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Résumé

On considere une équation aux dérivées partielles stochastique possédant une non-linéarité de
type logarithmique (ou une puissance négative), avec une reflexion en zéro sous la contrainte de
conservation de masse. L’équation, dirigée par un bruit blanc en espace et en temps, contient un
double Laplacien. L’absence de principe de maximum pour le double Laplacien pose des difficultés
pour 'utilisation d’une méthode classique de pénalisation, pour laquelle une importante propriété
de monotonie est utilisée. Etant inspiré par les travaux de Debussche et Zambotti, on emploie une
méthode basée sur les équations en dimension infinie, utilisant I’approximation par des équations
regulieres et la convegence des semi-groupes de transition liés aux équations régularisées. On
démontre l'existence et I'unicité de solutions pour des données initiales positives, et on donne
plusieurs resultats sur les mesures invariantes et les mesures de réflexion.

Abstract

We consider a stochastic partial differential equation with logarithmic (or negative power) nonlin-
earity, with one reflection at 0 and with a constraint of conservation of the space average. The
equation, driven by the derivative in space of a space-time white noise, contains a bi-Laplacian in
the drift. The lack of the maximum principle for the bi-Laplacian generates difficulties for the clas-
sical penalization method, which uses a crucial monotonicity property. Being inspired by the works
of Debussche and Zambotti, we use a method based on infinite dimensional equations, approxima-
tion by regular equations and convergence of the approximated semi-group. We obtain existence
and uniqueness of solution for nonnegative intial conditions, results on the invariant measures, and
on the reflection measures.

Introduction and main results

The Cahn-Hilliard-Cook equation is a model to describe phase separation in a binary alloy (see
[6], [7] and [8]) in the presence of thermal fluctuations (see [11] and [25]). Tt takes the form:

O = — (Au—(u)) +€ onQCR,
2 (0.1)

Vu-v=0=V(Au) v, on 09,

where ¢ denotes the time variable and A is the Laplace operator. Also u € [—1, 1] represents the
ratio between the two species and the noise term ¢ accounts for the thermal fluctuations. The
nonlinear term v has the double-logarithmic form:

Y :uIn (1—’——2) — Ku. (0.2)

The deterministic equation has been extensively studied first in the case where 1 is replaced by
a polynomial function (see [7], [25] and [30]) and then for non smooth ¢ (see [5] and [15]). Fur-
thermore, this model has been used successfully for describing phase separation phenomena, see
for example the survey [29], and the references therein, or others recent results on spinodal decom-
position and nucleation in [1, 4, 23, 27, 28, 33, 34, 35]. In the polynomial case, the concentration
u is not constricted to remain between —1 and 1 and the logarithmic nonlinearity might seem

preferable.
Up to our knowledge, only the polynomial nonlinearity has been studied in the stochastic case
(see [2, 3, 9, 10, 12, 18]). This article is a step toward the mathematical comprehension of the full

model with double-logarithmic term and noise. We consider the one dimensional case and consider
a nonlinear term with only one singularity. Clearly, due to the noise, such an equation cannot have
a solution, and a reflection measure should be added to the equation. Thus the right stochastic



equation to study is:

X = _EA(AXij(X) +77) +9W, with 0 e[0,1] =Q,
2 (0.3)

VX v=0=V(AX) - v, on 012,

where f is defined below, and where the measure is subject to the contact condition almost surely:

Xdn = 0. (0.4)
/

Stochastic partial differential equations with reflection can model the described problem or the
evolution of random interfaces near a hard wall (see [21] and [38]). For other results on fluctuations
of random interfaces, see [22]. For a detailled study of the contact set {(¢,0) : X(¢,0) = 0} and
of the reflection measure 7, see [14], [36] and [37]. The equation (0.3) has been studied when no
nonlinear term is taken into account in [16]. In this paper, the authors have introduced various
techniques needed to overcome the lack of comparison principle for fourth order equations. Indeed,
the case of a second order equation was studied in [31] where an extensive use of monotonicity is
used, as well as in all the articles treating with the second order case.

This article is in the spirit of [37] where a nonlinear term is taken into account for the second order
equation. We study existence and uniqueness of solution for equation (0.3) with f of the form:

—Inz, forallz>0
f(‘r) T fln(x) = { +00, for all 2 < 0, (05)

or for a > 0:
=% forallxz >0

(@)= fal@) = { +oo, forallx <O0. (0.6)

Moreover we characterize the case when the measure 1 vanishes. Our method mixes ideas from
[16] and [37]. Additional difficulties are overcome, the main one being to understand how to deal
with the nonlinear term. Again in [37], this term is not difficult to consider thanks to monotonicy
arguments.

Our main results state that equations (0.3), (0.4) together with an initial condition have an unique
solution (see 2.1 and 2.2). It is constructed thanks to the gradient structure of (0.3) and Strong
Feller property. Furthermore, we prove that the measure 1 vanishes only for f described in (0.6)
with a > 3 (see 3.4).



1 Preliminaries

1.1 Notation
We denote by (-,-) the scalar product in L?(0,1):

for all h,k € L*(0,1) (b k) = /1 h(0)k(6)do.
0

We denote by A the realization in L2(O, 1) of the Laplace operator with Neumann boundary
condition, i.e.:

D(A) = Domain of A= {h € W?>%(0,1): 1/(0) = 1'(1) = 0}

where the space W2?2(0,1) is the classical Sobolev space. Below we use the notation W™? and
[|.|lwn.» to denote the Sobolev space W™P(0,1) and its associated norm. Remark that A is self-
adjoint on L?(0,1) and we have a complete orthonormal system of eigenvectors (e;)ien in L2(0,1)
associated to the eigenvalues \; := (—(i7)?);en where we define:

eo(0) =1, e;(8) = V2cos(inh), for all i € N*, for all 6 € [0,1].

We denote by h the mean of h € L*(0,1):

B 1
h:/o h(0)d0 = (h, o).

Then we define for all c € R : -

L:2={he L*0,1): h=c},
and L? = L*(0,1). We remark that (—A)~' : L2 — L2 is well defined. We denote by @ this
operator. We can extend the definition of @ to L?(0,1) (we denote this operator Q) by the
formula:

Qh = Q(h — h) + h, for all h € L?(0,1)
For v € R, we define (—A)” by setting

—+o0 —+o0
(—A)'h =" (=Xi)Thiei, when h =" hie;.
i=1 =0

The domain of (—A)7/? is

—+oo

V= D((~A)"?) = {n = f hici Y (=Xi)ThE < +oo}.
=0

i=1

It is endowed with the seminorm

o0 1/2
|hly = (Z(‘M)”ﬁ) )

i=1

and with the norm —on1/2
Il = (RI5 +A2) 7,

associated to the scalar product defined for all h, k € V,, by (h, k).
For y = —1, V.1 = D((—A)~'/?) is the completion of the space of functions i € L? such that

(Qh,h)y = (Q(h—h) +h,h) = ((—A)"(h—h),h—h)+h?
= ((A)2(h—h),(—A)"2(h - h))
|h[2, + h? < 4o0.



To lighten notations, we set (-,-) := (-,-)_1 for the inner product of V_;. The average plays
an important role and we often work with functions with a fixed average ¢ € R. We define
H,={h € H,h =c} for all c € R. We set

0 0

06’ 26

We remark that BB* = —A. Finally, we denote by II the orthogonal projector of V_; onto Hy.
We have:

D(B) = W3 *(0,1), B = —, D(B*) = W"2(0,1) and B* = —

H:V_l — HQ_
h +— h—h.

Notice that IT is also an orthogonal projector of L? onto L(QJ. Moreover:
—AQh = TIh, for all h € L*(0,1). (1.1)

We denote by By(H,) the space of all Borel bounded functions and Cy,(H.) the space of continous
bounded functions. We set Os; := [s,t] x [0,1] for s,¢ € [0,T] with s < t and T' > 0, and O; = Og ¢
for 0 <t <T. Given a measure ¢ on Oy and a continuous function v on Oy, we set

(0,0)g, . = /O e

In order to solve the equation (0.3), we use a Lipschitz approximation of this equation. We denote
by {f"}nen the sequence of Lipschitz functions which converges to the function f on (0,+00),
defined for n € N by:

f™(x) == f(z* +1/n), for all x € R,

When f = fi, is the logarithmic function (0.5), we use the following positive antiderivative of
—f"=—fi
F'(z) = F'(z) :== (x + 1/n)In(z" +1/n) — 2" +1—1/n, for all z € R,
and the following positive antiderivative of —f = — fi,, defined only on R™ by:
F(z) = Fip(z) == zln(z) —z + 1, for all z € RT.

When f = f, is the negative a-power function (0.6) with a # 1, we use the following antiderivative

of —f" =—fa

(@t +1/n)' 7
a—1

F"(x) = F(x) := +n%, for all z € R,

and the following antiderivative of —f = — f,, defined only on R™ by:

11—«

F(z) = Fy(x) := £C—17 for all z € RT.
o —
Finally when o = 1, we use the following antiderivative of —f" = —f»

F'(z) = F(z) :== —In(z* + 1/n) + nz~, for all z € R,
and the following antiderivative of —f = — f,, defined only on R™ by:
F(z) = F,(z) := —Inx, for all x € RT.

We use the notation f, f*, F, F" when the result holds both for fi, and f,. Otherwise we use
flnvf{rlnﬂnaﬂz or favfngavFar}'
With these notations, we rewrite (0.3) in the abstract form:

dX = —%(AQX + Af(X))dt + BdW,

<X7 77>OT =0, (1'2)

X(0,z) =z for x € V_;.

Finally, in all the article, C denotes a constant which may depend on 7" and « and its value may
change from one line to another.



1.2 The linear equation

The linear equation is given by
1
dZ(t,z) = —EAQZ(t, x)dt + BdW,  for all ¢t € [0,T],

Z(0,z) = .
where x € V_;. We have
¢
Z(t,x) = e_tA2/2x+/ e~ (=942 payy,.

0
As easily seen this process is in C([0, +oo[; L*(0,1)) (see [13]). In particular, the mean of Z is
constant and the law of the process Z(t,x) is the Gaussian measure:

Z(t,x) ~ N (72, Qu),

where

t
Q= / e~ A2 ppre=sA*/2gg — (=AY - eftAz).
0

If we let t — 400, the law of Z(t, ) converges to the Gaussian measure on L%
e := N(ceq, Q), where ¢ = .

Notice that the kernel of Q is {teo,t € R} and p.. is concentrated on LZ. It is important to remark
that the measure p. is linked to the Brownian motion. Indeed, let (Bg)sepo,1) be a Brownian

motion, then the law of Y,(0) = B() — B + ¢ is p. (see [10]).

1.3 Lipschitz Approximation

For n € N, we study for the following Lipschitz approximation of (1.2) with an initial condition
reV_q:
1
dX™ + —(A2X" + Af™(X™))dt = BdW,
2
(1.3)
X"0,z) = .

We prove existence and uniqueness of solution in a suitable space for the equation (1.3). We
then follow standard arguments to show existence and uniqueness of an invariant measure for the
equation (1.3) with fixed n € N, and the strong Feller property of the semigroup. First we have to
define the definition of a weak solution to (1.3).

We say X" is a mild solution of (1.3) if it is satisfied for all ¢ > 0:

X"t x) = Z(t,z) — /Ot Ae=(t=94%/2 (X (s 0))ds. (1.4)

Lemma 1.1 Fizn €N, 0 <e < 2/3 and p = 4(1 —¢). For all z € L*(0,1) there exists a unique
adapted process X™ € C([0,T); V_1) N LP([0,T]; L*(0,1)) solution of equation (1.4). Moreover for
allt > 0:

(X"(t,2), e0) = (z, €0). (1.5)

Proof : The proof is classical and left to the reader. It is based on the following inequalities

[(—A) /2= 4 2hlly < Cllhllot™/*, ¢>0, heL? (1.6)
[Ae™t 4 2h)|g < C|hllot™ 2, t>0, he L? (1.7)

et /2h]lg < Clh|_at™4, t>0, helL? (1.8)

IN



It is also standard to prove

Lemma 1.2 Forn € N and c € R, for all t > 0:
|X"(t,z) — X" (t,y)| -1 < exp(—tr?/2)|z —y|_1, for all z,y € L2 (1.9)
Proof : We consider for N € N and z,y € Lg the process :

N
SN(t,x,y) = Z(X"(t,x) — X"(t,y),e;)e;, forallt>0.
=0

then t +— SY(t,x,y) is C' with values in a (N + 1)-dimensional subspace of D(A) such that
115" = SN, Indeed

N
s™(t,z,y) = Z(X”(t,x) — X"(t,y), e;)lle; + (X" (t, z) — X" (t,y), e0)Ieg

=1
N
= Z<Xn(tax> _Xn(tvy)aei>ei
i=1
= SN - <Xn(t7$) _Xn(tay)7€0>60'
And by (1.5) and since = and y are in L?
(X"(t,x) = X"(t,y),e0) = (x — y,e0) = 0.

By (1.1) we have —AQh = TIh for all h € L?(0,1), then —AQSY = S¥. Using the spectral
behavior of A given in section 1, we have the following computation:

i N 2 _ i ~AQN N
dt|S (tv'rvy”fl - dt<QS (tv'rvy)as (t,iE,y)>
= 2N 129,08 (t2.m)

= (—A25N(t,2,), Q5 (t,2,y))
+<_A(fn(Xn(t7x)) - fn(Xn(tvy)))v QSN(tv Z, y)>

- <ASN(t7‘T7y)a SN(ta €L, y)>
H(M XM 2) = X)), SN (Ea,y)

IN

_7T4|SN(t7:C7y)|gl
+<fn(Xn(tv I)) - fn(Xn(tv y))v SN(t,:C,y»

This differential inequality implies :

t
1SNtz y)2y < e” Tz —yl2, +/O eI X (s, @) = [ (5,9)) SN (5,2, ) ds.

Moreover by letting N — +oo we have |S™ (t,z,y)|>; — |X"™(t,x) — X" (t,y)|%,, and since f" is
monotone non-increasing we obtain

<fn(Xn(57x)) - fn(Xn(Say))sz(SaIay»

o O s,2) = X (), X (5,) = X7 (5,)) <0

Then the limit of the integral is nonpositive, and we obtain the expected inequality (1.9).



O

It is classical that X™ € C([0,T]; V_1) N LP([0, T]; L*(0,1)) satisfies (1.4) if and only if it is a weak
solution of (1.3) in the sense

Definition 1.1 Forn € N, 0 < ¢ < 2/3 andp = 4(1 —¢), let z € C([0,1],R") with T > 0. We say
that (X" (t,)):ef0,1), defined on a stochastic basis linked to (W (t)):ejo, 1), s a solution to (1.3) on
[0, 7] if -

(a) almost surely X" (-,x) € C([0,T];V_1) N LP([0,T]; L*(0,1)),
(b) for all h € D(A?) and for all 0 <t <T :

(X"(t,2),h) = (:c,h>—/O<X"(s,;v),A2h>ds

—/ (Ah, f”(X"(s,x)))ds—/ (Bh, dW).
0 0

We now describe an important property of equation (1.3). It can be described as a gradient system
in V_1 with a convex potential, and can be rewritten as:

dxX™ — %A(—AX" + VU™ (X™))dt = BdW,

(1.10)
X"™(0,2) =z € L*0,1),
where V denotes the gradient in the Hilbert space L*(0,1), and :
1
U™(x) := / F"(2(0))dd, =€ L*(0,1). (1.11)
0
Notice that VU"(x) = —f"(z) which is dissipative, then U™ is a convex potential. Finally, we
define the probabilty measure on Lg:
1
vl (dr) = 7n exp(—U"(x))pe(dz), (1.12)

c

where Z!' is a normalization constant. By Lemma 1.2, we easily obtain that the equation (1.3)
in H. has a unique ergodic invariant measure and it is not difficult to prove that this measure is
precisely v'. Since the potential U™ is convex, we can prove that the transition semigroup is strong
Feller. Let (P"“),en be the sequence of transition semigroup for an initial condition in H, such
that

P"°¢(z) = E[¢p(X™(t,x)], forallt>0,z€ H. ¢ € Bp(H.) and n € N*,

where X™“(t, x) is the solution of the equation (1.10).

Proposition 1.1 For abitrary T > 0, there exists a constant Cp > 0 such that for all ¢ € By(H,.),
for allm € N and for all t € [0,T]:

C
Llpllsollz —yll—1, for all z,y € He. (1.13)

NG

Proof : We now consider the following process :

ﬁ

[P h(z) = P o(y)| <

HO — HO
x — X"(t,x) = X"(t,x + cep) — ceo

which solves the following equation :

n,c 1 n,c n e
{ dX™ — S A(=AX™C VU (ceq + X™€))dt = BV, (1.14)

X™¢(0,2) = x € Hy.



This equation describes a gradient system in Hy with non-degenerate noise and with a convex
potential. We fix ¢ > 0 and n € N, and denote P;"“ the markov transition semigroup defined by :

Plp(x) = E[p(X™(t,x))], for all t > 0,for all € Hy, for all ¢ € By(Hy).
For all c € R, for all 2 € H, and ¢ € By(Hy), if we set

¢:H. — R
u —  P(u—cep),

we have the following equality:
Pl h(x — ceg) = P ¢(x). (1.15)

Then for all ¢ € R, for all 2 € H. and ¢ € By(Hy), the following Bismut-Elworthy formula holds:

t
DP"“p(x — ceg) - h = %E Y™t @ — ceo))/ (DX™(s,x — cep) - h), dW}] . (1.16)
0
Then by (1.14) and (1.16),
1 t
DR o) P < IOIE | [ 1075, h2 5] (117)

Let z and y be arbitrary elements in H,, then by the mean value theorem, for o(y) € [0,T]

Pg(x) = P¢(y) = DP" ¢z + o(y)(z = y)) - (z — y). (1.18)

We use an estimate on || DX™(s,z +a(y)(z —y)) - (x —y)||2,, (1.17) and (1.18), and we have the
expected result for all x, y € H,

ﬁ

Cr
i [9lloollz — yll &

[P p(z) — P (y)| <

As usual some computations below are formal and would be difficult to justify rigourously in our infinite
dimensionnal setting. However the final result is easy to justify by Galerkin approximation (see [12], section 3.2).



2 Solutions of equation with a reflection measure

For all n € N we have a unique solution X" of (1.3). We want to know if these solutions converge
to a solution of the equation (0.3). First we describe the definition of a weak solution for (0.3) :

Definition 2.1 Let z € C([0,1],R") and T > 0. We say that ((X(t,:v))te[o_’T] )1, W), defined on

a filtered complete probability space (Q,]P, F, (ft)te[o,T]); is a weak solution to (0.3) on [0,T] for
the initial condition x if:

(a) a.s. X €C(]0,T] x [0,1;RT)NC([0,T); V_1) and X(0,7) = z,

(b) a.s. n is a positive measure on (0,T] x [0,1], such that n(Os) < +oo for all § € (0,77,
(¢c) W is a cylindrical Wiener process on L*(0,1),

(d) the process (X (-, z), W) is (F;)-adapted,

(c) a5 f(X(- 1)) € L'(On),

(f) for all h € D(A?) and for all0 <6 <t <T :

(X(t,z),h) = <X(5,a:),h>—/5(X(s,:z),AQh)ds—/é (AR(0), f(X (s,x)))ds

t
_<Ah’77>05 —/(Bh,dW}, a.s.,
* s

(g9) a.s. the contact property holds : supp(n) C {(t,0) € Or/X(t,z)(0) = 0}, that is,

<X, 17>OT =0.
Finally, a weak solution (X,n, W) is a strong solution if the process t — X(t,x) is adapted to the

filtration t — o(W (s, .),s € [0,1])

Remark 2.1 In (f), the only term where we use the function [ is well defined. Indeed, by (e) we
have f(X(-,z)) € L*(Or) and by Sobolev embedding Ah € D(A) C L*®(Or). Hence the notation
(-,-) should be interpreted as a duality between L™ and L'.

2.1 Pathwise uniqueness

We want to prove that for any pair (X%, 1, W),i = 1,2, of weak solutions of (0.3) defined on the
same probability space with the same driving noise W and with Xj = XZ, we have (X', n') =
(X2,1?). This pathwise uniqueness will be used in the next subsection to construct stationary
strong solutions of (0.3).

Proposition 2.1 Let 2 € C([0,1],R") with T > 0. Let (X*,n',W),i = 1,2 be two weak solutions
of (0.3) with X} =2 = X2. Then (X*,n') = (X2, n?).

Proof : We use the following Lemma from [16]. For the sake of completeness, we recall the proof.

Lemma 2.1 Let ¢ be a finite signed measure on Os 1, V € C(Os 1) and ¢ > 0. Suppose that:
i) for allr € [8,T), for all h € C([0,1]), such that h =0, (h,{)o,., =0,
i) for all r € [6,T), V(r,-) = c with (V,{)o, , =0,

then ( is the null measure.



Proof : Let k € C([0,1]). Since ( is a finite measure, by i) we obtain for all § < s <¢ <T:
(k, o, = (k,CQ)o.., = k((Osy),  for all k € C([0,1]).

This implies ¢ can be decomposed as ( = v ® df, where v is a measure on [0, T]. By i), we obtain:

0= W00, = [ ([ Vi) =eriis

We conclude that for all § < s <t <T, ¥([s,t]) =0, since ¢ > 0. Thus ¢ is the null measure.
O
We now prove the proposition. Let Y(t) = X'(t,x) — X?(t,x) and ¢ = ' — 7%, Y is the solution
of the following equation:
1
dY = —= (A*Y + A(f(X) = f(X?))) dt,
2
(2.1)
Y (0) = 0.

We consider now the following approximation of Y :

) sz:

Since Y is continous, then Y converges uniformly to Y on Oz. Notice that for all i > 0, the
process t — (Y (t), e;) has bounded variation, and in particular the process t — Y™ (t) has bounded
variation as process with values in a finite-dimensional subspace of D(A). Taking the scalar product
in V_1 between Y and YN we obtain:

dY,YN)=2(YN,dY) = — (YN, A?Y + A(f(X") — f(X?)) + AC) dt
(2.2)
{ (Y, YY)(0) = 0.

Moreover for all t > 0, (Y (t),eq) = 0, so TIY N (t) = YN (t). So we have for all 0 < § <t < T
YOYY0) = (YO + [ AV (), Y(s)ds

0

+ /5 (YN (s), (X" (5,2) = FOX(s,2)))ds + (YN ().C),,

N n t
= OO -5 XS [ (s eds+ (V5.0
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N n t
SO [0 ) — s el (23)

For all s € [0, 1],

N n
S DY (s) e (f(X(s,2) = F(X2(5,2), i) = (V(s), (X (5,2) = f(X*(s,2)))
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where || - ||z (o,1)) and || - |[1([o,1]) are the classical norm on the space [0,1]. The latter term

converges to zero since Y (s) converges uniformly to Y (s) on [0,1]. Taking the negative part, we
have by Fatou’s lemma:

t N n
liminf/é <% Z;(Y(s),ei><f(X1(s,x)) _f(X2(5,$))7€i>> ds

N ——+oco

t N n
> [ G;;W(s),e»u(xl(s,w»—f<X2<s,w>>,ei>> ds
- /5 (Y (5), F(X(5,2)) — F(X3(s,2)))) " ds
= 0,

since f is nonincreasing. Taking the limit in (2.3) as N grows to infinity, we obtain by the contact
condition

YOI, = 1Y (6)1124

IN

(Y:$)o,.
= —<X17772>OM - <X2’771>O(5,t
< 0.

Letting 6 — 0, we have Y (t) = 0 for all t > 0 and X'(¢,2) = X?(t,z) for all t > 0. Moreover, with
the definition of a weak solution, we see that :

for all h € D(A%),  (Ah,(), =0.

Os.,¢

By density, we obtain ¢ and V = X! = X? satisfy the hypothesis of Lemma 2.1, and therefore ¢
is the null measure, i.e. ' =7

O

2.2 Convergence of invariants measures

Let :
K = {x e L*0,1),2 > 0},

then we know that s is the law of Y = B — B + ¢. We remark the following inclusion :

{Bg € [—¢/2,¢/2], for all § € [0,1]} C {Y° € K},
therefore p.(K) > 0 with ¢ > 0. Let us define U the potential associated to the function f. If
f = fin is the logarithmic function, U is defined by:

1
/ Fin(@(6))d0 ifz € K,
0

+oo else.

U(z) = Un(x) =

If f = fo is the negative a-power function, U is defined by:

V(@) = Unz) = /OlFa(x(H))dG if /01

+o00o  else.

Fa(x(G))‘dG <+ooandz € K,

1

11—«

Remark 2.2 Note that, for o <1, F,(x(0)) = — x(0)'=. By Hélder inequality:

1
/ |Fo(2(0))]d0 < 400, for all x € K.
0



We have the following result :

Proposition 2.2 For c > 0,

1
vl = v = 7 exp V@) Toexpe(de), when n — 400,

where Z. is a normalization constant.

Proof : Let 1 € CJ(L* R). We want to prove that

/ U() exp(~U" (1) o) — / (@) exp(—U (@) Lye i pe(d).

Case 1 f = fi, is the logarithmic function.
We have that for a fixed x € H,

exp(=U"(2)) —— exp(=U(z))lrex-

n—-+0o0o

(2.4)

(2.5)

Indeed, for all x ¢ K there exists §, > 0 small such that A({6 € [0,1]/z(0) < —d,}) > 0 and we

have: . .
/ F (x(0))1g<0ydf > / F (2(0))113<—5,3d0 >0, for alln > 1.
0 0

Then, since F}, is nonincreasing on (—oo,0):

1
0 <exp(=Uj(z)) < exp /F ))1{x3761}d9)

0
1

< exp Fiia( )1{m§—5m}d9)

(-
(-
(= Aa(-02({w < —6.)))
((

(1/n— ) lan—1+1/n)A({x < —5m})).

[}

IN
@
[}

T

< exp

And this latter term converges to zero as n grows to infinity.

Now for z € K, F{}}(x(0)) converges to Fi,(z(6)) almost everywhere as n grows to infinity. Moreover
F(#(0)) < 1p<1 + FL(#(0))1,1, and the right-hand side is clearly integrable. By the dominated

convergence Theorem, we deduce (2.5).
Since Uy, > 0, (2.4) follows by dominated convergence Theorem.

Case 2 f = f, is negative a-power function.
For a fixed 2 € L?, the potentials are increasing as n grows to infinity, we deduce:

exp(—U"(x)) < exp(~Ul(z)), foralln>1, forallze L
The right-hand side is integrable on H, thus it suffices to prove that for a fixed x € H,

exp(=Uy () — exp(=Ua(2))lsek,

n—-+o00
where
1
exp(—Un(@))lpcx = exp(—=Uq(x)) if | |Fo(2(0))]df < +00 and x € K,
0 else.

For z ¢ K, there exists d, > 0 small such that A({6 € [0,1]/x(0) < —d,}) > 0 and we have:

1 1
for all n € N*, / FS(x(Q))l{I<O}d9 > / Fg(a:(t?))l{mg_(;t}dH > 0.
0 0

(2.6)

(2.7)



Then

0 S exprg(x)

IN

exp <— /01 Fg(a:(t?))l{mg_(;z}dt?)

< exp <— /01 Fo’}(—5z)1{mg_5w}d9)
= exp(=Fy (=0) A({r < =d:})).
And this latter term converges to zero as n grows to infinity. Thus (2.7) holds.
For z € K, such that /1 |Fo(x(0))] df < 400, F2(x(0)) converges almost everywhere to Fy, (z(6))
0

as n grows to infinity. Moreover Fl(z(0)) < F™(x(0)) < Fu(z(6)) for all § € [0,1], and by the
dominated convergence Theorem (2.7) holds.

1
If/ |Fo(x(0))| df = +00, necessarily a > 1. For a > 1, F. > 0 and (2.7) follows from monotone
0

convergence. If a =1, we write

1 1 1
[ Frenas = [ FR Ozt + [ F @O 20
0 0 0

1
The first term converges to / Fo(2(0))1,(9)<1/2 by monotone convergence, and the second term
0

1
converges to / Fo(2(0))1,9)<1/2 by uniform integrability. We have proved that (2.7) always

0
holds, (2.4) follows.

2.3 Existence of stationary solutions

In this section, we prove the existence of stationary solutions of equation (0.3) and that they are
limits of stationary solutions of (1.3), in some suitable sense. Fix ¢ > 0 and consider the unique
(in law) stationary solution of (1.3) denote X in H,. We are going to prove that the laws of X7
weakly converge as n grows to infinity to a stationary strong solution of (0.3).

Theorem 2.1 Let ¢ > 0 and T > 0. Almost surely X;’ converges as n grows to infinity to a
process X, in C(Or). Moreover f(X.) € L*(Or) almost surely, and setting

dng™ = fr(X"(t,0))dtdd — f(X.(t,0))dtds,

then (X", 0™, W) converges in law to (Xe,n, W) stationary strong solution of (0.3).

The proof of 2.1 requires arguments that differ significantly in the logarithmic case and in the
negative a-power case. We thus have chosen to do two separated proofs. Some arguments however
are similar and are not repeated.

Proof in the logarithmic case:

The proof is splitted in 4 steps. In step 1, assuming that a subsequence of X 2 converges in law.
Its limit X, is shown to satisfy fln(Xc) € L'(Or) almost surely. Then in step 2, under the same
assumption as in step 1, we prove that up to a further extraction the measures " converges to a
positive measure 1 and that (Xc, 7) is a weak solution in the probabilistic sense. It then remains
to prove tightness of X 2 in step 3 and to use pathwise uniqueness to conclude in step 4.

Step 1.
Let us assume that (ny)zen is a subsequence such that (X™),cy converges in law in C(O7) to a
process X,.
By Skorohod’s theorem, we can find a probability space and a sequence of processes (Vk, Wk) keN
on that probability space such that (V¥ W*) — (V, W) in C(Or) almost surely and (V*, W¥) has
the same distribution as (X, W) for all k € N. Notice that V' > 0 almost surely since for all



t < T the law of V(¢,.) is v, which is concentrated on K. Let now €% and p* be the following
measures on Op:
deh = fI(VE(,0)) Ly oo dtdd,

and

dp® == fIE(VF(t,0))Lyes, dtdd.
Let y € D(A) with 5 = 0, taking h € D(A?) such that y = Ah as a test function in (b) of Definition
1.1, we deduce that, for all 0 < ¢ < T,<y,§k + pk>o, has a limit when n — 4o00. Moreover by the

uniform convergence in C(Or) of V* to V, we have

(VR 0)Lyrsy N fin(V(t,0))1y>y, for all (t,0) € Or, (2.9)
and the convergence is uniform. We obtain for all 0 < ¢ < T and for all h € D(A):

("o, k:w/o h(O) fin(V (5,0))Ly>1dsdo. (2.10)

Note that fi,(z)1,>; is a continuous function so that fi,(V)1ys1 € L'(O7). Moreover, for any
y€ D(A) with g=0,forall 0 <t <T,

<y,§k>ot has a limit when & — 4o00. (2.11)

Notice that almost surely:

ﬂllk (Vk(tae))]lvka —_—

k—+00 (2.12)

400 if V(¢,0) <0,
{ fm(V(t,0)) if V(t,6) e (0,1].

Thus the limit of this term is not trivial. Let us now prove that the total mass £"(Or) is bounded.
We use the following Lemma whose proofs is postponed to the end of this section.

Lemma 2.2 Let T > 0, and {,uk}keN be a sequence of finite positive measures on Op. Suppose
there exists {wk}keN a sequence of functions in C(Or) such that w” converges uniformly to w, when
k grows to infinity. Suppose also there exist a function Mr : C(Or) — R and two nonnegative
constants mr and ct such that

for all h € D(A) such that h = 0, <h,uk>OT < Mrp(h), forallk eN, (2.13)
1
for all t € OT,/ w(t,0)dd =cp >0 (2.14)
0
and
<wk,,uk>OT < mr. (2.15)

Then there exists a constant MT such that

for allh € C(Or), (b, u*), < Mr|hllos, for all k €N. (2.16)

and in particular uk(OT) is bounded uniformly for k € N.

Let us denote by :

My (h) = sup ’(h,g’%T (2.17)

keN

for h € D(A) such that h = 0. By (2.11), we know that Mz is well defined. Moreover we have

(V)70 = [ 074000 F (V¥ 0.0 . (215)
T
Since (z)" fl!* ()1« is uniformly bounded in k € N, there exists a positive constant ms such
that
(V). €5),, <mr. (2.19)

T



Since V is almost surely positive, (V*)T converges uniformly to V and V(t,.) = ¢z > 0 for all

t € [0,T]. We use Lemma 2.2 and obtain limsup £*(Or) < +oo0.
k— 400
Thanks to Fatou Lemma, we can write :

/ [fin(V(5,0))Ly<i]dsdd = / lim inf [ % (V*(s,0))Lyn<1dsdf]
Or O

- k—-+oo
< liminf [ (VF(5,0)) Ly oy | dsdd (2.20)
k— o0 Or
<  Hoo.
It follows that almost surely fi,(V) € L'(O7).
|

Step 2.

We again assume that we have (ny)ren a subsequence such that (Xg““)keN converges in law to
a process X.. Again, by Skorohod’s theorem, we can find a probability space and a sequence of
processes (V" W¥)en such that almost surely (V¥ W*) — (V, W) in C(Or) as k grows to infinity,
and (V¥ WF) has the same distribution as (X™*, W) for all k € N.
By step 1, the total mass £*(Or) is bounded and there exists (4, )men a sub-subsequence such
that the measures

ghm o= i (VEn(2,0)) Ly k<1 dtdO
converge to a measure &.
We denote by A the following measure:

d\ = fin(V(t,0))1y <1dtdo, (2.21)
and (™ := ¢"» — X\. Thus (™ converges to the measure ¢ := £ — X\. Let u be a continuous
nonnegative function on Or, we have

(0,Cp, = Jim (u,¢")p,
. K
= dim (&), = (w ), -

And this is positive, thanks to (2.20). Therefore ¢ is a positive measure. Taking the limit as
m grows to infinity in the approximated equation, we obtain that for all h € D(A?) and for all
0<t<T:

(V(t,),h) = (xh)— /O V(s,0)A2h(0)dsd6 — | fnlV (5, 0) AR(O)dsdd

—(Ah,C),, — /0 (Bh, dW).

This is the expected equation. Let us now show that the contact condition holds for (V,({). We
prove in fact that for all 5 non negative:

0<(V,()p, <6 (2:22)

n

The key is to study the behavior of f """ (V*"(t,0))1y k. o1 near points (¢,0) € O such that
V(t,0) is small. Fix 8 > 0, there exists € > 0 such that —Teln(e) < . Let us define the following
measures for all m € N.

der = fEm (VE (4,0)) Lykn odtdd,  drl™ == fiim (VE (£, 0)) Lo cynm <1 dtd0),

dXe = fln(v(tv 9))11V<5dtd97 dr. == fln(v(ta 9))]].5§\/<1dtd9.



Clearly 7" converges to 7., it follows

limiup <Vk””,Cm>OT = limiup ((V’“m,ﬁfm>OT— <Vkm,/\a>OT + <Vkm,TE’”>OT— <Vkm7T€>OT>
= limsup ( Yk flEm (VR o odtdd — [ Ve fln(V)ﬂv<5dtd9)
m—-+oo Or Or

IN

m——+oo

lim sup ( / Vhm fitkm (VE )L cyhn <Edtd9)
Or

+ lim sup ( / (Vhm)= fln(V)]lv<€dtd9)
Or

m——+0o0
Since (VFm)~ converges uniformly to zero, we deduce:
—zln|x+ —
Nk,

lim sup <Vkm,Cm> < Tlimsup sup

m—+00 Or m—+00 z€[0,¢]
. 1
< Tlimsup | —cln|e4+ —
m——+oo ng,,
< —Teln(e).

Thus the contact condition holds.

O

Step 3.
By the convergence of the family (v)),en, we know that the initial distribution of X 2 converges
to v.. We now follow the same argument as in [16], to prove for all T' > 0, the laws of (X™),en
are tight in C(Or). Fix n > 1 and T > 0, by the Lyons-Zheng’s decomposition (see theorem 5.7.1
in [20]), we can find M", respectively N", two orthogonal martingales with respect to the natural

filtration of (Xg (t)) , respectively the natural filtration of (X ™T - t)) , such that for
0<i<T 0<i<T
all t € [0,T] and for all h € H:
. . 1 1
(h, X2(0) — X2(0)) = G M} — (N~ N, (2.23)

Moreover, the quadratic variations are both equal to ((M™)), = ((N")), = t|TIh|*,. Let u; =

Q" te; for all i > 1. To simplify the notations, we denote M* and N* the martingales M* and
N defined in (2.23). Then we have:

E

B ||xz0 - %26 |

= 2
P CHOR X?(s),m)v]
> ((Rz(t) = X20), )1 — (X2(s) - Xf<o>,ui>)2_1]

i=1

E

1 [&== . _ .
= ZE [Z (M{ + Np_y — M — Nclr—s)21]
=1
1<%

= I E[UM s (N))es]

i=1

1%
= 3 > It = sffluil?,
1=1

|t — s <=, 2-2
= g T
=1

it —s| o

IN



where K_, is the Hilbert-Schmidt’s norm of inclusion of V_; in V_, which is finite for v > 3/2.
So we have found a constant C' > 0 such that for all ¢, s € [0,T:

(=[x —f(z%s)]m)é <l - st (2.24)

Furthermore, for 0 < § < 1/2 and r > 1, since )A(g is a stationary solution, there exists C' such
that for all ¢, s € [0,T):

(e[ - 22 <S>H;5,T(O,1J)é < (e[ “)H;mn])% + (e [|x <S>H;5,T(O,DD%
< 2 ([ Wlheronitan)
< c /H |y|%w(0,1)uc<dy>), (2.25)

since U™ > 0. And this latter term is finite. ) . .

Let k € [0,1] and set A = k6 — (1 — K)y, — = ki— + (1 — /@)5 Then by interpolation for all
q r

t,s € 0,77

M

(E[HX}}(t} - XS(S)H;/M(O,I)D
a-n

(el ) Elho o )

We use (2.24), (2.25) and Sobolev embedding to conclude. Indeed, for any 5 € (0,1/2), we can
choose § € (0,1/2), v > 2, r > 1 and € (0,1) such that (A — 8)g > 1. It follows that there exists
C such that for all s,t € [0,T]:

B

2 s -
}) <Clt—s|™=,
ch([o,1])

Finally, we can conclude by the theorem 7.2 in chapter 3 of [19] that the laws of (X™),en are tight
in C(OT)

(e[| 220 - 2209

O

Step 4.
We use a Lemma in [24]. This lemma allows to get the convergence of the approximated solutions
in probability in any space in which these approximated solutions are tight.

Lemma 2.3 Let {Z,},>1 be a sequence of random elements on a Polish space E endowed by its
borel o-algebra. Then {Z,}n>1 converges in probability to an E-valued random element if and any
if from every pair of subsequences {(Z"i’ Zni)kZI; one can extract a subsequence which converges
weakly to a random element supported on the diagonal {(z,y) € E x E,x = y}.

For any subsequence (ny)ren, we have convergence of ¢ to a finite measure & on Op along some
sub-subsequence (km)men. Let &,i = 1..2 be two such limits. By the second step, and the
uniqueness of the reflexion measure, we know (7 := & — A and (s := & — X are equals. So the limit
of (£F)gen is unique, and £F converges to its limit &.

Assume (n},)ren and (n;)ren are two arbitrary subsequences. In the notations of the second step

Aoyl A2
and by the third step, the process (Xf’“,Xg’“,W) is tight in a suitable space. By Skorohod’s

therorem, we can find a probability space and a sequence of processes (Vlk, VQk ,Wk) such that
(VI Ve WF) — (Vi Vo, W) almost surely in C(Or), and (V*, V¥, W¥) as the same distribution as



P § A2
(Xg X ’“,W) for all £ € N. In the Skorohod’s space, the approximated measures respectively

converge to two contact measures ¢; and (5. By the second step, (Vi,¢(1, W) and (Va, (o, W)
are both weak solutions of (0.3). By uniqueness, necessarily V3 = V5 and (3 = (2. Therefore

Aoyl A2
the subsequence ((X?’“ , n"i, W) , (X?’“ , n"i, W))k converges in law to a process supported on
€N

the diagonal. We use Lemma 2.3 to prove that the sequence (X7',n", W) converges in law to

(X¢,m, W) stationary weak solution of (0.3). Moreover by pathwise uniqueness and existence of
strong solutions, we obtain that every weak solution is also a strong solution.

O

Proof in negative a-power case:
We again split the proof in four steps.

Step 1.
Let us assume that (ny)zen is a subsequence such that (X*),cy converges in law in C(Or) to a
process Xe.
By Skorohod’s theorem, we can find a probability space and a sequence of processes (Vk , Wk) keN
on that probability space such that (V¥ W¥) — (V,W) in C(Or) almost surely and (V¥ W¥) has
the same distribution as (X, W) for all k € N. Notice that V' > 0 almost surely since for all
t < T the law of V/(t,.) is v, which is concentrated on K. Let now £* be the following measure on
OTZ

der .= fre(VE(t,0))dtdo.

Let y € D(A) with § = 0, taking h € D(A?) such that y = Ah as a test function in (b) of Definition
1.1, we deduce that, for all 0 <t < T,

<y,§k>or has a limit when k£ — +o0. (2.26)

Like in the logarithmic case, we now prove that the total mass £"(Or) is bounded. Let us denote
by :

My(h) = su ‘h,k ‘ 2.27
(1) = sup (1., (2:27)
for h € D(A) such that h = 0. By (2.26), we know that My is well defined. Therefore by Lemma
2.2 it suffices to find a function w, such that w(t,.) = ¢z > 0, and a sequence (w")ren such that
for a positive constant my, w® converges uniformly to w such that

(w*, &%), < mr. (2.28)

Denote by w® := (V*)* 4+1/n;)?, it converges uniformly to w := V. Since w* f™*(V¥(t,0)) = 1,
(2.28) holds with mp = T. As in the logarithmic case, by Fatou Lemma, it follows that almost
surely f,(V) € L*(Or).

O

Step 2. We again assume that we have (nj)zen a subsequence such that (X )zey converges
in law to a process X,. Again, by Skorohod’s theorem, we can find a probability space and a
sequence of processes (V¥ W*) ey such that almost surely (VF, W*) — (V, W) in C(Or) as k
grows to infinity, and (V*,W*) has the same distribution as (X, W) for all k € N.
By step 1, the total mass £*(Or) is bounded and there exists (1, )men a sub-subsequence such

that the measures
ghm = fatm (VEm (,0)) Ly sk <1 dtdf

converges to a measure &.
We denote by A the following measure:

dX\ := fo(V(t,0))dtds, (2.29)



and (" :=&™ — A\. Thus (™ converges to the measure { := £ — A. Thanks to Fatou Lemma, ( is a
positive measure. Taking the limit as m grows to infinity in the approximated equation, we obtain
that for all h € D(A?) and for all 0 <t < T

(V(t,.),hy = (x,h)— 3 V(s,0)A%h(0)dsdf — . fa(V(s,0))Ah(0)dsdd

—(Ah,C),, — /0 (Bh, dW).

This is the expected equation. Let us now show that the contact condition holds for (V).
Casel: 0<a<l.

As in the second step of the logarithmic case, fix 3 > 0, so there exists € > 0 such that Te! = < £.
Let us define the following measures for all m € N:

dem = ok (VE (,0)) Ly b codtdd,  dr™ = fo*m (VE (t,0))Lcynm dtdo,

dXe = fa(v(tv 9))11V<5dtd97 dre := fa(v(ta 9))]]-s§\/dtd9-

Since 7" converges to 7., we have

hmiup (VkM,<m>O = hmiup ( ,fe — <Vk’", /\5>OT + <Vk’",7'Em>OT— <Vk’",7'5>OT)
= limsup ( fokm (VEm )k o dtdd) — / yhkm fa(V)]lV<5dtd9)
m——+o00o Or

IN

lim sup ( / Vi fakm (VE ) Locyim <8dtd9)
Or

m——+00

+ lim sup ( / (Vhm)= fa(V)]lV<5dtd9> :
Or

m——+00
It follows
lim sup (Vkm,<m>o < Tlimsup sup %
m— 00 T m—+00 z€[0,¢] (x+—1 )
nkm
. €
< Tlimsup|——
m— oo (<€+ nkl )
< Telme,

Thus the contact condition holds.

Case 2: o> 1.

Let v > 0, we prove that for all nonegative 3, 0 < <Vo‘+7, ¢ > op < [ and conclude that the contact
condition holds by Hoélder inequality.

Fix 8 > 0, so there exists € > 0 such that Te” < 3. Let us define the following measures for all
m € N:

del = ok (VE (,0)) Lk codtdd,  drl™ = fo*m (VE" (t,0))L.cynm dtdo,

A\ == fo(V(t,0)) Ly odtdo, dre = fo(V(t,0)) o<y dtdo.



Since 7" converges to 7., we have

timsup (VE0)™7 6™, = timsup (((VE0) b, (V)T 0,

m——+o0 T m——+00

(V) Ty = (V)T )

- 1imsup< / (VEn) " fm (VEn ) Ly, dtd6
Or

m——+0o0

- / (VEm)* fa(V)]1V<sdtd9>
Or

IN

m——+o00

+lim sup (/OT ((v’“m)’)a+V fa(V)]lV<5dtd9) .

m——+o00o

lim sup ( / (VEm) ST o (VR 1oy <8dtd9>
Or

It follows

oty
lim sup ((Vkm)aﬂ ,Cm> < Tlimsup sup |——4
Or 1
m——+00 m—+00 z€0,¢] (;[; + — )
km,

gxty
S T lim Sup | V44—«
——+ 1
m o8] (E + T )

IN

TN,
Thus the contact condition holds.

O

Step 3 and step 4 are strictly identical to the logarithmic case and we do not repeat them. This
ends the proof of Theorem 2.1. Now we give the proof of the Lemma 2.2.

Proof of the Lemma 2.2:

We prove this Lemma thanks to the previous Lemma 2.1. If *(Or) is bounded uniformly for
k € N, then the constant

My = sup pu*(O7) (2.30)
keN
satisfies (2.16). Suppose ¥ (Or) is unbounded, then there exists kg € N such that x*(Or) > 0 for
all £ > kg, we denote for all k > kg
VW= [ (Or).
{*V sk, is a sequence of probability measure on Or, and we can extract a subsequence {7}, cx

such that there exists a probability measure v with v — v when m grows to infinity. Therefore,
by the uniform convergence of w"

<wkm,ykm>OT Z:OO <’LU7U>OT. (231)

And by the uniform boundedness in (2.15), we have

Km o Kkm mr
(wh v >OT§W1:OOO’ (2.32)

therefore
(w,v), =0. (2.33)



Moreover, for all h € D(A) such that h =0
<h,ykm>o — <h, V>OT, (2.34)

T | —+o00
and by the uniform boundedness in (2.13), for all h € D(A) such that h = 0, we have
Mr(h)

h, vFm — : 2.35
< v >OT = Mkm(OT) l—+o00 ( )

So that for all h € D(A) such that h = 0, we have
(h, V>OT =0. (2.36)

Since v is a probability measure, we deduce that (2.36) holds in fact for any h € C(Or) such that

h = 0. The hypothesis of Lemma 2.1 are satisfied, and we can conclude that the measure v is null.
This is a contradiction since v is a probability measure. Then the sequence u” (Or) is bounded
uniformly for & € N, and the constant My in (2.30) fulfills (2.16).

O

2.4 Convergence of the semigroup

First we state the following result which is a corollary of Theorem 2.1.
Corollary 2.1 Let ¢ > 0.

i) There exists a continuous process (X (t,z),t > 0,z € KN H.) with X(0,2) =z and a set Ky
dense in K N H., such that for all x € Ky there exists a unique strong solution of equation

(0.3) given by ((X(t,x))tzo,nm,W).

ii) The law of (X(t,x)i>0,n") is a regular conditional distribution of the law of (Xc,n) given
X.(0)=2 € KN H..
Proof : By Theorem 2.1, we have a stationary strong solution X in H,, such that W and X.(0)

are independent. Conditioning (Xc,n) on the value of XC(O) = z, with ¢ = T, we obtain for

ve-almost every x a strong solution that we denote (X (¢, z),n*) for all ¢t > 0 and for all z € KN H.,.
This process is the desired process. Indeed, since the support of v, is K N H., we have a strong
solution for a dense set Ky in K N H..
Notice that all processes (X(t,2)),~, with z € K are driven by the same noise W and are
continuous with values in H. Arguing as in the proof of Lemma 2.1 we see that for all z,y € Ky,
for allt > 0:

1X (& 2) = X (&)l < llz =yl

Then by density, we obtain a continuous process (X (t,2)),~, in H. for all z € K N H..
O

We want to prove that for any deterministic initial condition z € K N H. where ¢ > 0, there
exists a strong solution of equation (0.3), necessarily unique and that the process X constructed in
Corollary 2.1 is a realization of such solution. We have proved this result only for x in a dense set
Ky, but thanks to the convergence of the transition semigroup P™¢, we will be able to conclude.
First we prove that the transition semigroup converges on K N H.. This result is explained by the
following proposition :

Proposition 2.3 Let ¢ > 0, for all p € Co(H) and x € KN H,:
lim_ P Co(a) = Bl6(X (1)) = Po). (2.37)

Moreover the Markov process (X(t,z),t > 0,2 € K N H.) is strong Feller and its transition
semigroup P¢ is such that:

[l
Vi

|Pfo(x) — Pig(y)| < le = ylla, forallz,y € KN He,for allt > 0. (2.38)



Proof : By proposition 2.1 X" is strong Feller on H. and for all ¢ : H. — R bounded and Borel
we have :

[]loo
Vi

Since (V.')n>1 is tight in H., then there exists an increasive sequence of compact sets (J?),ecn in
H such that:

[P p(x) — P"p(y)| <

|l —y||lg, forallz,y € KNH,, forall t > 0. (2.39)

lim supv!(H\ J?)=0. (2.40)

P—+00 >
Set J:= U JPNK. Since the support of v, is in KN H, and v.(J) = 1, then J is dense in KN H..

peEN
Fix t > 0, by (2.39), for any ¢ € C,(H) :

Sug(l\Pt"’cﬂﬁHoo + [P ¢l Lip(a)) < +oo. (2.41)
ne

Let (nj)jen be any sequence in N. With a diagonal procedure, by Arzela-Ascoli Theorem, there
exists (n;, )ien a subsequence and a function O : J — R such that:

lim sup |P/"“¢(z) — ()] =0, forallpeN. (2.42)

l—=+400 gz jr

By density, ©; can be extended uniquely to a bounded Lipschitz function O, on K N H, such that

Oi(x) = lim P/"°¢(z), forallze KN H,. (2.43)

l—+4oc0

Note that the subsequence depends on ¢t. Therefore, we have to prove that the limit defines a
semigroup and does not depend on the chosen subsequence.
By the theorem 2.1, we have for all ¢,v € Cy,(H) :

B[y (X0)0(%0)] = lim E[v (X2 ©0) 06 (X2 @)]

l—+oo

- lim /Hw(y)IE [aﬁ (X?”(t)) X?“(O)=y} ve' (dy)

|—+4o0

— lim /H YY) P by )i (dy)

l—+o00
_ / D)0 () ve(dy).
H

Thus, by Corollary 2.1, we have the following equality:
E[p(X(t,x))] = Oy(x), for v.-almost every . (2.44)

Since E[¢(X (t,.))] and O, are continuous on K N H,, and v.(K N H,) = 1, the equality (2.44) is
true for all z € K N H.. Moreover the limit does not depend on the chosen subsequence, and we
obtain (2.37). Since the semigroups are equi-Lipschitz, we deduce (2.38).

O

2.5 Existence of solutions

We have proved that there exists a continous process X which is a strong solution of equation (0.3)
for an x in a dense space. In this section, we prove existence for an initial condition in K N H,
with ¢ > 0.

Theorem 2.2 Let ¢ be a K -valued random value with &€ > 0 almost surely and (£, W) independent,
then there exists a continuous process denoted (X (t,€))i>0 and a measure n® such that:

(a) ((X(t,f))tzo e, W) is the unique strong solution of (0.3) with X (0,&) = & almost surely.



(b) The Markov process (X(t,x),t > 0,z € K N H,.) is continous and has P¢ for transition
semigroup which is strong Feller on H..

(c) Foralle >0,z € KNH, and 0 =1ty <t1 < -+ < ty, (X{t;,x),i=1,...,n) is the limit in
distribution of (X™(ti,x))i=1,....m-

(d) If & has distribution v. with ¢ > 0, then (X (t,£)),~q i equal in distribution to (Xc(t)) "
= >0

Proof : By Corollary 2.1 we have a process (X (¢,z),t > 0,2 € KNH,.), such that for all x in a set
Ky dense in K N H,. we have a strong solution ((X(t, )01 W) of (0.3) with initial condition
2. By proposition 2.3, we have that the Markov process X has transition semigroup P. on H..
The strong Feller property of P¢ implies that for all z € K N H. and s > 0 the law of X (s,x)
is absolutely continous with respect to the invariant measure v.. Indeed, if v.(I') = 0, then
ve(PS(1r)) = v(T) = 0. So Pi(1r)(z) = 0 for v.-almost every x and by continuity for all
re KNH,.

Therefore almost surely X (s,z) € Ko for all s > 0 and x € K N H.. Fix s > 0, denote for all
6 €0, 1]:

X =t X({t+s,2),W(0):=t—W(t+s,0)—W(s,0)),
and the measure 77* such that for all T > 0, and for all h € C(Or):

(B, = /O . h(t = s, 00" (dt, d9)

So we have a process X € C([0, T]; H)NC(Or) and a mesure 77° on O which is finite on [8, 7] x [0, 1]
for all 6 > 0, such that ((X(t,x))tzo,ﬁw, W) is a strong solution of (0.3) with initial condition

X (s,x). By continuity X (s,z) — x in H as s — 0, so (X (¢, z))i>0,n", W) is a strong solution of
(0.3) with initial condition z in the sense of the definition 2.1.
Thanks to the previous results, (b), (¢) and (d) are obvious.



3 Reflection and Revuz measures

We have proved the existence of solution to (0.3) with a reflection measure. In [37], L. Zambotti
uses an integration by parts formula to prove that, in some cases, the reflection measure vanishes.
Moreover, L. Zambotti proves that, in some other cases, the reflection measure does not vanish. He
uses the theory of the Continuous Additive Functionnals described in [20]. We adapt his arguments
and prove similar results for our case.

3.1 Integration by parts formula

For all ¢ € C{(H.) we denote by d,¢ the directional derivative of ¢ along h € H:
1
o :x— PI% g(qﬁ(a: +th) — ¢(x)), =€ H.

For all ¢ € C}(H), we have:

(Vo(x), h) = Ono(x).
We have the following classical result (see [16] for details): We denote by (M, M) two indepedant
copies of the standard Brownian meander (see [32] and [17]), and we set for all r € (0, 1):

JiM (”;9>, 0co,r],
O <f:) 0 e, 1) oy

The starting point is the Theorem 7.1 in [16] where the following formula has been proved for a
process Y whose the law is pu.

Theorem 3.1 For all ® in C}(H,R) and h € D(A):
E[0,®(Y)lyex] = —E[(Y,Ah) =Y 1) ®(Y)lyek] (3.2)

|y )e /DU ar.

! 1
B /0 hr) V2m3r(1 — r)E

We denote by pg R* — [0,1] the continuous version of the density of I,. By conditioning on
Y = ¢, we obtain:

E[Omn®(Yo)ly,ex] = —E[(Ye, AR)®(Ye)ly,ex] (3.3)

! P, (€) 7. —
—/0 Hh(T)W\/ﬁE [q)(ur)luT - C} dr,

where Y, has been defined in the section 1. Moreover, notice that we have the following classical

and easy to prove integration by parts formula for the measures (v”),en. For all @ in C}(H) and

h € D(A):
/Hath) v} ——/H<x,Ah><I)(x)ug(d:17)—/o Hh(r)/Hfl)(x)f”(:zr(r))ug(d:c)dr. (3.4)

1
We define v" : = — Zn exp(—=U"(x)) for all x € H, where Z is the constant of normalization

defined in (1.12). Thencw € C{(H) and for all 2,h € K:
(Vy"(z),h) = 7" (x)(Vlogy"(z), h) = 7" (x) /0 1 h(0) " (x(6))do. (3.5)
Let ¢ be in C}(H). We use (3.3), with ® = ¢-4". So we obtain:
[ om e = = [ @ AR @) cxicldo) (36)

—/0 Hh(?")wpaiﬂi [oU " (U Uy = c] dr.



We compute the derivative of the product, and obtain:
/ (Onn@) -y" dpe = —/ ((x, Ah) 4+ (Vlog~"(z), Hh>)¢($)7"(x)1lme;(uc(dx) (3.7)
H H

- /0 1 nh(ﬂ%@ (U U U, = ] dr.

Vr(l—r)

We want to let n go to infinity. We have to study the convergence of all the terms.
By section 2.2, the left-hand side converges to:

/ (6Hh¢)dl/c.
H
Denote now by I;" the following term:

I = %E (U "™ Uy |Ur = €] -

Since Z.' converges, there exists C' such that for all r € (0,1):

Pi, ()

5= oo (- [ 1 P o)) |

In the logarithmic case and in the negative a-power case, as in section 2.2 and by dominated
convergence, we have for all r € (0,1):

[ <C l[@lloo ;"

where J;' is defined by:

1
lim_J = {exp (— / F(L{T(H))de)} . (3.8)
n—-—+oo 0
Therefore, in the logarithmic case and in the negative a-power case for a > 1, since |J'| < 1, by

dominated convergence, the last term in (3.7) has a limit when n grows to infinity.
In the negative a-power case for a < 1, since

1 <8 o (- [ Eleoan)].

by dominated convergence, the last term in (3.7) has a limit when n grows to infinity.
Moreover, if a > 3, by the law of the iterated logarithm, almost surely and for all r € (0, 1):

I
o Ue(@)t T

lim J" =0, (3.9)

n—-+o0o

Thus, in this case

and, by dominated convergence, the last term in (3.7) converges to 0.
Now we use the representation described in [16] in order to prove the convergence of the first term
in the right-hand side of (3.7). Denote by S™ the following

s o= - / ((z, AR) + (V1og" (z), TIR)) ()7 (@) Lye sepie(d)
H (3.10)

= —E[({Ye, Ah) + (Vlogy"(Ye), ITh)) p(Ye)y" (Ye)ly,ek]

We use the following Theorem whose proof is in Appendix A in [16].



Theorem 3.2 For all ¥ : C([0,1]) — R bounded and Borel

ex — 342
B) - [ \If<y+B>\/§exp (—%(wﬁ)”g?fﬂ 710;7573)@ (3.11)
= /RE[\I/(erB)p(yﬂLB)]dy,

where we set p: C([0,1]) — R,

p(u) = \/% exp (—%#) .

Thanks to this Theorem, we can write:

s = —/E[(<y+B,Ah>+<Vlog7”(y+B),Hh>)
R

xé(y +B)Y"(y + B)p(y + B)ﬂy+BeK‘E =c— y} dy

We set V. = —/rM (1) +U,. Notice that V, is 0 at time 0, then run backwards the path of M on
[0,7] and then runs the path of M on ]r,1]. Almost surely since M > 0 on ]0, 1], then V, attains
the minimum —+/rM (1) only at time r. Let (1, M, M) be an independent triple, such that 7 has
the arcsine law, then V; has the same law as B (see [17]). We can write:

s = —/Olw%_?a)/RE[((y—kvr,Am+<f(%—i—y—H}T),Hh>>

Vrzc—y}dy dr

1
x(y + Vi )y (E +y+ Vr) Py +Vi)lyiv.ex

((z—%+Vr,Ah>+<f(z+Vr),Hh>)

| s L

— 1
VT:c—z—i-—}dz dr.
n

1 1
X¢(z — -t Ve)y (z+Vr) p(z — s Vil iiv.ex

Now we use the proposition 3.3 which is stated in the next section 3.3. Thus, we can used Fatou
Lemma to prove that for all h € D(A):

1
—_— z+ V), 1A Y (2 + Vi) Igy,
Fm [<f( ) >||¢H ’7( ) +V EK]
is integrable on Q x R x [0,1]. Thus, we can used the dominated convergence Theorem to see:
1
1
lim S" = - —— [ E|{{(z+V;, AR) + 2+ V), 11k
L [ s LBl (e vman + (1 (o v.)me))

Xo(z+Ve)y (z+ V) p(z + Vo)l gy cx |V = ¢ — z} dz dr

= _/RE[(<2+VT,Ah>+<f(z+VT),Hh>)

x¢(z+Vr)y (2 +Vr) p(z + Vo )loyy e

V,=c— z} dz (3.12)
= —E[((v,AR) + (F(), TR} )oY )y (V) Ty ex |V = c]
= —E[((Ye AR + (F(V).110) ) 9(Yo)y (Vo) Dy

_ _/H(<x,Ah>+<f(x),Hh>)¢(x)vc(dw)



For all r € (0,1), denote X¢ such that:

1 pg, (©)
pre(K) 7y /r(1 = 1)

thus we have the following Theorem:

Yo (dw) =

P (U, € dw|d, =), (3.13)

Theorem 3.3 For all ¢ in C}(H) and h € D(A):

/ O () Lexve(dz) = — / ((:c,Ah)+<f(:5),Hh>)¢(:c)uc(d:v) (3.14)
H H

- /O 1Hh(r) / Gydxe dr.

Moreover, for a > 3, the last term vanishes.

3.2 Dirichlet forms

We now describe the Dirichlet Forms and the resolvent associated to X™, in order to obtain the
Dirichlet Forms and the resolvent associated to X.. The first result is the following description of
the generator of Z. Let ¢y, : x +— exp(i(z,h)_1) for x € H. and h € D(A?), then the generator of
Z is such that

Lin(e) = S (Z(62)]|_ = —59n(@) (i(4%h, )1 + [TRJ2, )

t=0

We define for all ¢ € C,(H,) the resolvent of X? on H,.:
Ry o(x) = / e ME [gz)(f(g(t,x))} dt, z€Ho\>0. (3.15)
0

We define Expa(H.) C Cy(H.) as the linear span of {cos((h,));sin((h,-)),h € D(A*)}. Then we
define the symmetric bilinear form:

EM(p, 1) := %/H<—AV¢, Vydvl,  for all ¢, € Expa(H). (3.16)

The following result is standard.

Proposition 3.1 (£™¢, Expa(H.)) is closable in L*>(v"): we denote by (™€, D(E™)) the closure.
(RY)as0 is the resolvent associated with E™°, that is, for all A > 0 and ¢ € L*(v), RY Y €
D(E™C) and:

)\/ Ry dv! + EMC(RY Y, ¢) = / o dvl,  for all g € D(E™C). (3.17)
H H

Let vy, : @ + exp(i(z, h)) for x € H. and h € D(A?). By It6 formula

L () = (X2 = Ln(e) + £ (7" (@), Thjuin (o). (318)

After an easy computation, we have (L, Expa(H.)) is symmetric in L*(¢") and:

/ L™ dv! = —%/ (=AV ¢, V)dv?,  for all ¢,¢ € Expa(H,). (3.19)
H

H

Moreover we define for all ¢ € Cp,(H,) the resolvent of X.on KN H,.:

€ 3(z) = /OOO e VE [6 (Xt @) | dt, @€ KN Hed >0, (3.20)



We also define the symmetric bilinear form:
1
EC(p, 1)) := 5/ (—=AV ¢, V)dv,., for all ¢,v € C}(H). (3.21)
H

Proceeding as in the proposition 8.1 in [16], we can prove that for all ¢, € C}(H..), E™°(¢,v) —
E°(¢, 1) and RY“¢p — RS ¢ uniformly as n grows to infinity. Let ¢ € Cy(H,), we can write for all
h € D(A?):

/ Gondve —  lim / Yénd? = lim / RUB(Adn — L' )dv?
H H n—+oo Jp

n—-+4oo

(3.22)

[ B0~ Londve— 5t [ RS w@on (o) ) Ty
H H

n—-+4oo

Then, with the proposition 3.3 below:
[ wondve = [ Bswon -~ Loniv. — 5 [ Bsw@on(o)(f(a) thydv.
H H H

.
— / TTh(r) / vy A8 dr
2 0 H
(3.23)
] 1
— / R v — - / Son(Ah, 2)dve + & / Sapn|[TTA|1 v

i

s
5 [ mv@on )@ - 5 [ 1) [ Rivon st av

Thanks to the integration by parts formula applied to R$¥¢p , we have:

/ ¢¢thc = )\/ §¢¢hd% + gc( iwu ¢h) (324)
H H

By linearity and by density, we obtain for all A > 0 and ¢ € C,(H):

)\/ S dve + ES(RSP, ¢) = / b dve, for all ¢ €D, (3.25)
H H

where we denote D := {R5¢, ¢ € Cp(H,.), A > 0}. We use classical results from [20], and obtain the
following proposition:

Proposition 3.2 Let ¢ > 0.
i) (£¢, Bxpa(H.)) is closable in L*(v.): we denote by (£, D(E°)) the closure.
ii) (¢, D(E°)) is a symmetric Dirichlet form such that Lip(H.) C D(E°) and E°(¢, p) < |¢|%Z-p(HC).

i) (RS)as0 s the resolvent associated with £, that is, for all X > 0 and ¢ € L*(v.), R$ € D(E°)
and:

A [ Rgwo v+ £R50.0) = [ wodu,  forall ¢ € DEEO) (3.26)
H H
iv) (Pf)i>0 is the semigroup associated with (€€, D(E°)).

3.3 Total mass of the reflection measure

We now state and prove the proposition 3.3 used above.

Proposition 3.3 For all ¢ € Cy(H..), for all h € D(A):

/H (" (@), Byl () paeldr) (3.27)

has a limit when n grows to infinity.
Moreover for all 0 < 6 <s <t <T,E[n(Os,)] < +o0.



Proof : Denote ;' the measure such that for all ~ € [0, 1], for all ¢ > 0:

opc(dr) == [ (x(r)) 7" (x)pe(d)

It suffices to prove that:

1
lim sup / / do) . dr| < +o0. (3.28)
n—+oo |Jo JH ’
By symetry, it suffices to prove convergence of
1/2
/ / do) .. dr| < +o0. (3.29)
0 H

The idea is to study an integration by parts formula for the law of Y, on the path space
K :={h € C([0,1]),h(8) > 0 for all 6 € [0,1/2]}.

The crucial tool is that, on this space, the processes that we consider have no more fixed mean,
and we can have an integration by parts formula without the constraint of zero mean. We set for
all € (0,1/2):

() be o,
(% _T)M(Z:Da 6 €lr,1/2].

X:0— ﬂ[0,1/2](9)7

7.(0) :=

Moreover we set

and for u € C([0,1/2])
1/2
m(u) = / (w(®) + u(1/2))d0
0
The starting point is the Lemma B.1 in [16] where the following formulae have been proved.

Lemma 3.1 For all ¥ : C([0,1/2]) — R bounded and Borel:

E[W(Y,)] = V32E [\I/(b + B)exp (—12(m(b +B)—¢)? + gzﬁ)] (3.30)
- / E[U(y + B)j(y + B)] dy, (3.31)

where we set p: C([0,1/2]) — R,

plu) = \/gexp (—=12(m(u) — ¢)?).

Moreover, for all ¢ >0 and ® € Cg(Lz(O, 1/2)):

[8 O(Ye)1 YEK} = YCEK (3.32)

1/2
/ e~ 12(m(T)—c) }dr.
1/2—7‘

We have writen ®(Y;) for ®(Ye|(o,1/2)) with a slight abuse of notation. We set now for n > 1,
r € (0,1/2):
~ 1/2
U'(x) := F(x(0))do, =€ L*(0,1).
0

We define 4™ : z + exp(—U"(z)) for all € H. Then 3" € C}(L?(0,1/2)) and for all z,h € K:

1/2
(VA" (x),h) = 7" (x)(V1og 7" (z), h) = 7" (x) /0 h(0) " (x(6))do. (3.33)



Moreover we define for n > 1, r € (0,1/2) and ¥ € C}(L*(0,1/2)):

SURE o 12 ~n 6712(777,(7:‘)70)2
B0 i= | B [UITT) J.

Let ¢ be in C}(L?(0,1/2)). We use (3.32), with ® = ¢ - ™. So we obtain:

1/2
[ 06 A" e = B [24n(Y) — 0 0¥ (Vo)L 5] - / Sre@)dr.  (3.34)

We compute the derivative of the product, and take ¢ = 1, then we obtain:

c

1/2
E [(Vog 7" (2). 03" (%) Ly,cx] = E [24(n(Y0) ~ )7 00y, i) = [ Speyar (339

Define now for n > 1, r € (0,1/2):
} 1/2
U(x) := / F(x(0))dd, =€ L*(0,1).
0

We also define 4 : & — exp(—U(z)) for all z € H. Moreover we define for n > 1, r € (0,1/2) and
U € Ci(L*(0,1/2)):

if_(\l}) = LE [\Ij(/];):y(r];)efu(m(’fr)*c)z

r(1/2—r)

Finally, we denote &,', the measure such that for all r € [0, 1], for all ¢ > 0:

oy c(dr) = [ (x(r)) " (x)pe(d)
We easily prove the following result:

Lemma 3.2 For all ¢ > 0:

1/2 1/2
lim / doy . =E [24 (m(Y.) —¢) :Y(}/C)]]'YCER} — / E¢(1)dr.
H 0

n—-+0o0o 0
Moreover, for a > 3 the last term vanishes.

We set now for n > 1:
1
U"(x):= [ F"(x(0)d0 = U"(z) - U"(z), zeL*0,1).
1/2
We also define 3™ : & — exp(—U"" (z)) for all z € H.
We notice now that we can compute explicitly the conditional distribution of Y. given (Y.(0),0 €
[0,1/2]). Indeed, we have for all u € C([0,1/2]) and ¥ € C,(L?(0,1))

E[¥(Ye)[Ye = u on [0,1/2]] = E[¥(B(e,u))],

where

u(9), 0 e€0,1/2],
1/2
u(1/2) + Bg_1)2 — 12(1/2 - 0)(6 — 1/2) </0 B(r)dr + m(u) — c) , 6€)]1/2,1].

Bl(c,u) ==

Then we have:
1/2
/ / Vdo) . dr =
0 H ’

" W [ x 3 (Blew) ]| 3" (@) (du) dr,

1/2

:\If x " (B(c, u))} oy (du).

I
I, T [0 3 (Ble.w)] )i @pelan) dr
N

1
Zn
1
Zn



Arguing as in the proof of section 2.2, it is easy to conclude that the limit exists, which proves
(3.29) and (3.27).

Recall 7 is the limit of dn™ := f™(X7(t,0))dtdd — f(X.(t,6))dtdd. We just proved that for all
6<s<t<T

En(Os¢)] < liminfE[n"(Os.)]

n—-+o0o
< liminfE FYUX(u, 0))du dG]

n—-4oo O

(3.36)
< limJirnf/ / fM(x(0))du dov"™ (z)pe(dx)
= (t—ys) hmlnf// doy . dr
n—-+4oo

<

Thus the total mass of Oy for the reflection measure 7 has a finite expectation.

3.4 Reflection and Revuz measures

Theorem 3.4 For all ¢ > 0, for allx € KN H,:

i) For oo > 3, the reflection measure n° of the strong solution ((X(t,x))i>0,n", W) vanishes.

ii) For oo < 3, the reflection measure n® of the strong solution ((X(t,x))i>0,n", W) does not
vanishes.

Proof : Let ¢ >0, 2z € KN H., and a > 3. We take the expectation of equation (0.3) for the
stationnary solution. We obtain for all 0 < 6 < s <t < T, for all h € D(A2):

E [ / (Xo(u), A2h)du + / (AR(O), f(X.(u)))du + <Ah,n>os,t} =0. (3.37)

S

Thanks to Proposition 3.3, the expectation of each term of (3.37) is finite. So let k € D(A)
with k& = 0, taking h € D(A?) such that k = Ah as a test function in (3.37), we obtain for all
0<d<s<t<T,forall ke D(A):

E[(Tkn), | = -E { / (Xe(u), Ak)du + / (TTk(6), f(Xc(u))>du]
= (s—1) E [(X.(0), 4k) + (TIK(0), F(£.(0)))]

(s—t)/H((:c,Ak)+<f(:v),Hk>)uc(d:v).

We use (3.14) with ¢ = 1, and prove that for all k € D(A), forall0 < 6 <s <t <T:

E [(Hk,n>osyt} —0. (3.38)

Now, as in Lemma 2.1, n ® P can be decomposed as n ® P = I' ® dfl, where I' is a measure on
[0,T] x Q, so we obtain that for all 0 < 6§ <s <t <T, for all A C Q:

0:E[<X Mo, ILA /(/ /X 6)do ]lA>dF(u,.):c><I‘([s,t],A).

Since ¢ > 0, we conclude that for all0 < 6 < s <t < T, for all A C Q, T'([s,t], A) =0. Thus n®@P
is the null measure. Since 7 is a positive measure, we obtain that 7 is the null measure almost

surely. Since the law of (X (¢,2);>0,7") is a regular conditional distribution of the law of (XC, 17)

given X.(0) = = € K N H,, we have proved i) in the Theorem 3.4.
We consider now the logarithmic case and the negative a-power case for a < 3.



Proposition 3.4 The process {X.(t,x),t > 0,2 € H.NK} is a continuous Hunt process on K with
infinite life-time and strong Markov, properly associated with the Dirichlet Form £°. In particular,
&€ is quasi-regular.

The last assertion is a consequence of Theorem IV.5.1 in [26], which describes the necessity of quasi
regularity of a Dirichlet Form associated with a Markov process. We now recall the definitions of
the theory of Additive Functionals of a Markov process (see [20]). Consider {Y.(t,z),t > 0,2 €
H.N K} a Hunt process with infinite life-time and strong Markov, properly associated with the
Dirichlet Form £¢. We first describe the minimum admissible filtration and the minimum completed
admissible filtration. We set:

Fo = o{Yu(s),s €[0,+00)},
F) = o{Yu(s),0<s<t}, forall0<t<+oo.

These filtrations are called the minimum admissible filtrations. We define E := C([0,T], H.), and
denote by P, the law of ¢ — Y.(t,x) on the filtered space (E,F>) for all z € H.N K. We also
define P the set of all probability measures on H. N K NC([0,1]). For all m € P, we define the

probability measure:
Pm:Fy% — R

A — P.(A)m(dz).
H.nKNC([0,1])

We then denote by F (respectively F;™) the completion of F2 (respectively the completion of
FY in F) with respect to P,,. Finally we set
foozﬂ]:gg and ]—'tsztm, for all 0 <t < +o0.

meP meP

These filtrations are the minimum completed admissible filtrations. It is now possible to define
the Additive Functionals for the Markov process Y. To avoid useless definitions, we just recall the
definition of a continuous additive functional (CAF in abreviation) in the strict sense of Y.

Definition 3.1 A family of real valued functions A = (A)i>0 ts called a continuous additive
functionnal in the strict sense of Y, if it satisfies the following conditions:

(a) A, is Fi-adapted for all t > 0.

(b) There exists A € Foo with Py(A) =1, for all x € H. N K NC([0,1]), such that 8;(A) C A for
allt >0, for allw € A, t — Ay(w) is continuous, Ag(w) =0 and for all t,s > 0:

Apps(w) = As(w) + A (Osw),
where (05)s>0 s the time-translation semigroup on E.

Moreover, by a positive continuous additive functional (PCAF in abreviation) in the strict sense
of Y., we mean a CAF in the strict sense of Y. such that:

(¢) For allw € At — Ay (w) is non-decreasing.

If A is a linear combination of PCAFs in the strict sense of Y, , the Revuz-measure of A is a Borel
signed measure m on K such that for all ®, ¥ € C(H.,):

/ Ccp(;c) E { /0 +Ooexp(—t)\I/(YC(t,:1:))dAt] ve(dz) = / E { /0 +OOexp(—t)<I>(Yc(t,:1:))dt U(z)m(dz).

Notice that there exists a correspondence between Revuz-measures and PCAF. We refer to Chapter
5 in [20] and Chapter VI in [26] for all basic definitions and details. In particular the definition of
a martingale additive functional (MAF in abreviation), the notion of the energy of an AF, and the
quasi-sets.



X, does not satisfy suitable properties to compute Revuz-measures of PCAFs in the strict sense
of X... Thus we will use a family of process (Y,?)s~0 such that:

YO(t,x) = X (t+0,z), forallz € H.NK, for all t >0, for all § > 0.

Set 6 > 0. Let k € D(A?), set h € D(A) such that Ak = h and set V : H. N K + V() := (2, k).
Since the Dirichlet form (&., D(&.)) is quasi-regular, we can apply the Fukushima decomposition
(see Theorem VI.2.5 in [26]). We state that there exists a MAF of finite energy M and a CAF
of zero energy N M such that for € ‘-quasi every x:

t,x)) — 0,z)) = + , t>0, —a.s, 3.39
V(v? V(e MM+ NV P’

with obvious notations for P3. MM and NI can be extended to CAF and MAF in the strict
sense of X, which we still denote MM and N such that M is a P,-martingale and (3.39)
holds for all x € H. N K. We have he following expression:

1 t
5/ (Bh,dW) = th (Y2(-,z)), forallt>0,z € K, almost surely.
5

Moreover NV is a linear combination of PCAFs in the strict sense of YC‘S such that for all t > 0,
x € K, almost surely:

1

3 | (Xl A+ (Koo ). I8 s+ 5 [ TORO) (1.1 ) = NP (2.

and its Revuz measure is:

% (2, AR) + (£(2), TTRY) we(d2) + % /0 Th(r)dr ~ d5<. (3.40)

To prove the last assertion, it suffices to remark that for all &, ¥ € Cy(H.,):

2 /H C d(z) E { /0 - exp(_t)q/(yj(t,x))dzv}‘”] ve(dz)
= /H C\I/(x) E [ /0 +OOexp(—t)<I>(Yc‘s(t))dt} <<I,Ah> + (f(x),TTh) + /O IHh(T)dr 5 dzg> ve(dz).

Using the same arguments, we remark that there exists a CAF in the strict sense of Yf whose
Revuz-measure is

% ((z, Ah) 4+ (f(2),1Ih)) vc(dz). (3.41)

Since X. is a solution of the equation (0.3) in the sense of Definition 2.1, we obtain that there
exists AM a linear combination of PCAFs in the strict sense of X, such that:

1 1
5 / A (0" ([6, 1), d6) = AP (YI(-,z)), forallt >0,z € K, almost surely,
0

and its Revuz-measure is: .
1
5/ TA(r)dr v d3¢. (3.42)
0
Finally, we have the following equality:

/H E[ /O +Ooexp(—t) /O 1Hh(9)nw(5+dt,d9)] ve(dz) = /0 1 /H Ih(r)ydSC dr. (3.43)

And the reflection measure n* cannot be identically equal to zero.



References

[1]

2]

[17]

[18]

[19]

[20]

P. W. Bates and P. C. Fife. The dynamics of nucleation for the Cahn-Hilliard equation. STAM
J. Appl. Math., 53(4):990-1008, 1993.

D. Blomker, S. Maier-Paape, and T. Wanner. Spinodal decomposition for the Cahn-Hilliard-
Cook equation. Communications in Mathematical Physics, 223(3):553-582, 2001.

D. Blomker, S. Maier-Paape, and T. Wanner. Phase separation in stochastic Cahn-Hilliard
models. Mathematical Methods and Models in Phase Transitions, pages 1-41, 2005.

D. Blomker, S. Maier-Paape, and T. Wanner. Second phase spinodal decomposition for the
Cahn-Hilliard-Cook equation. Trans. Amer. Math. Soc., 360(1):449-489 (electronic), 2008.

J. F. Blowey and C. M. Elliott. The Cahn-Hilliard gradient theory for phase separation with
nonsmooth free energy. I. Mathematical analysis. Furopean J. Appl. Math., 2(3):233-280,
1991.

J. W. Cahn. On spinodal decomposition. Acta Metallurgica, 9(9):795-801, September 1961.

J. W. Cahn and J. E. Hilliard. Free energy of a nonuniform system. i. interfacial free energy.
Journal of Chemical Physics, 28(258), February 1958.

J. W. Cahn and J. E. Hilliard. Spinodal decomposition: a reprise. Acta Metallurgica,
19(2):151-161, February 1971.

C. Cardon-Weber. Cahn-Hilliard stochastic equation: existence of the solution and of its
density. Bernoulli, 7(5):777-816, 2001.

C. Cardon-Weber. Cahn-Hilliard stochastic equation: strict positivity of the density. Stoch.
Stoch. Rep., 72(3-4):191-227, 2002.

H. Cook. Brownian motion in spinodal decomposition. Acta Metallurgica, 18:297-306, 1970.

G. Da Prato and A. Debussche. Stochastic Cahn-Hilliard equation. Nonlinear Anal.,
26(2):241-263, 1996.

G. Da Prato and J. Zabczyk. Stochastic equations in infinite dimensions, volume 44 of Ency-
clopedia of Mathematics and its Applications. Cambridge University Press, Cambridge, 1992.

R. C. Dalang, C. Mueller, and L. Zambotti. Hitting properties of parabolic s.p.d.e.’s with
reflection. Ann. Probab., 34(4):1423-1450, 2006.

A. Debussche and L. Dettori. On the Cahn-Hilliard equation with a logarithmic free energy.
Nonlinear Anal., 24(10):1491-1514, 1995.

A. Debussche and L. Zambotti. Conservative stochastic Cahn-Hilliard equation with reflection.
Ann. Probab., 35(5):1706-1739, 2007.

I. V. Denisov. Random walk and the Wiener process considered from a maximum point. Teor.
Veroyatnost. i Primenen., 28(4):785-788, 1983.

N. Elezovi¢ and A. Mikeli¢. On the stochastic Cahn-Hilliard equation. Nonlinear Anal.,
16(12):1169-1200, 1991.

S. N. Ethier and T. G. Kurtz. Markov processes. Wiley Series in Probability and Mathematical
Statistics: Probability and Mathematical Statistics. John Wiley & Sons Inc., New York, 1986.
Characterization and convergence.

M. Fukushima, Y. Oshima, and M. Takeda. Dirichlet forms and symmetric Markov processes,
volume 19 of de Gruyter Studies in Mathematics. Walter de Gruyter & Co., Berlin, 1994.



[21] T. Funaki and S. Olla. Fluctuations for V¢ interface model on a wall. Stochastic Process.
Appl., 94(1):1-27, 2001.

[22] G. Giacomin, S. Olla, and H. Spohn. Equilibrium fluctuations for V¢ interface model. Ann.
Probab., 29(3):1138-1172, 2001.

[23] C. P. Grant. Spinodal decomposition for the Cahn-Hilliard equation. Comm. Partial Differ-
ential Equations, 18(3-4):453-490, 1993.

[24] 1. Gybngy and N. Krylov. Existence of strong solutions for Itd’s stochastic equations via
approximations. Probab. Theory Related Fields, 105(2):143-158, 1996.

[25] J. S. Langer. Theory of spinodal decomposition in alloys. Annals of Physics, 65:53-86, 1971.

[26] Z. M. Ma and M. Rockner. Introduction to the theory of (nonsymmetric) Dirichlet forms.
Universitext. Springer-Verlag, Berlin, 1992.

[27] S. Maier-Paape and T. Wanner. Spinodal decomposition for the Cahn-Hilliard equation in
higher dimensions. I. Probability and wavelength estimate. Comm. Math. Phys., 195(2):435—
464, 1998.

[28] S. Maier-Paape and T. Wanner. Spinodal decomposition for the Cahn-Hilliard equation in
higher dimensions: nonlinear dynamics. Arch. Ration. Mech. Anal., 151(3):187-219, 2000.

[29] A. Novick-Cohen. The Cahn-Hilliard equation: mathematical and modeling perspectives. Adv.
Math. Sci. Appl., 8(2):965-985, 1998.

[30] A. Novick-Cohen and L. A. Segel. Nonlinear aspects of the Cahn-Hilliard equation. Phys. D,
10(3):277-298, 1984.

[31] D. Nualart and E. Pardoux. White noise driven quasilinear SPDEs with reflection. Probab.
Theory Related Fields, 93(1):77-89, 1992.

[32] D. Revuz and M. Yor. Continuous martingales and Brownian motion, volume 293 of
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical
Sciences]. Springer-Verlag, Berlin, 1991.

[33] E. Sander and T. Wanner. Monte Carlo simulations for spinodal decomposition. J. Statist.
Phys., 95(5-6):925-948, 1999.

[34] E. Sander and T. Wanner. Unexpectedly linear behavior for the Cahn-Hilliard equation. STAM
J. Appl. Math., 60(6):2182-2202 (electronic), 2000.

[35] T. Wanner. Maximum norms of random sums and transient pattern formation. Trans. Amer.

Math. Soc., 356(6):2251-2279 (electronic), 2004.

[36] L. Zambotti. Integration by parts formulae on convex sets of paths and applications to SPDEs
with reflection. Probab. Theory Related Fields, 123(4):579-600, 2002.

[37] L. Zambotti. Integration by parts on J-Bessel bridges, § > 3 and related SPDEs. Ann. Probab.,
31(1):323-348, 2003.

[38] L. Zambotti. Fluctuations for a V¢ interface model with repulsion from a wall. Probab. Theory
Related Fields, 129(3):315-339, 2004.



	Preliminaries
	Notation
	The linear equation
	Lipschitz Approximation

	Solutions of equation with a reflection measure
	Pathwise uniqueness
	Convergence of invariants measures
	Existence of stationary solutions
	Convergence of the semigroup
	Existence of solutions

	Reflection and Revuz measures
	Integration by parts formula
	Dirichlet forms
	Total mass of the reflection measure
	Reflection and Revuz measures


