N

N

Long-time existence for semi-linear Klein-Gordon
equations with quadratic potential
Qidi Zhang

» To cite this version:

Qidi Zhang. Long-time existence for semi-linear Klein-Gordon equations with quadratic potential.
2008. hal-00337511

HAL Id: hal-00337511
https://hal.science/hal-00337511

Preprint submitted on 7 Nov 2008

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00337511
https://hal.archives-ouvertes.fr

Long-time existence for semi-linear Klein-Gordon equations with
quadratic potential

Q.-D. Zhang *f
Department of Mathematics, Zhejiang University,
Hangzhou, 310027, China
&
Université Paris 13, Institut Galilée,
CNRS, UMR 7539, Laboratoire Analyse Géométrie et Applications
99, Avenue J.-B. Clément,
F-93430 Villetaneuse

Abstract

We prove that small smooth solutions of semi-linear Klein-Gordon equations with quadratic
potential exist over a longer interval than the one given by local existence theory, for almost
every value of mass. We use normal form for the Sobolev energy. The difficulty in comparison
with some similar results on the sphere comes from the fact that two successive eigenvalues A, \’

of v/—A + |z|? may be separated by a distance as small as %

0 Introduction

Let —A + |z|? be the harmonic oscillator on R?. This paper is devoted to the proof of lower bounds
for the existence time of solutions of non-linear Klein-Gordon equations of type

(07 — A+ |zf* + m?)v = "
v]i=0 = €vp

at’l)’t:() = €V

where m € RY, xaafvj € L? when |a| + 8] < s+1—j (j =0,1) for a large enough integer s, and
where € > 0 is small enough.

The similar equation without the quadratic potential |z|?, and with data small, smooth and
compactly supported, has global solutions when d > 2 (see Klainerman [I8] and Shatah [23] for
dimensions d > 3, Ozawa, Tsutaya and Tsutsumi [22] when d = 2). The situation is drastically
different when we replace —A by —A + |x|?, since the latter operator has pure point spectrum.
This prevents any time decay for solutions of the linear equation. Because of that, the question of
long time existence for Klein-Gordon equations associated to the harmonic oscillator is similar to
the corresponding problem on compact manifolds.

For the equation (97 — A + m?)v = v™! on the circle S!, it has been proved by Bourgain [f
and Bambusi [, that for almost every m > 0, the above equation has solutions defined on intervals
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of length cye™ for any N € N, if the data are smooth and small enough (see also the lectures of
Grébert [I3]). These results have been extended to the sphere S? instead of S' by Bambusi, Delort,
Grébert and Szeftel [2]. A key property in the proofs is the structure of the spectrum of v/—A on
S9. Tt is made of the integers, up to a small perturbation, so that the gap between two successive
eigenvalues is bounded from below by a fixed constant.

A natural question is to examine which lower bounds on the time of existence of solutions might
be obtained when the eigenvalues of the operator do not satisfy such a gap condition. The problem
has been addressed for (97 — A + m?)v = v**1 on the torus T¢ when d > 2 by Delort [9]. It has
been proved that for almost every m > 0, the solution of such an equation exists over an interval
of time of length bounded from below by ce—*#(1+2/d) (up to a logarithm) and has Sobolev norms of
high index bounded on such an interval. Note that two successive eigenvalues A, X of v/—A on T¢
might be separated by an interval of length as small as ¢/A. A natural question is then to study
the same problem for a model for which separation of eigenvalues is intermediate between the cases
of the sphere and of the torus. The harmonic oscillator provides such a framework, as the distance
between two successive eigenvalues A\, N of \/—A + [z|? is of order 1/v/X. Our goal is to exploit
this to get for the corresponding Klein-Gordon equation a lower bound of the time of existence of
order ce=*%/3 when d > 2 (and a slightly better bound if d = 1).

Note that the estimate we get for the time of existence is explicit (given by the exponent —4x/3)
and independent of the dimension d. This is in contrast with the case of the torus, where the gain
2/d on the exponent brought by the method goes to zero as d — 4o0o0. The point is that when
the dimension increases, the multiplicity of the eigenvalues of —A + |x|? grows, while the spacing
between different eigenvalues remains essentially the same.

The method we use is based, as for similar problems on the sphere and the torus, on normal
form methods. Such an idea has been introduced in the study of non-linear Klein-Gordon equations
on R? by Shatah [23], and is at the root of the results obtained on S',S% T¢ in [6, [T, B, 2 ©]. In
particular, we do not need to use any KAM results, unlike in the study of periodic or quasi-periodic
solutions of semi-linear wave or Klein-Gordon equations. For such a line of studies, we refer to the
books of Kuksin [20}, 2T] and Craig [§] in the case of the equation on S!, to Berti and Bolle [4] for
recent results on the sphere, and to Bourgain [7] and Elliasson-Kuksin [I2] in the case of the torus.

Finally let us mention that very recently Grébert, Imekraz and Paturel [I4] have studied the
non-linear Schrodinger equation associated to the harmonic oscillator. They have obtained almost
global existence of small solutions for this equation.

1 The semi-linear Klein-(GGordon equation

1.1 Sobolev Spaces

We introduce in this subsection Sobolev spaces we will work with. From now on, we denote by
P=\/-A+|z]2,2 € R% d > 1. The operator P> = —A + |z|? is called the harmonic oscillator on
R?. The eigenvalues of P? are given by A2, where

(1.1.1) A =V2n+d,n e N.

Let II,, be the orthogonal projector to the eigenspace associated to A2. There are several ways to
characterize these spaces. Of course we will show they are equivalent after giving definitions.

Definition 1.1.1. Let s € R. We define 74°(R%) to be the set of all functions u € L*(R?) such
that
(A2 || ul| 2)nen € £2, equipped with the norm defined by ||u||ifis = neN /\%8||Hnu||2L2.
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The space 74°(R?) is the domain of the operator g(P) on L?(R%), which is defined using
functional calculus and where

(1.1.2) g(r)y =1 +7r?z2,reR.
Because of ([LITI), we have
(1.1.3) lg(P)ullrz ~ [[ull -

Definition 1.1.2. Let s € N. We define 547 (R%) to be the set of all functions u € L*(R?) such that
720%u € L2(RY),V|a|+|B| < s, equipped with the norm defined by H“Hif; =D |al+|8|<s ||z8%ul|2,.

We shall give another definition of the space in the view point of pseudo-differential theory. Let
us first list some results from [16].

Definition 1.1.3. We denote by I'*(R), where s € R, the set of all functions u € C°(R?) such
that: Yo € N4, 3 Cy, s.t. V2 € RE, we have [0%a(z)| < Calz)*710, where (z) = (1 +|2?)2 .

Definition 1.1.4. Assume a; € I'5(R%)(j € N*) and that s; is a decreasing sequence tending to
—00. We say a function a € C®(RY) satisfies:

0o
a ~ E aj
J=1

if: Vr>2,reN, a— Z;;% aj € ['*(RY).

We now would like to consider operators of the form
(1.1.4) Au(z) = (2m) 74 // Tz, € )uly)dyde

where a(z, &) € T'*(R2?). We can also consider a more general formula for the action of the operator

(1.1.5) Au(z) = (2m)~¢ // Tz, y, E)uy)dyde

where the function a(x,y, &) is called the amplitude. We will describe the class of amplitudes as
following:

Definition 1.1.5. Let s € R and Q°(R3%) denote the set of functions a(z,y,&) € C®(R3%), which
for some s’ € R satisfy

02020 a(w,,€)| < Capy () MBI g _ s lal ol
where z = (x,y,£) € R34

The following proposition is a special case of proposition 1.1.4 in [16].

Proposition 1.1.6. If b € T*(R?%), then a(z,y,£) = b(x,&) and a(z,y,£) = b(y,&) belong to
Q°(R3%).



Let x(z,y,€) € C5°(R3?),x(0,0,0) = 1. It is shown by lemma 1.2.1 in [T6] that (CIH) makes
sense in the following way:

(1.1.6) Au(a) = Jim (2m)~¢ [ [ o083 a2y, cale, . uly)duds

if a(z,y,£) € Q°(R3?) for some s. It is also shown in the same section of it the operator A is
continuous from S(R?) to S(R?) and it can be uniquely extended to an operator from S'(R%) to
S'(R9).

Definition 1.1.7. The class of pseudo-differential operators A of the form (LIJA) with amplitudes
a € Q%(R3) will be denoted by G*(RY).

We set G~°(R?) = ,cp G*(RY).
Example 1.1.8. For s € N, the constant coefficient differential operator cagzno‘@ﬁ is in the
class G*(RY). B

The class G*(R?) has some properties which are just theorems 1.3.1, 1.4.7, 1.4.8 in [I6]:
Theorem 1.1.9. Let 51,52 € R and A € G*1(R?), A’ € G*2(R?). Then Ao A’ € G51+52(RY).
Theorem 1.1.10. The operator A € GO(R?) can be extended to a bounded operator on L*(R?).

Theorem 1.1.11. The operator A € Gs(Rd) for s < 0 can be extended to a compact operator on
L*(RY).

We shall give a subclass of that of pseudo-differential operators.

Definition 1.1.12. We say a € Fgl(Rd) if a € T*(RY) and a has asymptotic expansion:

a~) oy
JjEN
with as—;j € C®(RY) satisfying for 0 > 1,|x| + €] > 1

as—j(0z,0€) = 0" a,_(x,€).

Definition 1.1.13. Let A be a pseudo-differential operator with amplitude a € Fil(Rd). We then
call as defined above the principle symbol of A.

Definition 1.1.14. We say a pseudo-differential operator A € Gzl(Rd) if its amplitude a €
D (R2),

By proposition [LTH, definition [CTT4 is meaningful.

Definition 1.1.15. We say that A € Gzl(}Rd) is globally elliptic if we have: AR > 0,34 C > 0 such
that ¥(x, &) € R satisfying |x| + |€| > R, we have |as(x, &) > C(|z| + |£])%, where as denotes the
principle symbol of A.

We can invert the operator A € Gil(Rd) up to a regularizing operator, which is just theorem
1.5.7 in [16].



Theorem 1.1.16. Let A € Gzl(}Rd) be a globally elliptic operator. Then there is an operator
B € G*(RY) such that

(1.1.7) BoA=I+R), AoB=I+R,,
where Ry, Ry are reqularizing, i.e. Ry, Ry € G™°(R?).

Definition 1.1.17. Let A be a pseudo-differential operator whose symbol is (£, )% modulo le_l.
We define 55 (R9) to be the set of all functions u € S'(R?) such that Au € L*(RY), equipped with
the norm defined by ||u||i%s = ||Au||2L2 + ||u||%2

Remark 1.1.1. The pseudo-differential operator A defined above is globally elliptic. Thus by
theorem [LIT1A if Au € L*(R%), we must have u € L?(R?).

Remark 1.1.2. ,%?),S(Rd) does not depend on the choice of A according to corollary 1.6.5 in [10)].

Corollary 1.1.18. When s € N, definitions [LI1, [LT2A and [I.1.17 characterize the same space.
Moreover 5 (RY) = s45(RY) for any s € R.

Proof. First let s € N. Since A in definition [CTI7 is globally elliptic, by theorem there is
B € G;*(RY) such that

(1.1.8) BoA=1+ Ry, AoB=1+ Ry

where Ry, Ry are regularizing. Thus for any «, 3 with |a| + |3] < s, by the example after def-
inition and theorems [CT.9 and [CTID, we have ||[2%0°ul|2 < |[2*0° BAul|2 +
220 Ryul|r2 < C(]|Au||p2 + [|u]|z2), which implies llull g < Cllu|ls. The inverse inequal-
ity follows from the proof of proposition 1.6.6 in [I6]. Let us now prove that definition [CT] is
equivalent to definition [LT.17 for any s € R.

By Theorem 1.11.2 in [I6] the operator g(P) defined in (LIZ) is an essentially self-adjoint
globally elliptic operator in the class G*(R?). We have again by theorem that there is
Q € G*(R?) such that

(1.1.9) g(P)oQ=TI+Rj, Qog(P)=1+Ry

where R, R), are regularizing. We compute using (CI3), (CIH), (CI9) together with theorem
and theorem

lull s ~ llg(P)ullr2 < |[(g(P) o B o A)ullr2 +[[(9(P) o Ri)ul| 2
< C(l|Aullgz + [ullp2) < Cllull

and
lullgg < C([[(Ao Qo g(P))ullpz +[|(A o Ry)ullrz + |Jul|L2)
< C(llg(P)ullzz + [lullz2) < Cllull sz,
where the last inequality follows from the fact A, > 1. O

We denote /7 (R?) = 4% (RY) = #5*(R?) when s € R. When s € N, this space coincides with
T} (]Rd). Let us present some properties of the spaces we shall use.

Proposition 1.1.19. If s; < s, then J%2(R?) — %1 (RY).



Proposition 1.1.20. If s > d/2, then 7#°(R%) — L>(RY).

Proposition 1.1.21. Let f € C*®(R), f(0) = 0,u € J#*(RY),s € N,s > d. Then we have f(u) €
H°(RY). Moreover if f vanishes at order p+1 at 0, where p € N, then ||f(u)|| s < C’||u||e‘ﬁ’;;ﬂ'rs1

Proof. Proposition and follow respectively from the definition and Sobolev embedding.
By the chain rule, for |a|+|3| < s, 220% f(u) may be written as the sum of terms of following form:

2@ f®) (w) (0% u) . .. (0%u),

where k < s, ol + 3F|6i] < s,16:] > 0,i = 1,...,k. Let jo be the index such that |3, is the
largest among |B1|,...,[Bk|. Thus we must have |3;| < §, i # jo. By the assumption on s and
proposition T2, 97u € L®(RY) if |y| < 4. We then estimate the factor 2*9%ou of the above
quantities in L2-norm and others in L>-norm. Thus we have f(u) € #*(R%) by proposition [CT.20.
When f vanishes at 0 at order p + 1, by Taylor formula there is a smooth function h such that
f(u) = uP*t1h(u). Then we argue as above to get an upper bound of ||f(w)||zs by C|lul|%, . ||u|| .
This concludes the proof. O

Remark 1.1.3. Proposition [LITZ1 actually holds true for s > d/2 if we argue as the proof of
corollary 6.4.4 in [I7]. Since we will consider only in #°(R?) for large s, the lower bound of s is
not important.

1.2 Statement of main theorem

Let d be an integer, d > 1 and F' : R — R a real valued smooth function vanishing at order « + 1
at 0, k € N*. Let m € R%. we consider the solution v of the following Cauchy problem:

(0} = A+ |z)> +m*)v = F(v) on [-T,T] x R4
(1.2.1) v(0,z)
8{0(0,%)

= €Vp

= €V,

where vg € 5T (RY),v1 € #°(R%), and € > 0 is a small parameter. By local existence theory
one knows that if s is large enough and € € (0,1), equation (CZI]) admits for any (vg,v1) in the
unit ball of 7#5+1(R?) x 7#%(R%) a unique smooth solution defined on the interval |t| < ce™*, for
some uniform positive constant c. Moreover, ||v(t,-)||ps+1 + ||Owv(t,+)|| = may be controlled by
Ce, for another uniform constant C' > 0, on the interval of existence. The goal would be to obtain
existence over an interval of longer length under convenient condition by controlling the Sobolev
energy. Our main result is the following:

Theorem 1.2.1. There is a zero measure subset N of R and for every m € R% — N, there are
eg > 0,¢ > 0,80 € N such that for any s > sg,s € Nye € (0,€p), any pair (vo,v1) of real valued
functions belonging to the unit ball of 75T (R?) x 7°(RY), problem (LZ1) has a unique solution

(1.2.2) ue CO(=T.,T.), T (RY) N CY(~T.,T.), #°(RY)),

where T, has a lower bound T, > ce~5(1=p)r forany p>0ifd>2 and T, > ce~ T8 (1=~ for any
p >0 if d=1. Moreover, the solution is uniformly bounded in T (R%) on (—T.,T.) and Oyu is
uniformly bounded in 7°(R%) on the same interval.



1.3 A property of spectral projectors on R?

As we have pointed out P has eigenvalues given by A, = v/2n + d,n € N. Remark that II,, is the
orthogonal projector of L*(R?%) onto the eigenspace associated to A2. Let us first introduce some
notations. For &p,&1,...,§p+1 p + 2 nonnegative real numbers, let & ,&;,, &, be respectively the
largest, the second largest and the third largest elements among them and £’ the largest element
among &1, ...,&p, that is,

gio = max{g()v cee aEp—I—l}) 51’1 = max({ﬁo, cee aEp—l—l} - {610})7

(31 o =max({E, oG}~ {60, G)) € =max{r,. . G).
Denote

(1.3.2) (s pr1) = (1+ V&) (1 + V&)

Set also

(1.3.3) 5o, &pt1) = & — &ir| + 1o, - - - Ept1)-

The main result of this subsection is the following one:

Theorem 1.3.1. There is a v € R, depending only on p (p € N*) and dimension d, and for any
N €N, there is a Cy > 0 such that for any ng,...,np+1 € N, any uo, ..., upy1 € L?*(RY),

N P+l

(T'LQ, oo, 1
(1.3.4) \/Hnouo M tpiada] < O (14 i) Eo e H ot | 2.
Furthermore if d =1, we may find for any s € (0,1)
1

(I+Am)”  pno,.. . )V
1.3.5 /H U Uy, 1dz| < C L L U
( ) | no 0 np+1 P | N(l"‘,/’nio)%(l_g) S(TLO)-. np+ N HH ]||L2
Proof. By the symmetries we may assume ng > ny > --- > npy1. Then recalling the definition of
An in (L), we only need to show under the condition of theorem [L3]

()\ A p+1
n n:

(136) | [ Mg Ty yupeada] < O, T ;Am% T sl
and when d =1

A\ (}\ A p+1
1.3.7 I dz| < Cn—+2 i Ang)
(37 |/ oty ytpdr] < R0 (N = 22,1+ M A) ¥ 1;[ sl

for any ¢ € (0,1). We follow the proof of proposition 3.6 in [T4]. Let A be a linear operator which
maps D(P?*) into itself. We define a sequence of operators

(1.3.8) An = [P?, An_1]; Ay = A.
Then using integration by parts we have

(139) (/\ELO — /\%1)N<A Hnlul,Hnou()} == <ANHn1U1,Hn0uO>.



Now we set A to be the multiplication operator generated by the function
CL($) = (HnQ’LLg) e (an+1up+1).
Then an induction argument shows

(1.3.10) An = > Coapry (0%a) P57
BI+IVI<N, |al+]B+y]<2N

for constants Cfg,. Therefore we compute for some v’ > g

2, — A2 )V / (Myto) . . (T tupn )l

(1'3'11> <C Z H(aaa)xﬁa’ynruuluL?HHnOUOHLQ
IBI+VISN, |al+[Bl+|v|<2N
<C > llall o+t 1 ny wt ]| et [ Tng wol [ L2

IBI+ V<N, [al+|8]+]1v]<2N

where in the last estimate we used definition [[T.2and proposition [LT.20l Remark that by definition
[CT, one has for any s > 0

(1.3.12) [T u|| s < OX || Tul| 2.
This estimate together with the proof of proposition [CT2T gives for ng > ng -+ > npyq

p+1
(1.3.13) lall o siar < CAFI T T 10wy 22
j=2

for some v > 0 depending only on p and dimension d. Thus we have

2, — A2 )N / (Myto) . . (T tup )]

p+1
<C Z )\er\al)\lnﬁlwrlvl H || T, 25| 2
[BI+|YI<N, |al+[Bl+v|<2N 7=0
p+1
2N—
(1.3.14) <O Y AN T MLl e
la|<N =0
A p+1
2N N
< XN )N T MLy
na .
7=0
p+1
< C)‘Zg()‘m)‘m)]v H HHnjujHLz’
=0
Now if Ay Any < [A2) — A2 |, then the last estimate implies ([[3), while if Ay Ap, > (A2 — A2 |,
then A%O_:\\gii_cinl oy 2 5 and thus ([CZ0) is trivially true.

On the other hand, we use the property of the eigenfunctions (see[I9]), which in dimension d = 1

says that if ¢, is the eigenfunction associated to A2, then one has ||¢, ||~ < CAy, ®. Therefore we
have

_1
(1.3.15) [T ul|pee < CAy ° [Ty ul| 72



since in this case the eigenvalues are simple. This estimate gives us

p+1

(1.3.16) | / Mgt Tyt < CAmd [ 1T, ] 12
7=0

Combining (L3ZT6) with (C3E) one gets (C30) for all N > 1 and some v > 0 in the case d = 1.
This concludes the proof. O

2 Long time existence

2.1 Definition and properties of multilinear operators

Denote by £ the algebraic direct sum of the ranges of the II,’s,n € N. With notations (L3I,
([C32) and ([C33) we give the following definition.

Definition 2.1.1. Let v € Ry, 7 € R, p € N*. We denote by M;;:l the space of all p + 1-linear
operators (ui, ..., ups1) — M(u1, ..., ups1), defined on € x - - - x € with values in L?(R?) such that

o For every (ng,...,np41) € NPT2 uy oo upig € E

(211) Hno [M(Hnlula v 7an+1up+1)] = 07

: def
if [no — np+1| > 3(ng +npt1) orn’ = max{ni,...,np} > npyi.

e For any N € N, there is a C > 0 such that for every (ng,...,npt1) € NP+2,
UL, ..., Upt1 € E, one has

[T [M (TLpy way oy Wiy up1)] [ 22
N ptl

< C(1+ g + Apr1) (1 + W)ZE" ”p“ n H il -

o, ...,

(2.1.2)

The best constant in the preceding inequality will be denoted by ||M|| v~

p+1, N
We may extend the operators in M;’Il to Sobolev spaces.

Proposition 2.1.2. Letv e Ry, TeR, pe N*, s e N, s >v+3. Then any elementMEMpH

extends as a bounded operator from H°(RY) x --- x J5(R?) to A5~ ""YR?). Moreover, for any
so € (v + 3,s], there is C > 0 such that for any M € M;L:l, and any uy, ..., upr1 € AR,

p+1
(2.1.3) 1M (un, )| rere 1<0||M||qu2[||uj||jfsH||uk||%so]
Jj=1 k#j

Proof. The proof is a modification of proposition 4.4 in [I0]. There is one derivative lost compared
to that case. We give it for the convenience of the reader. Using definition [CT.J] we write

(2.1.4)  ||M (w1, ... up1)||2pe—rs
<CZHZ Y My Mgy, Ty upr) |72 (14 V/Rg) 7272

Tp+1



Because of (ZITl) and using the symmetries we may assume
(2.1.5) N ~ Npt1 and ny < - <np <mnpy < Cng

when estimating the above quantity. Consequently, we have

p(no; - -y mpy1) ~ (1 +/np)(1 + /npia),
(2.1.6) v v
S(”O) s anp—i-l) ~ |7'L(] - np+1| + /.L(TL(], ce anp—i-l)‘

By (ZI2) the square root of the general term over ny sum in (ZIZ]) is smaller than

o1 (L4 /np)Y u(no,...,n 1Np+1
Ly o Y 4y Y i) TT 2

n1§---§np+1 S(no,... ,np+1
We have by ([I.3) and (T8
1+ /mn
(218) ,LL(TIQ, 7np+1) ~ 14

S(noy. -y npr1)  |Vmo — /Tpril + 1+ 1y

The following fact will be useful in this section: For ¢ € N,A > 1 and N > 1, thereis a C > 0
independent of ¢ and A such that

1 1+ /4
(2.1.9) %(\\/ﬁ—\/aHA)N <C—ys

Let ¢« > 2 be a constant as close to 2 as wanted. Using (ZI18) and [ZT9) we deduce

) e < O )1+ )
0

yoon np+1)
(2.1.10)

S G < 1 )1+ )
0

RN o} ¢
npt1 ap+1)

We estimate the sum over ny < --- < npyq in ZIT) by

o ¥ (”\ﬁwﬁnnanm)lm

n1 < Snpt

(2.1.11) 2N L p 12
(X v v e Tl vl )

n1<-<npia J=1

Using (II0) to handle np4q sum, we bound the first factor in ([ZIII) from above by C(1 +

1
1/no)%l'[*;’:l||uj||C§iﬂso if s9 > v + 3 using definition [LTJl Incorporating (1 + ./no)% into the second
factor, we have to bound the quantity

2N—L p 1/2
CERU (N DI (RSO CRRV ey (M ST

n<<npii =1

By [ZI3) and p < S we have

(2'1'13) (1+\/%)2S—1(%)2N—L SC(l‘FM)%_l(%)L
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if N > .. Plugging in (ZIT2), (ZTI) and then [ZIZ) we bound from above the ng sum in T2
by
(2.1.14)

P

C T sl > (L + ) L+ /iy H 1L 0] 21y 1|2
1

n1<-<npt1<Cno Jj=1

Changing the order of sums for ng and ny,y;, we then use (ZII0) to handle ng sum and get a
control of (ZII4) by CT}_, |[wj|%ps0 | [tp+1]%ps according to definition LI if s > v + 3. This
concludes the proof. O

Let us define convenient subspaces of the spaces of definition ZZT.T1
Definition 2.1.3. Letv e Ry, 7€ R, pe N*,w:{0,...,p+ 1} — {—1,1} be given.
b IprH (7) # 0, we set Mp+1( w) = M;’J:ﬁ

o If ZPH () = 0, we denote by Mp+1( w) the closed subspace of M'[, given by those M €

Mpfl such that

(2.1.15) g M (W uny o Ty, 1) = 0

for any (no,...,np41) € NPT2 such that there is a bijection o from {j;0 < j < p+ 1L, w(j) =
—1} to {j;0 < j <p+1,w(j) = 1} so that for any j in the first set ny ;) = n;.

We shall have to use also classes of remainder operators. If ny,...,n,11 € Nand jo € {1,...,p+
1} is such that nj, = max{ni,...,np41}, we denote
(2.1.16) maxa(y/n1,...,/Npr1) =1+ max{y/n;; 1 <j<p+1,j#jo}

Definition 2.1.4. Let v € Ry, 7 € R, p € N*. We denote by R/, the space of C (p + 1)-linear
maps from £ x -+ x & — L2(RY), (uy, ..., upr1) — R(u1, ..., ups1) such that for any N € N, there
is a C > 0 such that for any (ng,...,np+1) € NPY2 any uq,... upp1 € &,

+1
_maxa(y/n, ..., /lpg1) TV A
(2'1'17) ||Hn0R(Hn1u1""aan+1up+1)||L2 < C(1+ VnO) (1—|-\/’I’L_0—|— Ty 1 N H ||u]||L2

The elements in R "1 also extend as bounded operators on Sobolev spaces.

Proposition 2.1.5. Let v € Ry, 7 € R, p € N* be given. There is sg € N such that for
any s > sg, any R € Rgil, (w1,...,upy1) — R(ui,...,upt1) extends as a bounded map from
AR x - x A3 (RY) — #27v=T"1(R?). Moreover one has

(2118)  [[R(ur.... gl [pzeer < C Y [Huﬁu%suujzu%s 11 uukum].
1<j1<je<p+1 k#j1,k#52

Proof. We may assume 7 = 0. By definition [CTl we have to bound [|II,,R(u1, ..., upt1)||r2
from above by (1 + /ng) 2T 7¢,, for a sequence (¢yy)n, in 2. To do that we decompose u; as
an I, u; and use (ZITIT). By symmetry we limit ourselves to summation over

(2.1.19) ny <o <npya,

11



from which we deduce

(2.1.20) maxy (/11 ... /Mptr1) = 1+ /1.

Therefore we are done if we can bound from above

v+N p—1
(2121) C > (1+\/(ni0++\/_i n+1NH1+\/— TS(1 4 /) (14 /pr1)~F

ny<-<npyi
by (1+/ng) 2T ¢, for so, s large enough with s > sq since ||IL, u;|| 12 < C(1+/m5) "% ||w;|] s
Using (ZT.19) we get an upper bound of (ZIZIl) by

1 np v+N—-2s p—1
(2.1.22) c Y (1(+J:/%\/:) L Hl(l+\/n—j)—50

Using the fact ), .y (\/ﬁJer)N < Ag,z for N > 2 and A > 1, we take the sum over n,41 to get an
upper bound of (ZIZI]) by

1+ Ty v+N-2s p—1 i
e ey

J=1

(2.1.23) c >

n1§"'§np

if N > 2. Now take N =25 —v — % and sum over nq,...,n,. This gives the upper bound we want
and thus concludes the proof. O

Definition 2.1.6. Letv e Ry, 7€ R, pe N*w:{0,...,p+ 1} — {—1,1} be given.
. IprH (J) # 0, we set ﬁ;ll( ) =Ry

o IprH (7) = 0, we denote by ﬁ;il(w) the closed subspace of R, given by those R € M
such that

(2.1.24) 0 R(TLyy - ., I, 1) = 0

for any (no,...,nps1) € NPT2 such that there is a bijection o from {j;0 < j < p+ 1L, w(j) =
=1} to {j;0 < j <p+1,w(j) = 1} so that for any j in the first set ny ;) = n;.

2.2 Rewriting of the equation and the energy

In this subsection we will write the time derivative of the energy in terms of multilinear operators
defined in the previous subsection. To do that, we shall need to analyze the nonlinearity. Decompose

2k—1
(2.2.1) ~Flv)=->_ mvl’“ + G(v)

where G(v) vanishes at order 2k + 1 at v = 0. One has

1
coPt —CE E (py ) ... (I, 4 v)

Tp+1
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for a real constant ¢. One may also write this as A,(v) - v where Ap,(v) is an operator of form

(2.2.2) cw = Z Y By, npg) (Mg v) - (T, 0) (T, w),

Np+1
where B(ni,...,np41) is a real valued bounded function supported on max{n;,...,n,} < npy1 and
B is constant valued on the domain max{ni,...,np} < ny41. For instance, when p = 2, one may

write
{(n1,n2,n3);n; € N} = {max{ni,na2} <nz} U{ni > ng and ny > n3} U{n; < ng and ny > ns}

and

Z Z Z(Hn1v)(nnzv)(nnsv) = Z 1{max{n1,n2}§n3}(nn1U)(HTLQU)(HTLSU)

niy n2 n3

+ Z 1{n32n2 and n3>n1}(Hn1v)(Hn20)(Hn30) + Z 1{n3>n2 and n3>n1}(Hn1v)(Hn27})(Hngv)

using the symmetries, so that in this case

B(nl, na, n3) = C(l{max{nl,nz}gng} + 1{n32n2 and n3z>ni} + 1{n3>n2 and n3>n1})'

So if we make a change of unknown u = (D; + A, )v with

Dt = —z'(?t, Am = \/—A + ]azP + m2,

we may write using ([Z21])

(2.2.3) (Dy — 25:114 ( “*ﬂ)>A,;1(”;a)+G<A;}(“‘;a)>.

Denote C/(u,u) = —3 2“ 1A <A (%))Afnl so that

(2.2.4) (Dt — Ap)u = C(u,w)u + C(u,w)u + G<A (#))

We have to estimate for the solution u of [ZZ3])

1
(2.2.5) Os(u(t,-)) = §<Afnu(t, D, NS ult, ).
Now comes the main result of this subsection:

Proposition 2.2.1. There are v € Ry and large enough sq such that for any natural number
s > sg, there are:

o Multilinear opemtors M € M;ﬁ “wp), Kk < p<2k—1,0 < ¢ < p with wy defined by
we(j)=-1,7= A wg()—1,j:€—|—1,...,p+1andazQideZ(mda:%—gfor
any s € (0,1) zfdzl,

e Multilinear operators Mp € ./\/l;f‘; Y@, k <p<26—1,0< €< p with & defined by

we(§) =1, 5=0,. €p+1 we(§) =L, 5=L+1,...,p;

13



o Multilinear operators R} € ﬁgfi( ), Rp € Rgfi( 0), k<p<2k—1,0<{<p;

o A map u — T(u) defined on 55(R?) with values in R, satisfying when ||u||zs < 1, |T(u)] <

CH ||2I€+2
such that
d 2k—1 p
—Os(u( ZZResz Uy Uy .oy W), U)
dt H,_/
p=r =0 ¢ pr1—¢
2k—1 p 2k—1 p
p - p _

(2.2.6) —I—ZZRezM ZZRezR Uy .oy W), U
p=K £=0 g Iy, p=kK £=0 Z p+1'£
2k—1 p _

+ Z ZRe WRY (T, ..., uu,...,u,4),u)+ T (u).
p=K (=0 ? p—t

Proof. We compute according to (224
d

dt
— Re i(A%, C(u, w)u, AS,u) + Re i(AS,C(u, @)a, A%, u) + Re z‘(AfnG(A;bl(u;—u)), A% ).

(2.2.7) Os(u(t,-)) = Re i(A5, Dyu, S u)

The last term in the right hand side of (ZZ1) contributes to the last term in [(Z226]) by proposition
[CTZTl Let us treat the other two terms in the right hand side of ([ZZ2Z1).

Lemma 2.2.2. There are MpeM;_ﬁ “(wp), RPGR;fi(wg) k<p<2k—1,0</{<p with wy
defined by wy(j) = =1, j =0,....0, we(j) =1,j =C+1,....,p+1landa=21ifd>2 anda =L —¢
1

foranys e (0,1) if d=1, such that

2k—1 p
Re i(A],C(u,u)u, A, u Re i(M](u U CU), U
(A3, C( Z;; (@t u) )
p= ¢ p+1—2
(2.2.8) o1 p
+ Re i(RV(u,...,u,u,...,u),u).
S 3 et X
p=K (=0 ) p+1—0

Proof of Lemma[ZZ3: Let x be a cut-off function near 0 with small support and ), defined in
(CTT). We may decompose the operator A,(v) defined in [ZZZ) as

(2.2.9) Ap(v) = Al(v) + A2(v) + Ad(v),
where A (v)(j = 1,2,3) are operators of form

A;J(U) W= Z T Z Bl(n07 s an-i-l)Hno[(Hmv) s (anv)(nnp+lw)]7

(2.2.10) A(v) - w = Z E Z Ba(no, ..., npy1) g [(Hpy ) - o (T, v) (T, w)],
Ay w=> Y Bs(n, ..., p1)ng [, v) ... (I, 0) (I, )],
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with

A\ — |
Bi(ng, ... anp-l-l) = B(ni,... anp+1) <W)\§LPH> 1{max{n1,...,np}<6np+1}v
p+1
(2.2.11) A2 |
B2(n07 oo 7np+1) = B(nl, oo 7np+1) <1 <W)\gfﬂ> ) 1{max{n1,...,np}<5np+1}7
p+1
B3(n17 oo 7np+1) = B(”ly <o 7np-l—l)1{max{n1,...,np}25np+1}7

with some small § > 0. Therefore for the operator C(u, ) defined above ([Z2Z4l), we have

(2.2.12) Clu,a 23:2531 AJ< qu“))A—

]1p/i

So the left hand side of ([(ZZ¥) may be written as

3 2k—1 3 2k—1
(2.2.13) —= Z > Rei(AZAI( A < i “))A,;lu,w =y Y1
] 1 p=x j=1 p=x

Let us treat these quantities term by term.

(i) The term 1.
Note that —4[; equals to

(2.2.14) Re il [A%Al <A e ‘; “))A;,}— (A;, <A;}(“ i ﬂ))A;,}) *Afj} w, ),

which may be written as
Re i([A% Al <A (%))A;}} w, )

(2.2.15) e Z‘([A1<A (u;ru)>A_ <A1<A (“Jru))/\,—nl)*}lﬁiu,w =T+ 11

2

We expand the first term in (ZZTIH) using ZZTI) to get

(2216) I=Reil S mll, [(HmAm (“f‘)) <anA;1(“‘;ﬂ)> (an+1A,;1u>],u>

neNp+2

p
= Re i( Z Zﬂ'gﬂno (T, A ) . (T, A @) (TT WHA;Llu) . (anHA;llu)],w
neNP+2 =0

=Rei Y sz / @) (T, A @) - . (T, A ) (T, Apt) - (T, A ),
neNP+2 (=0

where we have used notations

n=(ng,...,Npt+1),
(2217) ™ = Bl(n07 oo 7np+1)[(m2 + A12’L())s (m + )\i +1)s]’
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1
™= 5 <Zg> Bi(no, . .. anp+1)[(m2 + Aio)s - (m2 T )‘ipﬂ)s]‘

Let wy be defined in the statement of the lemma and set

Sf; ={(no,...,npr1) € NP2 there exists a bijection o from
(2.2.18) {75:0 < <p+Lwed) = -1} to {j;0 <j <p+1,w(j) =1}
such that for each j in the first set n; = n,;)}.

Now we look at the integral in the last line of ZZIO). If n € Sf; with Sf; # (), there is a
bijection ¢ from {0,...,¢} to {£,...,p + 1} such that n; = n,(;),j = 0,...,¢. So we may couple
I, u,5 =0,...,¢ with Oy, uwj=0,... ,£. Since 7o is real, we get zero if we take the sum over

n € Sf; when computing the right hand side of ([ZZZI6l). Therefore we may assume n ¢ Sf; when
computing I. Now we define

1 _ _
(2.2.19) MP (g, upe) = -3 > woTlng (M, A un) - (T, A 1))
n¢St

It follows from the second equality in (226l that

p
(2.2.20) I'=—4) Rei(MP'(u,... 0u,... u),u).
/=0
¢ p+1—t

Let us turn to the term I7 in ([ZZIH). Note that A}(v)* is an operator of form

(2.2:21) AL w= 3 Bilnger,nn, ..o, mp o) (M) ... (I 0)(ILy, ).

neNP+2

Thus we may compute using (ZZI0)

(2.2.22)
p
IT=Rei{ Y > msllyg (o, A .. (T A ) (T, At ) o (T, A ) (T, AZSw)], )
neNP+2 (=0
p
— Re i Z Z 3 / (@) (I, Ay a) . (T, A ) (T, A ) - (T, A ) (I, AZSu)d,
neNP+2 (=0

where
(2.2.23)

1 _1 _1
=5 <I£> [Bl(no,nl,...,np,np+1)(m2 + )\ipﬂ) 2 — Bi(npt+1,n1, ... ,np,no)(m2 + )\%O) 7).

With the same reasoning as in the paragraph above (ZZI9) we get zero if we take the sum over
n e Sf; when computing the right hand side of [ZZ22). So we may assume n ¢ S;; and define

1 _ _
(2.224)  MP*(uy,... ups1) = -3 > sl (T, A ) - (T At aap) (T, A4
ng¢SE
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It follows from (ZZZZ) that

p
(2.2.25) IT=—4) " Rei(MP*(u,...,u,u,... u),u).
(=0
¢ p+1—4

Let us check that MP' MP? e Mgfi “(wy) for some v > 0, where a = 2 if d > 2 and

a =g —¢ for any ¢ € (0,1) if d = 1. Since the function By (no,...,nn,,,) is supported on domain
n' = max{nl, ooy np} < 0npyr and ng ~ npyq (this is because of the cut-off function and ([CI))),
we see that (I2:E[]) holds true if suppy and § are small. Let us use theorem [[3] to show that
([ZT2) holds true with 7 = 25 — a for MP" and M. Remark that we have

(2.2.26) 7ol < C1+ [Vito = /g (L+ Vi + Vi)
(2:2.27) 7] < COU+ VP4 Vg = Vs (L + Vi + /i)~

Indeed, [ZZ20) follows from the fact
‘(mZ + )‘%O)S (m + )‘% +1) | < C(‘)‘no - )\np+1‘)(1 + Ang + )‘np+1)28_1-

If n' < éng and n’ < dny,qq for small § > 0, then

Bi(ng,n1,...,np,npy1) = Br(npy1,n1,...,np,n0)
since B(ni,...,npt1) is constant valued on the domain n’ < n,1;. Thus ZZZ1) follows from the
fact
2 2 \—2 2 L —9
[(m? +20)72 = (m* + A )72 < C1Ang = Ayl DA+ Aig + Ay )
Otherwise, assume n’ > dng or n’ > dnpyq. Then we must have n’ > Cng and n’ > Cnypq; if By is

non zero, since ng ~ np41 which is because of the cut-off function. In this case, ([ZZ21) holds true
trivially.

Moreover, on the support of HnOMf’l(Hmul,...,anHupH)(l = 1,2), ie., ng ~ npp1 and
Np+1 > max{niy,...,np} = n', we have
14 /ng, ~ 1+Vn!,
(2.2.28) 1w(no, - npr1) ~ (14 rprn) (1 + V'),

S(no, -y npi1) ~ [n0 = npsa| + (14 /i) (1+ Vi),

from which we deduce

pw(no, ..., npt1) 1+V/n/
(2.2.29) ~ .
S(no, -y mpt1)  |/mo — Apra| + 1+ V!
Thus
(n(), . ,np+1)
(14 |70 — /Pipr1 !) < C(1+ V).
S(no, - - npt1)
Then we use theorem [[3J] (with dimension d > 2) to get for [ =1,2
(2.2.30)
1
HHTLOM; (Hmulv ce 7an+1up+1)HL2
+1
(no, B 1 N z
C(1+ Vo + /1) 72 (1+ V) F2(1 + | /g \/np+1|) S(no - i H [l 2
25—2 sa(no, - mp)N =
C(1+ /o + /ipr1) 2 72(1 + V)Vt S0 A T el ze.
ey et
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So M f e MZ’2S_2 for some other v > 0 in dimension d > 2. The case of dimension one is similar.
(ZITH) with w = wy is satisfied by definition. Thus M} 1 M; P2 c M;ﬁ “(w¢) and we have proved

P
2.2.31 Resz’ RTRTI )+ Resz’ Uy Uy ), U
(2.2.31) % (@, % (@, ), )
Y4 p+1-—¢ 4 p+1-¢
(ii) The term I2.
Using (ZZI0) we get
(2.2.32)
P
—22=Rei( > > mARTL (M, A .. (T A ) [y, A ) - (T, A )], w)
neNP+2 /=0
=Rei Y Z“ / (Mg AZ %) (T, A ) - (T, A ) (T, A ) o (T, A ) da
neNpP+2 (=0
where
1
=0 <§> By(ng, ..., npy1).

We may rule out the sum over n € Sf; in the above computation with the same reasoning as in the
paragraph above ([ZZZT9]). Thus if we define

(2.2.33) RPMup, . upp) = —= Z TaAZ L (T, A ) - (T A )],
ngﬁSZ

we have

2.2.34 Resz’ Uy Uy ... U),U).

( ) Z ); u)

¢ p+1—t
From the support property of function Ba(no, ...,np+1) we know that
HnoRﬁ’l(Hmul, ooy Iy, upy1) is supported on max{ny,...,n,} < dnpy1 and [ng —npp1| > c(ng +

np+1) for some small ¢ > 0. Therefore, on its support, if ng > Cn,41 for a large C, we have

(10, 1) = (14 /) (1 + Va!) < (14 y/no)(1 + V),
S(no, -y npi1) = [n0 = npea| + (14 /1) (1 + V!) ~ (1 4 /ng)?

and if ng < Cnpy1, we have

(0, - i) < (14 Vi) (1 + /D),
S(nos -+ mp11) = e(|no = npya]) > e(no + npa) ~ (1+ /ipe)*.
In both cases we have
pu(no, ..., npt1) <C 1++Vn/ :CmaXQ(\/n_l,...,\/m)
S(no,...,npy1) = 1+ymo+- 4+ ipa L+t g
where maxa(y/n1, - - - , \/Tpr1) is defined above definition 2Tl Thus theorem [Tl allows us to get

(I?:l:l:ZD with 7 = 2s and some v > 0. [ZTZ4) with w = wy is satisfied by the definition of RP"'. So
RP e RYZ (wp).

(2.2.35)
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(iii) The term I3
The treatment of I;’ is similar to that of Ig. The only difference is that we have different support
for By and Bs. So we define

1 s _
(2.2.36) RV (up, .. upp1) = -3 > ws AL (T A ) - (T, A )]
n¢St

with 75 given by

L (p

(2237) T, = 2_p <€> Bg(nl, ce ,np_|_1)
and we get
2.2.38 Resz’ 0, u,...,u),u).
( ) Z ) w)

¢ p+1—¢
From the support property of Bs we know that HnORf’z(Hmul, ooy My, upy1) is supported on
domain on,y; < max{ni,...,np} =n' < npy1. So on this domain we have

p(no, - - - nptr) < (14 y/Npia )(1+Vn),
S(no,. .. ,np+1) ~ (1 + \/_O-l- \/np+1) s
from which we deduce
w(no, ..., npt1) <C 14+ v/n/
S(no,...,np+1)_ 1—|—\/n0+---—|—./np+1'

Thus we have by theorem [L3]] for any N € N, there exists Cy > 0, such that [ZII7) holds true
with 7 = 2s and some v > 0. On the other hand, (ZI.24]) with w = wy is satisfied by the definition.

So Rp’ € RZfi(wg)

(2.2.39)

Taking M? to be the sum of M and MP?, and RY the sum of RY'' and RP?, we get (ZZH)

with M} € M;ﬁ *(we) and R} € RZfi(wg) This concludes the proof the lemma. O

We have to treat the second term in the right hand side of (Z2Z1).

Lemma 2.2.3. There are multilinear operators Mp € M;ﬁ Y(@p), Rp € RpH(wg) k<p<2k—1,

0 < ¢ < p with &y defined by we(j) = —1, 7 =0,...,0,p+ 1, &(j )—1j—€+1 .., P, such that

2k—1 p
Re i(A;,C(u,u)u, A Z ZRe sz Uy Uy ..y Uy W), U)
p=K (=0 Z p—t
(2.2.40) et
—i—ZZResz Uy Uy oo ey Uy ), UY.
p=k (=0 é p—t

19



Proof of Lemma [ZZ3: Let wy be defined in the statement of the lemma. We set

§£ = {(no,...,np11) € NPT2; there exists bijection o from
(2.2.41) {75:0<j <p+Lwy) = -1} to {j;0 <j <p+1,0() =1}
such that for each j in the first set n; = n,;)}.

Taking the expression of C'(u,u) defined above ([ZZZ]) into account, we compute using notation

Z22)
Re i(A%C (u, @)@, u)

2& 1
= Re z(—— A2SA < u+u ) AL, u)

2Kk—1

= Rei Q 2 n n . n _11]
(2.2.42) = Rei(), ZZ6A o (T, A1) - (T A )

pP=K neNpr+2 (=0

X (Mg Ay ) - (T, A ) (I, A 0)], )

2k—1

= Re i Z Z Z’ﬂ'ﬁ/ IT,,, AZ5%) ( HmAT_nlﬂ)...(HnZA;llﬂ)

P=K neNr+2 (=0

X (M, A tu). .. (I, A 1u)(anHA;1111)da:,

Tp41 Np*im

where 7g is given by

1
(2.2.43) 6 = 5o (g) B(ni,...,np1).

With the same reasoning as in the paragraph above [ZZI9]) we may assume n ¢ §£ in the com-
putation of ZZZ2). Let x € C§°(R),x = 1 near zero, and suppy small enough. According to

ZZ12), we define

e ‘)‘ n ‘ s —
My (- up1) = Z X<W)\21,H>7T6A%1Hno[(nmfxmlul), ooy (M Ay up—i-l)]

n@égf; Ml

g |)\ n | s —

Rf(uh cee 7up+l) = Z <1 X<W)\2p+l>>ﬂ'6Agano[(Hn1Amlul)a . ( np+1A up-i—l)]
n¢§£ ftp+1

It follows that (22Z40) holds true.

2s—1 2
Now we are left to check that Mp € M;Jj (wr) and Rp € R;Jj(wg) N
Because of cut-off function and the support property of function B in the definition of Mf
we know that ([ZIT) holds true for M, and we may assume ng ~ n,41 when estimating L?

norm of HnOJ\A/ff (pyut, ..o iy, upy1). Since there is a Al following each orthogonal projector
,;, j=1,...,p+1, wesee that (L34 implies (ZT2) with 7 = 25—1 and some v > 0. Moreover,

[EZTTH) with w = @y is satisfied by the definition of Mp So Mp € M;_Ei Y(@p).
Assume I,  [R(ITn  us, ... Iy, upy1)] does not Vamsh Then we have [ng—npt1| > c(no+np41)
for some small ¢ > 0 because of the cut-off function and n,y; > max{ni,...,n,} = n’ because of
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the support property of function B. Therefore if ng > n/, we have

p(no, -, npi1) = (14 Vn/)(1 + min{y/ng, /ipi1}),
S(no, -y npr1) = [n0 = npa| + (14 V') (1 + min{\/ng, /7,573,

and thus
p1(no, ..., Npt1) <C 1+ vn/ <CmaX2(./n1,...,‘/np+1).
S(no,...,np+1)_ ,/no+,/np+1+1+\/ﬁ_ 1+\/n0+---+,/np+1’

if ng < n’, we have
/.L(TL(], s anp—l-l) < (1 + W)27 S(?’L(], s anp—l-l) = |7'L/ - np+1| + /.L(TL(], s anp—l-l))
and thus

p(no, - nps1) o 14/ - Cmaxz(\/n_17---7\/m)
S(no,....nps1) VW + prr 1+ T LR+ g

Now using theorem [LIT] we see that ([ZT.TT) holds true with 7 = 2s and some v > 0. But ([ZT.24)
with w = @y is satisfied according to the definition. So R} € R;fi (@g). This concludes the proof of
lemma. O

Summarizing the above analysis gives an end to the proof of the proposition EZZ11 O

In order to control the energy, let us first turn to some useful estimates in the following subsec-
tion.

2.3 Geometric bounds

This subsection is a modification of section 2.1 in [9]. We give it for the convenience of the
reader. Consider the function on RP*? depending on the parameter m € (0,+00), defined for
£=0,....,p+1by

¢ p+1
(2.3.1) Fh(&o o bpr) =D 4 /m?+ 82— > /m? 4+ €2
j=0 j=t+1

The main result of this subsection is the following theorem:

Theorem 2.3.1. There is a zero measure subset N' of R such that for any integers 0 < £ < p+1,
any m € RY — N, there are constants ¢ > 0, Ny € N such that the lower bound

(2.3.2) [F g+ Ang)| 2 €14 Vo + /lip1) > 7P (1+ Vg — /gt + V') 7240

holds true for any p > 0 and any (no,...,npp1) € NP2 — SE Here A, are given by (CI1),
n’ = max{ni,...,n,}, and Sf; is defined in (ZZI8), in which we have set wy(j) = —1, j =
Oyl () =1, j=L+1,....p+1.
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The proof of the theorem will rely on some geometric estimates that we shall deduce from results
of [T0]. Let us show that under the condition of theorem 3] we have
(2.3.3)

F Qs+ M)l 2 €1 /o + /i) "> P (L [y/1g — i )TN0 (L /i + -+ /)
Let I C (0,400) be some compact interval and define for 0 < ¢ < p 4 1 functions

fe:[0,1] x [0,1]P72 x T — R

(234) (z7$07"'axp+17y)—>ff(z7$07---axp+lay)
o ge:10,1] x [0,1)P x T — R
(Zuxlw"axp 7y) - 95(275517---737;; 7y)
by
l p+1
ff(27x07--- 7xp+17y) = Z \/22 +y2$3 - Z \/22 +y2x§
J=0 j=f+1
(2.3.5) B

/
gg(Z,:El,...,l'p,y):Z[ :| Whenz>0,

J

p
z
2 2 2_.2 2 2,.2

Then the graphs of fy, g are subanalytic subsets of [0,1]P*3 x I and [0,1]P*! x I respectively, so
that fy, g¢ are continuous subanalytic functions (refer to Bierstone-Milman [5] for an introduction
to subanalytic sets and functions). Let us consider the set I' of points (z,z) € [0, 1]P*3(resp.
(z,2) € [0,1]P™1) such that y — fi(z,2,y) (resp. y — ge(z,x,y)) vanishes identically. If (z,z) € '

and z # 0, we have
€:§ and Zx?“— Z x?“:O,VREN*
j<t J>0+1

95(07:1717- .- >xp7y) =0.

where the sum is taken respectively for 0 < j7 < p+ 1 in the case of f; and 1 < j < p for gy. This
implies that there is a bijection o : {0,..., ¢} — {{+1,...,p+1} (resp. {1,...,¢} — {{+1,...,p})
such that z,(;) = z; for any j =0,...,¢ (resp. j =1,...,¢)—see for instance the proof of lemma
5.6 in [T0]. When p is even, denote by S, the set of all bijections respectively from {0,...,%} to
{£+1,...,p+1} and from {1,...,5} to {§,...,p}. Define for 0 </ <p+1

plza)=z i LS,

wen) =T Sy -a?] 1 o=}

o€S ~j<p/2

(2.3.6)

where the sum in the above formula is taken for j > 0 (resp. j > 1) when we study f; (resp. gy).
Then the set {p, = 0} contains those points (z,z) such that y — fo(z,z,y) (resp. y — gi(2,2,v))
vanishes identically. The following proposition is the same as proposition 2.1.2 in [9].

Proposition 2.3.2. (i)There are N € N,ag > 0,6 > 0,C > 0, such that for any 0 < £ < p+1,
any a € (0,ap), any (z,2) € [0,1]PT3 (resp. (z,x) € [0,1]P) with py(z,z) # 0, any N > N the
sets

Il (z,0,0) = {y € I; | fo(z, 2,9)| < ape(z,z)N

¥
2.3.7
( ) Ig(z,x,a) = {y € I; |QZ(Z,IE,ZJ)| < apé(zv$)N}
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have Lebesgue measure bounded from above by Caépg(z,m)N‘g.
(ii) For any N > N, there is K € N such that for any o € (0,aq), any (z,z) € [0,1]PTL, the set

I (z,z,a) may be written as the union of at most K open disjoint subintervals of I.

We shall deduce ([Z33) from several lemmas. Let us first introduce some notations. When p is
odd or p is even and £ # £, we set ngp = (). When p is even and £ = £, we define

(238) N} = {fi = (n1,...,n,) € NP; there is a bijection

o o:{l,...., ¢} = {+1,...,p} such that n,;y =n;,j=1,...,0}.
We set also
(2.3.9) N§+2 = {(no,...,npt1) € NP2 7i € NP and ng = np41}.

Of course, N§+2 =0 if pis odd or p is even and £ # £.

We remark first that it is enough to prove ([Z33) for those (n1,...,n,) which do not belong to ngp :

actually if p is even, £ = £ and (nq,...,n,) € NP, we have |F},(Angs - Anyys )| = [v/m2 + 22, —
m2 + \2 +1‘ which is bounded from below, when m stays in some compact interval, by
2lng — np41] > c
\/m—i-,/m?—k)\%ﬂ L4 Ang + Anps

since from (no, ..., np41) € NPT2— S we have ng # npy1. Consequently [333) holds true trivially.
From now on, we shall always consider p—tuple n which do not belong to sz .

Let us define for £ = 1,...,p another function on R? given by

)4 p
(2.3.10) (e &) =D\ fm = Y\ fm? €
7j=1 j=0+1

Let J C (0,400) be a given compact interval. For a > 0, Nyg € N,0 </ < p+1,n = (ng,...,npt1) €
NP*2 define
Eﬁ("%a’NO) = {m € J; |F7€1()‘n07 e np+1)| < Oé( + >\n0 + )‘np+1)_3_p

(2.3.11) g
X(l + |)‘n0 - ”p+1|) No(l +)‘n1 +"'+)‘”p) NO}'

We set also for 8 > 0, Ny € N*, i = (n1,...,n,) € NP — N/

oG,

(2.3.12) E'f (R, 3,N1) = {m € J; o

T Ny Any)| < BALA Ay + o+ Ay ) TV

We define for v > 3 a subset of NP2 by

S(B,7, N1) = {(n0, ... mpy1) € NPF2 - NPF2 . ) o %(1 F Any o A) N
(2.3.13) ;
or  An,,, < %(1 + Any o An,) VT
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Lemma 2.3.3. Let N,é, ag be the constants defined in the statement of proposition 2222 There
are constants C1 > 0, M € N* such that for any B € (0,ap), any Ny € N with Ny > MN and
Ny > %, one has

(2.3.14) meas[ U Ef]g(ﬁ,ﬁ,]\ﬁ)] < 1.
RENP—N?

Proof. Set y = % and
P
z:(l—l—Z)\nj)_l, Ti=Ap,2, j=1,...,p.
j=1

Denote by X the set of points (z,z) € [0,1]P*! of the preceding form for (ni,...,n,) describing
NP. When p is even and £ = p/2, let Xép be the imagine of N;p defined by ([Z3J)) under the map
n — (z,z). Using definition (Z30]), we see that there are constants M > 0,C > 0, depending only
on p, such that for 0 </ <p+1

(2.3.15) Y(z,2) € X = X7, 2M < py(z,2) < Cxz
P
since , when ¢ = 2 and (ni,...,n,) ¢ N/, ;:1()\%0(1_) - )\%j)2 > 1, by the definition of A,.

Remark that with the above notations

¢ P
m m 1
’/\”P):Z 2 D) B z : 2 2 :;gf(za$17---axpvy)‘
j=14/M +)\nj j=tt1 /™ +)\nj

Then if I = {m~';m € J}, we see that m € Eff(ﬁ,ﬁ, Ny) forn ¢ NZ’ if and only if y = % satisfies

aGe,

S (g

(2316) |gg(Z, Tly---,Tp, y)| < ﬁZNl—H < ﬁﬂﬁ(% x)ﬁ(Nl—H)
using (Z310)). Applying proposition (i), we see that for any fixed value of (z,z) € X — Xép ,
the measure of those y such that ([Z3T6]) holds true is bounded from above by

Ny+1 Nq{+1
CBpolz,z) 1 < CBO2 ar O

if we assume Ny > MN and B € (0,ap). Consequently, we get with a constant C’ depending only
on J,

W 1 1 28 —MNitls
meaS(EJ(nvﬁaNl))SCﬁ (1+)\n1++)\np) M

Ny+1

<C'BP(L4ny+ - +ny)” 0,
Inequality (22314]) follows from this estimate and the assumption on Nj. O

Lemma 2.3.4. Let ﬁ,é, ag be the constants defined in the statement of proposition [ZZ2. There
are constants M € N* 6 > 1,Cy > 0 such that for any No, Ny € N* satisfying Ng > NM Ny and
N,

_No
Nod > 2(p+ 2)M Ny, any 0 < B < v with % >0, any o > 0 satisfying a(%) M < ag, one has

_x_?é
(2.3.17) meas[ U Eﬁ(n,a,No)} < C2a5<%> .

TLGS(,B,'\/,Nl)
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Proof. We first remark that if A\p, + Ay, > %(1 + Ay o+ A, )N and n € S(B,7, N1), then
either

2y
)\ 2 (1 —I—)\nl + - +)\np)N1 or )‘np+1 = (1+)\n1 + - +)\np)N17

30
which implies that

’Ff;()‘nov”’ np+1)‘ > co (1 + Ay o0+ )‘np)Nl

g

for some constant ¢ > 0 depending only on p and J, if % > 0 large enough. Consequently, if o < «yg

small enough relatively to ¢, we see that we have in this case Ef(n, a, Ng) = () whenn € S(3,v, N1).
We may therefore consider only indices n such that

7
g

Consequently, for m € Eﬁ(n,a,No) and n € S(B,v, N1), we have

n € S(B,vy, N1) and Ang + Anpiy < (1+>‘"1+"‘+)\np)N1-

‘Ffz()‘nov--- np+1)’ <a(l+ Ay +- "")‘np)_NO
(2.3.18) 5\~ N
= CM(%) (LA Ang 4 ) M1
Define for n € NP*2
p+1
(2.3.19) p=14+> M) mi=Agz j=0,...,p+1L

Denote by X C [0, 1]P*3 the set of points (2, ) of the preceding form, and let Xé’ be the imagine
of the set Nf” defined by ([Z39) under the map n — (z,z). By [Z30]) we have again

V(Z,ﬂj‘) €X— Xf ) M < pf(zv$) <Cxz
for some large enough M, depending only on p. Moreover
m
Fn{,()\no) cee a/\np+1) = fo('% L0y ey Tptl, y)

and implies that if n € S(3,v, N1) and m € E%(n,a, Ny), then y satisfies
v J

No
-0 No
|fg(2,£]j‘0,...,l'p+1,y)| SCO&<%> 1z1+N1

No

- N,
< Ca<£> . Pz(Zym)ﬁ(HN_?)
2y

(2.3.20)

We assume that «, Ny, N7 satisfy the conditions of the statement of the lemma. Then by (i) of
proposition we get that the measure of those y € J satisfying ([Z3.20) is bounded from above
by
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for some constant C, independent of Ny, N1, «, 3,7. Consequently the measure of Ef(n, a, Np) is
bounded from above when n € S(3,7, N1) by

No

g\~ — 5 (1+32)
ole(z) " ()
No

o B\ ™ 5 —LM(1+N1)
S «Q % 1+ng+--+npp

for another constant C’ depending on J. The conclusion of the lemma follows by summation, using
that (1 + §2) > 2(p +2). O

Proof of theorem [Z231]. : We fix Ny, N7 satisfying the conditions stated in lemmas and 23]
and such that Ny > 2p + N;. We write when n ¢ S(8,v,N1), 0 <{<p-+1,

Eg(’l’L,Oé,No) - [Eg("%a’NO) N Eflé(ﬁvﬁv Nl)] U [E(ZJ(TL,OZ,N()) N (Ef]g(ﬁaﬁa Nl)c]

and estimate, using that we reduced ourselves to those n ¢ N;p

(2.3.21)
meas[ U Eﬁ(n,a,No)] < meas[ U Eﬁ(n,a,No)] —|—mea3[ U Eff(ﬁ,ﬂ,Nl)]
+ meas U E%(n, a, No) N E%(n, 3, Nl)c].

nES(ﬁ,'y,NO)C—N?+2

Let us bound the measure of Eﬁ(n, a, Np) ﬁEf(ﬁ, B, N1)¢ for n € S(83,~, No)° —Nf“. If m belongs
to that set, the inequality in (233I1]) holds true. Remark that we may assume £ < p:if { =p+1,
IFL Mgy -5 Anpaa )| = €(1+ Ay + An,,,) for some ¢ > 0, which is not compatible with 31T for
a < ag Small enough. Let us write (Z311]) as

Mo = Anpin + G+« Anyar)| < @1+ Ang + Any ) 277

(2.3.22) N
><(1‘|'|)‘n0_ ”p+1|) 0(1+)‘n1+"'+)‘”p)
with, using notation ([Z310)

G Mngs -5 Ay in) = GO+ Any) + Rin (g Any i)

Rm()\noa /\np+1) = (\/ m2 + )‘%0 - )‘no) - (\/ m2 + )‘%pﬂ A"zﬂrl)‘

Since n € S(3,7, N1)¢, we have by (2313

(2.3.23)

~
(2.3.24) Ang > 3ﬁ(1+>\n1 o A )M Ay > 3ﬁ(1+>\m o A )M
Consequently there is a constant C' > 0, depending only on J, such that

OR, I} _

|%()\n0, np+1)| < 0/7(1 + )\nl + M + )‘TLP) Nl.
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If v is large enough and m € E'f (7, 3, N1)¢, we deduce from (ZZIZ) that
Gy,
om
By (ii) of proposition EE32 we know that there is K € N, independent of «, 3,~ such that the set

J—Eff(ﬁ, B, N1) is the union of at most K disjoint intervals J;(7, 3, N1), 1 < j < K. Consequently,
we have

(2.3.25) | (Mg« A 14+ A\, _|_..._|-)\np)—N1.

K
(2326) E?](?’L,O&,No) N (Effg(ﬁvﬁa Nl))c - U{m € J](ﬁvﬁv N1)7 m) holds true}7
j=1

and on each interval J;(n/, 3, N1), (Z32H) holds true. We may on each such interval perform
in the characteristic function of ([Z322) the change of variable of integration given by m —
Gm(Angs -+ Anyyp ). Because of [ZZ3.25)) this allows us to estimate the measure of (Z3.26]) by

2 _a_ _ _
Kga(l + )‘m) + )‘"p+1) 5 p(l + ’)‘m) - )\an’) No(l + )‘m +ot )‘np) No+M
2
< CK_a(l +ng + np+1)_%(3+p)(1 + | /no — /—np+1|)—No(1 +n 4+ np)_%(NO—Nl)

g

Summing in nog,...,ny+1, we see that since Ny > 2p + Ny, the last term in (Z32I)) is bounded

from above by Cg% with C3 independent of «, 8,~. By lemmas Z33 and B34 we may thus bound
&327) by N
_No

N o

02046<£> RNy g

2y 5

_No
if a, B are small enough, + is large enough and a(g) N is small enough. If we take 5 =a%, y=a 7

with o > 0 small enough, and a < 1, we finally get for some ¢’ > 0,
meas[ U Ef(n,a,No)} <Ca® - 0ifa— 0"
n; ﬁgﬁsz

This implies that in this case the set of those m € J for which ([Z33) does not hold true for any
¢ > 0 is of zero measure. This concludes the proof. O

We will need a consequence of theorem P23.1F.

Proposition 2.3.5. There is a zero measure subset N' of R such that for any integers 0 < £ <
p+1, any m € RY — N, there are constants ¢ > 0, Ny € N such that the lower bound

N

¢ — 3 i —aNg (10, - mpy1) 20

(2327) ‘Fm()‘n07“”)\np+1)’ > C(l + Vo + \/np-l—l) p(l + n/) OS(HO,---,np+1)2NO
holds true for any p > 0 and any (no, ... ,np+1) € NPT2 — S;; with ng ~ npy1 and ny1 > n'. Here

An, 1, S;; are the same as those in theorem (2.3l
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Proof. By theorem 231 we know ([Z32) holds true under the conditions of the proposition. Since
we assume ng ~ npt1 and np41 > n', we have by (L32) and (L33)

M(n()v s anp—l-l) ~ (1 + v np-i—l)(l + \/ﬁ),
(2.3.28) S(ng, ..., nps1) ~ |[no — npa| + (1 + rpr1) (1 + V')
~ (L4 i) (1 + [Vag — pr] + V).

Therefore we deduce from (23.2])

(1+ Vi np+1)2N0

[Fn Qg -+ > Ang)| 2 €1+ Vo + /i) P

(n(], e ,’I’Lp+1)2N0
> c(1+ /Mo + \/Apyr) TP (L + V) 72N p(no, - pg1) >
B . S(n07 o 7np+l)2N0
This concludes the proof of the proposition. O

In the following subsection, we shall also use a simpler version of theorem EZ3Tl Let us introduce
some notations. For m ¢ R%, § € R, j=0,...,p+ 1, e=(eg,...,ep41) € {—1, 1}P+2, define

p+1

(2329) ﬁr(zf)(£0,--->£p+1) = Zej \/ m? +£.72
=0

When p is even and #{j;e; = 1} = & + 1, denote by N(©) the set of all (ng,... ,Npt+1) € NPT2 such
that there is a bijection o from {j;0 <j <p+1,e;j =1} to {5;0 < j <p+1,e; = —1} so that for

any j in the first set n; = ny(;). In the other cases, set N © =,

Proposition 2.3.6. There is a zero measure subset N of RY. and for any m € R — N, there are
constants ¢ > 0, Ny € N such that for any (ng,...,np+1) € NP+t2 — N(©) one has

(2.3.30) I Mgy s Ay )| 2> e(1+ /Ao + -+ faprr) o,
Moreover, if epepr1 = 1, one has the inequality

(2.3.31) IF) Mg+ s Any )| = e(1+ Vo + i) (L + /g + - -+ i)~

Proof. With the reasoning as in the proof of proposition 2.1.5 in [9], we get just by replacing
(no, “e ,np+1) with ()\(), v ,)\p+1)

‘ﬁr(;)(Anov s 7)‘np+1)’ > C(l + )‘no et )‘np+1)_N0

and
‘Frgme)()‘noa S )‘np+1)‘ >c(l+ Ang + )‘np+1)(1 + A+t )‘np)_NO
when epepy1 = 1. This concludes the proof of the proposition by noting ([CITJ). O
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2.4 Energy control and proof of main theorem

We shall use the results of subsection to control the energy. When M (u1, ..., up+1) is a p+ 1-
linear form, let us define for 0 < ¢ < p+1,

(241) L;(M)(ul,...,p_,_l ) = —AmM(ul,...,up_,_l)
0 p+1
—ZM(ul,...,Amuj,...,upH Z M(u, ..., Apuj, ... ups1)
j=1 j=0+1
and
l
(24.2) LEM)(utpi1) = =AmM(ur, o upn) = D M(un, oo, Aty i)
j=1
P
+ Z M (uq, A, .o upyr) — M(uq, Up, A Upy1)
j=t+1

We shall need the following lemma:

Lemma 2.4.1. Let N be the zero measure subset of RY defined by taking the union of the zero
measure subsets defined in proposition 223 and proposition [ZZZA, and fix m € RY —N. Let wy, Wy
be defined in the statement of proposition[ZZ1l. There is a v € N such that the following statements
hold true for any large enough integer s, any integer p with k < p < 2k — 1, any integer ¢ with
0<l<p, any p>0:

o Let 6 € (0,1), M”eMZfi “(wp) witha =2 ifd > 2 and a = £ — ¢ for any ¢ € (0,1) if
d=1 andeeM;_Ei Y(@y). Define

(243) Mf’e(ul, e ,up+1) = Z Z 1{\/n—0+m<670m}HnOMf(ul, sy Up, an+1up+1).

no Mp+1

Then there are MY € e MUTP2s™ Y(we) and MY e MU (@y) satisfying

p+1 p+1
(2 4 4) LZ_(M?E)(UD s aup—i-l) = M;’e(ulv s aup—i-l))
LZ(M;Z)(UM s aup—i-l) = M;(uh s aup—i-l)

with the estimate for all N > v,

1M pgrs2e1 < Ce™ (=atp)Om| prP

HM HMZfiﬁ?

o 1L 32 < CITE
Mgz < MMz

where || - HMZII,N is defined in the statement of definition 211l

o Let R} € ]Aé;fi( o), RY € Ryfi(wg) Then there are RY € R/TV**(wp) and R € RITV* (@)

p+1 p+1
such that
(246) LZ_(E?)(UM'-W“;D—FI) :Rz)(ulw-'aup—i-l)v
o LE(RP)(u, -y up1) = RE(ur, .. upyr).
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Proof. (i) We substitute in (224 Uy, uj to uj,j =1,...,p+1, and compose on the left with II,,,.
According to ([ZZT]), equalities in (ZZ4]) may be written

(24.7) —F},(Angs -+ s Ayt Mg MY (M ua, o Ity 1) = Ty MP S (T g, - Iy ),

) M1
(2.4.8) ElD Mgy -3 My Mg MY (W us,s - T up1) = g MY (T g, -, Iy ),
where F¢ is defined by 31 and F\? is defined by Z329) with eg = -+ = e/ = epy1 =
—l,epp1 = =e¢,=1.
When considering (ZZ7)), we may assume ng ~ N1, Npy1 > 7' and (ng, ..., npe1) ¢ Sf; if the
right hand side of [Z1) is non zero since we have I and ZIIH) for M;*. Here S;; is the
same as that in proposition EZ3A Thus the assumptions concerning (ng, ..., n,+1) in proposition

hold true. We deduce from ([Z3.27) and the condition \/ng + /1 < € %% that

S 2No
B oo ) S OO VT )01 V2o 2 e
Oy« p+1
(2.4.9)
- - S(no, - -, npy1) M0

<C (4 a+p)€ﬁ1 a=1rq \2No ) » I'p )

< Ce (L Vo + V) (1 Vi) T e
for any p > 0. Therefore if we define
(2.4.10)

MP(uy, .. upp1) = — > EL Mgy -+ s Anpi) g MPC (T ua, o Ty ),

14
n¢sS, /
NO~Mp+1,Np+12N

we obtain according to [ZZI) and ZTZ) that M} e M;ilﬂ’%_l(wg) with the first estimate in
(m with 7 = 2Nj.

When considering (), we may assume (no, . . . ,n,+1) ¢ N(© defined after ZZ29). Actually,
because of ([ZILIHl), we cannot find a bijection ¢ from {0,...,¢,p+ 1} to {¢+1,...,p} such that
nj = Ng), J = 0,...,¢,p+ 1 if the right hand side of [.4.8) is non zero. Consequently, we may

use lower bound [33T). If we define M} dividing in ZZJ) by Bl ), we thus see that we get an

element of MY} € M;i?%_z(&g) for some v. This completes the proof of (ZZ4) and [ZZH).

(ii) We deduce again from (ZZ.6l)

(2411)  —F,(Angs -+« s My Mg B (W way oo Iy tpy1) = Iy R (T ua, o Iy 1),

) MMp+1

(24.12)  ED Mgy s Ay g BY (Mt o, Ty ) = Mg RE (T iy -, Ty 1),

) M1

where F. and F\) are the same as in (27) and [EZ3X). Since R} € ﬁ;_&‘; (we) and thus (ZT24])
implies the right hand side of (ZZIT) vanishes if (ng, . .., np41) € Sh, where Sf is defined in [EZZIR)),
we may assume (ng,...,Nnp+1) ¢ S;;. Consequently, the condition of theorem L3l is satisfied and

we have by [Z32)
IFE g+ s Ay T S C(L 4 Vo + y/ir + -+ fiipgr) 2ot

We then get an element of RY € ﬁ;lf’zs(wg) dividing in (ZZII) by —F), with 7 = 2N + 4. Since
E‘z’ € Rv;f‘;(&g), we see that the right hand side of (ZZI2)) vanishes if (ng,...,np41) € §£, where §£
is defined in (ZZZT). This implies that we may assume (ng, . . .,np41) ¢ N(© which is defined after
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E329) with eg = --- =€y = epy1 = —1, €41 = -+ = e, = 1. Thus the condition of proposition
is satisfied and we have

|ﬁ7(ne)()‘no7' . a/\np+1)|_1 < C(l + \/n—0+ R \/np—i-l)NO

This allows us to get an element R € RZ-JH 25(&y) for some 7 by dividing by Fi) in (ZZTZ). This

concludes the proof. O

Proposition 2.4.2. Let N be the zero measure subset of RY defined in lemma 241, and fix
m e Ry —N. Let p > 0 be any positive number and O, defined in (ZZ3A). There are for any
large enough integer s , a map O, sending 7°(RY) x (0, %) to R, and maps ©2, ©3 ©% sending
25 (R?) to R such that there is a constant Cs > 0 and for any u € H°(R?) with |Ju||»s < 1 and
any € € (0, %), one has

0L (u, €)] < Cye™matPm||y||"22 (¢ =2 ifd>2 and
1
(2.4.13) a= g —¢ forany <€ (0,1) ifd=1),

02(u)], |02 (w)], 0% (u)| < C|ul|5F?
and such that

(2.4.14) R(u) = —104(ult, ) = O5(ult, ), €) = OF(u(t, ) = OF(u(t, ) — O5(u(t, "))
satisfies

(2.4.15) |R(u)] < Cye—tatr GHHUHQH-FQ + C,eeD) enHanH e) HUHQH-FQ.

Proof. Considering the right hand side of [ZZ2Z8), we decompose

(2.4.16) My (ur, ... upr1) = MP(ur, ... uppr) + V9w, upgr),

where the first term is given by ([ZZ3)) and the second one by

(2.4.17) VP, upen) = D0 Yo mrrseomy ng MP (un, -yt Tt 1)
no Mp+1

By definition EET.T] we get fora:2ifd22anda:%—gifd:1

(2.4.18)

. s_al—l—WV T ) N
IVt ipia)lop < Coy 3o S0y e S 0 By

no p+1

p+1

Xl{\ﬁ‘h/inX 0% Ino—np41|<3(no+tnpt1), ’<np+1} (1+vn H [ty 2

Following the proof of proposition EET.2l we know that the gain of a powers of \/% + /Mp+1 in
the first term in the right hand side, coming from the fact that M} € M;’fi_a , together with the
condition /ng + \/Mpy1 > ¢ % allows us to estimate , for N large enough and sq large enough
with respect to v, (ZZIF) by Ce(“_l)o”“ﬂ?:muﬂ]%so ||ups1]] 5. Consequently, the quantity

2k—1 p

(2.4.19) SN Re iV, ... wu,. .. u),u)

p=kK (=0

is bounded form above by the second term of the right hand side of ([ZZTIH]). In the rest of the
proof, we may therefore replace in the right hand side of ZZH) M} by M.
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Apply lemma EZZT to M}, ]\Aff, R}, ﬁf. This gives MD, MY, RV, RP. We set
p
Ol(u(t,-),e) = Z ZRe(M‘Z’E(ﬁ,...,ﬁ,u,...,u),u>,

Re(MY(a,...,a,u,...,u,a0),u),
(2.4.20)

The general term in ©!(u(t, ), €) has modulus bounded from above by
s€ (= - —(4— 0
M@, . @, )l sl ul s < Ce G u] B[l B

for u in the unit ball of J#*(R?), using proposition with 7 = 2s — 1 and proposition
and (ZZ3H)). This gives the first inequality of [(ZZI3]). To obtain the other estimates in [ZZI3]), we
apply proposition ZLZAto MY, remarking that if in (ZI3) 7 = 2s — 1 and s is large enough, the left
hand side of I3) controls the #~% norm of M%(4,...,@,u,...,u,a). We also apply proposition
with 7 = 2s in @ILI8) to R), R}. Then if s¢ is large enough, the left hand side of IIS)
controls /% norm of RY(a,...,u,u,...,u) and E;p(ﬂ, ooy Uy ... u, ). These give us the other
inequalities in (ZZTI3]). Consequently we are left with proving ([ZZTH)). Remarking that we may
also write the equation as

(2.4.21) (Dy = A)u = —F<A (u;u)>,

we compute using notation ([ZZT])

2k—1 p
ZZRez (M) (@, ... a,u,. ), u)
p=k (=0
2k—1 p
p7 n rd
—l—ZZZRezM Uyooo, Fyoo 0wy .o u), u)
p=K (=0 j=1
2k—1 p pt+1
s D€ (= 57
— ZZ Z Re i(M,"(q,...,a,u,...,F,...,u),u)
p=r =0 j=(+1
2k—1 p

+ Z ZRQ MY (a,...,a,u,...,u), F).

pP=kK =0

(2.4.22)

By assumption on F', we have by proposition [LTTY and [CT2T that ||F(v)||xs < Cllul|5ps||ul| s
if s is large enough and ||ul| s < 1. Since M) € MV+V 2571 (4y), we may apply proposition EET2
with 7 = 2s — 1 and (ZZ3]) to see that the last three terms in (ZZ222) have modulus bounded from
above by the first term in the right hand side of ([ZZI0]). When computing %GS(U), noting that

we have replaced M} by M}, the first term in the right hand side of 20 is the first term in
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the right hand side of [ZZ2Z2) because of ([ZZZ)). Consequently, these contributions will cancel out

each other in the expression %[@s(u) — 0l(u,¢€)]. We compute

2k—1 p

—(92( ZZR62L+(MP)( ey Uy Uy ey Uy W), )

p=K £=0

(2.4.23) =33 > ReilME(a,...,uu,... . F,... u@),u)
p=K (=0 j=0+1
2k—1 p

+ Z ZRe MY (a,,. .. 4u,...,uF)u)

p=kK =0
2k—1 p

+ 3> Rei(M(a, ... G, ... u,0), F).

pP=K =0

Since MY € M;If 28 2(wg) we have by proposition with 7 = 2s — 1, proposition and
(25 that the last three terms are estimated by the last term in the right hand side of [ZTH)) if s
is large enough. The first one, according to lemma B-4T], cancels the contribution of ]\Aff in (22226
when computing R(u). We may treat ©2(u) and ©%(u) in the same way using proposition
with 7 = 2s, and this will lead to the third term in the right hand side of [ZZTI1]). Finally, the last
term in (ZZZ0) contributes to the last term in the right hand side of [ZZI5]). This concludes the
proof of the proposition. O

Proof of theorem 2.1.1. : We deduce from (ZZTI3)) and (ZZIH)

(2.4.24) Os(u(t, ")) < O4(u(0,-)) — OL(u(0,-),e) — O(u(0,-)) — O2(u(0,-)) — OF(u(0,))
+O5(u(t,-),€) + OF(u(t, ) + O3 (u(t,-)) + O5(u(t,-))

1O e~ matp)f / | (t || ||U(t/,')||§fsdt/
O ela )0k / (', )[5ps | [ul, )|[2pedt’
0
t
o) /0 a2t )|y,

wherea:2ifd22anda———gforanyge(0 1)ifd=1. Take@—wpandB>1aconstant

such that for any (vg,v1) in the unit ball of 5+ 1(R?) x 7#7%(R%), u(0,-) = e(—ivy + Ayvo) satisfies
[|u(0,)|| s < Be. Let K > B be another constant to be chosen, and assume that for 7 in some
interval [0, 7] we have ||u(7/,-)|| s < Ke < 1. If d > 2, using (ZZI3]) with a = 2 we deduce from
(ZZZ) and that there is a constant C' > 0, independent of B, K, ¢, such that as long as ¢ € [0, 7]

1 4+
lut, )|2ps < C[B% + T KrT2 4 5o (K22 4 542 4 g2 [ 26+2) 2
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4t
If we assume that T < CE_WZ, where p > 0 is arbitrary, for a small enough ¢ > 0, and that € is
small enough, we get ||u(t,)||%,s < C(2B%)e%. If K has been chosen initially so that 20B? < K2,

we get by a standard continuity argument that the priori bound [|u(t,-)||,»s < Ke holds true on
_4+p

[0, ce 3+¢], in other words, the solution extends to such an interval |¢| < ce~3(07P)% with another

arbitrary p > 0. If d = 1, we may use [(ZZI3]) with a = % — ¢ to get

25+6(p—5)

llu(t, )|[2pe < C[B? + TR [KR+2 | e To (K242 4 [OR+2) 4 g 28 f20+2) 2,

With th‘;, same reasoning we may get in this case that the solution extends to an interval of
|t| < ce”1:17P)% for some small ¢ > 0 and any p > 0. This concludes the proof of the theorem. [
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