’O) |

More generally, one notices that H3 (F) is satisfied as soon as, ¢ is bounded and cut
by a positive number or, if there exists § < xp such that g is noincreasing on [0, zp).
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Let us now state our main result:

THEOREM 1. Let F' be a distribution function of type 1, (2,«) with o > 2 or
(3, ) with o > 0 and let G denote one of the extreme values distribution functions.
Assume HL(F) and HA(F) if F is of type 1. Then, for every (an,by)n>1 € C(F),
the sequence of cadlag processes (X™),so (defined in (B)) converges weakly, for
the Skorokhod topology on D(R,,R), to a stationary Markov process with invariant
distribution vg and infinitesimal generator A defined for every f € CL(Dg) by

+o0
Af@) = (poz +Ba) @) + [ (Fle+9) = 1)) eta+ iy

where pc(z) = —14(2) and (pe, Ba) satisfies

(0,-1) if F' is of type 1,
(pGu ﬁG) = (—1/OL, 0) if Fis of type (27 Oé), (6)
(1/a,0)  if F is of type (3, ).

With the time discretization standpoint adopted in this paper, Theorem [ is close to
that obtained in [] where the authors show a similar functional weak convergence
result for the Euler scheme with decreasing step of ergodic Brownian diffusions.
Then, if (X,,) was a “true” Euler scheme for the Markov process with infinitesimal
generator 4, Theorem [[] would be only an adaptation of [ll] to this type of SDE’s
with jumps.

REMARK 2. In the literature about the numerical approximation of the stationary
regime of Markovian SDFE’s, another type of result could also be connected to ex-
treme value theory. Actually, in [, §, the authors show the a.s. weak convergence
of some weighted occupation measures of the Euler scheme of Brownian SDE’s (see
also [[Il] and [[J] for extensions). By adapting the approach of these papers to this

context, it could be possible to retrieve the a.s. CLT for extreme values obtained in
).

REeEmARKk 3. The reader can observe that we assume o« > 2. This assumption can
be viewed as a consequence of martingale methods in which the convergence needs
some control of the moments. However, this assumption could be alleviated and it
seems that at the price of technicalities, the result still holds if we only assume that
a>1.

The proof of Theorem [[] is divided in three parts. First, in Section Jj, we establish
some stability properties for the sequence (Xj)i>1 and obtain the tightness of the
sequence (X™),>; on D(R,,R). Second, in Section f], we identify the limit by
showing that every weak limit of (X)), is a solution to a martingale problem.
Finally, Section [ is devoted to some details, to a synthesis of the two preceding
parts and to the uniqueness of the martingale problem.

Before going further, let us precise several notations of the proof. For a non-
decreasing function g, we denote by ¢—, its left continuous inverse defined by
g~ (z) = inf{y, g(y) > x}. Throughout the proof, C' will denote a constant which
may change from line to line.



3 Tightness of the sequence (X)),

The main result of this section is Proposition P] where we obtain that the sequence
(X™), 5 is tight on D(R,,R). Before stating it, we need to establish a series of
technical lemmas.

In Lemma [I, we show that for every ¢ < xp, we can suppose that F(z) = 0 for
every x € (—00,0). This assumption will be convenient for the sequel of the proof.

LemMa 1. Let F be a distribution function and 6 be a real number such that 6 <
xp. Denote by Fs the distribution function defined by Fs(x) = F(x)liz>s. Let
(X™) and (X™9) denote some sequences of cadlag processes built as in Equation

B and corresponding to F and Fj respectively. Then, for every bounded continuous
functional H : D(Ry,R) — R,

E[H(X™) — H(x™))] 2252, . (7)

Proof. Let (&,),>1 and (£2),>1 denote some sequences of 4.i.d. random variables with
distribution function F' and Fj respectively. Since this lemma only depends on the
distribution of these sequences, we can assume that (&,),>; and (£2),>1 are built as
follows : &, = F—(U,) and & = F;~(U,) where (U,),>1 is a sequence of i.i.d. random
variables such that Uy ~ Ujp1). In particular, we have §, = £ on the event {U, >
F(0)}. Tt follows that X™ = X®9 on the event A, = UJp_,{Ux > F(0)}. The
sequence (A,),>1 is non-decreasing and P[lim,,_, o, A,] = 1 since P[U; > F(J)] > 0.
Assertion ([]) easily follows. O

The aim of the following lemma is to obtain a recursive control of the conditional
moments of order 1 and 2 for the last term of Equation ([). Keeping in mind Lemma
[, we show that this control is possible at the price of a potentially restriction of the
support of F.

LemMA 2. Let F be a distribution function of type 1, (2,a) with o > 2 or (3, «)
with a > 0 and let (an, by)n>1 € C(F). Assume furthermore that Assumption H3 (F)
holds (if F is of type 1). Then, for everye > 0 and, € < a—2 if F is of type 2, there
exists 0. < xp such that for every § € [0c,xp[, for every sequence (§)k>1 of i.i.d.
random variables with distribution function Fs (defined by F5(x) = F(x)lp>s),
there exists n. € N such that for every k > ne,

(¢)
. ) (1+e %) (A>0) if Fis of type 1,
k k —(a+te 1 1
E[(2,= = Xe = ) /A < Conn § (L4 (X 749%) i Fois of type (2,a),
(14| X[ttt if I is of type (3, ).

(i)
¢ b (1+e?%) (A>0) if Fisof type 1,
B[(E = X — )2 /A] < Coer { (L+ X 7992) i Fis of type (2,0),
g g (1 + | Xp|>+et2) if F is of type (3, ).
6



Proof. (i) Using (), it is easy to check that (i) and (i7) hold for every sequence
(Gnyby)n>1 € C(F) if and only if they hold for a particular sequence (ay,,b,)n>1 €
C(F'). Hence, we only prove this lemma with (a,, b,) chosen as in Proposition [J.
We have:

B[(A2 - X - 2, /7] - | - Pl X+ b))de. (9

Assume first that F' is of type 1. We set (ay,,b,) = (9(0,),0,) where g is such that
(B) holds. By Proposition 1.4 p.43 of [[J], g can be chosen such that the following
representation holds for every z € [zg, xf):

1—F(z) =c(z)exp (— /:v ﬁds) where ¢(z) LI 5 ), 9)

Let § be a real number such that § > 2, and (§,) be a sequence of i.i.d. random
variables with distribution function Fj. For every positive u, we have ax(u + Xj) +
br > 6. Then, if a(u + Xy) + bx < xp, we have for sufficiently large k,

Yk 1 — F(by)
br+ay (u+Xg)
_ c(ak(u + Xk) + bk) exp ( _ / Lds)
c(b) by 9(s)
u+Xp
= clax(u+ Xe) + bi) exp ( — / S ds).
c(br,) 0 g(axs + by,)

First, there exists d; € [zg, x| such that for every x € [0y, zr], ¢/2 < ¢(x) < 2¢.
Hence, for every § > §; and for sufficiently large k,
clag(u + Xg) + bg)
c(b)

Second, one derives from Assumption H?Z (F), one can find §, € [z, zr[ such that
for sufficiently large k,

<C.

0
/ T s < —AMu+ Xi) when u+ X <0.
wr Xy 9(akS + br)

Thus, for 6 > dy = d; V 02 and sufficiently large k,
Yk

Finally, if u 4+ X}, > 0, we derive from Lemma 2.2 p.78 of [[5] that, for every ¢ > 0,
there exists k. > 0 such that

< Cexp(—ANu+ X3)) Yuel0,—Xyv0).  (10)

Qe 1
glags +by) — 1+es

Vk > k. Vs>0.

Hence, for sufficiently large k,

Yk

<C.(l4e(u+Xp) s Yuel0V—Xg,+o0).  (11)
7



Setting ¢ = 1/2 and 2~ = max(—=z,0), we derive from (§), (I0) and ([1) that, with
a sufficient restriction of the support of F', there exists kg € N such that for every

kaOa

€k+1 bk; /Xk_ . —+o00 1
E[(*= - X, — =), /F] <C (utX) g d
K ar k ak)+/ k} > U7k ; € U+ « (1+%(u+Xk))2 u

k
< Oy (1 + 7).

Assume now that F is of type (2, «). By the Karamata representation ([, p. 58),
for every x > 1, we have

1—F(z) =c(z)exp (— /Iw @dt) (12)

T——+00

with ¢(z) =225 ¢ > 0 and a(z) =% @ > 0. Then, replacing F by F defined by
Fi(xz) = F(x)1{z>1), we have for every u > 0 and sufficiently large k,

1 — Fap(u+Xi) +bi) _ 1~ Flar(u+ Xp))

Vi 1 — F(ak)
~ clag(u+ X)) e [ a(utXe) o (s) .
_—C<6Lk) p< /ak s d).

Let € > 0. Let 6 > 1 such that ¢/2 < ¢(x) < 2c and a — e < a(z) < a+ € for every
x > 9. Then, replacing F; by Fj, we obtain that

S C((U -+ Xk)7a+€1{u+Xk>1} + (U + Xk)iaiel{u_i_kal}) .

Tk
(13)
Hence, we derive from (B) that for £ €]0, w — 1] and sufficiently large k,
Et1 by, 1
E[(2A — x, - % <O+ o). 14
- x- 2) m) <o+ "

Finally, assume that F is of type (3, «). By Corollary 1.14 p.62 of [[J], 1 — F' can
be written as follows:

xT

1—F(z) = c(x)exp (— / ﬂds) Ve < zp (15)

F*l l‘F — S
with ¢(x) LT, 0> 0 and a(x) LI > 0. Let ¢ €]0, a/2[. There exists 0. < xp
such that for every x > 6., ¢/2 < ¢(x) <2c and a —e < a(z) < a+ . Assume now
that (&,)n>1 is a sequence of i.i.d. random variables with distribution function Fj.
Setting (ax, by) = (zp — Ok, xF), we obtain that for every ¢ > 0, there exists n. € N



such that for every k > n. and u € [0, — X},

1—F(ak(u+Xk) —|—bk) B 1—F(ak(u+Xk) +.TF)

Yk 1— F(.TF — CLk)
S c(ak(u —+ Xk) —+ l‘F) exp [ — zp+tag(u+Xi) a(S) ds ’
clxp — ay) ep—ay Tp— S

—ay (u+Xy) _
< Cexp ( / M@)

ag v

< C((—(U + Xi)* Ly x,>—1y + (—(u+ Xk))a+€1{u+xks—1}>-

Using that 1 — F'(ag(u+ Xi) + br) = 0 when v + X > 0, we finally derive from (f)
that

b
E[(% - x = %Y JR] < o1 + Xt

Q. Q.
(77) We have
kv by, \ 2 N
k k 0

and the result follows easily from the controls established in (7). Details are left the
reader. O

In the next lemma, we obtain an uniform control of the moments of the sequence
(Xn)n>1 in terms of the type of the distribution function F.

LemMma 3. Let F be a distribution function and assume that there exists § < xp
such that F(x) =0 for every v <. Let (a,,b,) € C(F). Then,

(4)

sup E[| X,,|"] < 400

n>1

Vr >0 if I is of type 1 or (3, «)
Vr € [0,a) if Fis of type (2, ).

(17) Assume that F is of type 1. Then, for every positive number \, there ezists
I < wxp such that for every sequence (£,)n>1 with distribution function Fs with
§ € [0x, xp),

sup Elexp(—AX,,)] < +oo. (17)

n>1

(i13) Assume that F' is of type (2, a) (a > 0) such that F(xz) =0 when x < 1. Then,

sup E [

n>1

< +00, Vr > 0.
(Xn)r}

Proof. As in Lemma B}, one derives easily from (fJ) that the assertions of Lemma [
hold with every (an,b,)n>1 € C(F) if and only if they hold for a particular sequence

(@n, bn)n>1 € C(F). Hence, we assume that (an, b,)n>1 is as specified in Proposition
9



.

(¢) This is a consequence of Proposition 2.1 p.77 of [17].

(17) Let 6 € R with 0 < xp and let (&,),>1 be a sequence of i.i.d. random variables
with distribution function Fj. First, since Fj is of type 1 for every § < zp, (Xp)n>1
converges in distribution. Second, x + e~** is bounded on [—L,+o00) for every
L > 0. Hence, ([7) holds if there exists 0, < zp such that for every ¢ € [0y, zF],

lim limsupE [exp(—AX,)1(x,<—1}] = 0. (18)

L—+o00 ptoo

Let us prove ([[§). We have:
E [exp(=AX,)1ix,<—13] <E[exp (=AXnlix,<-1})] .

—+o00
<1 —i—/ Aexp(Au)P(X,1x,<—ry < —u)du,
0

+oo
<14 CP(X, <-L) +/ Aexp(Au)P(X,, < —u)du.
L
Since ¢ has distribution function Fj3, P(X, < —u) = 0 if u > a,'(b, — ) and
P(X, < —u) = F*(—a,u+b,) if u < a,; (b, — ). Hence, we derive from Lemma 2.2
p.78 of [[7] that, for every e > 0, there exists d. < xp such that for every § € [d,, zFr),
for every u > a (6 — b,),

P(X, < —u) = F"(—anu + by) < exp ( —(1—e)X(1+ e\u\)é).

Setting € := 1/2, we obtain that for such §, u — exp(Au)P(X,, < —u) is dominated
on R_ by a Lebesgue-integrable function( uniformly in n). Hence, we derive from
the dominated convergence theorem that

+o0o
lim lim sup/ Aexp(Au)P(X,, < —u)du = 0.
L

L—+400 ot
Finally, since

lim limsupP(X,, < —L) = lim P(X, < —L)=0,

L—+0c0 400 L—+o00

(L§) follows.

(77i) Assume that F(z) = 0 for every # < 1. In particular, X,, > 0 a.s. for every

n > 1. Then,
1 an

X = (. ) = —a, max(&y, ..., &)

where & = —é. Since & is of type (2, a), it is easy to check that & is of type (3, @)
with 25 = 0. Set F(z) := P(&; < z) and @, := —inf{x, F(z) > 1 — 1}, We have

1 1 1
L, = inf{r, F(—=) > 11—~} = ——
G = (s, F(—3) 21— 1} = ——
and the result follows from (7) (Control of the moments for F' of type (3,«)). O
10



In Lemma [, we state a simple criteria of C-tightness adapted to this problem.

LeMMA 4. Let (Z™),>, be a sequence of cadlag processes such that for everyn > 1,

N(n,t)

7z = Z VrPr(Xe-1) (19)

k=n-+1
where (Pr)k>1 is a sequence of real functions and assume that there exists p > 1 such
that supysy E[|¢r(Xy—1)[P] < +oo. Then, (Z™),> is C-tight.

Proof. First, by ([[9) and the fact that sup,>oE[|¢x(Xz-1)[] < +oo, we have for
every positive T" and K,

N(n,

1
B( sup |2,"| > K) < E[sup |Z"] ? ksupE [l (Xk-0)l]
t€[0,T te[0,T [ k>0
< C(<]~_\N(n,T) - Fn) < g
- K - K

thanks to the definition of N(n,T'). Hence, for every positive T,

K—+o00
D

P( sup |Z"| > K) 0.

t€[0,T]

Then, according to Theorem VI.3.26 of [f], we have to show that for every positive
T, ¢ and 7, there exists 6 > 0 and ny € N such that

]P’( sup 1z — ZzM| > &)< Vn > n.

In fact, using for instance proof of Theorem 8.3 of [}], it suffices to show that for
every positive €, and T, there exists 6 > 0 and ng > 1 such that:

1 n
—=P( sup \Zt( )—ZS(”)| >e)<n Vn>ny and 0<t<T. (20)
t<s<t+d

By ([[9), for every ¢t € [0,T] and s € [t,t + 4],

N(n,t+96)
1z -z < C Z Wl (X)) <C ) (X,
k=N(n,t)+1 k=N(n,t)+1

1

Let p > 1 such that sup,; E[|¢ox(Xi—1)[P] < +o0 and set oy = fy,i ” and py =

1
Ye |6k (Xk—1)|. We derive from the Holder inequality with p = -7 and ¢ = p that

p—1

Al

N (n,t+6) N (n,t+6) p N (n,t+0)
> wler(Xe)| < > > (X )
k=N (n,)+1 k=N (n,t)+1 k=N (n,t)+1

11



It follows from the Markov inequality that

P=li
1 N (n,t+6) P
P( sup |27 -2z < | D w|  swE[en(Xa)l)
t<s<t+d k=N (mt)+1 n>1
Since sup,,»; E[|¢n(Xn-1)P] < +o0, g:(%:i))ﬂ e < 26 for sufficiently large n, we
deduce that (R0) holds for sufficiently small §. O

We can now state the main result of this section:

PropositioN 2. Let F' be a distribution function of type 1, (2,«) with a > 2 or,
(3, ) with o > 0, and assume HA(F) if F is of type 1. Let (a,,b,) € C(F) such
that (pn)n>1 and (By)n>1 are bounded. Then, the sequence (X™),>1 is tight on
D(R,,R).

Proof. Using the convention ) = 0, Xt(") can be written as follows:
0

X" =X, + D™ + Y™ where,

N(n,t)
D" = Z Vi </)kaf1 + B + (1 + pkak)hk(kal))a
k=n-+1
N(n,t) 1 g b
VAR 1+ AY, with hg(z) = —E { Lo and,
t k;rl( P AT #(7) Tk (ak‘fl ak—1)+
AY, :(5_k X = 2 ().
Q—1 ag—1" "

By Lemma [ll, we can assume that there exists 6 < xp such that F(z) = 0 for every
x < 6. Then, in this case, it follows from Lemma [J and from the assumptions on «
when F' is of type (2, «) that (Yt("))nzl is a square-integrable martingale. We have

N(n,t)
(Y0 = > (14 pey)’E [(AYR)?/Fii]
k=n+1
N(n,t) g b
182
= (1+ peye)® [ E | ( L 1) [Fr1| — ehi(Xy—1) | -
k=n+1 k-1 -1

Then, it is standard that if we want to show that (X)), is tight on D(R,R)
it suffices to prove that (D™),>; and ((Y™)),>; are C-tight (see e.g. [{]). Let us
show this last assertion. First, we observe that

DM = 3" (X)) and (YO) = 3 yidpa(Xy)  with,
k=n+1 k=n+1

P (z) = prx + B + (1 + pryw)he(z)  and,
drolz) = A+ peye)” (E [(i L bk—l)i:| _ vihi(x)) .

Yk 077 Af—1
12



Let ¢ > 0 and 0. < zp such that Lemma J] holds and assume that F(z) = 0 for
every x < .. Since (py.) and () are bounded, we derive from Lemma [ and B that

e M-t (X>0) if Fis of type 1,
k1 (Xi—1) S C(1+ | Xpa]) + C Q| Xpy |"loFaH if I is of type (2, a),
| X y|otett if F'is of type (3, ),

and

(1+e=1) (A>0) if Fis of type 1,
Pra(Xp-1) < O (14 | Xjoy|(oFH2 if F'is of type (2, ),
(14 [ Xpq|*=12) if ' is of type (3, ).

Then, we derive from Lemma B that sup,s, E[|¢g:(Xk—1)[*] < +oo for i = 1,2 and
it follows from Lemma [] that (D®™),>; and ((Y™)),>; are C-tight. O

4 Characterization of the limit

Denote by A7 the operator defined on Ci(Dg) by

+o0
Ap@) = e+ )@+ [ (o) = f@)eole a1

The main objective of this section is to show that every weak limit X> of (X),5,
solves the martingale problem (.Ag v, Ci(Dg)), i.e. we want to prove that if X>
exists, the two following properties are satisfied: L£(X5°) = v and for every f €
CL(D¢), (M/) defined by

t
M = 5 = 5~ [ s
0
is a martingale. These properties are obtained in Proposition f. The main tool for
this result is Lemma [ where we show that the increments of X, are “asymptotically
equal” to those of the limit process. In this way, we need to establish the following
lemma.

Lemma 5. Let F be of type 1, (2,a) ou (3, ) and let (a,,b,) € C(F). Then,

1-— Fla, b, oo
Sup ( (80  bn) - TG@)) Lima ) for any compact subset K of Dg¢.
zeK 1— F(Gn)

Proof. Assume first that F is of type 1. Using that ax ~ g(6x) and by, —6r = 0(g(0%))
when & — +o00, we derive from the Von Mises Representation (see (f)) that for
sufficiently large k,

1-— F(akx + bk) i C(CLkSL’ + bk) _ tei(k,z) g(@k)
—FO) ) ( [t sg(emds) 22

13



where ¢(z) LT, o5 0 and (e1(k,.))k>1 is a sequence of functions which converges

locally uniformly on R to 0. According to Lemmas 1.2 p.40 and 1.3 p.41 of [I7], the

sequences of functions (z — agx + bg)k>1 and (z — %)@1 converge locally

uniformly on R, to xr and 1 respectively. The result follows easily in this case.

Suppose now that F' is of type (2, «) and consider a compact subset K of (0, 4+00).
Using that a ~ 0 and b, = o(;) when k — 400, the Karamata Representation
(see ([F)) yields for sufficiently large k,

1-F b b rhe®n) o (g
(arpw +by)  clapx + by) exp (_/ af ks)ds .
1 s

where c(z) 225 ¢ > 0, afz) =% o > 0 and (ea(k,.))es1 is a sequence of

functions which converges uniformly on K to 0. The result follows in this case from
the fact that 6, Ui KRN

Finally, if F' is of type (3, «), one considers a compact subset K of R_. Using that
ay ~ xr — Oy and by, — xr = o(ay), one derives from Corollary 1.14 p.62 of [[[F] that

for sufficiently large k and for every = € K,

1 — F(agz + by) _ clagz + by) exp [ - /x+es(k,x) a((xp — Op)v + .TF)dU .
1— F(Hk) c(ﬁk) 1 (%

where ¢(z) LZAT NN 0, a(z) 2720 0 > 0 and (e2(k,.))k>1 is a sequence of functions

which converges uniformly on K to 0. Therefore, the result follows from the fact
that zp — 0, i ecNy () O

LemMmA 6. Let F' be of type 1, (2, ) with o > 2 or (3, ) and let (ay, by)n>1 € C(F)
such that (p,) and ((3,) converge to some finite numbers p and (3 respectively and
such that the assertions of Lemmas [ and [ hold. Then, for every f € Cj(Dg),

E[f(Xn-i-l) - f(Xn)/fn] - 7n+1A§f(Xn) + /Yn—l—an
where Ag is defined by (BI)) and (R,,) is an (F,)-adapted sequence such that R,, — 0
in L.
Proof. First, we show that (R,) defined for every n € N by
1

Ry = 5 +1E[f(Xn+1) — F(X0)/Fa] = A f(X0)

is uniformly integrable. On the one hand, using that f is a Lipschitz function, it
follows from Lemma [ that

Vo = B[ (Xus) — F(X.)/ ]
Tn+1

(1+e ) (A>0) if Fis of type 1,
< CllpmallXal + i) + 4 (14 [Xu["99) i F is of type (2, a),
(14 X, |oT=r) if F'is of type (3, ).
14



Therefore, since (p,) and (3,) are bounded, we derive from Lemma J that there
exists n > 1 such that

sup E[|V,,|"] < +o0.

n>1
On the other hand, one checks that Ag f is a bounded function. Actually, by an
integration by parts, Ag f can be written:

+o0

Al f(z) = (pz + B)f'(z) + i f(x+y)ra(z + y)dy. (23)

Therefore, since f € CX(Dg),

5@ < 17 e (pllalLaeng + 181) + [ rofu)du) < C < +oc,

D¢

It follows that there exists n > 1 such that

sup E[|R,.|"] < +o0.

n>1

This implies in particular that (R,,) is uniformly integrable. For a uniformly inte-
grable sequence, convergence in probability implies convergence in L*. One deduces
that one only needs to prove that R, — 0 in probability.

We decompose the increment f(X,+1) — f(X,,) as follows:

f(XnJrl) - f(Xn> = f(Xn,l) - f(Xn) + f(XnJrl) - f(Xn,1)7 (24>
where X, 1 = X, + Ynt1(pns1Xn + Bng1). First, by the Taylor formula,
f(Xn1) = F(X0) = Yo f (Cn1) (Pns1 X + Busr)- (25)

with ¢,41 € [X,,, X,u1]- Denoting by £, the operator defined for every f € Cj(R)
by L1 f(z) = f'(x)(px + ), one deduces that

f(Xn,l) - f(Xn) = ’Yn-l—lﬁlf(Xn) + /Yn—l—an,la
with
Ry = f(Xn) ((pn-i-l —p)Xn + Bas1 — ﬁ) + (fl(cn—i—l) - f/(Xn)) (Pr1Xn + Bus1)-

Using that f has compact support, that (p,)n>1 and (5,),>1 are bounded and that
Y oo, 0, one checks that there exists M > 0 and ng > 1 such that for every z

with |z| > M, for every 6 € [0,1] and n > ny,

f (@ + 07(pnz + B,)) = f'(x) = 0. (26)

Furthermore,

sup (|7n(pnx + ﬁn>|> LA 0.
‘x‘e[_MvM}

15



Therefore, since f’ is uniformly continuous with compact support, for every € > 0,
there exists n. € N such that

Rl < C(‘Pnﬂ — p| + | Bugr — B + 5)-
Using that p, — p and (3, — 3, it follows that

n—-4oo
R, ——0 a.s.

Let us now focus on the second term of the right-hand member of (4). We decom-
pose it as follows:

f(Xns1) = fF(Xn1) =D — Anpio + Apgas with,
n bn
Bvea = (Xt (2520, = ) ) = fx),
+

n an

Api12 = (f(Xn,l) - f<Xn)) 1{%7&72—790} and,

n by,
Antis = (ﬂXnH) -/ (X" * ( aJrl — X a_)+ 1{%—Xn—2—2>0}'

n n

Denote by L, the operator defined on Cj(Dg) by

Lafe) = [ (a4 )= 1))l + o)y
+00

=/ [z +y)ra(e +y)dy. (27)

In order to prove the lemma, it suffices now to show the three following points:

() E[Ani11/Fn] = Yas1Lof(Xn) + Yns1Ros with Rys —— 0.

1
(11> Rn,3 = E[An+1,2/fn] L 07
/Yn—f—l
1
(iil) Ros = —E[Api13/F,] — 0.
Yn+1

(i) First, since &, is independent of F,,, we have

. n bn
Bl /Bl = 0a(6) with v(o) = |f (o (252 0= 22) ) po)
an an/ +

and a simple transformation yields

oo §n+1 bn

Yp(x) = f(x+u)P ( —r——=> u) du
0 G, G,
+oo

= i f(x+u) (1= F(an(z 4+ u) + by,)) du.

Hence, it follows from (B7) that

+oo
E[An-i-l,l/]:n] = /7n+1£2f(Xn) + '7n+1Rn,2 where, Rn,z = Hn(Xna u)du,
0
) , 1— F(ay,(x +u)+b,
with Hn(:c,u):f(:c—l—u)( (1 —(F(G )) ) —Tg<SL’—|—u)>.

16



Since f € Cj(Dg), there exists a compact subset Kg of Dg such that f/'(z) = 0
when x € K¢. Then, H,(x,u) =0 as soon as  +u € K¢.

Therefore, one derives from Lemma [ that for every € > 0, there exists ng € N such
that for every n > ng, a.s.,

| Hp (X, u)| < E1{()(n-i-u)6Kc;}Hfl”oo = |Rn72| < EA(KG)H]NHOW
where [|f'|c = supgeggy [f/(7)] and A denotes the Lebesgue measure. Hence,

Rns =220 a.s.

(ii) First, since f has compact support, a similar argument as that used for (R
shows that there exists M > 0 and ng € N such that for every x satisfying |z| > M,
for every 6 € [0, 1] and n > ny,

F (@ + 07(pa + 8,)) = 0.

Therefore, since f is a Lispchitz continuous function and the sequences (p,) and
(6,) are bounded, one obtains that

|[(Xn1) = F(X0)| < Cynrlyx, <y V1 2> ng.
Hence,
n bn
|Rn 3| < CP<§a+1 - X, ——> O/fn) =C(1—F(a, X, +by))

n n

= C(1—Fmax(&,...,6)) =220 as. (28)
(iii) We consider R, 4. Since f is a bounded Lipschitz continuous function,

Sn—f—l b

- X an) }1 E”“ —Xp— 2050}

f(Xni1) = F(Xn+ (

n

< Ol (B + puXa) + pul Hlon gy

It follows that

n bn
g +1 —Xn— _)+/f-n

n n

|Rpa| < C(1+|X,|)(1 = F(ayX, +b,)) + CE |(

On the one hand, Lemmas [ and [J imply that the second term of the right-hand
member converges to 0 in L;. On the other hand, for the first term, we use the Sko-
rokhod Representation Theorem. By Proposition [l], (X,,)n>1 converges weakly to a
random variable X, with distribution v4. Hence, by the Skorokhod Representation
Theorem, one can construct (X,,) and X, on a probability space (Q, F, P), such that
L(X,) = L(X,), L(Xs) = L(Xs) and X,, =2 X a.s. Since supp(vg) C D,
it implies that a.s., there exists ng(w) such that (Xn(w))nzno(w) is contained in a
compact set Kg(w) of Dg. Hence, using Lemma [J and the fact that (X,(w)) is
bounded, one obtains:

(14 X)) (1 = F(a, X, +b,)) %0 as.
It follows that
(14 X, ) (1 = F(anX, +b,)) — 0 asn — +oc.

This completes the proof. O
17



ProvpositioN 3. Let F be of type 1, (2, ) with a > 2 or (3, ) and let (an,bp)n>1 €
C(F) such that (p,) and (5,) converge to some finite numbers p and [ respectively.
Assume HA(F) if F is of type 1. Suppose that (X™) admits at least one weak
limit denoted by X*°. Then, X* solves the martingale problem (A5, ve,Ci(Dg)).
Moreover, if existence and uniqueness hold for this martingale problem, X is a
stationary Markov process.

Proof. First, by Lemma [, we can choose § < xp such that F'(x) = 0 for every z < ¢
and such that the assertions of Lemmas ] and || hold. As a consequence, we can
assume in the sequel that the conclusions of Lemma g hold.

Let f € C;-(Dg). By Lemma [, for every n > 2,

ZE F(Xk) = F(Xi1)/Fri] kaAﬂf (X1 +Z%Rk *

where (R,,)n>1 is an (F,)-adapted sequence such that R, 221 0 in LY. Denoting
by (M,,)n>o the martingale defined by

M, Z f(Xeo1) = E[f (X)) — f(Xk-1)/Fr-1]),
one obtains that
f(Xn) = f(X1) + Z%Aﬁf(kal) + Z”YkRk—l + M,.
k=2 k=2

It follows that for every n > 2,

N(n,t)
P = £ = M + 37 (AL (X)) + Rica),

k=n-+1

where (M™) is the sequence of martingales defined by M™

observes that

= MN(n,t) — Mn. One

N(n,t) N(n n
Z fykAgf(Xk‘*l) = / -Aﬁf(X(n ds + Z Ve —t .Aﬁf( )
k=n+1 PRt
Hence,
P = )~ [ AL = 21+ R, (20)
where
R = Z e — ) AZ () + Z R

First, using that f belongs to Cj(D¢) and (R7), one checks that A7 is a bounded
uniformly continuous function. Then, using Theorem VI.1.14 of [f], it follows that
H' :D(R,,R) — D(R,,R) defined by

(H (a)), = flar) — flao) — / AP f () ds
18



is continuous for the Skorokhod topology. Therefore, if (X (™)) denotes a convergent
subsequence and X its limit, H/(X™)) and (M) 4+ R™)) converge weakly to
HT(x®).

Second, by the definition of N(n,t) and the fact that (v,) decreases,

N(n,t)

( Z Ve — t) S 7N(n,T)+1 S Yn-
k=n+1

Then, since Ag f is bounded and R,, — 0 in L', we obtain that for every positive T,

B[ sup |R™[] < Cym + T sup E[|Ry|] =52 0.
te[0,7 k>n

Therefore, it follows from Lemma VI.3.31 of [{] that (M ™)) converges weakly to
Hf(X*). Using that (M™)) is a sequence of martingales with uniformly bounded
jumps (since f is bounded), we derive from Corollary IX.1.19 of [f] that H/(X>°) is a
local martingale for every f € Cj(D¢). Furthermore, since f and A” f are bounded,
HY is a true martingale. Hence, X* solves the martingale problem (A%, 1, Cj(Dg))

where p = L(AX$°). Furthermore, since for every t, (Xt("))nzl is a subsequence of
(X3 )n>1, one derives from Proposition [] that X has distribution v for every ¢.
This involves that, on the one hand, £(X§°) = vg and that, on the other hand,
L(X*) = L(Ag°) for every t > 0. Therefore, if existence and uniqueness hold
for the martingale problem (A7, v, Cj(Dg)), then X> is a Markov process that is
stationary since it satisfies L(X°) = L(A[°). O

5 Proof of Theorem [f

By Proposition [, we know that under the assumptions of Theorem [I], (X'™) is tight
and then admits at least one weak limit. Denoting by X' one of these weak limits,
we derive from Proposition | that if (a,, b,) is a sequence that belongs to C(F") such
that (p,) and (f3,) converge to some finite numbers p and 3, X' solves the mar-
tingale problem (A7, vg, Ci(Dg)). In particular, existence holds for this martingale
problem under the preceding assumptions on the sequence (a,,b,). Then, it also
follows from Proposition J that if moreover, uniqueness holds for this martingale
problem, (X)) converges weakly to X> for the Skorokhod topology on D(R,,R)
and that A* is a stationary Markov process. Then, the reader can check that
proving Theorem [[] comes now to show the four following assertions:

(i) There exists (a,,b,) € C(F') such that (p,) and ((,) converge to some finite
numbers p and (.

(ii) p and 3 satisfy ({).

(iii) If Theorem [[ holds for a particular (a,,b,) € C(F'), then it holds for every
(an, by) € C(F).

(iv) Uniqueness holds for the martingale problem (A, vg,Ck(Dg)) where A = Agg.
19



(i) When F is of type 1, this assertion is exactly Assumption H} (F). When F is of
type (2, ), we know that (6,,,0) € C(F'). With this choice, we have first that 3, = 0.
Second, since 1 — F' is a non-decreasing regularly varying function with index —a,
(1/(1—F))~ is also regularly varying with index 1/« (see e.g. [[J], Proposition 0.8,
p. 23). Then, the Karamata representation yields:

b oy ([ 200

r——+00 r——+00

where ¢(z) —— ¢ > 0 and p(z) —— 1/a. Set a, := cexp(,"(p(s)/s)ds). Since
ap ~ O, (a,,0) € C(F'). Furthermore,

o n 1 1
a 1:exp<—/ @ds):l——Jro(—) as n — +00.
n—1 S

an an n

This involves that p, Liman N | /a. Finally, when F' is of type (3,a), some very

close arguments lead to the existence of a sequence (ay,b,) € C(F') such that 3, =0

for every n > 1 and p, =% 1/a.

(ii) If F is of type (2, a) or (3, ), this assertion has been shown in (i). Then, let us
suppose that F'is of type 1. By Proposition J, v, is an invariant distribution of Ag )
It follows that

/Aff(:p)l//\(dx) =0 VfeCr(R) (seee.g. [H).
Hence, for every f € Cj-(R), (p,3) is solution to
ar(f,va)p + ao(f,va) B+ as(f,va, Py) =0 with (30)
ai(f,vp) = /xf'(x)VA(d:c), as(f,vp) = /fI<SL’)VA(dSL’) and,

as(f, vas @n) = / / Tt y) — F()] e + y)dyva(de).

By Remark [, we deduce from some particular cases (exponential and normal dis-
tributions) that (p, 3) = (0, —1) is a solution to this system. Then, let us show that
this is the only one: the fact that (p, 3) = (0, —1) is a solution to (B{J) involves in
particular that as(f,va, ®a) = as(f,va). Hence, Equation (BJ) can be reduced to:

ar(f.va)p+az(f,va)(B+1) =0 Vf€Ck(R). (31)

We now exhibit a function f such that a;(f,va) # 0 and as(f,vs) = 0. For every
t > 0, denote by f; the function defined by:

1 4 cos(x) if x € [—m,0],
9 if € [0,4],

i) = e
1+cos(x —t) ifxeltt+mn],
0 otherwise.

For every ¢ > 0, f; belongs to C)(R). First, one observes that zf/(x) < 0 for
every x € R and that zf/(z) < 0 on (—m,0) U (t,t + 7). Therefore, a;(f,va) <0
20



for every ¢ > 0. Second, on the one hand, one can check that A'(z) > A'(—x)
for every x > 0. Then, using that fi(z) = —fj(—xz) for every z € R, it follows
that as(fo,va) = [ fi(z)N (x)dz < 0. On the other hand, since A'(z) — 0 when
r — 400, we derive that ag( ft, vy) > 0 for sufficiently large t. It follows from the
continuity of ¢ — as(f;, va) that there exists to > 0 such that as(fi,,va) = 0 (and
a1(fi,,va) < 0). We deduce that p =0 and then, that § = —

(iii) Let (an, bp)nz1 € C(F) such that (X)) converges in distribution on D(R,, R)
to X* and consider another sequence (dn, by)n>0 € C(F). Set X, = (M, — by)/ay.
Since a,, ~ a, and b, — b, = o(a,) when n — 400, we have:

- M, —b, ) bn—bn
X,— X, = ——- <1—(~1—> + ——= =¢1(n) X, + &2(n),
a, an an,
where £1(n) 2= 0 and 5(n) 2= 0. Then, we derive from the tightness of

(X™) on D(R,, R) that, for every n > 0, for every T > 0,

N(n,T n n—-+400
P(sfup)|al<k>xk|>n)sw sup (4] > L) =g
te[0,T] é2n|51< )l

Therefore, denoting by X the cadlag process defined on R, by X =X N(n,t)» it
follows that for every n > 0, for every T" > 0,

P( sup ‘Xt(n) - /’\?t(n)‘ > 77) e, 0.
te[0,7]|

Hence, (X)) converges weakly to X (see e.g. [{], Lemma 3.31, p. 352).
(iv) First, by a change of variable, one obtains:

“+oo
Af(@) = (o + Bo)f @)+ [ (£t (= 2)) = 1) a2l
0
Then, A can be viewed as the infinitesimal generator associated with the SDE:
dX; = (paXi- + Bg)dt + /(Z — Xi-)+pc(2)N(dt, dz), (32)

where N is a Poisson random measure with intensity measure dt ® A\(dz). More
precisely, if (X;) is a solution to (B) with initial value Xy, one can check that (X;)
is a solution to the martingale problem (A, 1) where p = £(X,). Now, by Lepeltier
and Marchal ([[Z], Corollary I1.10 and Theorem I1.13), uniqueness for the martingale
problem (A, d,,) holds if pathwise uniqueness holds for SDE (BJ) with initial value
xg. Therefore, if we want to prove uniqueness for the martingale problem (A, vq),
we need only to show that for every =y € supp(vg), pathwise uniqueness holds for
the SDE with initial value x.

Assume first that F is of type 1. Since u — (u)4 is a Lipschitz continuous function
which is null on R_, one obtains that for every N > 0, for every z,y € [N, N],

/ (=) — (= y)4] (pa(2)’dz < Clz — y|? /_Noo exp(—22)dz < Cyla — y[*.
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Therefore, pathwise uniqueness for (B2) follows for every zo € R from [ (Theorem
I11.3).

Second, suppose that F is of type (2, «). On the one hand, x — pgr+ g = —a 'z
is a Lipschitz continuous function. On the other hand, for every positive € and N
such that 0 < & < N, for every z,y € [, N],

1=~ =) (ele)de < Clo =y [ e < Conl = o

Now, since there are only positive jumps, any solution of (BJ) with initial value
xo € supp(rg) = (0,400) is a positive process. Therefore, pathwise uniqueness
follows again from Theorem IIL.3 of [[J].

Finally, we assume that F' is of type (3, ). Using that X;- + (z — X;-)+ < z and
that ¢c(z) =0 when z > 0, a similar argument yields the result in this case.
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