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Introduction

The first two authors had the opportunity to participate in a working group in Rennes
dedicated to the work of Arthur Ogus and Vadim Vologodsky on non abelian Hodge theory,
which is now published in [§]. This is an analog in positive characteristic p of Simpson’s
correspondence over the complex numbers between local systems and a certain type of
holomorphic vector bundles that he called Higgs bundles ([{]). Actually, Pierre Berthelot
had previous results related to these questions and he used this opportunity to explain
them to us. What we want to do here is to extend these results to differential operators of
higher level. In the future, we wish to lift the theory modulo some power of p and compare
to Faltings-Simpson p-adic correspondence ([f]).

We would also like to mention some other papers related to our investigation. First, there
is an article [f] by Masaharu Kaneda where he proves the (semi-linear) Azumaya nature of
the ring of differential operators of higher level, generalizing the result of [§]. Also, Marius
van der Put in [[(] studies the (linear) Azumaya nature of differential operators in the
context of differential fields.

*A. Q. was partially supported by Project GALAR (MTM2006-10548) from MEC (Spain) and by the
joint Madrid Region-UAM project TENU2 (CCG07-UAM/ESP-1814).



We will first recall, in sections [ and [}, in an informal way the notion of divided powers
of higher level and how this leads, using some duality, to arithmetic differential operators.
Then, in section ], we will define the notion of p™-curvature and show that Kaneda’s
isomorphism still holds over an arbitrary basis. Next, in section i, we assume that there
exists a strong lifting of Frobenius mod p? and use it to lift the divided Frobenius and derive
a Frobenius map on the ring of differential operators of level m. Actually, we can do better
and prove in Theorem that this data determines a splitting of a central completion of
this ring. It is then rather formal, in section [, to obtain a Simpson correspondence and
we can even give some explicit formulas. We finish the article, in section [}, with a series
of complements concerning compatibility with other theories.
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Conventions

We let p be a prime and m € N. Actually, we are interested in the m-th power of p. When
m = 0, we have p™ = 1 which is therefore independent of p. We may also consider the
case m = oo in which case we will write p™ = 0. Again, this is independent of p.

Unless m = 0 or m = oo, all schemes are assumed to be Z,-schemes.

We use standard multiindex notations, hoping that everything will be clear from the
context.

1 Usual divided powers

It seems useful to briefly recall here some basic results on usual divided powers that we will
need afterwards. There is nothing new but we hope that it makes the next sections easier
to read without referring to older articles. The main point in this section is to clarify the
duality between divided powers and regular powers.

Let R be a commutative ring (in a topos).
Definition 1.1 A divided power structure on an ideal Z in a commutative R-algebra A
is a family of maps

I—A

that behave like f +— f?? We then say that T is a divided power ideal or that A is a
divided power R-algebra.

We will not list all the required properties. Note however that we always have

k1
f[k]f[l}:< ! )f[kHL



Theorem 1.2 The functor A — I from divided power R-algebras to R-modules has a left
adjoint M +— T'q M.

Proof : See for example, Theorem 3.9 of [B]. O

Actually 'y M is a graded algebra with divided power ideal I'sg M. Not also that I'g M is
generated as R-algebra by all the s*! for s € M. For example, if M is free on {sx, A € A},

then 'y M is free on the s!* := [ S[)\kﬂ with |k| := > kx = k. Moreover, multiplication is
given by the general formula for divided powers recalled above.

Definition 1.3 If M is an R-module, the ring I'e M is called the divided power algebra
on M.

If M is an R-module, we will denote by S®*M the symmetric algebra on M and by M the
dual of M. Also, we will denote by S®*M the completion of S*M along S~ M.

Proposition 1.4 If M is an R-module, there exists a canonical pairing

S*M x T'eM R
(801 C On, S[n})  — @1(3) e @n(s)

giving rise to perfect duality at each step when M is locally free of finite type.

Proof : See for example, Proposition A.10 of [f]). O

The general formula for this pairing is quite involved but if {sy, A € A} is a finite basis for
M, and {5y, A € A} denotes the dual basis, then the dual basis to {5£} is nothing else but

{s}.
Corollary 1.5 If M a locally free R-module of finite type, we have a perfect pairing
SMxT MR-

Of course, there exists also a natural map S*M — I'e M but it is not injective in general:
if pN*t1 =0 on X, then f?" — p"fP"l =0 for n > N.

Proposition 1.6 If M is an R-module, multiplication on S*M is dual to the diagonal
map

ToM 2Ty (M B M) —==T M @ ToM
S[k] I ziJrj:k S[Z] X 3[.]]

Proof : The point is to show that (p1---@; ® ¥y ---1;) 06 acts like @y -+ - @sP1 -+ - 1j on
sl¥l when k =i + j. And this is clear. O



2 Higher divided powers

We quickly recall the definition of Berthelot’s divided powers of level m and how one
derives the notion of differential operators of higher level from them (see [I]] for a detailed
exposition). We stick to a geometric situation.

Definition 2.1 Let X — Y be an immersion of schemes defined by an ideal T. A divided
power structure of level m on 7 is a divided power ideal J C Oy such that

70" 4 pT ¢ J C 1.

Here, ZP™) denotes the ideal generated by p™-th powers of elements of Z.
It is then possible to define partial divided powers on Z : they are maps

A A

that behave like f +— I Where q is the integral part of pim. Actually, if £ = ¢gp™ + r and

1
f € Ix, one sets !
FU = g™y lal,

We have, as above, a multiplication formula (writing g instead of ¢ in order to take into
account the dependence on k):

k41 E41) qesd!
{k} {} — {k+1} h — dk+
A { k }f where { k } ala!

When m = 0, we must have J = Z and f{*} = f is the above divided power. When
m = oo, the condition reduces to pJ C Z C J and we may always choose J = 7 since pZ
has divided powers. Also, in this case, f{¥} = f¥ is just the usual power.

We fix a (formal) scheme S with a divided power structure of level m on some ideal of Og
and we assume that all constructions below are made over S and are “compatible” with
the divided powers on S in a sense that we do not want to make precise here (see [l for
details). Actually, in the case of a regular immersion, the divided power envelope defined
below does not depend on S and this applies in particular to the diagonal embedding of a
smooth S-scheme.

Proposition 2.2 If an immersion X — Y has divided powers of level m, there is a finest
(decreasing) ring filtration 71} such that T = T and such that fIM € T whenever
fezint

Proof : See Proposition 1.3.7 of [[]. O

Proposition 2.3 The functor that forgets the divided power structure on an immersion
X — Y has a left adjoint X — Pxpn(Y).

Proof : See proposition 1.4.1 of [[]]. O



Definition 2.4 If X — Y is an immersion of schemes, then Px,(Y') is called the divided
power envelope of level m of X inY.

We will denote by Pxm,(Y') the structural sheaf of Px,,(Y) and by Zx,,(Y') the divided
power ideal of level m. We will also need to consider the usual divided power ideal
Txm(Y) (in [, these ideals are denoted by Z and Z if 7 denotes the ideal that defines the

immersion). For each n, we will denote by P¥, (Y') the subscheme defined by I}{(ng 1}(Y)
and consider its structural sheaf

Phn(Y) = P (V) /TEH (7).

We will mainly be concerned with diagonal immersions X — X xg X, and we will then
write Pxpm, Pxms Lxm» Txm,P%,, and Pk, respectively.

If we are given local coordinates t1,...,t. on X/S, the ideal Z of the diagonal immersion
is generated by the 7; = 1 ® t; — t; ® 1. We always implicitly use the first projection as
structural map and therefore write t; ® 1 =¢; and 1 ® t; = t; + 7;. When m = 0, Px,, is
nothing but the divided power algebra on the free O x-module on the generators 71, ..., 7.
Of course, for m = oo, this is just the symmetric algebra.

In general, we obtain
Ox(ri,...,1)"™ =) fir™, fe0Ox}
finite

with multiplication given by the general formula for divided powers of level m recalled
above.

Definition 2.5 If X is an S-scheme, the dual to P%,, is the sheaf Dg(mr)z of differential

operators of level m and order at most n and Dg(m) = Uan(m)L is the sheaf of differential
operators of level m on X/S.

)

There is a composition law on Dg(m that comes by duality from the morphism

[

PXm PXm®PXm
a®@b—=(a®1)®(1®b).

When X/S is smooth, this turns Dg(m) into a non commutative ring.

Locally, we see that

DY = {3 fi0°, fie Ox)

finite

where 9<% is the dual basis to 7{# and multiplication on differentials is given by

oo = <EZ£> oM with <El':£> =

We also have



(m)

In this last formula, we implicitly make Dy~ act on Ox. This is formally obtained as
follows: a differential operator of order n is nothing but a linear map P : P%,  — Ox and
we compose it on the left with the map induced by the second projection p3 : Ox — Py, ..

For example, if we work locally, then 2 is sent by p5 to

ot =30 () iotet = S (Jetr

k

and therefore,

h
<kE>(4hy — o[ T )¢k

Finally, note that Dg?) is locally generated by 91, ...,d, and that Dg(oo) is Grothendieck’s
ring of differential operators. In general, when k < p™*tl, it is convenient to define

)
okl = 9<k> /.1 and note that Dg(m) is locally generated by the a?’] = 0<P"> for | < m.
In particular, we see that the diamond brackets notation should not appear very often in
practice.

3 The p™-curvature map

We assume from now on that m # oco.

If X is a scheme of characteristic p, we will denote by F' : X — X the m + 1-st iterate
m-+1

of its Frobenius endomorphism (given by the identity on X and the map f — fP on
functions).

Lemma 3.1 Let X — Y be an immersion defined by an ideal T. Then, the map

T — PXm(Y)

P — P}

composed with the projection

is an F*-linear map that is zero on I2.
Proof : If p,9 € Z, we have

+
(o + )™ = g™ g™ 3 <sz > fiby Ui},
i+j=pm+l
,5>0
When 0 < i,j < p™*!, we have ¢, q; < p and ¢;! and g;! are therefore invertible. It follows
that the last part in the sum falls inside ZP" ", In particular, it is zero modulo ZPx,(Y)

and it follows that the composite map is additive.

Also, clearly, if f € Ox and if p € Z, then fy is sent to

(fgp){pm-H} _ fpm-ng{pm-H} _ F*(f)gp{pm-H},



And we see that the map is F*-linear. Finally, if ¢, € Z, then ) is sent to

()P = P

m—+1

WP e TP (V). O

For the rest of this section, we fix a base scheme S of characteristic p and we assume that
X is an S-scheme. We consider the usual commutative diagram with cartesian square
(recall that here F' denotes the m + 1-st iteration of Frobenius)

If we apply Lemma B.J] to the case of the diagonal embedding of X in X xg X, we obtain,
after linearizing and since F' )*(Ql , =F *Q}(, an Ox-linear map

F3Q% — Pxm/IPxm,

that we will call divided Frobenius.

We may now prove the level m version of Mochizuki’s theorem ([§], Proposition 1.7):

Proposition 3.2 If X is a smooth S-scheme, the divided Frobenius extends uniquely to
an isomorphism of Ox-modules

m+1 m+1
FxQ% 5 = IxmPyy, /TP -

Proof : From the discussion above, it is clear that we have such a map. In order to show
that this is an isomorphism, we may assume that there are local coordinates ¢1,...,¢, on
X, pull them back as #},...,t. on X" and also set as usual 7, := 1 ®¢; — t; ® 1. Then, our
map is simply
~ m-+1
Dii Oxdt; — D OXTl'{p ’

dt; Ti{pmﬂ} . ]

Actually, we can do a little better.

m—+1
Proposition 3.3 If X is a smooth S-scheme, then I){(pm }HIPXm 1s stable under usual
divided powers. Moreover, the divided Frobenius extends uniquely to an isomorphism of
divided power Ox -algebras

Proof : The first question is local and we assume for the moment that it is solved. Then,
by definition of the divided power algebra on a module, the above map

Fx % — Pxm/IPxm
extends uniquely to a morphism of divided power algebras

F3T Q% =ToF3 Q% — Pxm/TPxm.



Showing that it is an isomorphism is local again.

Thus, we assume that there are local coordinates ti,...,¢, on X, we pull them back as
th,...,t. on X" and we also set as usual 7, :==1®¢; — t; ® 1.
We have

Pxm/IPxm =0x <Tiy...,Tr >(m) /(11 Tr)
which is therefore a free O x-module with basis I{Epmﬂ}. The first assertion easily follows.

Moreover, our map is

Ox <dty,...,dt. >O —0Ox <7,...,75 >0 J(11,...,7)

dt! Aty

i

And the left hand side is the free Ox-module with basis dt’ 5] Our assertion is therefore
a consequence of the first part of Lemma B.4 below. [J

Lemma 3.4 In an ideal with partial divided powers of level m, we always have

1. For any k € N,

m41 (kp)' m+1
(f{p })[k] — (p!)kk:!f{kp }

and (gfﬂ)]i! €l+pZ.

2. If t=qp™ +r with g < p and r < p™, then

f{kpm+1}f{t} _ </€p+ q) f{kpm+1+t}
q

and (kp;q) €1+ pZ.

Proof : The first assertion comes from the case m = 0 applied to fP". And we may
consider the formula

p)!
(FI k] = ﬁf[m

as standard. Moreover, there exists a product formula for the factor:

(kp)! o (ip+p—1
(p!)’“k!:H< p—1 )

j=1

and it is therefore sufficient to prove that each factor in this product falls into 1+ pZ. We
already know that they belong to Z and we have the product formula in Z,):

-1

(jp+p_1> Zpl_I(l—l-%:p).

p—1 i=1

The second assertion is even easier and comes from

. Uy Loy kp™tl 4 ¢ kp + 1 k
e R H OV (O
i=1



Definition 3.5 If X is a smooth S-scheme, the p™-curvature map s the morphism
F58*Tx — D
obtained by duality from the composite

Pxm — Pxm/IPxm ~ FT Q%

We have to be a little careful here : first of all, we consider the induced morphisms
Pl o0k,
(with usual divided powers on Px,,), and then we dualize to get

FeS< Ty, — DI,

and take the direct limit on both sides.

Alternatively, we may also call p™-curvature the adjoint map

S.Txl — FX*Dg{m)
We will denote by Zg(m) the center of Dg(m) and by Z(’)g(m) the centralizer of Ox in Dg(m).

Proposition 3.6 If X is a smooth scheme over S, then the p™-curvature map induces
an isomorphism of Ox-algebras F5 S*Tx: ~ Z(’)g(m) and an isomorphism of Ox/-algebras
S.TX/ >~ FX*ngm)

Note that it will formally follow from the definition of the multiplication in Dg(m) and

Proposition [[. that the p™-curvature map is a morphism of algebras. More precisely,
this map is obtained by duality from a morphism of coalgebras. However, we need a local
description in order to prove the rest of the proposition.

Proof : Both questions are local and we may therefore use local coordinates tq,...,t,,
pull them back to ¢}, ...,¢. on X' and denote by &/, ..., & the corresponding basis of Tx.
By construction, the p™-curvature map is then given by

k m+1
éli — 6Z.<kp -

It follows from Lemma B.4 (and duality) that

gk TI> — (g >k
(2 3

and this shows that we do have a morphism of rings, which is clearly injective because
we have free modules on both sides. The image is the Oxs-subalgebra generated by the

(9i< P"> and this is exactly the center as Berthelot showed in Proposition 2.2.6 of [f. O

The following theorem is due to Masaharu Kaneda ([fi], section 2.3, see also [[] in the case
m = 0) when S is the spectrum of an algebraically closed field.



Theorem 3.7 Let X be a smooth scheme over a scheme S of positive characteristic p
and Fx : X — X' the m + 1-st iterate of the relative Frobenius. Let Dg(m) be the ring of

differential operators of level m on X/S and Z(’)g(m) the centralizer of Ox. Then, there is
(m)

an isomorphism of ZOx "’ -algebras
F} Fx.DY{Y — End o) (D)

f®Q——(P— [PQ).

(m)
X/S

the generators 9<% with k < p™*!. More precisely, this follows again from Lemma B4
that gives us, by duality,

Proof : The question is local and one easily sees that D is free as Zo&m)—modules on

<kp™tlpt> a<pm Ik a<t>
0; = (9; )" 0;

when ¢t < p™*t1. Tt is then sufficient to compare basis on both sides (see Kaneda’s proof

for the details). O

For example, when m = 0, in the simplest case of an affine curve X = SpecA with
coordinate t and corresponding derivation 0, the first powers 1,0,...,07~! form a basis
of the ring of differential operators D and the map of the theorem sends 0% to

[ L e } € My (A[])

for k=0,...,p—1, and 0 to O”I,.

This theorem is usually stated as proving the Azumaya nature of F X*Dg(m). More precisely,

we can see FX*DE(m) as a sheaf of algebras on
Ty = SpecS*Ty/ ~ SpecFX*ngm)
and the above theorem provides a trivialization of FX*Dg(m) along the “Frobenius”
Fy: X®x Tx — Tx.

Proposition 3.8 Let X be a smooth S-scheme. If we denote by Kg;n) the two-sided ideal

of Dg(m) generated by the image of Tx: under the p™-curvature map, there is an exact
sequence
0— ICg?L) — Dg(m) — &Endo,,,(Ox) — 0.

Proof : This follows from [f], Proposition 2.2.7. O

We will denote by ﬁg(m) the completion of Dg(m) along the two-sided ideal Kg;n). We will also
denote by g;m) the completion of Zg(m) along Zg(m) N ICg?I) and by gog(m) the completion
of ZOE(m) along ZOE(m) N ngn). Note that the p™-curvature map gives isomorphisms

F}@ ~ Z\O&m) and S/"]? ~ Fx*é\g(m).

10



Proposition 3.9 If X is a smooth S-scheme, we have natural isomorphisms

"2&’”) ®z§(m) D&m) ~ 73&7”) ~ Homoy (Pxm, Ox).

Proof : The existence of the first map is clear and it formally follows from the definitions
that it is an isomorphism.

Now, note that the canonical projections Px,, — P¥%,, induce a compatible family of maps
D) = Homoy (P Ox) = Homoy (Pxm; Ox)

from which we derive a morphism Dg(m) — Homoy (Pxm,Ox). On the other hand, us-
ing the isomorphism of Proposition B.3 and the p™-curvature, the projection Px,, —
Pxm/LPxm dualizes to

20 < Homoy (Pxm, Ox).

(m)

And by construction, these two maps are compatible on Zy " and induce a map

§§(m) ®Z§(m) Dgfm) — Homo, (Pxm,Ox).

It is now a local question to check that this is an isomorphism. [J

4 Lifting the p”-curvature

We will prove here the Azumaya nature of the ring of differential operators of higher
level. In order to make it easier to read, we will not always mention direct images under
Frobenius. This is not very serious because Frobenius maps are homeomorphisms and
playing with direct image only impacts the linearity of the maps (and this should be clear
from the context).

Definition 4.1 If X is a scheme of characteristic p, a lifting X of X modulo p? is a
flat Z/p*Z-scheme X such that X = X X2/p°2 F,. A lifting of a morphism f:Y — X

of schemes of characteristic p is a morphism f X — Y between liftings such that f =
I Xz/p2z Fp.

We will use the well known elementary result:

Lemma 4.2 If M is a Z/p*Z-module, multiplication by p! induces a surjective map
p!: M/pM — pM
which is bijective if M is flat.

Proof : Exercise. [J

Note that p! = —p mod p? and this explains why minus signs will appear in the formulas
below. Actually, we will need more fancy estimates :

11



Lemma 4.3 We have for any m > 0,

ot 1 if i=0 or i=pmt!
( , ) = (=D)Fp! if i=kp™ mod p?.
¢ 0 otherwise

Proof : Standard results on valuations of factorials show that
prL 0 if i=0 or i=pmt!
vp(< , >): 1 if t=kp™ with 0<k<p
! > 1 otherwise

and we are therefore reduced to showing that
pm+1 & 9
<kpm> = (—=1)"p! mod p~,
or what is slightly easier, that

<pm+1 -1

kpm — 1) = (—1)*! mod p.

First of all, we can use Lucas congruences that give

pm+1_1 _ p—l q
kpm—1) ~ \k—1) MO°P

and then the binomial property

(1) (20) = (u2) =0 moa

in order to reduce to the case k =1. I

Up to the end of the section, we let S be a scheme of characteristic p and denote by S a
lifting of S (modulo p? as defined above).

Definition 4.4 If X is an S-scheme, a strong lifting F: XX of the m—+1-st iteration
of Frobenius of X is a morphism that satisfies

m-+1

ff=1®f modp = ﬁ*(f’):fp +pg?"  with g€ Ox.

When m = 0, this is nothing but a usual lifting but the condition is stronger in general.
For example, the map ¢ — t* + 2t is not a strong lifting of the Frobenius on the affine line
when m = 1 and p = 2. However, the condition is usually satisfied in practice, especially
when the lifting comes from a lifting of the absolute Frobenius as the next lemma shows.

Lemma 4.5 If F:X > Xisa lifting of the true absolute Frobenius of X, then for

J € O, we have

m—+1 m

Frl(fy = 7" 4 pg?
with g € O)N(

12



Proof : By definition, we can write
F*(f)=f"+pg
with g € O5 and we prove by induction on m that

+1

Fmve(fy = /"7 4 pg”"
If we apply the ring homomorphism F* on both sides of this equality, we get
F2(f) = ()P
m+1

= (fP + o)+ plg? +ph)P" = 7 4 pg? T D

m—+1

+pF*(g)"

Now, we fix a smooth S-scheme X and let F:X > X bea strong lifting of the m + 1-st
iteration of the relative Frobenius of X. We will denote by X x X (resp. X' x X' ) the
fibered product over S and by Z (resp. Z') the ideal of X in X x X (resp. X’ in X' x X').

Lemma 4.6 Assume that F*(f') = P 4 pgP™ with g € Og. Letp =10 f-f®l,
V=1 f —f/®@1land =1® g—g® 1. Then, the composite map

Fex F*
X200

F* T — O

X'xX' XxX PXm

sends ¢’ to

< {pm+1}+z R w’”).

Proof : We have

m+1

F)=1a " = " el+1epd” —pi" @1

(recall that p? = 0 on S)

m+1 1

m+1 o m
o < > oigh gy,

)
i=1

We finish with Lemma [£3. O

Proposition 4.7 There is a well defined map

HF* T — p73~ )~(7m/p73557m ~ Px.m

that factors through Q}(, and takes values inside Jxm. Moreover, the induced morphism

1 ~
HF* : Qﬁ(, — Px.m

s a lifting of divided Frobenius

Q% — Px.m/IPxm.

13



Proof : It follows from lemma f.q that the map is well defined: more precisely, we need
to check that F** sends 7’ inside p73~ . By linearity, it is sufficient to consider the action
on sections ¢ as in the lemma.

Now, since F*isa morphism of rings that sends 7' to zero modulo p, it is clear that z%ﬁ *

~2
will send 7' to 0. Thus, it factors through Q}(,. Actually, since the target is killed by p,
it even factors through Q4,. And it falls inside Jyx,, thanks to the first part.

Finally, the last assertion follows again from the explicit description of the map. [

Warning : The quotient map Px n, — Px,m/IPx,m is not compatible with the divided

m m+1
power structures : 77 is sent to 0 but (77 "l = 7'{ Vs not.

Proposition 4.8 The divided Frobenius I%ﬁ* extends canonically to a morphism
F)*(T.Q}(/ — Px.m-
By duality, we get a morphism of Ox-modules
By DY Z0U — B,

Proof : We saw in Proposition 1.7 that the morphism l,ﬁ * takes values into Jx ,, and
. . . p- ’
therefore extends to a morphism of divided power algebras

F.Q%{/ — PX,m
that we can linearize. Moreover, we saw in Proposition B.4 that
'Dg(m) ~ Homox (’me, Ox)
and we also have

200 ~ F4 8T ~ FiyHomo,, (Te2%, Ox:) ~ Homoy (F5TWQ%, Ox). O
Definition 4.9 The morphism ®x is called the Frobenius of ng(m)

We will simply write ® when X is understood from the context but we might also use
@g?l) to indicate the level. Note that ® actually depends on the choice of the strong lifting
ﬁ of Fx.

Proposition 4.10 If we are given local coordinates tq, ..., t., then
1 if |n[=0
d(O™)={ 0 if 0<|n|<p™
- m] o~ ~ m-+1 .
z% > =1 0Z[p }(F*(t;-))a;p Vit p= p"1;.
~pnm+1

Actually, if we have ﬁ*(%) = tjp —|—pg~jpm, the third expression can be rewritten

1 m+1 m+1
t(p )p"™ Z 8 gj J )
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Proof : The point consists in writing ®(@™) in the topological Ox-basis &™) of
Z\O;m) when |n| < p™. By duality, the coefficient of otk D in <I>((9< >) is identical to the
coefficient of {2} in the image of 1 ® (dt) under the morphism

OX ®(9X, F.ka — PX,m-

Recall that this is exactly

Since we consider only the case |n| < p™ we may work modulo Z{P"+1} on the right. If

~ ~ ~pm+1 m
we write F*(t}) = ti" +pg®", we obtain

_Fwyz S s}

|
p: ' s#0
t(p Lp Z@ (95) Tfm mod Z1P"+1}

Thus, we see that the only contributions will come from the case |k| < 1 and that, when
k # 0, the coefficient of 712} is zero unless n = p™1;. Then, there are two cases, first i #£j

in which case, only
1 ipm), =, 5
O E () = ~0i(g)

is left and the case i = j where we obtain

m

]}az[pm](F*(t/)) = —tgp_l)pm — i(g:)"". O

For example, when m = 0, in the case of the affine line with parameter ¢ and derivation
0 , if we choose the usual lifting of Frobenius ¢t — P, we obtain the simple formula
P(9) = —tP~1oP.

Formulas are a lot more complicated in general but they become surprisingly nice when

we stick to the usual generators of the center.

Proposition 4.11 For alli=1,--- ,r, we have

SOy = 0" £ BT,

K3 K3

Proof : As above, the coefficient of 9™ ") in ‘I>(8i<pm+1>) is identical to the coefficient of
i " in
3

~ _ (k5]
F* ~ r m—+1 p ! m
o (Il)[ﬂ — I | <T]{p }_|_ E :(l)lt Dp lp E A (g5) p l >

: j=1 =1

~pm+1

if we write f*(%) =7 +pg"".
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m-+1
Thus, we see that the only contributions will come from the cases k = 1; that gives Ti{p }

and k = pl; that will give

m m [p] m m—+1
(—3z(gj)p e > = (=g
for all j plus the special contribution

i T

<_t(p—1)pm pm>[p] _ <_t§p—1)p’”)p7_i{pm+1}
of the case j = i. In other words, we obtain
T
m+1 m-+1 —1)p™ P m+2 m m—+2
(I)(ai(p )) _ 3i(p )4 <_t§p )p ) 8@@ ) +Z (—8i(g;)" )p 3J{p )
j=1
Our assertion therefore follows from the formulas in Proposition because, thanks to

Lemma B4, we have
PN o)
(Gj ) = Gj O

This calculation shows in particular that ® is not a morphism of rings. However, we will
see later on that the map induced by ® on the center is a morphism of rings so that the
above formula fully describes this map.

We recall now the following general result on Frobenius and divided powers:

Lemma 4.12 The canonical map Px,, — X X X factors through X xx+ X if X is seen

as an X'-scheme via Fx. Actually, if we are given local coordinates ty,...,t, and we set
T :=1®t; —t; ® 1, the corresponding map on sections is the canonical injection
Oxld/(@™") = Ox(-)™.

Proof : In order to prove the first assertion, the point is to check that if f € Ox, then
1® fpm+1 — fperl ® 1 is sent to zero in Px,,. But we have

m—+1 m—+1

1" " el=plle f— fe)P" =0

Concerning the second assertion, we just have to verify that
Ox[z]/(z”

Since Frobenius is cartesian on étale maps ([ff], XIV, 1, Proposition 2), we may assume
that X = A%, in which case this is clear. [

m+1

) = Oxxyix-

Our main theorem arrives now:

Theorem 4.13 Let X be a smooth scheme over a scheme S of positive characteristic p
and F a strong lifting of the m + 1-st iterate of the relative Frobenius of X. The divided
Frobenius extends canonically to an isomorphism

OXXX/X ®(’)X/ FOQ}(/ = 7DX,m-
By duality, we obtain an isomorphism of Ox-algebras

ﬁg(m) ~ Endég(m)(ZA(’)g(m)).

16



Proof : Thanks to lemma {.12, we may extend by linearity the morphism of divided
power algebras
F.Q}X’/ - PX,m

and obtain
OXXX/X ®0X’ P.QAIX’ - PX,m-

We now show that it is an isomorphism. This is a local question and we may therefore
fix some coordinates t1,...,t,, call t|,...,t, the corresponding coordinates on X’ and as

m+1
usual, set 7; := 1®t; —t; ® 1. It follows from proposition [£.7 that dt! is sent to Tl-{p ! }—{—gbi

with
m+1)

¢i € (£"))Ox[z)/(z"
And we have to check that the divided power morphism of Ox[z]/(zP""")-algebras
Ox[r]/(z""")(dt)® —— Ox{z)™
T ——
is bijective. This is easy because we have free modules with explicit basis on both sides.

Now, we obtain our assertion by duality. Using the fact that X is finite flat over X', so
that Ox is locally free over Ox/, we have the following sequence of isomorphisms

Hom(’)x (OXXX/X ®OX’ FOQ}(H OX) ~ HomOX/ (F.Q}X’ 9 Hom(’)x (OXXX/X7 OX))
~ Homo,,(TeQxr, Endo, (0x)) =~ Homo,, (T, Ox/) @0, Endo,,(Ox)
~ STy, ®oy, Endo,, (Ox) ~ Endgz(Ox @o,, S Tx).

and we know that S*7Tx/ ~ FX*Zg(m).

It remains to show that this is a morphism of rings and we do that by proving that it
comes by duality from a morphism of coalgebras. Actually, both morphisms

Oxxx — Pxm and F,Qﬁ(, — Px,m

are compatible with the coalgebra structures. We can be more precise: for the first one,
this is because the comultiplication is induced on both sides by the same formula

fRg— fR1I®yg

and for the second one, it is an immediate consequence of the universal property of divided
powers. []

Warning: The isomorphism of the theorem is not a morphism of é\g(m)—algebras. However,
we have the following:

Corollary 4.14 The morphism ® induces an automorphism of the ring Z\g(m) (that de-
pends on the lifting of Frobenius).

Proof : The isomorphism of rings

~

Dg(m) o~ Endég(m) (ZA(ngm))

induces an isomorphism on the centers which is nothing but the map induced by ®. [

17



Corollary 4.15 The sheaf gog(m) is a (left) @g(m)—module for the action
PefQ=a(Pf)Q, PeD’ feOxQeZy"
(that again depends on the lifting of Frobenius).

Proof : Using the fact that the action is Z Og(m)—linear by definition, we may assume that
@ = 1. And since the isomorphism

ﬁg(m) ~ Endég(m)(ZA(’)g(m)).

is Ox-linear on both sides, we may assume that f = 1. We are therefore reduced to
checking that P e 1 = ®(P) which follows from the definition of the map. [J

For example, when m = 0, in the case of the affine line with parameter ¢ and derivation 0
and if we choose the usual lifting of Frobenius ¢ — t?, we have for k > 0,

Do th = kth=t — tkp=lop = (k — PoP)tF

Thus, if we use (1,¢,...,tP~!) as a basis for k[t][[07]] on k[tP][[0P]], we see that O acts as
0 —toP+1 0 --- 0 1
0 )
: : " . 0
0 0 0 P p—1
| —oP 0 el 0 |

Warning: Scalar restriction to f;m) of the action of 73g(m) on gog(m) is different from the

)

natural action of ZAg(m .

The last result shows that the action of ng(m) on Z Og(m) and the Frobenius of ng(m) com-
pletely determine each other. For computations, since the action is g;m)—linear and that

@g(m) is generated by the operators of order at most p”, the following result might be
useful.

Proposition 4.16 If P € 73&?1) has order at most p, and f € Ox, then

Pef=P(f)+ f®(P).

Proof : This is a local question and we may therefore assume that we have local coordi-
nates ti,...,t,.. By linearity, it is sufficient to show that for |n| < p™, we have

Q<n> of= Q<n>(f) + f@@(@).

We proceed as in the proof of .10l By definition, the image of (1® f) ® (dt) under the
morphism
Oxx X B0y, Lok = Pxm-

() (F@) .

p!

is exactly

18



where € denotes the Taylor series.

The coefficient of z{ﬂ} in this series is the same as the coefficient of Q{EpmH} in Q@ of.

We may work modulo 7™ +1} on the right and we know that, then, all coefficients in

%(E’) are zero unless n = p™1;. Thus, we are left with the case k = 0 that gives Qm)(f)

and the cases k = 1; that gives the different summands of f <I>(Q<E>). O

Note that the formula is more complicated in higher order: for example if X is the affine
line over F5, m = 0 and F' is the usual lifting of Frobenius, we have

% e f = 0(f)®(0?) + fO(0%).

5 Higgs modules

If u: X — Y is a morphism of schemes, £ is an Ox-module and
0:&—ERo, u' Y
is an Ox-linear map, we will write

00 ;£ 0o, v "B E 0o, uOL B0, w0k 2 E R, w2

Definition 5.1 Let u : X — Y be a morphism of schemes. Then, a Higgs u-module on
X is an Ox-module &, endowed with an Ox -linear map

0:8— ERo, u*

such that 0 0 0 = 0. When u = Idx, we say Higgs module on X. When v = Fx is a
(relative iterated) Frobenius morphism, we say Higgs F-module on X.

Higgs u-modules form a category with compatible Ox-linear maps as morphisms. Exactly
as modules with integrable connections may be seen as D-modules, we can interpret the
category of Higgs u-modules as a category of modules over a suitable ring.

Proposition 5.2 Let u : X — Y be a morphism of schemes with Y smooth, and £ an
Ox-module endowed with an Ox -linear map

0:8— &R0y u 0.
Then, &€ is a Higgs u-module if and only if the dual action

u*Ty xXE——=E&
(57 S) '—>£S

extends to a structure of u*S*Ty-module. This is an equivalence of categories.

Proof : Note first that a structure of u*S*7y-module is given by a homomorphism

STy = u*S*Ty — Endoy (€)
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of Ox-algebras. The universal property of the symmetric algebra tells us that this is
equivalent to a linear map

p:uTy — Endop, (€)

satisfying p(&) o p(&') = p(£') o p(€) whenever &, ¢ € Ty. Alternatively, it corresponds to a
bilinear map
u*Ty xXE——=E&
(57 S) S 58

satisfying £€'s = €'&s for €,&' € Ty and s € £. And the corresponding map
0:E— &R0y u 0.
is given in local coordinates by 6(s) = > &;s ® dz;. Now, we compute
o (0(s)) = Z(&fjs — &;&i5) @ dx; A daj.
i<j

And we see that this is zero if and only if we always have ;s = {;&;s. This is exactly
the condition we were looking for. [

Note that, given a morphism u : X — Y, there is an obvious pull-back morphism u* from
Higgs modules on Y to Higgs u-modules on X. There is also a restriction map from Higgs
u-modules on X to Higgs modules on X that has no interest for us.

Definition 5.3 Let X be a smooth scheme over a fized scheme S of characteristic p and
Fx the relative m + 1-st iterated Frobenius on X. If £ is a Dg(m)—module, its underlying
Higgs F-module is the one obtained by restriction along the p™-curvature map

F}S.TX/ — Dg(m)
Its p™-curvature is the corresponding Ox -linear morphism

0:€— &R0, FXO4.

Note that this definition of p™-curvature is consistent with definition 3.1.1 of [[{]. More
precisely, having p™-curvature equal to zero has the same meaning as in [ff].

Note that, locally, by definition, we have

0(s) =S 0" (s) @ .

Definition 5.4 1. Let A be a ring (in a topos) and I a left ideal in A. An A-module
& is quasi-nilpotent if given any section s € &, there exists locally N € N such that
INs=0.

2. Let u : X — Y be a morphism of schemes over some other scheme S. Then, a
Higgs u-module £ is quasi-nilpotent if it is so as u*S*Ty-module (with respect to its
augmentation ideal).

(m)

3. Let X is a smooth scheme over a scheme S of characteristic p and £ a Dy’ -module.
Then &€ has quasi-nilpotent p"*-curvature if the underlying Higgs F'x -module is quasi-
nilpotent.
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Proposition 5.5 Let X be a smooth scheme over S of characteristic p and &€ a Dg(m)—
module. Then, the following are equivalent:

1. & is quasi-nilpotent (with respect to the ideal ng?L) )
2. & is quasi-nilpotent (in the sense of [4], section 2.3)

3. &€ has quasi-nilpotent p™-curvature.

Proof : All the definitions are local in nature and we may therefore assume that we have
local coordinates t1,...,t. on X. Then the first and the third conditions both mean that,

locally, we have )
@P""NN(s) =0 for |N|>>0.

Also, the second condition says that, locally again, we have 8Z-<N> (s) =0 for N >> 0. This
is equivalent to the first one because we always have for t < p™+1,

ol — gl Tk O

(2

Note also that the categories of quasi-nilpotent modules on a ring A and on its completion
A are identical. In particular, we can always consider the category of quasi-nilpotent

(m)

Dg(m)—modules as a full subcategory of the category of Dy ’-module.

In order to go further, we will need the following standard result:

Lemma 5.6 Let R be a commutative ring, M be a locally free R module of finite rank,
and A := Endr(M). Then, the functors

E — Homa(M,E)
from A-modules to R-modules and
Fr— MerF

are quasi-inverse to each other.

Proof : This follows from the fact that the canonical maps
M@r Homa(M,E) — &

and
F — Hompg(M,M @r F)

are both bijective. [J

We denote by X a smooth scheme over a fixed scheme S of characteristic p and let FX be
the relative m + 1-st iterated Frobenius on X. We also fix a lifting S of S modulo p? as
well as a strong lifting F: X — X' of Fx over S. Associated to F', we may consider the

Frobenius ® of Dg( ™) introduced in the previous section. Then, we have the following.
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Proposition 5.7 There is an equivalence of categories between @g(m)—modules and ST’]?/—
modules given by

E— (Fx,E)®

and

In order to understand this statement, it is necessary to make precise the definition of
Frobenius invariants :

(Fx.£)® = {sec & VPeD &(P)(s)=P(s)}

Proof : Using lemma p.§, it follows from Theorem that there is an equivalence of

categories between ﬁg(m)—modules and Flx. gg(m)—modules given by

€ = Fx.Hom (ZoW &)

and ~
F — Z(Qg(m) ®§(m) F.
X

We want to identify the right hand sides with the expressions in the proposition. For the
second one, this is easy because

FXF =~ F5Fx, 20" @ s F = Z0(" @ 2y F.
X X
In order to do the first one, we first check that the canonical map
Hom@g(m) (Zog(m)’ 5) —f
pr—>9(1)

is injective. If p(1) = 0, then ¢(f) = 0 for any f € Ox by linearity. Moreover, we have
the following inclusion

Hom g (20U, &)  Hom 200 (20, €) ~ Homo,(Ox, &)

and it follows that ¢ = 0.

Now, if s € £, we see that the corresponding map

@ é\Og{m) &
fQF———=fQ(s)

is ﬁg(m)—linear if and only if (®(Pf)Q)(s) = P((fQ)(s)) for all P € ﬁg(m), f € Ox and
Q € Z(™)_ We may assume that Q =1 and f = 1 and this shows that

(Fx.£)'"% = FX*Homﬁg(m)(ZA(’)g(m) g). O

Warning: The induced action of é\;m) on gOg{m) is not the natural one: we need to

compose with the automorphism induced by ® on f&m).

We may now state the main theorem of this section (see [§], Theorem 2.8):
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Theorem 5.8 Let X be a smooth scheme over S of positive characteristic p. If there exists
a strong lifting of the m + 1-st iterate of the relative Frobenius of X modulo p?, then there

(m)
X

is an equivalence of categories between quasi-nilpotent Dy’ -modules and quasi-nilpotent

Higgs modules on X' given by
Er (Fx ) °

and

Proof : The functor Fx, induces an equivalence of categories between Zﬁ(m)—modules and

Higgs modules on X’. The theorem therefore follows from Proposition p.q since quasi-
nilpotency is clearly preserved under the equivalence. [

Warning: Under this equivalence, the p™-curvature of £ is not obtained as the simple
pull-back of the Higgs structure of F along Frobenius, we also have to compose with the
automorphism induced by ® on the center.

Finally, we can give local formulas:

Proposition 5.9 If we are given local coordinates ty,...,t., and F is a Higgs module on
X' with

0(s) =) _&s@dt,
=1

then the D&m)—structure of FxF is given by

a[pl] 1 - 0 if I<m
5 ( ®S) = 1 Zr a[Pm}(ﬁ*(t;,)) ®£}s if [ =m.

Pl 2uj=1

Proof : Follows from proposition [.10. OJ

Unfortunately, it is much more complicated to recover F from &.

6 Informal complements

6.1 Linearizing with respect to the center

As usual, X denotes a smooth scheme over some scheme S of characteristic p and Fy is
the relative m + 1-st iterated Frobenius on X. We also fix a lifting S of S modulo p? as
well as a strong lifting F' : X — X' of Fx over S.

First of all, it is important to notice that, in the following commutative diagram, where
all maps are Ox-linear,

F;( Fo Q%{/ ,PX7m

|
' |
\V ~
F)*(F.Q}X/ — PX,m/IPX,my

the dotted arrow is not the identity although both horizontal arrows are defined by the
same map I%F on Q}(, and are compatible with divided powers. This is because the left
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arrow is not compatible with divided powers. However, one can show that the dotted arrow

is bijective (it is dual to the ring automorphism induced by ® on zZ Og(m) - see below).

Recall now that our Frobenius map
& B — ZO B

induces the identity on Ox and a (non trivial) ring automorphism of 2§(m) In particular,
® restricts to an automorphism of ZO0x and we will abusively denote by ®~! its inverse.
We may then compose ®~! on the right with ® in order to obtain a modified version of
Frobenius )

& B0 Zol W G0l L B

that will induce the identity on ZAOg(m).

Using this modified Frobenius gives a twisted version of our fundamental algebra isomor-
phism
DI ~ End 200 (ZO{)

which is now the identity on the center f;m). The corresponding @g(m)—module structure
is given by a similar formula N
PefQ = o(Pf)Q.

This twisted action is given by more complicated formulas but has the advantage to be
a true Azumaya splitting for 73&?1) Of course, one can use this twisted action in order
to obtain an equivalence between quasi-nilpotent Dg(m)—modules and Higgs modules on X.
Actually, ® induces an autoequivalence of the category of quasi-nilpotent Higgs modules
on X’ and the twisted equivalence is obtained by composition with the old one.

6.2 van der Put’s construction

Marius van der Put only deals with differential operators of level zero and we will therefore
stick here to this case and drop m from the notations. He actually works in the theory of
differential fields ([[L0], [L1]) but the translation into our language is straightforward. Also,
we will not follow his notations but only try to explain his clever approach. We let X be a
curve over a perfect field, with a fixed coordinate ¢ and denote as usual the corresponding
derivation by 0.

It is important to note that van der Put works with the twisted version of the theory (see
section [p.1)). The first point is to remark that the Azumaya nature of Dy is completely
described by the element

H:=®(0) € ZOx.

In what follows, we make Dy act on Z0x by extending trivially the action on Ox (via
the isomorphism Ox ®o,, Zx ~ Z0x). Now, since the twisted action is the identity on

z x, we must have 0Pel = 9P and this leads to the condition
oP~Y(H) + HP = 0P,
Thus, van der Put’s question reduces to finding such an element. He does it by successive

approximations, lifting an action on the quotient O (see [[L0], Lemma 1.6). The point is to
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notice that such an action corresponds to an element h € Ox such that 9P~ 1(h) 4+ hP = 0.
In other words, he lifts the quotient isomorphism :

Dy Endz (20x)
Dx/ICX = gndox,((’)x).

We will now check that he obtains exactly the map induced by ® if we can use t — tP as
lifting of Frobenius modulo p?. First of all, we have

®(0) = —tP19P and D7) = P — PP~ VP
Since ® induces a morphism of rings on Z0 x, we also have for all kK > 0
k

o) =0 — (o

from which we derive

8

ot —Zt?’“l

k::l

Since ® is Ox-linear, we can deduce

H:=3(9) = —t""'o! Zt(”k_l

This is exactly the same (with different notations) as Example 1.6.1 of [[[(]. The reader
can also look at the proof of theorem 13.5 of [[L]]). Note also that many examples are
worked out in this book.

6.3 Working before completion

We keep the same notations as in section 6.1]. It is not difficult to see that the map ® exists
before completion. One just has to be careful when dualizing. This is possible because we
have explicit local formulas. Thus, there is a well defined map

o: DY) — zo — pl),

Using our local formulas again, it is not difficult either to see that ® sends Zy inside
itself. But the induced map need not be bijective (in particular, we cannot define ® before
completion).

For the same reasons, there exists a morphism of Ox-algebras at finite level
DI s End ) (20T)
X z(m X /e

But again, this is not an isomorphism. However, this map is semi-linear with respect to
the endomorphism ® of Zx and linearization provides an isomorphism

ZX}(X’ZX 'Dg(m) ~ €ndz§m)(2(’)§(m)).
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Note that the fact that this is an isomorphism follows from our previous results because
it is a morphism of locally free Zx-modules and that it is therefore sufficient to prove
bijectivity after completing.

The endomorphism induced by ® on Zx ~ S*7x/ corresponds to a morphism
o TX/ — Txl.
We did not check it in general, but it is likely that « is surjective étale and provides an

étale Azumaya splitting of Dg(m) (see Proposition 2.5 (1) of [§] for the case m = 0).

Finally, we can pullback Higgs modules along Frobenius in order to get a Dg(m)—module,
but it becomes an equivalence only when restricting to quasi-nilpotent objects.

6.4 Glueing

As before, X denotes a smooth scheme over some scheme S of characteristic p and Fx is
the relative m + 1-st iterated Frobenius on X. We also fix a lifting S of S modulo p? as
well as a lifting X /S of X/S.

éssume for the moment that we are given two strong liftings ﬁl, FQ - X - X' of F 'x over
S (we may always twist a lifting of X and therefore assume that F; and Fb have the same
domain). Considering local descriptions again, one sees that the map

FVQ—E:O;(,—%’))?

induces a derivation 1
H(FZ — Fl) . Ox/ — O)(.

and we obtain a natural Ox--linear map

1 ~ ~
U1 = H(FQ — Fl) : Q}X’ — Ox.

Moreover, if _ﬁg is another strong lifting of Fx, we have (with the obvious analogous
notation) uis = u12 + ugs.

The map u1o extends to a morphism of Ox/-algebras S 'Q}(/ — Ox and by linearity to map
F;}S'Q&, — Ox and we finally embed into F)*(S‘Qﬁ(, in order to get an endomorphism of
the Ox-algebra F)’}S’Q}@ that we still call u;3. We may then define ¢15 = Id — w12 and
remark that we have ¢19¢23 = ¢13. It follows that, when there are only local liftings of
Frobenius, we obtain glueing data and we will call .Agzn) the resulting Ox-module which
is locally isomorphic to F)*(S'Q}(,.

In order to dualize, we introduce the completed divided power envelopes

— e~

Zﬁ(m)DP’ Zog(m)DP and Dg(m)DP

of
zm  zoW™ and DY

respectively along the augmentation ideal of Zg(m). Note that we have

—_—

Z(MPP L T, Ty, 20WPP ~ 2(WPP g 2 zolm

26



and

S(m)DP _ S (m)DP m
D{PP ~ Z(PP Z(m)D()

Thus, dual to Ag?b) we obtain an Ox-module Bg(m), which is in fact a locally free Z Og(m)DP—
module of rank 1. In order to verify this, it is sufficient to check that, locally, the dual

glueing map

(512 . Zog(m)DP R Zog(m)DP

is ZO&m)DP—linear: it is Ox-linear by definition; moreover, by construction, ¢1o acts as the

)DP

identity on the augmentation ideal of ngm because u12 sends the augmentation ideal

of S'Qﬁ(, inside Ox.

Note that, locally, ﬁg — ﬁl sends 7 into pOz, _ 5 and that we obtain a map
X/

QL Uiz

W — u12(w’) ®R1-1® ulg(w’).

Oxx X

A construction analog to the above provides an automorphism Id—Ujs of Ox« X ®S 'Qk,
giving rise to a commutative diagram

Oxx o x ® S*Q%, Oxxx ®S°QL, .

Dualizing provides a morphism

DI - &nd e (BUM),
X

and extending scalars, a map which is an isomorphism

D<m>DP ~ End — (BY),

(m)DP

as one easily checks.

6.5 Ogus-Vologodsky’s construction

We keep the same notations as before but we assume that m = 0 and we drop it from
the notations. Also, in what follows, there will be some sign differences with the article of
Ogus and Vologodsky ([f]), due to the fact that they choose to divide by p instead of p!
and that p! = —p mod pZ.

They start with a global definition of Ax that we do not want to recall here ([§], Theorem
1.1). In order to obtain a local description of this object, they introduce the notion of
“splitting of Cartier” ¢ : QL, — QL. When Fis a lifting of Frobenius, the standard
example of such is splitting is given by Mazur’s construction and is simply the composite
of the map

H:Q‘IXI —>IX
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with the canonical projection Zx — Zx /T 2 _ Q}( They linearize and dualize in order
to obtain a morphism ¢ : 7x — F57xs. Thus, by construction, there is a commutative
diagram

P

D : DX DX
I
Tx FiTy

where the map on the right is the p-curvature map. From ¢, they construct a morphism
h:Tx — Ty that is given on local sections by h* (0F) = ®(0;)P if we use as usual the
p-curvature map to embed Tx into Dx. When m = 0, our formula in Corollary [£.11] reads

(0, ) P + ®(9;)P and it follows that our map « is the same as the one in section 2.2
of [§]. In partlcular, our theory is fully compatible with theirs even if the approach might
sound different.

For example, their formula (2.11.2) reads locally
V(i®s) ng@@c dt}).
and we have, with Cartier-Mazur’s splitting corresponding to a lifting %V; — %Z’ + pyi,

C(dt ) Za gz

It follows that

1)

(1®s)=—t"Yees Za (95) ® &js

which is exactly what we found in Proposition @

6.6 Frobenius descent

When s € N, any divided power structure of level m on an ideal 7 is a fortiori a divided
power structure of higher level m + s. It follows that if X < Y is any embedding, there
exists natural map Px;,(Y) — Pxm+s(Y). And from this, one derives, for a smooth

scheme X over our fixed scheme S, a morphism of rings Dg(m) — Dg(m+s). It is given on

! )
local generators by 8i[p N 8Z[p I for 1 < m but this is not an injective map in general. For

m+1
example, if S has positive characteristic p and s > 0, then (9i{p }is sent to zero.

Let us be more specific in this positive characteristic situation. Given any s, we will denote
by X ) the pull-back of X along the s-st iteration of Frobenius. For s > 0, the kernel of
the map Dg(m) — D&mﬂ) is nothing but the ideal ICg?L) generated by the image of 7y (mi1)
under the p"*-curvature map. Moreover, it induces an isomorphism of rings

m-+s
Endo . (Ox) ~ DY pmll )

where the right hand side is the subring of differential operators of order less than p™+!

We now come to the basic fact on Frobenius descent : the s-th iteration of Frobenius
induces a morphism
F** : Pxmys — Py

s)m-
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{k}m N T{kps Ymts

It is given locally by 7, and we obtain by duality, a morphism

(m+s) * (M)
,DXm S N Fs DX"ZS)

given locally by 8Z.<k> — 1® 3i<k/ P i p°lk and 0 otherwise. Note that FS*DE("?S)) has no
natural ring structure so that this morphism cannot be seen as a morphism of rings.
(m)

(

(s compatible with the

However, it induces an isomorphism of rings Z(’)g(ers)) ~ F*Z0
p-curvature maps of level m + s and m respectively.

If we choose compatible strong liftings, there is an obvious commutative diagram

Pxim

1
X(m+s+l) Fex

17 1
pm

PXm—l—s

Q

that gives by duality a commutative diagram (we ignore completions)

(m+s)
YT

T

,Dg(m-‘,—s) - . Zog(m—l—s))% ,Dg(m-‘,—s)

| - |

ES * )
P —— pzo() —— pop().

\/

sx g (M)
F (I)X(S)

For the same reason, we have a commutative diagram

Dg(ers) - Endzg(m“) (ZOE{ers))

| |

Fop) o FPEnd o (20T)).
x(s)

Finally, when restricting to quasi-nilpotent objects everywhere, we have compatible equiv-
alences of categories induced by Frobenius pull backs

{Higgs modules on X(m+s+1)}

%m

~

{D%) -modules} o {Dg(ers)—modules}

In particular, we recover our equivalence of categories as the composition of Frobenius
descent and the usual case m = 0 (again, we restrict to quasi-nilpotent objects) :

{Higgs modules on X ("+11 Tz> {Dg??m)—modules} F—i> {Dg(m)—modules}.
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(m)

Note however that, as far as we understand, the Azumaya nature of Dy, cannot be derived
from the case m = 0.
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