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Optimal cross-validation in density estimation
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F-59 655, Villeneuve d’Ascq Cedex
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Abstract: The performance of cross-validation (CV) is analyzed in two contexts: (i) risk estima-
tion and (i7) model selection in the density estimation framework. The main focus is given to one
CV algorithm called leave-p-out (Lpo), where p denotes the cardinality of the test set. Closed-form
expressions are settled for the Lpo estimator of the risk of projection estimators, which makes
V-fold cross-validation completely useless.

From a theoretical point of view, these closed-form expressions enable to study the Lpo perfor-
mances in terms of risk estimation. For instance, the optimality of leave-one-out (Loo), that is Lpo
with p =1, is proved among CV procedures. Two model selection frameworks are also considered:
estimation, as opposed to identification.

Unlike risk estimation, Loo is proved to be suboptimal as a model selection procedure. In the
estimation framework with finite sample size n, optimality is achieved for p large enough (with
p/n = o(1)) to balance overfitting. A link is also identified between the optimal p and the structure
of the model collection. These theoretical results are strongly supported by simulation experiments.
When performing identification, model consistency is also proved for Lpo with p/n — 1 asn — +oo.

AMS 2000 subject classifications: Primary 62G09; secondary 62G07, 62E17.
Keywords and phrases: Cross-validation, leave-p-out, resampling, risk estimation, model selec-
tion, density estimation, oracle inequality, projection estimators, concentration inequalities.

1. Introduction
1.1. Model selection

For estimating a target quantity denoted by s, let {S}, ., denote a collection of sets of candidate
parameters and M denote a set of index. From each S, called a model, an estimator s, of s is computed.
The goal of model selection is to design a criterion crit : M — RT such that minimizing crit(-) over
M provides a final estimator 5z that is “optimal”. Among various strategies of model selection, model
selection via penalization has been introduced in the seminal papers by Mallows (1973); Akaike (1973);
Schwarz (1978) on respectively AIC, C,, and BIC criteria. However since AIC and BIC are derived from
asymptotic arguments, their performances crucially depend on model collection and sample size (see
Baraud et al., 2009).

More recently Birgé and Massart (1997, 2001, 2006) have developed a non-asymptotic approach inspired
from the pioneering work of Barron and Cover (1991). It relies on concentration inequalities (Talagrand,
1996; Ledoux, 2001) and aims at deriving oracle inequalities such as

< . N
l(s, Sm) _C’muelfvl {0(8,8m)} +7n

with probability larger than 1 — ¢/n?, where ¢ > 0 is a constant, £(s,t) is a measure of the gap between
parameters s and ¢, 7, is a remainder term with respect to inf,, £ (s,5,,), and C > 1 denotes a constant
independent of s. The closer C' to 1 and the smaller r,, the better the model selection procedure. If
C=0C, —1andr, — 0 asn — +00o, the model selection procedure is said asymptotically optimal (or
efficient) (see Arlot and Celisse, 2010, for instance). Note that other asymptotic optimality properties
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A. Celisse/Optimal cross-validation 2

have been studied in the literature. For instance, a model selection procedure satisfying

P [7’/7\1 = mo] — 1,
n—-+o0o
where mg denotes a fixed given model is said model consistent (see Shao, 1997, for a study of various
model selection procedures in terms of model consistency).

In the density estimation framework, model selection with deterministic penalties has been developed:
(i) for Kullback-Leibler divergence and histograms by Barron et al. (1999); Castellan (1999, 2003) and
further studied in Birgé and Rozenholc (2006), and (ii) for quadratic risk and projection estimators by
Birgé and Massart (1997) and Barron et al. (1999).

1.2. Cross-validation

The aforementioned approaches rely on some deterministic penalties such as AIC or BIC. These penalties
are derived in some specific settings (for instance Birgé and Massart, 2006, assume a Gaussian noise ),
which makes their performances setting dependent.

Conversely, cross-validation (CV) is a resampling procedure based on a universal heuristics which
makes it applicable in a wide range of settings. CV algorithms have been first studied in a regression
context by Stone (1974, 1977) for the leave-one-out (Loo) and Geisser (1974, 1975) for the V-fold cross-
validation (VFCV), and in the density estimation framework by Rudemo (1982); Stone (1984). Since
these algorithms can be computationally demanding or even intractable, Rudemo (1982); Bowman (1984)
derived closed-form formulas for the Loo estimator of the risk of histograms or kernel estimators. These
results have been recently extended to the leave-p-out cross-validation (Lpo) by Celisse and Robin (2008).

Although CV algorithms are extensively used in practice, only few theoretical results exist on their
performances, most of them being of asymptotic nature. For instance in the regression framework, Burman
(1989, 1990) proves Loo is asymptotically the best CV algorithm in terms of risk estimation. Several papers
are dedicated to show the equivalence between some CV algorithms and penalized criteria in terms of
asymptotic optimality properties: (i) efficiency in Li (1987); Zhang (1993), and (i¢) model consistency
in Shao (1993); Yang (2007). We refer interested readers to Shao (1997) for an extensive review about
asymptotic optimality properties in terms of efficiency and model consistency of some penalized criteria
as well as CV algorithms.

As for non-asymptotic results in the density framework, Birgé and Massart (1997) have settled an
oracle inequality that relies on a conjecture and may be applied to Loo. However to the best of our
knowledge, no result of this type has already been proved for Lpo in the density estimation framework.
Recently in the regression setting, Arlot (2007) established oracle inequalities for V-fold penalties, while
Arlot and Celisse (2011) have carried out an extensive simulation study in the change-point detection
problem with heteroscedastic observations.

1.3. Main contributions

In the present paper, we derive closed-form expressions for the Lpo risk estimator of the broad class of
projection estimators (Section 2). Such closed-form expressions make V-FCV completely useless since it
is more variable and computationally demanding than Lpo (Section 2.3). They also enable to study the
theoretical performance of CV in two respects: (i) for risk estimation (Section 2.4), and (ii) for model
selection (Section 3). For instance, it is proved that Loo is the best CV algorithm for risk estimation
(Theorem 2.1), while it is suboptimal for model selection (Corollary 3.1 and Theorem 3.3).

Moreover, two aspects of model selection via CV have been explored. In Section 3.1, the estimation
point of view is described where it is shown that Lpo is optimal as long as p/n = o(1) and p is large enough
to balance the influence of the model collection structure. All these new theoretical results are supported
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by simulation experiments detailed in Section 3.1.4. Conversely, identification is studied in Section 3.2,
where the optimal performance is obtained for p/n —+> 1, which is consistent with previous results
n—-+0oo

settled in the regression framework for instance by Shao (1993). However, our result is more precise since
we were able to localize the optimal rate of convergence of 1 — p/n toward 0 between 1/n and 1//n as
n tends to +oo. Finally, proofs and technical lemmas have been collected in Appendix A.

2. Cross-validation and risk estimation
2.1. Statistical framework
2.1.1. Notation

Throughout the paper, Xi,..., X, € [0,1] are independent and identically distributed (i.7.d. ) random
variables drawn from a probability distribution P of density s € L?([0,1]) with respect to Lebesgue’s
measure on [0,1], and X1, = (X1,...,Xp).

Let S* denote the set of mesurable functions on [0, 1]. The distance between s and any u € S* is
measured thanks to the quadratic loss denoted by

E:@w)HE@w):HsMﬁA;”dﬂumfdt

It is related to the contrast function
v (ux) = y(uie) = lul* = 2u(z) , with €(s,u) = Py(u) — Py(s) (1)

where Py(u) = P (y(u;-)) and Pf := E[f (X1)] for every f € 8*. The performance of every estimator
§ = 5(X1,...,X,) of s is assessed thanks to the quadratic risk

zagyzEwgganUb—aF]

Estimating P+(u) is made through the empirical contrast defined by
1 n n
Poy(u) := —Z'y(u;Xi), where P, = l/an;Xi
n
i=1 i=1

denotes the empirical measure and P, f :=1/n> " | f(X;) for every f € S*.

Let us further introduce M,, a countable set of indices and for every m € M,, S,, denote a set of
functions, called model, used to estimate s. To each S,,, an estimator s, corresponds that is defined as
the empirical contrast minimizer

Sm 1= Argmin,cg P,y(u) . (2)

It results a collection {5, },,cq, Of estimators of s depending on the choice of models Sy,s. Instances of
such models and estimators are described in Section 2.1.2.

2.1.2. Projection estimators

Let A, be a set of countable indices and {px},c,, a family of vectors in L*([0,1]) such that for every
m € My, {©r}yen(m) denotes an orthonormal family of L2([0,1]) with A(m) C A,,. For every m € M,
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S denotes the linear space spanned by {@A}/\e/\(m)v D, = dim (S,,), and s,, is the orthogonal projection
of s onto S,

= Argmin, g Py(u Z Py pa, with Poy =E[pA(X)].
AEA(m)

Definition 2.1. An estimator § € L*([0,1]) is a projection estimator if there exists a family {©x},cp
of orthonormal vectors of L*([0,1]) such that

~ . 1<
s :Za,\ O, with aA:EZH,\(XZ
i=1

AEA
where {HA(-)} cp depends on the family {ox}y\cn-

As a consequence, it is straightforward to check that the empirical contrast minimizer defined by
Eq. (2) over S, = Span (¢x, A € A(m)) is a projection estimator since

. N
> Papagr,  with  Pypy= - D enXi) (3)
AEA(m) =

Here are a few examples of projection estimators (see DeVore and Lorentz, 1993):

e Histograms: For every m € My, let {Ix},cp(,,) be a partition of [0,1] in Dy, = Card(A(m))

intervals. Set ¢y = 11, /+/|Ix| for every A € A(m), with |I\| the Lebesgue measure of Iy, and
17, (z) =1if z € I, and 0 otherwise. Then,

= > P ]“* - (4)

AEA(m)

e Trigonometric polynomials: For every A € Z, let @y : t + px(t) = 2™ Then for any finite
A(m) C Z,

Smt)= D Pupx ™™™, vte[0,1] (5)
AEA(mM)

is a trigonometric polynomial.
o Wavelet basis: Let {px},c,, be an orthonormal basis of L*([0,1]) made of compact supported

wavelets, where A, = {(j,k) | j € N* and 1 < k < 27}. Then for every subset A(m) of Ay,

Y Papron (6)

AEA(m)

Some of these estimators can take negative values for finite sample size. The same phenomenon arises
with kernel estimators (Tsybakov, 2003). A possible solution to avoid negative values is truncating and
normalizing the preliminary projection estimator

1
Sm = Smls,, >0 (/ 15, >0(t)sm(t )dt>
(0,1]

Note that if s(zg) > 0 at a given z € [0,1] and 5,,(z) % s(x) for every = € [0,1], then §,,(z9) > 0
n—-+4oo

for large enough values of n.
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A. Celisse/Optimal cross-validation 5
2.2. Leave-p-out cross-validation

In the literature, several cross-validation (CV) algorithms have been successively introduced to overcome
the defects of already existing ones. The purpose of the present section is to briefly describe the main CV
algorithms that will be used throughout the paper with some emphasis to computational aspects.

2.2.1. Cross-validation

For every 1 < p < n —1, let us define £, = {e C {1,...,n}, Card(e) = p} and for any such e € &,
set X¢ = {X;, i €e} (test set) and X(© = {X;, i€ {1,...,n}\ e} (training set). Let also P, :=
1/pY ic. 0x, and P = 1/(n = p) > ie(e) 0x, denote the empirical measures defined respectively from
the test set X¢ and the training set X (¢).

Hold-out Simple validation also called Hold-out has been introduced at the early 30s (Larson, 1931).
For every 1 < p < n—1, it consists in randomly splitting observations into a training set X (¢) of cardinality
n—p and a test set X° of cardinality p. Random data splitting is only made once and introduces additional
variability. For every e € &, (randomly chosen), the hold-out estimator of R, (§) is

Ritop(3) 1= Py (S(X9) = =377 (S(X ) ™)

p i€e

Hold-out has been studied for instance by Bartlett et al. (2002); Blanchard and Massart (2006) in clas-
sification and by Lugosi and Nobel (1999); Wegkamp (2003) in regression.

Leave-p-out Unlike Eq. (7) where a single split e of the data is randomly chosen, which introduces
additional unwanted variability, leave-p-out (Lpo) considers all the (Z) = Card (€,) splits. The Lpo
estimator of R, () is defined by

By(3) = (") S P (5x9)) ®

p ecé,

For instance, it has been studied by Shao (1993), Zhang (1993), and Arlot and Celisse (2011) in the
regression framework. With p = 1, Lpo reduces to the celebrated leave-one-out (Loo) cross-validation
introduced by Mosteller and Tukey (1968) and further studied by Stone (1974). Note that computing
the Lpo estimator requires a computational complexity of order (Z) times that of computing 3, which
quickly becomes intractable as n grows.

V-fold cross-validation To overcome the high computational burden of Lpo (Eq. (8)), Geisser (1974,
1975) introduced the V-fold cross-validation (V-FCV). Instead of considering all the (Z) possible splits,
one (randomly or not) chooses a partition of Xi,...,X,, into V subsets X ,..., XV of approximately
equal size p = n/V = Card(e;), ¢ = 1,...,V. Every X%, i =1,...,V is successively used as a test set
leading to the V-fold risk estimator of R, ()

\4
Ry-rov(3) = 5 3° P (B(x)) )

v=1

V-FCV has been studied in the regression framework by Burman (1989, 1990) who suggests a correction
to remove its bias.
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2.2.2. Lpo versus V-FCV

As explained in Section 2.2.1, the Lpo computational complexity is roughly ( ) times that of computing
§, which can be highly time-consuming. Unlike Lpo (and even Loo when p = 1) V-FCV involves only V
such computations, which is less demanding as long as V' < n. Note that usual values for V are 3, 5, and
10 (except V' = n where V-FCV and Loo coincide).

However, V-FCV relies on a preliminary (possibly random) partitioning of X1, ..., X,, into V subsets.
Unlike Lpo where an exhaustive splitting is performed, this preliminary partitioning induces some addi-
tional variability, which could be misleading. For instance, Celisse and Robin (2008) have theoretically
quantified the amount of additional variability induced by V-FCV with respect to Lpo.

On the one hand, Lpo can be seen as a ”gold standard” among CV algorithms since it relies on
exhaustive splitting and does not introduce any additional variability. On the other hand, V-FCV appears
as an approximation to the “ideal Lpo” that cannot be achieved due to a prohibitive computational cost.
Note that other approximations to Lpo have been proposed such as the repeated learning-testing cross-
validation (Breiman et al., 1984; Burman, 1989; Zhang, 1993).

2.3. Closed-form expressions for the Lpo risk estimator

In Section 2.2.2 it is claimed that as long as Lpo cannot be computed V-FCV is preferable. Closed-
form formulas for the Lpo estimator are proved in the present section, which makes Lpo fully effective
in practice and always better than V-FCV. Besides, closed-form formulas also enable a more accurate
theoretical analysis of CV algorithms both in terms of risk estimation (Section 2.4) and model selection
(Section 3).

With the notation introduced at the beginning of Section 2.2.1, let us consider projection estimators S,
defined by Eq. (3). Closed-form formulas for the Lpo risk estimator are derived exploiting the “linearity”
of projection estimators. Sums over &, (which cannot be computed in general) then reduce to binomial
coefficients. Recalling the expression of the contrast v(-;-) (Eq. (1)), one has to compute both quadratic
and linear terms.

Lemma 2.1. For every m € M,, let §, = $m(X1,n) denote a projection estimator defined by Eq. (3)
and set X°¢ = {X;, i € e} for every e € E,. Then for everyp € {1,...,n— 1},

ZEWWWG%FZj(%ﬁidmw(}ﬁimmmm>,
k=1

€, AEA(m) =y,
-~ (@ 1 n472

Z Z 5(X)(Xp) = = Z 1 Z@A(Xi)@A(Xj) .

e€Ey i€e p AEA(M) p i#]

Proof of Lemma 2.1. For every e € &,, and t € [0, 1],

Sn(XO)(1) = S(PLer)ea(t)

A n=p

ZZ% O Lecey) >
A

j=1

which implies

S5 (X)X = —— 373 en (K)o (X0) T e Lice) -

n—
ice pi;ﬁj A
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It remains to sum over e € &,, which is made thanks to Lemma A.1.
O

Lemma 2.1 enables to derive closed-form formulas for the Lpo risk estimator, which makes Lpo algo-
rithm fully efficient in practice.

Proposition 2.1. For every m € M, let $,, = $n(X1,n) denote a projection estimator defined by
Eq. (3). Then for everyp € {1,...,n— 1},

ﬁp<m>=ﬁp<§m>=ﬁ > TR - IS e | (o)

n(n — ,
AEA(m) | j=1 J#k

Proposition 2.1 enjoys a great interest. First it applies to the broad family of projection estimators.
Second, it allows to reduce the computation time from an exponential to a linear complexity since com-
puting (10) is of order O (n). Note that in the more specific setting of histograms and kernel estimators,
such closed-form formulas have been derived by Celisse and Robin (2008).

Proof of Proposition 2.1. From definitions of the contrast (Eq. (1)) and the Lpo estimator Eq. (8), it

comes
~ n e 2(n e
R 6 0 ) AR AT G I wb e
p e€&y, pA\p e€&, ice
Then, Lemma 2.1 provides the expected conclusion. O

Let us now specify the Lpo estimator expressions for the three examples of projection estimators in
Section 2.1.2.

1.
Corollary 2.1 (Histograms). For S, given by Eq. (4) and forp € {1,...,n— 1},

D

RV S w U T O | na)?
where ny = Card ({i| X; € I\}).

Corollary 2.2 (Trigonometric polynomials). For every k € N, let p) denote either t — cos(27kt),
if A=2k ortw— sin(2wkt), if A = 2k + 1. Let us further assume A(m) = {0,...,2K} for K € N*.
Then for every p € {1,...,n— 1},

2 2

K n n
ﬁp(m) a(n, (n,p Z Zcos 2rkX;) p + Zsin(%rka) ,
k=0 =1

where a(n,p) = (p = 2)(K +1) [(n = 1)(n —p)] ™" and B(n,p) = (n = p+ 1) [n(n - 1)(n —p)] .
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A. Celisse/Optimal cross-validation 8

Corollary 2.3 (Haar basis). Let us deﬁne @t Lo and @;k(t) = 29/20(27 - —k), where j € N
and 0 < k <27 —1, and assume A(m C{], jGN,0§k§2j—1}f0reverym€/\4n. Then,

Rypm) = s 3 2| @™ - (5)7]

(n =1 =p) o

where njj, = Card ({i | X; € [k/27, (k +1)/27]}).

2.4. Risk estimation: Leave-one-out optimality

From the general closed-form formula given by Eq. (10), one derives closed-form expressions for the
expectation and variance of the Lpo risk as well. These expressions will be useful to analyze the theoretical
behavior of CV in terms of risk estimation and model selection (see Section 3). In the present section for

instance, they are used to prove the optimality of Loo for estimating the risk of any projection estimator
(Theorem 2.1).

Proposition 2.2. For every m € M, let $,, = $u(X1,n) denote a projection estimator defined by
Eq. (3). Then for every 1 <p<mn—1,

E[Rm)]=—— ¥ [EZX) - Ea@)?] - ¥ Ea@)? .

AEA(m) AEA(M)

and

Var [ Byt = s o+ 2 2 T ()

where a, = Var {Zz\ez\(m) (n(Pncp)\)Q — Pncpi)} , ¢, = Var [ ZAeA(m) ( 03 — (PncpA)Q)} , and b, =

—2 Cov [ZAEA(W) ( ( nsﬁ/\) - n@i) ’ZAEA(m) n (Pn(,Oi - (Pn(,O)\) ):| :

The proof is a straightforward application of Proposition 2.1 and has been omitted. Note that the
above quantities do exist as long as P |<,0,\|3 < +oo for any A € A(m), which holds true if s is bounded
for instance and [ |<,0,\|3 < 400 (px continuous and compact supported for instance). In the variance
expression, ay, b,, and ¢, do not depend on p. Then knowing the behavior of the variance with respect
to p only depends on the magnitude of a,,, b,, and ¢,, which is clarified by Corollary 2.5.

Let us first focus on the bias B [ﬁp(m)} = Eﬁp(m) —E [|\§m|\2 -2 f[o 1 s§m] of the Lpo estimator.

Corollary 2.4 (Bias). For every m € M, let S, = 5 (X1,n) denote a projection estimator defined by
Eq. (3). Then for everym € M,, and1 <p<n-—1,

B [ép(m)} =2 Z Var [pA(X71)] >0 .
n(n —p) AEA(m)
The bias is nonnegative and increases with p, which means Loo (p = 1) has the smallest bias among

CV algorithms. Besides if p = p,, satisfies p,/n —> q€][0,1) then [ (m } —+> 0. Thus, Loo
n—-+0oo

is asymptotically unbiased.
Let us now describe the behavior of the variance with respect to p.
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Corollary 2.5 (Variance). With the same notation as Proposition 2.2, for every m € M,, and 1 <p <
n—1,

Var{ép(m)} B ﬁ [A+an+ (ncp)2 +O(%H ’

where

A =4Cov Zcp)\(Xl)cp)\ Xo), ox(X1)oa(X3) | >0,

(X2), Y a(X1)pa(
- A :
B =8Cov | > oa(X1)ea(X2), Y oa(X1)ea(Xs) | —4Cov | Y @R (X1), ) A(Xl)SOA(Xs)] :
L A A | A A
C = 4Cov Z AXD)ea(X2), Y on(X1)ea(Xs) | —4Cov | Y @3 (X1), > A(X1)90A(X3)]
A A i A A

+ Var

yotcn) =0,

In the more specific case of histogram and kernel density estimators, Celisse and Robin (2008) derived
a similar (non asymptotic) result for the variance. Note that the monotonicity of the variance with respect
to p depends on the sign of B since x — f(z) = Az? + Bx + C has for derivative z — f'(z) = 2Az + B
and A > 0. However in full generality, the sign of B is unknown.

Proof of Corollary 2.5. Combining Proposition 2.2, Lemmas A.2 and A.3, and Proposition A.1, it comes
an, =4np+ O(1) ,
b, =8np —4ny+ O(1) ,
en =4nf —4dny+nd + O(1)
where 8 = Cov [, oa(X1)pa(X2), oy ea(X1)ea(X3)], v = Cov [ 32, 93 (X ),ZA P (X1)ea(X3) |,
A =

and § = Var [Zk ©3(X1)]. This provides the expected conclusion with , B =88 — 4, and
C =48 —4y+54. O

The purpose of the following proposition is to describe the monotonicity of the variance depending on
the sign of B

Proposition 2.3. Let us define po , = Argmin, <,,<,,_; Var [ﬁp(m)} in Eq. (11). Then,

. C Cov [, pr(X) 2 ea(X)ea(Xs) | )
ron = *(l 200v[zm<xl>w<xg>,zmelm(Xg)])(” )
Furthermore,
1. if
2Cov = Cov [Z@i(Xl)vz@A(Xl)@A(XB)] , (12)
)

Y ex(XD)ea(Xa), Y oa(X1)pa(Xa)
A

A

A

pe{l,...,n—1}— Var [ép(m)} is increasing.
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2. Otherwise, p — Var [Ep(m)] is decreasing on [1,pon] and increasing on [pon,n — 1].

Eq. (12) is related to the sign of B in Corollary 2.5 and to the minimum location value pg,. In
particular if it holds true, then pg, & {2,...,n — 1}, which means Loo has the smallest variance among
CV algorithms.

Theorem 2.1. For every m € M, let us define the mean-square error (MSE) of S, by MSE(m;p) =
~ 2 ~
(IB% {Rp(m)D + Var {Rp(m)}, for every p € {1,...,n—1}.

1. If (12) holds true, then for every m € M, p — MSE(m;p) is minimum for p = 1.
2. Otherwise, for every p =p, € {1,...,n — 1} such that p,/n T €1[0,1), then
n—-+0oo

1

n2

MSE(m; p) = é—I—O( ), as n — +oo .

If (12) holds true, Loo is the best CV algorithm in terms of MSE when estimating the risk of an
estimator. Otherwise as long as p,/n 4 1 as n — 400, choosing a value of p # 1 is useless since any
value in {1,...,n — 1} asymptotically leads to the same performance in terms of MSE. But since Loo
has a minimum bias (Corollary 2.4), one concludes Loo is optimal among CV algorithms for estimating
the risk of an estimator. This result confirms what has been previously stated by Burman (1989) in the
regression framework.

3. Optimal cross-validation for model selection

In Section 2.4, the optimality of Loo among CV algorithms has been proved in the context of risk
estimation. However, the best possible algorithm for risk estimation is not necessarily the best one for
model selection. For instance, empirical contrast minimization (2) is used to design an estimator s, €
Sm- But using empirical contrast minimization to choose one m € M, (without penalizing) would
systematically lead to overfitting. The purpose of the present section is to study the performance of CV
for model selection with respect to the cardinality p of the test set.

In model selection, two (contradictory) purposes can be pursued: Estimation and Identification (see
Shao, 1997; Yang, 2005, for an extensive presentation). With the Estimation point of view, one focuses
on minimizing the risk over a collection of models without assuming the targeted s belongs to one of
them. Conversely in Identification, one assumes s belongs to at least one model of the collection and the
goal is to recover the smallest model containing s.

3.1. Optimal cross-validation for Estimation

Model selection by CV pursuing Estimation is our main concern here. First, the performance of CV with
respect to p is characterized through a sharp oracle inequality (Theorem 3.1) where constants are related
to the difficulty of the estimation problem. In particular, a leading constant converging to 1 as n — +oo
is achieved for given values of p. Second, Loo is theoretically shown to be suboptimal for model selection
(Corollary 3.1), which is also empirically supported by simulation experiments (Section 3.1.4).

3.1.1. Estimation point of view

With the notation of Section 2.1, let us consider a family of projection estimators {5, },,. Mm,,» Where M,
denotes an (at most countable) index set allowed to depend on n. The best possible model called the
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oracle model, is denoted by S,,«, where

m* := Argmin,, c vy Py(5m) — Py(s) = Argmin,,cp,, [|5 — §m|\2
= Argmin,, c \, Py(5m) -
Since Pv(S,,) has to be estimated, one uses CV (Lpo) to choose a candidate model. So for every 1 < p <

n—1,

~

m(p) := Argmin,, . v Rp(m) , (13)

and the final candidate model is denoted by S (). The purpose is now to study the properties of 55y
with respect to p € {1,...,n — 1} in terms of an oracle inequality, that is an inequality such that an
event of large probability exists on which

Is = Sal” < Cu inf {lls =5l } +7n . (14)
meM,,

where S is the final estimator provided by the considered model selection procedure, the constant

C,, > 1 does not depend on s, and r,, is a remainder term. When C,, —+> 1 on an event of probability
n——+0o0

larger than 1 — K/n? (for some K > 0), the model selection procedure is said efficient (Arlot and Celisse,
2010).

3.1.2. Main oracle inequality
Let us first introduce some notation and detail the main assumptions used along the following sections.

Square-integrable density:
s € L*([0,1]) . (Sal)
Unlike Castellan (2003) for instance, it is not assumed that s > p for a constant p > 0.

Polynomial collection: There exists arq > 0 such that
Card(M,,) < nM . (Pol)

In particular, this holds true if there exists a > 0 such that Card ({m € M,,, D,, = D}) < D*, for every
1< D<n.

Model regularity:

3% >0, sup M <® ., with ¢, = Z 03 . (RegD)

meM,, m AEA(m)

It relates the regularity of the orthonormal basis (measured in terms of sup-norm) to the dimension of the
model. For instance using (4), (RegD) requires |I\| > (®D,,)! for every A € A(m). Thus, the length of
intervals I, cannot be too different from one another.

Maximal dimension:
ar > 0, sup Dp <T'—=5 .
meM, (logn)
In the sequel, we always use I' = 1 to simplify the notation. Note that proofs and conclusions are not
changed by this particular choice.

(Dmax)
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Estimation error and dimension:

This assumption makes the estimation error E (||sm - §m|\2) and D,,, comparable. For instance, (LoEx)
is fulfilled if s > p > 0.

Richness of the collection: There exist mg € M,, and ¢;;c;, > 1 such that,

\/ﬁ S Dmo S Crich\/ﬁ . (RlCh)

Such an assumption only depends on our choice of model collection and can always be fulfilled.

Approximation property: There exist ¢y, ¢, > 0 and ¢ > u > 0 such that, for every m € M,,,
Dyt < s = spll” < cuDy (Bias)

This assumption quantifies the bias (approximation error) incurred by model S, in estimating s. It
therefore relies on a smoothness assumption on s. Such an upper bound is classical for a-Hoélderian
functions with « € (0, 1] and regular histograms (4) for instance. Note that Stone (1985) uses the same
assumption (lower bound), which is the finite sample counterpart of the classical assumption ||s — s, || > 0
for every m € M., usually made to prove asymptotic optimality for a model selection procedure (see Birgé
and Massart, 2006).

Rate of convergence for the oracle model:

nRY(logn)~? —— 400, with RY = inf R,(5n) , (OrSp)

n— 00 meMy
This assumption implies the risk of the oracle model R}, does not decrease to 0 faster than (logn)?/n. In
particular, this holds true for densities in H (L, o) with L > 0 and « € (0, 1] for instance (see Section A.6).

The performance of the Lpo estimator with respect to p is described by the following oracle inequality
where the leading constant Cy,(p) relates the complexity of the collection of models {Si},,c g, t0 P

Theorem 3.1 (Optimal CV). Let s denote a density on [0, 1] such that (Sql) holds true, set { S },,c a1,
a collection of models defined in Section 2.1.2, and assume (Pol), (RegD), (Dmax), (Rich), (LoEx),
(Bias), and (OrSp). Let m = m(p) denote the model minimizing Ep(m) over M,, for every p €
{1,...,n—1}. Then, there exist a sequence (0,)N such that 6,, — +o00, and néd,, — +00 as n — +0o00, and
an event Q) with P(Q) > 1—6/n? on which, for large enough values of n,

~ 2 . —~ 12 . TrVvTF
Is = Sam|* < Cat) inf {lIls=5ul*}  with Culp) = FE e 2 1
where
Ty =1—6,K(n,p) , T;:#(175,1)[1745”]725nK(n,p)[3745n] ,
1—p/n
1
Th =1+06,K(n,p) , T;;:m(1+6n)[1+45n]+25nK(n,p)[3+45n] ,

and K(n.p) =1+ 725 + 5ok
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First if p = p, = o(n), then p/n — 0 and C,(p) — 1 as n — +o00. Then, such values of p lead to
efficient (asymptotically optimal) model selection procedures. In particular, this holds true for p = 1,
that is, Loo is asymptotically optimal since

~ 2
HS_ Sﬁl(l)” a.s.

infment, { s = 5} "

1.

Second, C,,(p) can be optimized as a function of p at each finite sample size n. Since C,,(p) also depends

on dy, which is related to the structure of {Sy,},,cr, and the probability of the event 2, minimizing
C,(p) with respect to p enables to take into account the difficulty of the estimation problem at hand.

Proof of Theorem 8.1. R N
First let us use Proposition A.2 applied with m, m’ € M,, such that R,(m’) < R,(m). Then, it comes

HT_LPE[Z?W] + s = s[> = K(nyp) [ 22 —E [ 22,]]
< LE[Z] + s —anl - K(np) [ 25 ~E[ 23]

- 2K(7’L,p) Un (Sm’ - Sm) + % (K(?’L,p) + an) Un (¢m’ - ¢m) )

where K (n,p) =1+ 25 +nLipﬁ .
Then, combining Propositions A.3 and A.4 to control the remainder terms, there exist a sequence

(6n)n with 6, — 0 and nd,, — 400 as n — +o00 and an event Q = Qyem 1 N Qyem 2 of probability 1 —4/n?
on which

n

E[Z2/]+|s—sm|* = K(n,p) [ 2%, —E[Z2,]]

n—p

< B[ 23]+ ls— sl — Klnp) [Z2—E[ 23]]

+ 6K (n,p) (HS — s | +E [an’] +[ls = smll* +E [an])

o (KO + ) [B[25] +B[ 2]

In the following, §,, always denotes such a sequence even if the precise expression of d,, can differ from
line to line.

Let us now use concentration results stated in Corollaries A.1 and A.2 on the events Qere and Qyighe.
The important point in this proof is given by Lemmas A.4 and A.5, where it is proved that on the event

Q = Qese N right N Qrem,1 N Prem, 1, Min {Dm* , D.fﬁ(p)} > (logn)* for large enough values of n. Therefore,
one can apply Lemma A.8 and Corollaries A.1 and A.2 with L,,, =0 = r,(m) to get

Z2, [ (nnp(l — ) — 25nK(n,p)) (1 —45,) — 4K(n,p)5n} +[1= 6K (n,p)] |5 — smr |

N/ [ (nip(1+5n)+25nK(n,p)) (14 46,) +4K(n,p)5n} + 146K (n,p)]|ls — sml* .

Choosing m' = m, it comes

Ty Z5 + Ty s = sal® < T Zo + T lls = smll”
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where
Ty =1-6,K(n,p) , Ty =——(1—0,)[1—45,]—2K(n,p)[35, —452] ,
TH =1+6,K(n,p) , T = nL_p(l +6,) [ 1446, ] + 2K (n, p) [ 36, + 452 ]
Finally on the event Q, the following oracle inequality holds true for every p € {1,n — 1}
~ 2 . —~ 2 . Tg \/T{}_
s = Samll’ < Cue) inf, {ls=5all’} . with  Clp) =0

Moreover, on the event €2, Lemmas A.4 and A.5 show min {Dm* , D,,’ﬁ(p)} > (logn)*. Then, it is enough

to apply Propositions A.6 and A.5 to models satisfying this constraint, which leads to the new event 0
(where models with dimension smaller than (logn)* have been omitted) of probability at least 1 — 6/n2.
O

While asymptotic optimality is proved in Theorem 3.1 for any CV procedure as long as p = o(n),
it is also desirable to analyze the performance of CV for finite samples. Minimizing C,(p) as a func-
tion of p for each n provides the value p* = p for which m(p*) reaches the best performance among
{m(p), 1 < p <n—1}. The following Corollary 3.1 proves Loo is suboptimal in terms of rate of conver-
gence, which can lead to overfitted models.

Corollary 3.1 (Suboptimality of Leave-one-out). With the notation and assumptions of Theorem 8.1,

the constant Cy,(p) is minimized over p € {1,...,n— 1} for
* 1 — 50, + 402 — —2-(36,, — 462) + 2=
0<q,=Lr—1- - ”*1(2 ) o<l

Furthermore, the optimal ratio ¢ = p*/n is slowly decreasing to 0 as n tends to +00

4y ~4o00 104, and Dr ~too 1000, —— 400 .
n—-+oo

In particular, Loo (p = 1) is suboptimal in terms of rate of convergence with respect to n.

Whereas Theorem 3.1 settles Loo (and any CV algorithm with p = o(n)) is asymptotically optimal,
Corollary 3.1 proves it is nevertheless suboptimal in terms of rate of convergence. Indeed, the optimal rate
is achieved when p,/n is slowly decreasing to 0 like ¢,, as n grows. Let us also recall that d,, is strongly
related to the structure of the model collection, so that the more complex the collection, the slower &,
and the larger p,, should be to balance overfitting arising with too large models. As a consequence, Loo
(p = 1) does not adapt to the model collection {S },, ¢ s, » which results in overfitting, that is, choosing
too large models (see simulation experiments in Section 3.1.4).

Proof of Corollary 3.1. Let us recall the expression of the leading constant

o )_Tg\/T(;
nP CTp ATy
with
1
Ty =1-0,K(n,p) , Ty = m(l_én)[1_45n]_25nK(nap)[3_46n] )
1
T# =14 6,K(n,p) , T‘t:m(1+6n)[1+45n]+25nK(n,p)[3+45n] ,
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and K(n,p) =1+ 25 + %ipﬁ.
First as long as n is large enough, simple calculations when p = 1 show 7}, (1) < T5(1). Noticing
moreover that Ty (p) > T (p) for every p, it comes for p close to 1

T (146,) [1446,] 4 2(1 — p/n)én K (n,p) [3 4 46, ]

Cnlb) = = = (U=, [1=40n] = 21 = p/n)ou K (n.p) [ —20,]

It is then easy to show that p — C,(p) is increasing on {1, ..., p*}, where p* denotes the value of p such
that Ty, (p) = T5 (p). Hence,

v 1 — 56, + 402 — =25(36, — 462) + 2=

=1—- ’
n 1+ 2(1+ 5757)(30, — 462) — 6 (1 + 715)

It results that for every p > p*

T+
C =V
n(P) T
which is increasing with respect to p.
In the same way, it is easy to check that p% /(10nd,,) ~—+—% 1, which enables to conclude.
n—-+0oo

3.1.8. Adaptivity in the minimazx sense

Adaptivity in the minimax sense is a desirable property for model selection procedures. It means the
considered procedure automatically adapts to the unknown smoothness of the target function s to estimate
(see Barron et al., 1999, for an extensive presentation).

Several adaptivity in the minimax sense results are provided in the present section. Deriving such
results from oracle inequalities such as (14) is somewhat classical. However, the novelty is first that CV
as model selection procedure enjoys such a desirable property, second that the leading constant C,,(p) in
Theorem 3.1 when converging to 1 as n tends to +o0o provides accurate results.

Let us first provide a general result from which all adaptivity results will be immediate corollaries.

Theorem 3.2. Let s denote a density on [0,1] such that (Sql) holds true, set {Sm},,crq, @ collection
of models defined in Section 2.1.2, and assume (Pol), (RegD), (Dmax), (Rich), (LoEx), (Bias), and

o~

rSp). Let m = m(p) denote the model minimizing m) over M, for everyp € {1,...,n—1}. Then
OrSp). Let m = m(p) denote th del minimizing Ry, M 1 1}. Th
foreveryl <p<n-1,

~ 2 . ~ 2 2 12 GCu
E[lls~ a0 ]é%(p)E[mglﬂggs Tl |+ @) S e (19
where Cy(p) = ?—X;g, with
B \%4
Te = 1= 6, K(np) . Ty = ———(1—6,) [1— 46, ] — 20, K (n.p) [3 — 46,] |
1—p/n
1
Th =1+06,K(n,p) , T;;:m(1+6n)[1+45n]+25nK(n,p)[3+45n] ,

and K(n.p) =1+ 725 + 5ok
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The last two terms in the right-hand side of (15) are remainder terms. They results from Assumptions
(RegD), (Dmax), and (Bias). From remarks following Theorem 3.1, one deduces p = p,, = o(n) implies
Cn(p) — 1 as n = +oo and

E|[ls - $amll’]

E[infme, lls = 5l | "7F

Proof of Theorem 8.2. Introducing the event Q of Theorem 3.1, it comes
E|ls= 3all’| =E|lls - Sam |’ 1a| +E[[ls - Sae " 15 ]
. ~ - 2
<E {mlenAfAn Is - Smllﬂ +E | |ls = Samll 14

Applying (Bias), one gets

E | |ls - sa|* 15 | <E

Dc—ﬂﬁl <o () <%
m(p)

and (RegD) and (Dmax) provide

E {Hsm(m - §m<p>||2]1§c} =E| Y (Paor— Ppy)’ 15

S2E | > (Papn)lg | +2E | > (Pen)’ g,
| AeA(@(p)) AEA(m(p))
1 n
<2E| D 5 > eaXi)ea(X))lge | +20IsI"E [ Dagyl ]
L AeA@m(p)  ii=1

< 20+ o) o () < (@ ol) o

O

Applying Theorem 3.2 to the collection of regular histograms defined by (4), the following corollary
settles an adaptivity property with respect to Holder balls (see DeVore and Lorentz, 1993).

Corollary 3.2. Let us consider the model collection of Section 2.1.2 made of piecewise constant functions
and the associated histograms defined by (4) such that, for every m € M,, and A € A(m), |I| = D}
(regular histograms). Let us also assume (Dmax) and (LoEx) hold true.

If the target density s belongs to the Hoélder ball H(L, ) for some L > 0 and o € (0,1], then for every
1 <p <n—1 there exist constants 0 < K < K;r such that

2 20 2 2 20 1
K LzFip 241 < sup E [ S— S } < Cn(p)KJL=Fin~ 2+ 40 (7) ,
seH(L,a) H (p)H n(logn)?

K and KI only depend on o (not onn or s).
Furthermore since this property holds for every L > 0 and o € (0,1], then {?m(p)}neN* 18 adaptive in
the minimaz sense with respect to {H(L, )}~ oe(0,1) for every 1 <p <n—1.
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The proof has been deferred to Section A.6. The lower bound is not new and has been proved earlier
by Ibragimov and Khas’minskij (1981). Besides, the upper bound is tight since the rate n~%a+1 and the

dependence on the radius L7+ are the same as in the lower bound. Note that similar results can be
easily proved for instance for Besov balls B, 5(L), with a, L > 0 (see DeVore and Lorentz, 1993) by using
an appropriate collection of models such as trigonometric polynomials defined by (5).

3.1.4. Simulation erperiments

Results of simulation experiments are provided to support the theoretical analysis developed in Sec-
tion 3.1.2. Samples of size n = 100,500, 1000, 2000, 3000, 4000, 5000, 6000, 10 000 have been generated

from a mixture of Beta distributions

B(3,7;x) + 4(10,5; )
2 9

vz € [0,1], s(x) = (16)
which is a Holderian density on [0, 1]. For each n, every p € {1,...,n — 1} have been considered. Note
that in these experiments, (Dmax) is fulfilled with T' = 1 (Figure 1) and I = 2 (Figure 2).

The model collection we used is made of piecewise constant functions described in Section 2.1.2 leading
to regular histogram estimators defined by (4). For every 1 < p < n — 1, m(p) is defined by (13).

Let us also introduce

~ 2
s = Sam

Corn(p) =E and pg = Argminlgpgnflconn(p) , (17)

infmer, {IIs = 5l }

which measures the average performance of 55, with respect to that of the oracle estimator & ,-.
Thus the closer Cyn(p) to 1, the better 5 5y). Then, minimizing Cy,. »(p) as a function of p for various
values of n allows us to check whether the conclusions drawn from minimizing C,,(p) with respect to p
(Theorem 3.1 and Corollary 3.1) hold true or not, that is whether C, (p) is an accurate approximation
of Cop n(p). For each curve p — Cop n(p), a confidence band has been also displayed. It is delimited by
p— C. . (p) and p — Cf._ (p) respectively defined by

or,n or,n
Corn(®) = Cornp) = = and CF,(0) = Corn(p) + — (18)
or,n s \/N’ or,n 5 \/N ’
where ¢ denotes the empirical standard deviation.

First from Figure 1, curves p/n +— Cop »(p) (plain red lines) decrease to 1 uniformly with p as n grows.
This confirms Theorem 3.1 where C,(p) — 1 as n — +o0o when p is kept fixed. Furthermore, p — Cy,(p)
and p — Cop.(p) have a similar behavior since, as suggested by Corollary 3.1 when n is fixed, Cyy (D)
is minimized for p > 1 but increases as p/n gets closer to 1. Recalling C,, ,,(p) measures the accuracy
of 55,(p), previous remarks show Theorem 3.1 is accurate enough to make Ci,(p) a reliable measure of
the performance of 55,,) with respect to p. In particular, optimizing Cy(p) as a function of p actually
amounts to finding the best estimator among {§ﬁ(p)}1§p§n71.

Second from (a) to (¢) (Figure 1), the shape of p/n +— Cyy »(p) changes, its minimum location becoming
less clear as n grows from n = 100, to n = 10000. According to Corollary 3.1, p is chosen large enough
to balance the deviations due to 4, (model collection complexity). Since 6, — 0 as n — 400, this
requirement on p vanishes as n grows. This explanation is also supported by Figure 2 (c) where po/n (see
Eq. (17)) has been displayed for different values of n. It shows po/n slowly decreases as n grows, which
has been proved in Corollary 3.1 (p*/n ~ 106,, with d,, — 0 and nd, — +o0o as n tends to +00).

Finally, (a) and (b) in Figure 2 display p/n +— Cyrn(p) for n = 2000 and (a) I' = 1, (b) I' = 2. As
indicated by (Dmax), an increase of T' results in a more complex collection of models, inducing larger
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Ratio between selected and oracle model performances Ratio between selected and oracle model performances Ratio between selected and oracle model performances

Coracte 286 C

C,

Oracle Oracle

= = = Upper Deviation 25 = = = Upper Deviation 21 = = = Upper Deviation

22 <= = Lower Deviation

<= = Lower Deviation

<= = Lower Deviation

Coracen®)

Fic 1. From (a) to (c), p/n — Corn(p) (plain red line) is plotted for I' = 1 (see (Dmax)) and different values of n:
(a) n = 100, (b) n = 1000, (¢) and n = 10000. p/n — C’;’;acle’n(p) (blue dashed line) and p/n— C__ ., . (p) (black

dot-dashed line) have been plotted on the same graph as well (see (18)). In each setting, N = 1000 samples have been drawn
from the mizture of Beta distributions defined by (16).

Ratio between selected and oracle model performances Ratio between selected and oracle model performances Behavior of p, with respect to n
1

[ c,

Oracle
= = = Upper Deviation = = = Upper Deviation

- == Lower Deviation - == Lower Deviation

0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

(a) (b) (©)

Fic 2. For (a) and (b), p/n +— Corn(p) (plain red line) is plotted for n = 2000 and different values of T'(see (Dmax)):
(a) T =1, (b)) T =2. p/n+— C(j_racle o(P) (blue dashed line) and p/n — C__ . (p) (black dot-dashed line) have been
plotted on the same graph as well (see (18)). In each setting, N = 1000 samples have been drawn from the mizture of Beta

distributions defined by (16). For (c), n+— po/n is displayed, where po denotes the minimizer of Cor.n(p) as a function of
p.

deviations (d,, slower). On the one hand, the curve in (b) (I' = 2) is above that in (a) (I' = 1). The
performance of 5, worsens as the collection of modes becomes more complex. On the other hand,
the minimum location is also larger for I' = 2 than for I' = 1. Since I' is larger, so is §,. Then, p has
to be chosen larger to balance the effect of §,,. Since the same phenomena have been observed in other
simulation experiments (not reported here), one concludes the optimal p is strongly linked with the model
collection structure: the more complex the model collection, the larger the optimal p.

3.2. Optimal cross-validation for Identification

3.2.1. Identification point of view

With the notation of Section 2.1, {5y },,c 4, denotes a collection of projection estimators (Section 2.1.2)
which is allowed to depend on n. From the Identification point of view, one assumes

{meM,, s€Sn}t#0 .
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The purpose is to find the smallest model containing s, denoted by Sy and defined by
_ . ~ 2
m = Argmin,,c v, E | |57 — S| ] , (19)

where s,, denotes the orthogonal projection of s onto S,,. Note that Assumptions (LoEx) and (RegD)
imply D, < E | [|sm —§m||2} < ||s||? ®Dp. For every m € M, E [||sm —§m|\2} is related to D, as

a measure of the size of S,,. However unlike the dimension D,,, E [||sm - §m|\2} measures the size of
S through s. Thus, a model S, is not simply “too large” because it depends on more parameters, but

rather because the estimation error E [Hsm - §m||2} incurred by S, is too large.

3.2.2. Main model consistency result

In the following analysis, one further assumes m does not depend on n for large enough values of n. First,
it entails m € M,, for large enough values of n. Second, letting M, grow with n amounts for instance
to include too large models in {Sm}me M, Without modifying m. In particular, it is not required that
{Sm}men, 18 nested.

Let us first describe the asymptotic behavior of ]?Ep as a function of 1 <p <n—1.
Theorem 3.3 (Asymptotic behavior of ﬁp). Let Uppem, Sm be a collection of models satisfying (Pol),

m € M be defined by (19) such that m does not depend on n, and assume (Sql), (RegD), (Dmax),
(LoEx) hold true. Then, an event ,, exists with P[Q,] > 1—8/n? on which for every p = p,, such that

n(l—%) — +o0 (20)
1. if s € Sy,
Ry(m) = Ry(m) = ||s = sl + 02(1) > 0,
2. if $ € S,
Ep(m)fﬁp(m)gn_p[(1+5H)E[Z,2ﬁ}—(175n)IE[Z,2nH+4Ln(E[Z§J+E[Z,2n]) (21)
Ep(m)fﬁp(m)znﬁp[(175n)]E[Z72ﬁ]7(1+5n)]E[Z,2n]]74Ln(E[Z§J+E[an]) ,

(22)

where 6, — 0 with nd,, — +0o as n — 400, and L,, = \/4v/2dn~1/2.

On the one hand, the constraint (20) ensures ﬁp(m) is a consistent estimator of R, (S;,). It only requires
1—p/n converges to 0 slower than 1/n. Any p = p,, satisfying (20) enables to discard too small models S,
such that s ¢ .S, since Ep(m) > Ep(m). On the other hand when s € S,,, upper and lower bounds (21)
and (22) give possible deviations of ]?Ep(m) - Ep(m) with high probability for large models. These bounds
relate p to 0, and L,, which are determined by the structure of the model collection {Sm}me M, at hand
and the probability of the event €2,,.
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Proof of Theorem 3.3. From Proposition A.2, for every m,m’ € M,

By(m') = Ry(m) =E [ ls = Sur[* | =E [ s = 5

+ @ [2,]-E[2)
) [22 - E[23]] - Knp) [ 23 B[ 23]
1 n
- 2K(7’L,p) Un (Sm’ - Sm) + g (K(nap) + n—p) Un (¢m’ - ¢m) )
where K(n,p) = 1+2/(n—1) +p/[(n — 1)(n—p)] -
Setting A(m) = Rp(m) — E [Hs - §m||2:| - 5K [Z2 ], it results

|A(m') = A(m)| < K(n,p) |[ 22 -E[Z2]] - [Z2 —E[Z2,]]]
1 n
+2K(nap) |Vn (Sm’ - Sm)' + g (K(nap) + n—p) |Vn (¢m’ _¢m)|

First, Propositions A.5 and A.6 imply there exist an event diignt N Quese of probability at least 1 —
2/n? — B1 — B2 on which

K(n,p) |2 -EB (2] -2 —E[Z)]]| < K(n,p) [(6n + Lo )E [ Z2, ] + 0n + L)E [ Z],]]
(23)
Let us notice that since D,,, does not depend from n, L,, > 0 for large enough values of n. Furthermore
choosing 81 = fB2 = 3, with 8, — 0 as n — +o0, it comes Ly, = Ly, = L, = V/ 4\/2@651/4 — +00 as
n tends to +o0. Subsequently, choosing f3,, such that n*3, — +o0o as n — +oc results in L,,/n — 0 as

n — +00.
Second, Proposition A.3 entails there exists an event Qe 1 With probability at least 1 —2/n? on which

L (K mp) + =2 ) [on (b — 6| < 60 [ K(nop) + —— ) (B(Z2) + B(22,)
n n—p n—p
<6, (34 ) (B(Z2) + B(Z2) (24)

since K (n,p) < 3 for n > 4.
Third for m’ = 1, Proposition A.8 entails there exists an event Qe 3 with probability at least 1—2/n?
on which

D, + Dg, Dy, + Dy,
2K (n,p) |Vn (sm — 5m)| < 305 |[$m — sml|® + 36, ||s]| V® e

Spo———1 2
+3 - (25)

Combining (23), (24), and (25), there exist an event 2, := Qight N et NQrem, 1N rem 3 With probability
at least 1 — 6/n? — 23, on which two settings occur:

1. If s € S,
IA(R) — A(m)| < <3Ln 66, + HL_pan) (E[2%]+E[22])

+ 360 |5m — smll® + 36, ||s]| V® o Tmt Ym

+35,0—" (26)
n
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2. If s € S,
IA(m) — A(m)] < <3Ln + 66, + HL_pan) E[Z2]+E[22]) - (27)

In these two settings for every m € M, (RegD) and 6, ~T+ 0 imply
n—-+0oo

hence,

Ry(m) = Ry(m) =B [ s = Snl*] ~ B[ lls = 5all*| + L= (B[ 23] ~E[Z2]) +or(1)

Hence, requiring ]?Ep(m) - ﬁp(m) - (E [Hs - §m||2} -E [||s - §m|\2D — 0 as n — +oo implies the

necessary constraint p/ [(n — p)n] — 0, which amounts to

n(lfg)——%wLoo . (28)

n n—-+oo

On the one hand, it is then straightforward to check that Eq. (26) leads, for every m € M such that
S & Sm, to

5 5o 2
Ry(m) = Ryp(m) = [|s — sm|” + op(1) .
On the other hand, for every m € M such that s € S,,,, Eq. (27) provides

n

n—p

Rytm) = Rytm) — = (£ 23] ~E [ 23))| < (42, + 2o ) (5[ 23] +E[22]) .

[+ 6)E[Z2] -1 =6)E[Z2]] +4L, (E[Z2 ] +E[Z2]) . (29)

~ ~ n

Ry(im) — Byom) >

[((1=60)E[Z2] - (1 +6)E[Z2]] 4L, (E[Z2 ] +E[Z2])

Using 3, = 1/n? enables to conclude.

From the upper bound (21), one derives a sufficient condition on p to discard too large models. This
condition enables to determine the minimal rate at which p/n has to decrease to 0 as n tends to 400,
which ensures model consistency for m.

Corollary 3.3 (Model consistency). With the same notation and assumptions as Theorem 3.3, let us
define m = m(p) = Argmin,, .\ Rp(m) for every 1 < p <n —1. Then any p = p, such that

1

K

n(1—£)~——%+oo, and 0<1-2 < with K<8\/\/2<I)) ,
n/ n—too n  \/n

leads to
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First the main conclusion is that model consistency results from requiring p,/n — 1 as n — +oo.
One therefore recovers previous results by Shao (1993) and Yang (2007) established in the regression
framework. However, our Corollary 3.3 is more precise than Shao (1993) since it localizes the optimal
convergence rate of 1 — p/n between 1/y/n and 1/n. In particular, Loo (and Lpo with any p = o(n)) is
completely misleading for identifying the model Sy,. Second, p has to be chosen large enough to balance
the deviations (L) in (30). Indeed, the rate 1/+/n is determined by the structure of the model collection
{Sm}mer, and the probability of the event €2,. Another collection of models could have produced
another minimal rate.

Proof of Corollary 3.3. Applying Eq. (29) for every m # m € M such that s € S,,, it results a sufficient
condition on p such that R,(m) — Ry(m) < 0, that is

n
n—p

o<( z (1+6n)+4Ln)E[Z§J <(

—— (1—6n)—4Ln)E[Z§J . (30)

This leads to require # > 4L, (1 —6,)"! > 4L, which can be reformulated as

1 1/4
= > AL, =8\ V288 e o<1-L o D .
-5 no8VV2%

The conclusion results from choosing 3, = 1/n? and P [, ] — 1.
n—-+0oo

4. Discussion

From the present analysis of CV algorithms in te density estimation framework, we were able to prove
the optimality of leave-one-out cross-validation for risk estimation. Besides when CV is used as model
selection procedure, the optimal p strongly depends on the structure of the model collection and on our
goal (estimation or identification). However this characterization of the behavior of the optimal p provides
some guidelines, but does not result in a data-driven choice of p.

A possible way to design such a data-driven choice is to follow the same idea as Shao (1997) exploiting
the deep connection between CV and penalized criteria. Let us describe the heuristic argument leading
to this choice. Arlot (2008) introduced the ideal penalty defined for every m € M,, by

penig(m) = Py(Sm) — Puy(Sm)
with the notation of Section 2.1. It enables to rephrase £(s,8,,) in terms of a penalized criterion
U(s,5m) = Py(5m) — Py(s) = Puy(8m) + penyg(m) — Py(s) .
Similarly for the Lpo risk estimator,
Ry(8m) = Poy(8im) + peng o (m)

where peny,,,(m) = ép (8m) — Pny(8) is called the Lpo-penalty (see Celisse, 2008). Then in our setting,
some simple algebra provides

2n —
Bl )
2(n —p)
showing that on average peny,, is equal to pen;y up to a multiplicative constant. Thus, using the so-

called slope heuristics (Arlot and Massart, 2009, in the regression framework) could serve to calibrate the
optimal p of CV algorithms.

E [peano(m” = [penig(m)]
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Appendix A: Proofs of Sections 2 and 3
A.1. Closed-form expressions

Lemma A.1. With the notation of Section 2.2.1, for anyi #j #k € {1,...,n},

n—1 n—2
Y lgeey = ( » ) and Z]l<je<e>>]1<ke<e>>=(p1)’

ecép €ty
Z Licoliee) e = ( B 1> and Z Licoylie(e) = ( B 1> .
ecé, P e€p g

Lemma A.2. With the same notation as Proposition 2.2, it comes

> P

A

a, = n?Var Z (Pn<p>\)2 + Var
AEA(mM)

— 2nCov ZPngoi, Z (Paen)® |

A AEA(m)

1 1
b — 92 2| 2 2 1 1
n n® | Var g (Pra) Cov E P35, g (Prpx) 1+ - + nVar
AEA(M) A AEA (M)

> P
A

+ n?Var Z (Pogr)? | — 2n*Cov ZPngoi, Z (Pogy)?
AEA(m) A AEA(M)

¢n = n?Var

> P}
A

Lemma A.3. With the notation of Section 2.3, simple algebra leads to

Z@?\(Xl)] )
A

Var

.| 1
ZPngpA = —Var
/\ n

Cov | Y2 Pugd 32 (Pap)? | =y Var | S0 (X0) +2”nglcov[Zd(){l),zw(mm(&)]
A A i A A A
Var Z(Pn%\)2 :Var[z;\L;PA(Xl)] +4nn_31Var Z@A(XI)WA(X2)]
A i A
+4W00v lZ@A(Xl)%(X%Z@A(X1)<PA(X3)]
A A

+4

nn;’ 1Cov [Zcpi(Xﬂ,Z%(Xl)w(Xa)]
,\ A

Proposition A.1. With the notation of Lemma A.2,
n—1 n—1)mn-—2
(n=Dn=2),

anp =4 a+4
1
B—4(n-1) <15>7

n
Yt S Gt k) P S <1l>7+ <n2+l)5 .
n n n

b, =8 a+8
n

n—1 (n—1)(n-2)
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where o = Var[} ) oa(X1)ea(X2)], B = Cov[}, ea(X1)ea(Xa), Xy ea(X)ea(X3)], v =
Cov [Z)\ @%\(Xl)az:)\ ‘PA(X1)<P>\(X3)]7 and 0 = Var [Z/\ ‘Pi(Xl)]

Proof of Proposition A.1. Using Lemmas A.2 and A.3, it comes

R DK O NI A ;w(Xl)%(Xz)]
pa= D=2, ;mxnmm;mxnmxa]
+4nn_3100V ;wi(X1)7zA:wx(X1)wx(X3) +%Var z;wi(?ﬁ)}
—omn %Var ;sai(Xl) +2anlCov[gwi(Xl),;w(Xl)w(Xz)H
= 4" W ;mxnm@)]
(n—1)(n—2)

+4 Cov lz<p,\(X1)<P,\(X2)7Z@A(Xl)%\()%)] :

n
A A

In the same way,

b, = 2n> (Var

-1
:8n Var
n

> P}

A

|

Z (P"‘PA)2] — Cov {ZPW% Z (Pn%)Ql <1+%) + %Var

AEA(M) A AEA(m)

Y ea(X)ea(Xo)

A

Lgln= D=2 = lz @A(Xl)cpA(XQ)aZ@A(Xl)QOA(XB)]

n
A A

> LX), Z@A(XQSDA(XE&)] :
X X

—4(n—1) <1 - %) Cov

Finally,
¢, = n*Var ZPngoi + n*Var Z (Pogr)? | — 2n*Cov ZPngoi, Z (Pogy)?
A AEA(m) A AEA(m)
1 n—1
=(n—-2+—)V: (X 4 V: X X
<n +n> ar ;%( 1) | +4——Var ;w( Dea( 2)]

RCSITE [ZQOA(XMXQ),zmxmxﬂ
3 A

—4(n—-1) (1 - %) Cov Zgoi(X1),Z<P,\(X1)<P,\(X3)1 .
) )
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Proposition A.2. For every m,m’ € M and p € {1,...,n — 1}, it comes
R,(m') — Ry(m
( ) e = 5] = E [ 1502 = 5l ]) + [l = 5w I” = 15 = ]

— K(,9) [l = 3 I = E [ Isr = 5P| | + K (0,9) [ s = 5onll” = E [ s = 3] |

- 2K(n,p) Un (Sm’ - 5m> + % (K(n,p) + HL—])) Un (¢m’ - d)m) y

where ) 1
n
K =1 .
(n.p) Jrn—lJrn—pn—l

A.2. Bounding remainder terms

Proposition A.3 (Bound on v, (¢m — ¢m))-
Let us assume (RegD) and apply (42) with t = ¢,, and x = x,, = c1nE(Z2,) (c1 > 0). Then, an event
Qrem,1 exists with P[Qem,1] > 1 =23 - e™*™, on which for every m,m' € M,

n m — Omr )| < 5

(6 — )| e
where Zy, = supseg, Vn(t) for every m.

Proof of Proposition A.3. A straightforward use of (42) leads to the expected conclusion. O

Proposition A.4 (Bound on v, (S, — Sm)). Let us assume (Pol),(Sql), (RegD), (LoEx), and (OrSp)
hold true. Then, there exists a sequence (0y)y such that for every m,m' € M,

P[2vn(sm = sm)l > 8 (Ells = Sl +Ells = 5p]]*) | < 207Coner

with 6, — 0 and nd, — 400 asn — +o0o0, and 0 < §, <1 for n large enough.
Furthermore, an event Quem o exists with P[Qem2] > 1 —2/n?, on which for every m,m’ € M

2|V (5m = sm)| < b (Els = Sl® + Els = 5]

Proof of Proposition A.4. For every n > 0,

2Vn(3m - Sm’) =2 ||3m - Sm’” Vn(tmﬂnl)

<nlsm — Sm’H2 + 77_1 [Vn(tm,m’)]Q )

where ty s = (Sm — Smr) / |Sm — S |-
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Thanks to (42) where ¢ = tp, -, it comes

Vi tmm,X tm,m’
b)) > P O Ml

n 3n

with probability not larger than 2exp (—x), > 0. Hence with (SqI), one has

2
Var (t.m/ (X _ tm.m/
20, (5 = 5 < 1l | a2 L)y (Mol ) oy

2
S t ’ t ’
< 20 (s = sl + s = soel?) + 4y Ll gy (Ml )

Moreover assuming (RegD), it comes

Htm,m’Hoo SV P (Dm + Dm’) :

Then,

Var (tmm (X1)) I8l V@ (D + D)

n
2

2
o ™ - & (Dyy + Do)
3n - In?

Let us take © = (2ax + 2) logn. Then,

Var (ty e (X1)) | _ Il VE V(D + D)

n

2apm +2)logn

((2arq( + 2)logn)?
In2

2
3n -

Then,

Un(Sm — Sm/)
Ells = Sml* + E s — &l

Isll V®+/(Din + Diwr)

<2p+4nt (2apm +2)logn
n (Ells = Sl +Ells = 5l”)
2
Loyl Dy, + Dy ((2apnm +2)logn)
n(Ells = Sl +Ells = 5 ) 9n
1 Isll /2
<2n44n~ (2apm +2)logn
\/” (Ells = 5ml® +Ells — 3ml*)
2
4212 (20 + 2 logn)

I3 9In ’

thanks to (LoEx). Moreover using that

n (EHS — SmlP+E|s - gm,||2) > oninfE|s — §|° =: 20R%,
m

imsart-generic ver. 2009/02/27 file: cvhistoAOS_HAL.tex date: April 2, 2012



A. Celisse/Optimal cross-validation 27

it comes

2 Y (Sm — Sm) s 2 ) P —
- — <2 n GM
Ells— Smll> +E|ls — S ||2 nR*(logn)

log n

2
s 9In

E(2 M+ 2)?

Then, (OrSp) entails there exists a sequence d,, — 0, nd,, = +00 as n — 400 (0 < §,, < 1 for n large
enough) such that

Wi (S — Sur) < O (E Is— Sl +E||s — gm/||2)

Finally, let us notice that > on~(am+2) < op2amp=QRamt2) — 9 /p?2,

m,m’€eM

A.3. Deviations of \/nZ,,
A.3.1. Right deviation
Proposition A.5 (Right deviation of \/nZ,,). Let us assume (Pol), (Sql), (RegD), and (LoEx) hold

true, and set Zy, = sup,eg Vn(t), 02, = sup,eg, Var[t(X1)] and by, = sup,eg, ||tl]o. Then, there exists
a sequence (On)n>1 with §, — 0 and nd, — +0o as n — 400 such that for every m € M,

[P
4 ZC|‘S||]1(m<(logn)2)

on an event Qyight with P[Qight | > 1 —1/n% — By, for any 1 € (0,1) and C > /2£/ 5.

VN < NAE(Zm) | 146, +

Proof of Proposition A.5.
Let us use Eq. (43) and upper bound the deviation terms. Assuming (Sql) and (RegD), Lemma A.6
leads to

o2, < ||s| V®\/Dpn , by < VO\/D,, .

Furthermore, (LoEx) entails

o2, < ||s |\/>\/_E , bmg\/%/m@(z

Let us first upperbound /2 (02, + 2b,E(Z)) T

1. If /D, > (logn)?:
Then choosing x,, = (anm + 2)logn, there exists a sequence §,, decreasing to 0, nd, — +oo as
n — 400 such that

V2 (02, 4 260 E(Zm)) Tm < VIE(Zm)d0
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2. Otherwise v/D,,, < (logn)?:
Then, /2 (02, + 2b,,E(Z,)) T is no longer negligible with respect to /nE(Z,,). So, choosing
T, = C\/nE(Z,,) (C > 0) leads to

V2 (02, + 200E(Zn)) tm < VIE(Zim) 2\/§C(|Sll +2E(Zm)) < VnE(Zp) 4\/§C Isll

as long as n is large enough.

bmTm .
Let us now upperbound =2 N

bmTm

3vn

Finally, we can remark that

—z —(a — n 1
S emme 3 sty Y eCfE(Zm>§_+2§_2.

2
n
meM Dy, >(logn)* Dy, <(logn)*

< \E(Zpm) %(aMw)loiv\z/T_\i Cllogn)?

Corollary A.1. For Z, = supg, Vn(t), set Ly, = ’/4\/%(7”5”]1(@«10%")2). Then on the event

Quignt defined in Proposition A.5,

72 <E(Z2) (14 6, + Lin)?

A.8.2. Left deviation
Proposition A.6 (Left deviation of v/nZ,,). Let us assume (Pol), (Sql), (RegD), and (LoEx) hold

true, and set Zy, = sup,cg, Vn(t), 02, = sup,cg, Var[t(X1)] and by, = sup,eg, ||l Then, there exists
a sequence (On)n>1 with o, — 0 and nd, — +00 as n — +00 such that for every m € M,

\/ﬁZm 2 \/EE(Zm) 1- 5n -

[ ®
4 ECHSHH(\/D_mqlogn)z) s (32)
on an event Megy with P[Qeg ] > 1 —1/n2 — By for any B2 € (0,1) and C > \/2£/Bs.

Proof of Proposition A.6. Similar to that of Proposition A.5 with the use of Eq. (44) and the additional
Proposition A.7 which provides an upper bound of E(Z,,)? depending on E(Z2). O
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Proposition A.7 (Upper bound on Var(Z)). Let Xi,...,X, be i.i.d. random variables defined on
a mesurable space (X,T). Let S denote a set of real valued functions such that sup,cg||t||,. < b,
sup,cg Var (£(X1)) = 02, and set Z = sup,c g vn(t). Then,

202 4 320E(Z)

n

Var(Z) < (33)

Let us assume (SqI), (RegD), and (LoEx). If S denotes a linear space of dimension D, then there
exists a positive sequence (0p)n>1 with §, — 0 and nd, — +o0o as n — +oo (0 < §, < 1 for n large
enough), and every constant § > 0 such that

E(Z?) < (E(Z))* <1 +n + 9\/?“(@«@@2)) +rn

_p-1 [&2|s]?
where r, = 0 1\/27]1(\/5«103;")2).

Proof of Proposition A.7. Assumptions (Sql), (RegD), and (LoEx) provide

0wy <o [® ey (oL, 16
B(Z) - (8(2))" <2/ B2 (Zlgm + o)
1. If /nE(Z) > €D > /€(logn)?:

o <o [T g (sl 16
B(7%) ~ (B(2) ga\/z E2) (s + =)

< i (B(2))?
_ sl 16
with 6; , = 2\/7< NATTE \/E)
2. Otherwise /nE(Z) < V®D < \/_(10gn)

2 2 q) ||S|| 16]E(Z) q) 2 -1 (I)l 2
E(Z7) - (E(2))” < 2\/;@(2) <ﬁ+ NG ) 39\/;@@(2)) +0 \/;5(|S||+16]E(Z))
@ 2 .1 1 2 2
SG\/;(E(Z)) +0 \/;ﬁ (2511 + 32 (B(2))°)
< <62,n +9\/§> (E(Z))2 + 7,

for every 6 > 0, with 65, = 9_1\/%% and r, = 9_1\/%%.

Then, there exists a positive sequence (6, )n>1 with §, = max {01, 2 n} decreasing to 0 with nd,, — +oo
as n — +oo, such that

oA

E(Z?) —r,

< (E(2))* .
P
146, + 9\/;11(\/5<(10gn)2)

O
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Corollary A.2. For Z,, = supg, vn(t), set L, = 1/4\/%C||8|‘]l(m<(logn)2) and rp(m) =
9_1\/%%11(\/@«105571)2)' Then on the event Qiesr defined in Proposition A.6,

B(Z2) < Z2 (1= 6n — L) > +1rn(m) .

Proof of Corollary A.2. From Propositions A.6 and A.7, it comes that

1+0,+060,/21 .
B(Z2) < 22 VBt
(1=0,— L)

rn(m) .

Then, Lemma A.9 enables to conclude.

A.4. Dimension behavior with respect to n

Lemma A.4 (Oracle dimension). Let us assume (Bias), (Rich), and (RegD) hold true. Then, on the
event Q' = Qiere NQright, where Quegy and Quigny are respectively defined in Corollary A.1 and Corollary A.2,
it comes

D+ > (logn)* | (34)

for large enough values of n.

Proof of Lemma A.4. Since m* = Argmin, ||s — §||%, it comes
s = e I* < lls = smoll”* + 50 = Small”

with mg defined by (Rich).
First on the event €', using E (22, ) < ®Dy,/n by (RegD) and Corollaries A.1 and A.2, there exists
0p, such that

Dy,

Then by use of (Bias) and (Rich) on €,
DL <5 = sme |7 < I8 — Fam=|I? < can™ 2 + Crien (14 6,) B0~ 12

which is contradictory with assuming D,,- < (logn)* as long as n is large enough.

Lemma A.5 (Chosen model dimension). Let us assume (Bias), (Rich), (LoEx), and (RegD) hold
true. Then with the notation of Lemma A.4, on the event Q@ = Q' N (Qrem,1 N Rrem,2), where Qrem,1 and
Qrem,2 are respectively defined in Proposition A.3 and Proposition A.4, it comes

Dy > (logn)* (35)

for large enough values of n.
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Proof of Lemma A.j. For any model m such that ﬁp(m) < ﬁp(mo), Proposition A.3, Proposition A.4,
and Proposition A.2 lead to

n—p

(1= K Is = sl + | 2 = Kb, — (K +

— K(n.p) [ 25, -E(Z3)]

)on|E(2)

<14+ K0, p)on]lls — smgll> + [ni_p + K(n,p)dn + (K(n,p) + nT_Lp) 5n] E(Z3,)

— K(n,p)[Z5,, —E(Z34,) ]

First, assuming Dy < (logn)* on Q and combining (LoEx) and (RegD) entail for m = i that there
exists a constant C' > 0 such that

(logn)!

n

Hnnp — K(n,p)é, — (K(n,P)-i-an) 6,1]]]12(272”) — K(n,p) [Z,QR—IE(Z?”)]‘ <c

Second, using (Bias) provides
[1=K(n,p)8n]l|s = sm® > [1 = K(n,p)d,] ce(logn) ™,

which is larger than C M for large enough values of n.

Using the same arguments as in Lemma A.4 for upper bounding the terms depending on my, it results
that Dg > (logn)?* on €.
O

A.5. Technical results

Lemma A.6. Let Xi,..., X, be i.i.d. random variables defined on a mesurable space (X,T). Let S
denote a set of real valued functions such that sup,cg ||t| . < b and sup,cg Var (¢(X1)) = 0. Let us
assume (Sql). Then

o? <|s]|b . (36)
Furthermore, (RegD) leads to
o® <|lsl| VoD (37)

where D denotes the dimension of the vector space S.

Lemma A.7. (Dmax) implies

lémllo < m :
Var (ém(X1)) < (nE(Z%) + |s|*) P ot
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Proof.
Var (¢ (X1) < E[62(X1)] < [[9mlloc E [ 6 (X))
= 6mlloc (WE(Z2) + IsmlI*) < I6mlloc (REZ2) +115]1*)

n

< (1) for

Lemma A.8. Let us assume that 0 < 6, + Ly, for every m € M. Then on the event Quege N Qrigne (with
ey and Qyigny defined in Proposition A.6 and Proposition A.5 respectively), for every m,m’ € M,

Z2, (1 —4(0p + L)) <E(Z2%)),  Z2, —E(Z2,) <4Z%,(6p + Lins) . (38)
and

E(Z2) < Z2 (L+ 400 + L)) + 10y E(Z2) — Z2 < AZZ (60 + Lin) + 10 (39)

Proof of Lemma A.8.
Proof of (38) From Corollary A.1, on the event Qyigns, it comes

Z2, < (E(Zm))? (1+ 60 + Lim)” .

Then assuming moreover 0 < &, + L,,, < 1, Jensen’s inequality and (1 — )72 < (1 + 2?) for z € [0,1]
lead to
1

72 <EB(Z2)Y(1+6, + L) <E(Z2)——mM .
o < E(Z,) ( )" < E( )(1—6n—Lm)2

m

Finally if 0 < 8, + Ly, < 1/4, then
E(Z2) > Z2 (1 = 6, — Ln)* > Z2 [1 = 2(8n + L) ] > Z2[1 = 4(6n + L) ] .
Proof of (39) Assuming d,, + L., < 1/4, Corollary A.2 and Lemma A.10 provide
E(Z2) < Z2 (14460 + L)) + ra(m) .

Lemma A.9. For every a,b € (0,1) such that a < b(1 —b)~!,
1+a 1
< —— .
(1-0) (1-10)
Moreover if 0 < a=0b<1, then a < a(l —a)~! and Eq. (40) holds true.

Lemma A.10. For every interval I C [0,1] such that 0 € I, there exists a constant A > 3 such that
Ve e l, 1—2)?<1+Azx .
In particular for I =[0,1/4], this property holds true with A = 4. Furthermore for every x €]1, 00|,
(1-2)3<1.
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A.6. Adaptivity in the minimax sense
A.6.1. Proof of Corollary 3.2
The proof simply consists in combining Theorems 3.1 and 3.2 by checking their assumptions. First,

s € H(L,«a) implies (SqI). Combined with Lemma A.11, it shows (Bias) is fulfilled. Besides, (OrSp)
holds true since

[l o o g Bl s

where a ~ b means there exist constants 0 < ¢; < ¢ such that c1b < a < ¢b.
Second, since the model collection is built from regular partitions of [0, 1], (RegD) is clearly satisfied,
and (Dmax) entails (Rich) is fulfilled.

A.6.2. Technical Lemma

Lemma A.11. Let s be a density such that s € H(L,«) for some a € (0,1] and L > 0. For every
D € N*, let sp denote the orthogonal projection of s defined in Section 2.1.2 onto piecewise constant
functions built from a given regular partition of [0,1] in D intervals. Then,

= <lls—spl’ < (41)

D _D“7

where u = 2a, ¢, = L2, £ =1+ 1/a and ¢, = 2t1/ag=0+2/a) =1/ for some € > 0.

Proof of Lemma A.11. First, let us notice (41) excludes s = 1o q). Then, there exist x < y € [0, 1] such
that | —y| < nand |s(z) — s(y)| > € for some 7, € > 0. Besides for a regular partition of [0, 1] in intervals
Ii,...,Ip of Lebesgue measure |Ix| = 1/D, it comes

D
|ssD||QZ/Ik[s<t>sD 2 gy — Z/f ) sn P dt
k=1

where sy, denotes the mean of s on interval Ij.
Second, let K(n) = {1 <k <D, I;Nx,y] #0} and N(n) denote the cardinality of K(n). Then,
N(n) <2+ nD. Combined with Lemma A.12, it leads to

2 2+1/o¢
ls=sol? = Y [ (s - sn ) b= g Y A7
keK(n) ” Ir kEK (n)
where Ay 1= sup,, s —infy, s, for every 1 <k < D. Applying Hélder’s inequality, it comes

241/«

Z Ai+1/a Z N(n)—(l-‘rl/a) Z Ak Z N(n)—(1+1/a)62+1/a ,
KeK(n) KeK (n)
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since ZkeK(n) Aj > e. Hence,

2 2 1 241/a
IIs = spll” > Z /I [s(t) = sp,]" dt > oi+1/af1/a Z AL !
keK (n) Y Ir keK(n)

1
1

= piijagi/a
62+1/()¢

N(n)—(1+1/a)62+1/a

(1 + 77)7(1+1/a)D7(1+1/a)62+1/a

= p~41/a)
= 25+2/af1l/a

Lemma A.12. Let s denote a density defined on [0,1] such that s € H(L,a), for some L > 0 and
o € (0,1]. Let us define an interval I C [0,1] and sy = |I|™" [; s(t)dt denotes the mean of s on I. Then,

A2+1/a
2
/I(S(t)*S[) dtZW ,

where A = sup; s — infy s.

Proof of Lemma A.12. First, let us notice s~ = inf; s < sy < sup; s = sT, which implies
max (s+ — 871,81 — s_) >A/2 .

Without loss of generality, let us assume max (s+ — 87,81 — 8 ) =58 —s;. Then st — s; > A/2.
Second, let us introduce x* € I such that sT = s(z1). By continuity of s, there exists an interval
J C I such that z* € J and

Veed, 0<s(z)—s(z) <A/ .
Then,
Veeld s(x)—sr>A2—A/4=A/4.

Moreover,

1T (8/2) < /

(S(ZE+)—51)2 dxg/(s(;,;"‘)fs(x))2 sz/L2|z+—z|2a dx§|J|2a+1L2 ,
J 7 S

which implies

A 1/a
J> (2 :
02 (3)

Finally,

/I(s(:c) —s7)% da > /J(S(z) e de > (AR ] > (A/4)? <%>1/a

O
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A.7. Identification point of view

Proposition A.8 (Bound on vy, (8;, — $im)). Let us assume (Pol),(Sql), (RegD) hold true. Then, there
exists a sequence (0p)y and an event Qvem 3 With P[Qremz] > 1 — 2/n?, on which for every m € M,

Dy, + Dy, Dy, + Dy,
2[vn(sm = sin)| < On llsm = sml|” + 8 [l5]] VB[ = 4 5, 0 =

with 6, — 0 and nd,, — +00 as n — +o0o, and 0 < §,, <1 for n large enough.

Proof of Proposition A.8. Combining Eq. (31), (SqI), and (RegD) it comes for every n > 0,
3./(D,. + D, 2
sl gt SO £ Do) i, 4 Dy

9n?

2 (Sm — $m) <N ||Sm
with probability not larger than 2 exp (—x), for any = > 0.
Let us further assume that (Pol) holds true. Then with = z,, = (ax + 2) logn, it comes
25 (Sm — Sm)
logn
vn

Let us choose n = 1/logn, then there exists a sequence (d,)n with é,, — 0 and nd,, = +o0co as n — +oo
such that.

Dy + Dy, ((apg + 2) logn)® .
n

+ 277_1<I> on

< lsm — smll” + 41 am +2)

1 |1l V@ /(Din +Dm)(
NG

Dy + Dy,

Dy, + Dga,
W (5m — $m) < O |5 — |2 + 60 [|8]| VB 22 4 5 &
n n

Finally, let us notice that >, _\,2e7 % =3\ 2n~(@mF2) < gpamp=(amt2) = 2 /p2,

O
Appendix B: Key concentration inequalities
Theorem B.1 (Bernstein’s inequality). Let X1,..., X, be i.i.d. random variables defined on a mesurable
space (X, T), and let t denote a mesurable bounded real valued function. Then for every x > 0,
2Var (t(X t
Pl%@)> m<<1»x+nnmx]§€m. 2)
n 3n

Theorem B.2 (Bousquet’s version of Talagrand’s inequality (Bousquet, 2002)).

Let X1, ..., X, be i.i.d. random variables defined on a mesurable space (X, T). Let S denote a set of real
valued functions such that sup,cg ||t < b and sup,cg Var (¢(X1)) = o2. Denoting Z = sup,cg vn(t),
then for every x >0

P [\/ﬁz < VNE(Z) + /2 (02 + 20E(Z)) = + ;%} <e . (43)

Theorem B.3 (Rio’s version of Talagrand’s inequality (Klein and Rio, 2005)).

Let X1,...,X,, be i.i.d. random variables defined on amesurable space (X, T). Let S denote a set of real
valued functions such that sup,cg ||t < b and sup,cg Var (¢(X1)) = o2. Denoting Z = sup,cg vn(t),
then for every x >0

8bx

P {\/ﬁz < VnE(Z) — /2 (02 +20E(Z)) x — NG

} <e | (44)
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