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Abstract. We prove the discontinuity for the weak L?(T)-topology of the flow-
map associated with the periodic Benjamin-Ono equation. This ensures that this
equation is ill-posed in H*(T) as soon as s < 0 and thus completes exactly the
well-posedness result obtained in [12].
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1 Introduction

In this paper we continue our study of the Cauchy problem associated with
the Benjamin-Ono equation on the one-dimensional torus (cf. [11], [12])
by proving the ill-posedness character of this Cauchy problem in Sobolev
spaces with negative index. Our ill-posedness result is a strong one in the
sense that for any 7' > 0 and any non constant function ¢ € L?(T), there
exist an infinite numbers of times ¢ €]0, T'[ such that the map ug — wu(t) is
discontinuous in H*(T), s < 0, at . Recall that in [12] it is proven that this
Cauchy problem is globally well-posed in H*(T) for s > 0 with a flow-map
that is real analytic on hyperplans of functions with a given mean value.



The Benjamin-Ono equation describes the evolution of the interface be-
tween two inviscid fluids under some physical conditions (see [2]). It reads

up + Htgy + utty, =0 . (1)

In the periodic setting v = u(t, z) is a function from R x T to R, with T :=
R/27n7Z, and H is the Hilbert transform defined for 27m-periodic functions
with mean value zero by

— —

H()0)=0 and H(f)(k) = —isgn(k)f(k), keZ*.

This equation enjoys the same dilation symmetry : u(t, z) — Au(A%t, \z)
as the cubic Schrodinger equation. Recall that the homogeneous Sobolev
space H~/ 2(R) stays invariant by this symmetry. This suggests that the
associated Cauchy problem should be ill-posed at least in Sobolev spaces
with index less than s} = —1/2. On the other hand, as far as the author
knows and contrary to the cubic Schrodinger equation, no other symmetry
is known for this equation.

The Benjamin-Ono equation is integrable (cf [1]) and so it seems interest-
ing to compare our result to the ones for other classical integrable equations
on the one-dimensional torus. For this let us introduce another index, sg°,
that is the index of the Sobolev space above which the Cauchy problem is
well-posed with a flow-map' that is of class C*°. For the KdV equation ,
st =-3/2 and s2° = —1/2 (cf. [10]) but using integrability, Kappeler and
Topalov [8] recently proved that the flow-map can be continuously extended
in H=Y(T). For mKdV, s = —1/2 and s° = 1/2, and the situation is even
more intrinquing. Indeed, it was proved by Tsutsumi and Takaoka that
mKdV is still well-posed in H*(T), s > 1/4, but with a flow-map that is not
uniformly continuous on bounded set for 1/4 < s < 1/2. Moreover, it was
also proved by Kappeler and Topalov (cf. [9]) that, as for KdV, the flow-
map can be continuously extended in L?(T). So for these both integrable
equations, the flow-map can be continuously extended below s2°. As proved
in [4] (see also [13]), this is not the case for the cubic Schrodinger equation
and, as our result shows, this is also not the case for the Benjamin-Ono
equation for which s} = —1/2 and s2° = 0.

LFor dispersive periodic equations whose nonlinear term is of the form u%u, the smooth-
ness of the flow-map holds not for the original equation but for the equation satisfied by
u(t,z) = u(t,z — fotjcuq). Note, however, that for ¢ = 1, since the mean-value of u is
conserved, the smoothness of the flow-map associated with @ ensures the smoothness of
the flow-map associated with the original equation on hyperplans of functions with a given
mean-value.



Our proof deeply relies on the well-posedness result in L?(T) established
n [11]. Recall that the proof of this result used in a crucial way that some
gauge transform of the solution, first introduced by T. Tao (cf. [14]), satisfies
the equation (13) (see Section 3.1) which enjoys better smoothing effects
that the original one (see [7] for a note on the bad behavior of the original
equation with respect to classical bilinear estimates). Here we will also
used the special structure of this equation. We proceed by contradiction.
Assuming that the flow-map associated with the Benjamin-Ono equation
is continuous from L?(T) equipped with its weak topology into the space
of distributions (C*°(T))* we will first check directly from the expression
of the gauge transform that the flow-map associated with it should also be
continuous with respect to these topologies. Then, proceeding as in [13] we
will pass to the limit on the equation (13) for some subsequence of gauge
transforms by separating resonant and non resonant parts of the nonlinear
terms. We will prove that its limit does not satisfy exactly (13) but a
modified version of this equation. This will lead to the desired contradiction.

1.1 Main results

Our main theorem is a result of discontinuity of the flow-map associated
with (1) for the weak L?(T)-topology. Since L?(T) is compactly embedded
in H*(T) for s < 0, it ensures the ill-posedness of the periodic Benjamin-Ono
equation in H*(T) with s < 0 (see Remark 1.2 below).

Theorem 1.1 Let ug € L*(T) be a non constant function and {ion} be
any sequence of L*(T) converging strongly in L*(T) to ug. We set ugp :=
fig.n + cos(nz) so that ug, — ug in L*(T) and denote respectively by uy,
and u the solution of the Benjamin-Ono equation (1) emanating respectively
from ug, and ug. Then for any T > 0 there exists t €]0,T'[ such that {u,(t)}
does not converge towards u(t) in the distribution sense.

Remark 1.2 Since L*(T) is compactly embedded in H*(T) for s <0, The-
orem 1.1 ensures that for all non constant function ¢ € L*(T) and all
T > 0, there exists t €]0,T[ such that the map ug — u(t) associated with the
Bengjamin-Ono equation is discontinuous at o in any Sobolev space with neg-
ative index. This proves the strong ill-posedness of the periodic Benjamin-
Ono equation in H*(T) with s < 0.

Remark 1.3 Note that taking o, = ug, for all n € N, this ensures that
the discontinuity result holds also on hyperplans of functions with a given
mean value.



2 Function spaces and notation

Let us first introduce some notations and function spaces we will work with.
For z,y € R, z ~ y means that there exists C1, Co > 0 such that Cy|z| <
ly] < Cq|z| and = < y means that there exists Co > 0 such that |z| < Csly|.
[x] will denote the entire part of a real number z.

For a 2m-periodic function ¢, we define its space Fourier transform by

(k) == Ful) (k) = —

/e_““ o(x)de, VkelZ
T

and denote by V(+) the free group associated with the linearized Benjamin-
Ono equation,

Vt)p(k) = e * It o(k), kez.

The Sobolev spaces H*(T) for 2m-periodic functions are defined as usually
and endowed with

el e (ry == [KE)*@(k) r2(zy = 1Tzl 2 () 5

where (-) := (14 |- |2)"/2 and Jsp(k) := (k)*@(k). We will denote by Hg(T)
the closed subspace of H*(T) that contains the functions of H*(T) with
mean value zero.

For a function u(t,z) on R x T, we define its space-time Fourier transform

by

(T k) = Foo(u)(r, ) = (2% /R T ut,), V(rk) € R x
X

and define the Bourgain spaces X, Z%% A’ and Y* of functions on T?
endowed with the norm

[ull xo.0 = (7 + [[B)* (k)@ L2®xzy = 1(T)*(B)* Fra(V (—t)0) | L2®xzy (2)
[ull zo.s == [[{7 + ‘k’k>b<k>sﬁ”l2(Z;L1(R)) = ”<T>b<k>sﬂ,x(v(_t)u)”lQ(Z;Ll(R)) , (3)
lullap o= [T+ kIR all i @xz) = 0 Fra(V(=)u) | Li@xz)  (4)

and
[ullyss = llullxv.s + llull go-1/2.s (5)



where we will denote the Wiener algebre A° simply by A. Recall that
Y128y 708 < C(R; H?).
LP(R; LY(T)) will denote the Lebesgue spaces endowed with the norm

1/p
[ell o gizamy) = (/R latt, Macay dt)

with the obvious modification for p = oco.
Let u =} .~y Aju be a classical smooth non homogeneous Littlewood-
Paley decomposition in space of u, Supp F,(Aou) C R x [-2,2] and

Supp F(Aju) C R x [—27T1 2771 UR x 2771 27%1]) 5 > 1
We defined the Besov type space ﬂt‘l’ \ by
1/2
etz ey = (3 I8kl ) - (6)
k>0

Note that by the Littlewood-Paley square function theorem and Minkowski
inequality,

Jullsqecry ~ | (i@w)z)lﬂ(

k=0

> 1/2
LA(RXT) S (Z HAWH%‘*(RXD) = H“”L4(Rx1r)
k=0

and thus L*(R x T) < L*(R x T).

We will denote by P, and P_ the projection on respectiveley the positive
and the negative spatial Fourier modes. Moreover, for a > 0, we will denote
by P, Qu, P>, and P-, the projection on respectively the spatial Fourier
modes of absolute value equal or less than a, the spatial Fourier modes of
absolute value greater than a, the spatial Fourier modes larger than a and
the spatial Fourier modes smaller than a.

We will need the function spaces N and R? respectively defined by

ullv == flullz00 + [[Qsull x7/s. -1 + l[ull fa @)
and
[Fl|go := [ Fllxo.0 + 1 Fll oo oz (1)) + 1 Fell faggury + 1F N4,

Finally, for any function space B and any 0 < T < 1, we denote by Br the
corresponding restriction in time space endowed with the norm

lull 57 = inf{lvlls, v(-) = u() on ] =T, T[} .

It is worth noticing that the map u — u is an isometry in all our function
spaces.



3 Well-posedness result, gauge transform and lin-
ear estimates

The proof of Theorem 1.1 uses in a crucial way the well-posedness theorem
proved in [12].

Theorem 3.1 For all ug € H*(T) with 0 < s < 1/2 and all T > 0, there
exists a solution u of the Benjamin-Ono equation (BO) satisfying

weNp and  w:=0,Pu(en ) € X/ (7)

where

— 1
:u(t,x—t][uo) —][u() and 07" = ?SEZ*
(2

This solution is unique in the class (7).

Moreover u € C(R; H¥(T)) N Cyp(R; L3(T)) and the map up +— (u,w) is
continuous from H*(T) into (C([0,T]; H*(T)) N Np) X Xl/2 * and Lipschitz
on every bounded set from H(T) into H*(T) into (C([0, T] H*(T))NNr) x

X711/2’S follows

Note that the fact that ug — w is continuous from H*(T) into X/ 125

not explicitly stated in Theorem 1.1 of [12] but follows directly from the
estimate (106) page 674 in [12].

3.1 The gauge transform

As indicated in the introduction, we plan to study the behavior of the flow-
map constructed in the above theorem with respect to the weak topology of
L?(T). To do so we will use in a crucial way the equation satisfied by the
gauge transform

w = P+(e_i8;1ﬂ/221)

of the solution u. Let us thus first recall how to get this equation.

Let u be a smooth 27-periodic solution of (BO) with initial data ug. In
the sequel, we assume that u(t) has mean value zero for all time. Otherwise
we do the change of unknown :

it 2) = ult,z — 1t ][uo) _ ][uo , (8)

where fug := Py(up) = % Jpuo is the mean value of ug. It is easy to
see that @ satisfies (BO) with ug — f ug as initial data and since § @ is



preserved by the flow of (BO), u(t) has mean value zero for all time. We
define F' = 9, 'u which is the periodic, zero mean value, primitive of u,

F0)=0 and F(¢) = %a(g), WA

Following T. Tao [14], we introduce the gauge transform

W= Py (e /%) (9)
Since F satisfies
F?2 1 F?2 1
Fy+HEpy = =2 — ~ JF2 =2 — —Py(F2
t+H 2 2 ][ T 2 2 0( (E) )
we can check that w:= W, = —%P+(e_iF/2Fw) =1 ' (e7 /24, satisfies
. i i
Wy — Wey = —0gPp |:€ /2 <P—(Fxx) - ZPO(F§)>]
= 9P, (WP_ (um)) + iPO(Fg?)w . (10)

On the other hand, one can write u as

U= eiF/2€_iF/2F;E — 2Z eiF/28w(e—iF/2) — 2Z'eiF/2w+2ieiF/2amP_(e—iF/2)

Recalling that u is real-valued, we get "
uw=1u=—2ie " w — 2ie /29, P_(e-F/2)
and thus
P_(u) = —2iP_ (e—"F /%) — 2P (e—"F 128, Py (iF /2)) (12)

since P_(v) = P4 (7) for any complex-valued function v. Substituing (12) in
(10), we obtain the following equation satisfied by w :

Wy — Wey = 210, Py (W@xP_ (e_iF/2@)>

42i8, Py [W&CP_ <e—iF 128, Py (iF /2))] + LW

4
= A(G, W)+ B(G, W)+ iPO(FQf)Wx . (13)
where G := e~*/2. Note already that the last term in (13) can be rewritten
as ‘ ‘
l i
—Py(FAOW, = — 2 14
TREW, = ([ . (14)

since [ u? is a constant of the motion for (1).

7



3.2 Linear estimates

Let us state some estimates for the free group and the Duhamel operator.
Let ¢ € C3°([—2,2]) be a time function such that 0 < <1 and ) =1 on
[—1,1]. The following linear estimates are well-known (cf. [3], [5]).

Lemma 3.2 For all p € H*(T), it holds :

[V B¢l xrzs S llellas (15)
WOV Oellyrzs S llellas (16)
[V (E)ella S 6l - (17)

Proof. (15) and (16) are classical. (17) can be obtained in the same way.
Since V(t) commutes with any time function and

Fra(V()w(t, ) (1, k) = o(r — k|k|, k)
we infer that

1@V (©)ella

V)Y @)ella = Fre (o)L ®xz)
= Wlnmlélng S I1eln@

Lemma 3.3 For all G € X Y250 Z~55 it holds

t
Ilw(t)/o V(= t)GE) dt [y10 SNGllx-120 +1Gllz-1s,  (18)

IIzb(t)/O V(t—t)G(t) dt' |4 < 1Glla— (19)

and for any 0 < § <1 and any 0 <b < 1/2,

t

Ilw(t/é)/ V(t = t)G() dt llyrjoe S 827Gl x0s . (20)
0

Let us recall that (18)-(19) are direct consequences of the following one
dimensional (in time) inequalities (cf. [5] and [6]): for any function f €
S*(R), it holds

60 [ 1)1y S 1o+ | ZEL

{

L' (R)



and

|7 (w0 [ serar) |

Finally to handle with the nonlinear terms we will make use of the following
linear estimate due to Bourgain [3] (Actually, the result in [3] is proven for
Bourgain’s spaces of functions on T? associated with the Schrédinger group
but the result for functions on R x T can be obtained in exactly the same
way and the result for Bourgain’s spaces associated with the Benjamin-Ono
group follows directly by projecting on the positive and negative modes) .

Fi(f)
(r)

<
LY(R) ™ L(R)

[0l aexr) S vl xsso (21)

Note that according to [6] this ensures that for 0 < 7' < 1and 3/8 < b < 1/2,

vl 2 q—7,rx1) S Tb_3/8HU|!X;ﬂ : (22)

4 Proof of Theorem 1.1

Let {uo,} = {ton + cos(nz)}, where {tg,} is any sequence converging
strongly in L?(T) to some non constant function ug € L?(T), and let u,,
and u be the associated emanating solutions constructed in Theorem 3.1. It
is clear that {ug,} converges to ug weakly but not strongly in L?(T). We
want to prove that there exists no 7' > 0 such that the sequences {u,(t)} do
converge weakly in the sense of distributions towards u(t) for all ¢ €]0,T[. In
the sequel we will restrict ourselves to the case where the functions 4, and
up have mean value zero. Indeed it is obvious that ug, — f uo,, converges
also weakly but not strongly in L?(T) to ug — f up and since the solution
emanating from ug — § ug, is given by u(t,z —t f ug) — f uo, it is clear that
the result for the projections on H{(T) ensures the desired result for {ug,}.
Theorem 1.1 will be a consequence of the following key proposition.

Proposition 4.1 Let ug € H)(T) and {uon} C HY(T) be a sequence con-
verging weakly in L*(T) towards ug. Then there exist v € N1 and a subse-
quence {uy, } of solutions to (1) emanating from {uo,} such that uy,, (t) —
v(t) forallt € [-1,1].

Moreover, if we assume that v satisfies (1) on 10, T[, with 0 < T < 1,
then the following assertions hold on the sequence of gauge functions {ws, =

8IP+(e_ia;1“nk )}

i) Wy, — 0xPy(e7/?) in X11/2,0 that is continuous from [0,T] into
L?(T) and satisfies (13) on ]0,T.



i1) There exists an increasing subsequence {ny} of {ny} such that wy,,, —
w in X11/2’0 that is solution of
Wy — Wy = 200y Py (W@mP_ (e~*F /%))
+2i0, Py [W@wP_ <e_iF/28wP+(eiF/2))] + LPy(vHw  on]0, T,
1
5= (02 = uolZ2(r)) = 8a(t) = llo @)l F2ry) ) w
w(O) = axp+(ei3;1uo/2)

(23)
where F := 07w, W := 97w, o? lim /|u0nk,
nk—H-oo
and t — a(t) ;== lim / [wn,, (t)|° is a continuous function.
nj—>—+00

The proof of this proposition is the aim of the next section. The first part
will follow directly from Theorem 3.1. Then assuming that v satisfies (1)
on |0,7] we will prove the two assertions in the following way. On one
hand, we will observe that due to the expression of the gauge transform, the
sequence {wy} has to converge weakly in X; 1/20 ¢4 Oy Py (e70x "/ 2) which
must satisfy equation (13) on ]0,7[. On the other hand, passing to the limit
in the equation (13) for some subsequence of {wy,} we prove that its weak
limit in X 11 /20 must satisfy the equation (23) which is a kind of perturbation
of (13) by some terms that measure some defect of strong L?(T)-convergence.
From Proposition 4.1 we deduce that there exists v € N; and a subse-
quence of emanating solutions {u,, } such that uy,, (t) — v(t) in L*(T) for all
€ [—1,1]. If there exists no T' > 0 such that v = u on [0, 7] then Theorem
1.1 is proven and so we are done. We can thus assume that v = u on [0, 7]
and thus v verifies (1) on ]0,T[. Let us now prove that the assertions i) and
i1) cannot hold in the same time. For this, let us compute the defect terms
at the initial time for our sequence of initial data. First, since ug , — up in
L?(T), it is obvious that

lim /]uo,n\zz/\uo\z—i- lim /]cos(na;)]2:/]uo\2+27r. (24)

The computation of the second term is done in the following lemma.

Lemma 4.2 Setting wq.,, := 0y Py (e701/2) and wg := 0, Py (e7*0/2) with
Fopn = 8;11107” and Fy := 0, tug , it holds :

lim /|w0,n|2:/|w0|2—|—ﬂ'/2. (25)
T T

n— o0

10



Proof. We observe that

/|w0,n|2 = /‘P+(u0,ne_iF0’"/2)
T T

= /‘P+(a07n€_lpo,n/2)‘ —i—/‘P_,_(COS(nx)e_ZFO”Lp)
T T

+2§R/ Py (cos(nx)e Fon/2 P, (i ,e=iFon/2)
T

:

where Fy,, = ;g + %

Now, since g, — ug in LQ(T), Fy, and e converge respectively
to Fy and e~/2 in any H*(T) with s < 1 and thus in L>®(T). It is then easy
to check that qlo,ne_“‘%»"/2 — uge /2 ip L?(T) and thus A4, — fT lwo 2.
To compute the limit of C,, we notice that C,, can be rewritten as

1Fo,n/2

Cn == 2§R/ COS(TlI’)e_iFO’n/2P+ (ﬁ07ne_iF0,n/2)
T

and thus, in the same way, C,, — 0 since cos(nz) — 0 in L?(T). Finally, for
the same reasons, we get

= lim
n—oo T

. 2 n . 2
lim B, = lim /‘PJr(cos(nm)e_lFo/z)‘ —e—ZF0/2‘ =7/2,
n—o0 n—oo T

where we used that for any g € L?(T), it holds
. 2 . 2
g [le-(eg)| = g [ [P () <o
O

Gathering (24) and (25) we infer that for our choice of the sequence {ug,}
it holds

7
Am

(07 — o lF2r) = =(a(0) = [w(O)[32(r) =
Since t +— a(t) and t — 9, Py (e~ ¥/?) are continuous functions from [0, 7]
into respectively R, and L?(T), this leads to a contradiction between the
assertions i) and i) of Proposition 4.1 as soon as 8IP+(e_ia;1“0/2) # 0. But
this is always the case as shown in the following lemma which completes the
proof of the theorem.

11



Lemma 4.3 For any non identically vanishing ug € L*(T) with mean-value
zero, it holds
a1
Py (e u0/2) £ Cst

Proof.  Since 0;1ug € HY(T) and Py(g) = P_(g) for any complex-valued
function g, it is equivalent to prove that P_(e'f) # Cst for any non identi-
cally vanishing function f € H'(T) with mean-value zero. We proceed by
contradiction by assuming that there exists such f for which P_(e¥) = Cst.

We could then write -
eif _ Z aneme
n=0

and thus /(9) = F (&) where

F(z):= i anz"
n=0

is an holomorphic function on the unit disk. It is well known that the number
of zeros in the unit disk of an holomorphic function H is given by

1 H'(z)

d
27t Joo H(z) -

where C! is the unit circle. Noticing that dy(F(e??)) = ¢/(@)if'(f) on one
hand and 9y(F(e?)) = F'(¢%)e on the other hand, we infer that

1 Fl(z) , 1 [, _ 1 _
57 o 72 T 2 ), F(0)do = 5—(f(2m) - f(0)) = 0.

Hence, F' does not vanish in the unit disk and thus there exists an holomor-
phic function G on the unit disk such that F = €’“. It follows that

G(e") = () mod 2, V6 € [0, 2],

and, since f is continuous, this implies that actually G(e?) = f(0) + Cst.
Therefore GG is an holomorphic function on the unit disk that takes only
real-values on the unit circle. This is clearly impossible unless G = C'st
which forces f = Cst = 0 since f has mean-value zero. O

12



5 Proof of Proposition 4.1

First we observe that, on account of Banach-Steinhaus theorem and The-
orem 3.1, the sequence of emanating solutions {u,} is bounded in N; and
the corresponding sequence of gauge functions {w,} is bounded in Xll/ 20
Therefore, up to the extraction of a subsequence, {u,, } converges weakly
in L*(] — 2,2[xT)) and weakly star in L>®(] — 2,2[; L*(T)) to some v in
L>®(] — 2,2[; L*(T)) N L*(] — 2,2[xT)). Let us check that v € N;. To do
this, we take time extensions t, of u, such that ||t,|n < 2|u.|/n, and set
Uy = i, where 1) is the bump time function defined in Section 3.2. Obvi-
ously Qst, — Q30 in X 7/8.=1 where © is a time extension of v. It remains
to prove that o € Z%0. Since L*(] — 2,2[xT)) — L?(] — 2,2[xT), it follows
from Parseval theorem that Fy ;. (t,,) — F..(9) in [2(Z; L?(R)). On the other
hand, since {i,,} is bounded in Z%°, we infer that this convergence holds also
weakly in [2(Z; M(R)). Therefore, F; .(0) € 1*(Z; M(R)) N 1*(Z; L*(R)) —
12(Z; L*(R)). This ensures that v € N1. Moreover in view of (1) it is easy to
check that for any smooth space function ¢, the sequence {t — (uy, (t), ¢)r2}
is bounded in C([—1,1]) and uniformly equi-continuous. Hence, from As-
coli’s theorem, (up, (t),¢) converges towards (v(t),¢)r2 in C([—1,1]) and
thus up, (t) — o(t) in L*(T) for any t € [~1,1]. Hence, in particular,
v(0) = ug.

We will now assume that v satisfies (1) on |0, T'[ for some 0 < T' < 1 and
prove the assertions i) and 7).

5.1 Proof of the first assertion

We set F, := 0, 'u,. From the hypotheses, {0,F},} is bounded in N; and
thus {F,} is bounded in X 10 L Since from the equation,

1
O0F, + WO, = F2./2 - 5 2, (26)

and {0,F,} is bounded in L*(] — 1,1[xT), it follows that {F,} is also
bounded in X11 0, By interpolation with the bound above, it follows that
{F,} is bounded in X11/2’1/2. Since LP(] — 1,1[xT) is compactly included
into X11/2’1/2, we deduce that {F,} converges to d;'v in LP(] — 1,1[xT),
2 < p < oo and thus also almost everywhere in [—1,1] x T. Therefore,
{e=""/2} converges almost everywhere to e~"¥/2 and since it is obviously
bounded by 1 in L>°(] — 1,1[xT), the convergence also holds in D’ by the
dominated convergence theorem. This ensures that W, := Py (e~*"/2) con-

verges to P+(e_i8;1”/2) in D' and thus w,, which is bounded in X11/2’0,

13



converges to 0, P4 (e weakly in Xll/ 20, Moreover, since v € Nj —

C([~1,1]; L*(T)) and v ~ 890P+(e_i851”/2) is clearly continuous in L?(T),

t = 0y Py (e7/2) belongs to C([0,T]; L*(T)).

Let us check that 9, P (e”% "o/ 2) satisfies the equation (13) on 0, T with

F := 9;'v (note that this is implicitly contains in Theorem 3.1 since v sat-

isfies (1) and belongs to the class of uniqueness). Since v € C([0,T]; L*(T))

and satisfies (BO) on |0, T'[, v; € C([0,T); H~2(T)). Therefore F € C([0,T]; H*(T))N
C([0,T); H71(T)) and the following calculations are thus justified:

—i@;lv/2)

0P (%) = —§P+(Ft€_lp/2)

i —
= 2P (T HE + F2 /2 - R(F2)/2))

and
Bpu Py (e7F/2) = P (e—"F /2(~F2/4 — iFy, /2))

Since (11) and (12) also make sense for v, we conclude that 9, Py (e~ "o/ 2)
satifies (13) in D'(]0, T[xT). O

5.2 Two product lemmas

In the sequel we will have to make use of the two following lemmas that are
respectively proven in the appendix of [12] and [11].

Lemma 5.1 Let z € L®(R; H'(T)) and let v € L*(R x T) then

lzolza ry S (2l zoe@em + ool oe@zzm) Wl agery - @7)

Lemma 5.2 Let a >0 and 1 < ¢ < oo then

|pepy(rP-tu)|, S IDE Sl 102y~ (29)
, ' _ Mm=a, 72 =0
with 1 < g; < oo, 1/q1 +1/q2 = 1/q and{ v = a1

5.3 Proof of the second assertion

As announced, we plan now to pass to the limit in (13). For this our first

task consists in proving that the sequence {G,} := {e~*"} is bounded in

Rz/s and converges weakly in (Xll/z’oﬂX?’l) to G = =10z v/2 (see in Section

2 the definition of the space RI/ 8). Then, in view of the linear estimates

of Section 3.2 we will study the behavior of A(G,,,W,,) and B(G,,W,) in

~1/2,0 . . o —1/24,-2
Y, /20 and in some spaces continuously embedded in X, /272

14



Lemma 5.3 The sequences {Fy,} and {W,} associated with {u,} are re-
spectively bounded in R} and Xl/2 "N L®(] — 1,1[; HY(T).

Proof. First, note that the result for {W,,} follows directly from the bound-
edness of {F,} and {w,} in respectively L°°(] — 1,1[; H'(T)) and Xl/20
together with the continuity of the map F'— Py (e ~iF) 2)in HY(T). Let us
now prove the result for {F,}. We set F, := ¢*F, where 1 € C§°([-2,2])
is a time function such that 0 < ¢ <1 and w =1 on [—1,1]. From Theo-
rem 3.1 and (26) we already know that {F},} is bounded in X%' N X0 and
that {0, F,} is bounded in L*R x T) N Z°0. In particular, {F; (0. F,)}
is bounded in 12(Z; L*(R)) and applying Cauchy-Schwarz in k it follows di-
rectly that {Q30,F),} is bounded in A. On the other hand multiplying (26)
by 1? and using Lemmas 3.2-3.3 we infer that

Fi(Po((eun)?)

Uy, * YU
||P3F HLl RXZ) < ||P3F0 n”ll(Z —|—HX{|,€<3}¢<7>T’Z)‘

Ll(RxZ)+H (o)

Applying Cauchy-Schwarz inequality in 7 and & , it follows that

IPsFallinsy S 1PsFonlng) + |[#un « dun

+ [1Po($un)*)ll r2(r)

L2(RXZ)
S N Pyuonlle@ + [Yunll7a@sr
S lwonllzeery + % -

This ensures that {P3E,} is bounded in A and completes the proof of the
lemma.

Lemma 5.4 Let {F,} be a sequence bounded in R} that converges in (C*°(]—
1,1[xT))* to F then the sequences {G,, = e~ "*"/2} and {G, = "/} are
bounded in Rz/g and converge in (C=(] — 1,1[xT))* to respectively e~**'/?

and eF'/?,

Proof . Since the sign in front of iF" we not play any role in the analysis we
choose the positive sign and thus we prove the statement for F' — G. We
start by proving the continuity of the map F +— eF/2 from Rl into R7/ 5
Let F' be a time extension of F' such that ||F||m < 2||F|| ri- To snnphfy the

notations we drop the ~in the remaining of the proof. Expanding e /2 g

i~ ik

eur/zzz ok
k|
—2 k!

15
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it suffices to check that this serie is absolutely convergent in R7/8. First we
notice that thanks to Lemma 5.1, for ¢ > 2,

Haac(Fi)HfA(RxT) S { HFi_laxFHDI(RX'E) S i2||8wF‘|i4(RXT)‘|F‘ iiog(RX’]f)(1+HFHL°°(R;H1(T)))

and thus
- 1 7 F
;‘ 2ii!ax(F) FA®RXT) SJ ”896F|’L4(RX11‘)(1 + ”F”LOO(R;Hl(T)))e” la .

Next, using that A and L°(T; H'(T)) are algebras, it clearly holds

IS i< IFlla
Z‘ Qii!F A”ZQ:'Z'!HFHANG .
=0 i=0
and
1
>|smF O T
i=0 24l llzee@smy () ™

It thus remains to estimate

L = || F | xr/s0 = H<0>7/8 > Fq1,k1)...F(gi, ki)
q+..qi=q, k1+..ki=k

L2(RXZ)

where ¢ > 2 and 0 = o(q, k) == g + k2. Since we do not have a control
on |[Fiz(|kF|)||La but on [[0,F[[s we have to use a Littlewood-Paley

decomposition. We can write F* as

[j1—2—Ini/In2]

F' o= Z Z Aj FAGF Z n(jl”"ji)HquF

J120 J2=0 0<73,.-,5i<J2 q=3
J1 i
+> > AGFALE > a0 [[ALF
J120 jo=[j1—2—1Ini/In 2]+1 0<73,.-,Ji<Jj2 q=3
[j1—2—Ini/1In2] 1
- Z Z 1?17.72 + Z Z Tj?l,jz (29)
j1>0 j2=0 7120 jo=[j1—2—Ini/ In 2]+1
where n(j1,..,75:) € {1,..,i(i — 1)}. '
e Contribution of the first term of (29). Setting o} ,, = 8+ji1+j2+Ini/In2,
we first write
i < Z. /8 P H Z. 7/8 P
1Tl S |ty @7 Foa @) | et 07 @),
Tak /8 i ) 7/8 i
S 2RI e+ e 0 P T ), (30)
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Noticing that

L2y 5 (18P )

0<jjs,ji<jz q=3
< FIG

and that by frequency localization,

185 Fllzaxry S 277 (1P Lzagoem + I Fall agas))

we infer that

[j1—2—Ini/In2]

7 8
Z Z 27552/, 7 ill2@x)

Jj120 Jj2=0

< Pi—1) Z Z 28 Ay Fll pa (o) 2723 Ay F || ey || P12
Jj12072>0

S P@i-1) Z Z 278972 /8(|| F|| pamcry + |1 Pell oy 2N F Iy 2
Jj12072>0

< 2= DUIF I @er) + I Fell La@r) I F152

To estimate the second term of the right-hand side of (30) we notice that,
since jo < j;1 —2—1Ini/In2,

Fra(Th ) (7 ) S (i = 1) > | F (1, k)| F(ra, ko) T 1F (7 )|
BOF p=3
1,51
where
thjk; = {(T177T’l7k177k7,) G Rl X Zi7ZTp = ’7'7 ka = k7 ‘kl‘ e Ijl?
p=1 p=1

ilks| < k| and [ky| < min(2[ks| + 2, [kn|/i)p = 3,1 }

with Iy := [0,2] and I, := [2F71 28] for k > 1. Now, setting o; :=
o(7i, ki) = 7; + |ki|k;, the resonant relation gives

o= op=klk| = Kkl = O k) Kil =D kylky] (31)
j=1 j=1 j=1 j=1 j=1
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q,k

., it is not too hard to check
3J1,72

and, since k and k; have the same sign in B
that

o= 05| < Silka|(Jka| +1) .
j=1

For |g| > 28++a2Hmi/In2 > 9041k |(|ka| 4 1) it thus results that

(o) < i max (o)
Jj=1,i

and thus

[j1—2—Ini/In2]

X ad <U>7/8-7:t, (T}, ;)

]'12;0 ]‘QZ::O H {lo|>2 7192} T 71,72
j1—2—-Ini/In2

12(z)

< 2—j1/82—j2/8H ; £ (T .
- ];o j;::o X\ e g
S A= DIF Lo IFIT (32)

e Contribution of second term of (29) . We proceed in a similar way. We
set ﬂ;l,h ;=84 j1 + j2 +2Ini/In 2 and notice that

Ji
_ 7/8 ;
> > HX{|cr|s5;1,j2}<J> Fra(Tjvi)| ooy
7120 ja=[h—2-Ini/In2]+1
[j1—2—Ini/In2] )
6L . /8 i
Y 2T g
Jj120 J2=0
Sidi—1) Z Z 28| Ay Pl e 27928 | A, Fl| paoeny | FII %Y
71207220

S = DI Fll s @er) + 1 Fella@nn)IFIS -

On the other hand, since this time jo > j; —2 — Ini/In 2, we have

Foa (S5 ) (1 B) S i = 1) Y [P (e, k)| Fra, k)| T 1F (7, k)]

i e
where
i 7
crk = {(Tl, o Ti ki, k) ERV X ZLY 1y =1, S ky =k, || € Iy,
p=1 p=1
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10ilks| > k1| and |ky| < 2lka| + 2,p = 3, z} .

(31) then ensures that in C’Z ]lj it holds

i
o = o] < 100i* max(2, |k |) max(|ks|, 2) .
j=1
For |o| > 29532 > 200i? max(2, |k |) max(|ka|,2) it results that
(0) S imax(oj) .
j:]-vvi

.3 s
and we thus obtain an estimate similar to (32). Since > 2, * (21”.!1) < 00,

this completes the proof of the strong continuity of the map F' — G from
1 - 7/8
R into R;"".

Let us now prove the convergence result. On account of the continuity

result proved above, the sequence {¢*¥/2} is bounded in RI/ ®. Therefore it is

relatively compact in (C*°(]—1, 1[xT))* and thus it remains to check that the
oiF/2

only possible limit is . Since the serie D ;oo % converges absolutely
in L*(]—1, 1[xT), by the Lebesgue dominated convergence theorem it suffices
to check that for any fixed k, the map F' — F* is strongly continuous from a
function space E, where R is compactly embedded, into (C°°(]—1,1[xT))*.
Obviously F = L™*(2k)(R x T) answers the question for 1 < k < co. Indeed
X11/2,1/2 is compactly embedded in LF(] — 1,1[xT) for 2 < k < oo and
F — F* is continuous from L™#2)(] — 1 1[xT) into L'(] —1,1[xT). O
Let us now prove the desired continuity result on B.

Lemma 5.5 Let {(G,,W),)} be a sequence bounded in RI/S X X11/2,1 that

converges in the sense of distributions to (G,W) . Then B(G,,W,) con-
verges weakly in X1_1/2+’0 to B(G,W).
1/2,1

Proof . Let (G, W) belonging to RI/ 8 x X7 We take extensions G and
W of G and W, supporting in time in | — 2, 2[, such that |G| y7/s S |G| 7/
1

and ||W| y120 < [Wl1/2.1, that we still denote by G and W to simplify
1
the notation. From (21) we infer by duality that
I1B(G, W)l x-1/240 S IB(G, W)l Lss ety -
According to Lemma 5.2 it results that

IB(G, W)l x-1200 S w0l pageocr)|

9,P- (Gaxpﬁ) (

L2(RxT)
Slwll pa@xm)l10:Gll L4 @xm) 102Gl L4y - (33)
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This proves that B(G,,, W),) remains bounded in X —1/2+:0 Now to prove the
convergence result, we will argue as in the preceding lemma by proving the
strong continuity of B from a function space, where (X11/2,0 ﬂX?’l) X X11/2,1
is compactly embedded, into X1—1/2,—1‘ Since Xll/?”l/3 = [X11/2’0,X?’1]2/3 is
compactly embedded in LS(] — 1, 1[xT), we infer by interpolating with wu, €
L*(] — 1,1[xT) that RI/ ® is compactly embedded in the space of functions
u € L] — 1,1[xT) such that D¥u belongs to LY?(] — 1,1[xT). On the
other hand, using again Lemma 5.2 and (21) we observe that

IB(G, W)l xryo 1 < HP+ (Waxp_(caxpﬂ)) \

LA/3(RXT)

<ID2PW

1 (RxT) HD;BP_ (Ga“’”P*é) ‘

LO/4(RxT)
SIW I xs/s2/8 DGl por2 ey 1D Gl o2 ey -

This concludes the proof since Xll/ 21 s obviously compacty embedded in
x3/8:2/3 O
1 .

Let us now study the continuity of A.

7/8 1/2,1

Lemma 5.6 The operator A is continuous from R;’" x X imto Y1_1/2’0.

Proof. Let (G, W) belonging to Rz/g X X11/2’1. We take extensions G and W

of G and W, such that |G| zrs < 2G| /s and W]l 51720 < 2[[Wll 1721,
1 1

that we still denote by G and W to simplify the notation. We decompose
A(G, W) as

AGW)=2i Y 0,P: (Wawp_(AjmpG)
7,peEN
=2 3 8wP+<W8mP_(AijpG>
0<j<p+5
+2i Y amp+(wamp_(AijpG)
0<p<j—5
=A; + Ay . (34)

To estimate the first term we use again (21) and Lemma 5.2 to get

[ AL (G, W)l x-17240 S I1AL(G W) Lass )
ptid

S ol sy | 30 0P (3 A5w4,6)|
p

Jj=0

L2(RxT)
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and the last term of the above right-hand side can be estimated in the
following way ( we set Aj:= Aj_1 + A; + Ajyq for j > 1)

p+4

_HZZ?P ZAwAG‘

p>0

< HZ@ 2% A <8$P‘(.ZO ATTAG)) ‘
p=0 i= Jj=
p—2

+HZ A, (&CP_(Z ATA,G))|

=0

IS 3 (w0

p>2i=—1

L2(RxT)

L2(RxT)

L2(RxT)

L2(RxT)

S Gllpa@xmyllwllLa@xr) + [ZHA (8 P_( ZA WA G))‘ }1/2

p>2

(- 3.8,

L2(RxT)

p>2i=—1 L2(RxT)

where in the last step we use the quasi-orthogonality of the A; in L?(R x T).
Applying Cauchy-Schwarz in p for the last term of the above right-hand side
member, we finally get

1/2 1/2
CSIGH@emlwlxizo + (D 10:8G R agery)  [Iwlzaemy + (O 18pwldaanr)) |
p

p

S (IGzs ey + 10:Gllaqgsery el x1/20 -

Now setting
H,= Y AwAG (35)

Jj=p+5

Ay can be rewritten as

A(GW) = 0,P. (WaxP_Hp> .

p=>0
We thus have to estimate

= ((AQ(G, W), h) L2‘
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: Z /R2 ZX{’“SQ””}’E@ R)I[K[W (71, k1)||k = k[ Hp(72, k2)| dridrs
B

p=>0
+Z/ ZX{I@>2P+5}|E(77k)HkH/W(Tl’kl)Hk_k1||ﬁp(7_2ak2)|d7—ld7—2
»>07R* g
=L+1D

where k = ki + ko, T =71 + ™ and
B:={(k1,ko) €Z% k1 >0,k <0and k; +ky >0} .

The idea of this dichotomy is the following : In the domain of integration
of I, |k| is controlled by 2P which is the order of the modes of A,G. On
the other hand, in the domain of integration of Is the modes of h and W are
very large with respect to the modes of A,G and then the resonant relation
will give a smoothing effect.

We use that k1 > |k2| on B and a Littlewood-Paley decomposition of h to
get thanks to (21) and Cauchy-Schwarz inequality in p,

p
REY [503 @ ST DI (k) a8y )

p>0 B i=—6

S /RZZZW' Do 1Bpmih(r By, k) 27| Hp (o, k)

B i=—6 p>max(0,7)

Ssup Y D AT, k[ (71, ) [2P | Hyp (2, ko)
Z'Z_szmax(o,i) R? B

_ . . N 1/2 - ~
SIF ) s oery (0 WF D Bagery) (30 22217 UE DI e

p=>0 p>0

1/2

Note that X3/80 < L*(R x T). Moreover, since

Ay =AY ATAG)
j>p+5
i—2<j<it2
we infer that
IHp |72 ~ > N AH |72 @y S D IATI 1@ 1A Gl s ey
i>0 i>0

S HWHE@;/&O |’APG”2L4(]R><T)
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and thus

It S wllssso Pl xsrso (1G] x1720 + 102G | pageser) - (36)

On the other hand,

IERS /32 (K[ (T, k)W (1, k1)l [k = K |[@ (72, ko) |G (73, ks)| dridradrs
R Bo

where 7 : =1 + 19+ 73, k := k1 + ko + k3 and

By = {(k;l,kg,k;g) €73 k1 >0, ky <0, ky +ky+ ks >0

ko + ks < 0 and min([k], [ka|) > 10[ks] + 1} :

Note that on By we have 100k? < |ko|k and |k — k1| = |ko + k3| < 2]ka|.
Hence, |k1| < 2max(|k|, |k — k1|) < 4max(|k|, |k2|) and thus on Bs, it holds

3
o — 01 — 09 — 03] = ‘(Zk2)2 — kI + k35— kg\kg\‘
i=1

- ‘%gk + kg + k2 — kg‘kg“
> |kak| . (37)

Therefore, since clearly k1 > k on Bo,

Iz§/32\k!1/2!k2!1/2‘i1(r, k)| (1, k1 ) |[W(72, k2)||G (73, k3)|, dr dradrs
R G
S/B g max((o)/2, (o) Y2) |h(r, k|| (1, k1) | [0 (72, k2)||G (73, k3)| drydrodTs .
R* B

This last estimate together with (36) ensure that out of the domain Bz :=
Bs N {|o| > max(|o;])/10} the following estimate holds :

14o(E W) /200 S W /2 (10G 1 zagay + 1G1La + Gl rrso) - (38)
and that on the domain Bs, it holds

[A2(F, W)l x 1720 S IW 1 51/20 (102Gl za gy + G l4) - (39)
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Since X ~1/2+:0 is continuously embedded in Z~19, it thus remains to esti-
mate the Z~1%-norm of As(G, W) on B3. We proceed as in [12]. Note that
here we will replace W by Wy := ¢(-/6)W with 0 < § < 1 and make appear
a contraction factor in § > 0 ( we will need it in Lemma 5.10). By (37), in
this region we have :

(0) ~ (kka) (10)

We thus have to estimate

7 H ([BIky s (o, ) ||k — k| [W5 (72, k) [|G (73, Ks)|
= X{k>1}
C(1,k) (o)

where 73 ;=7 — 1 — 7o, k3 :=k — k1 — ko and

2L}

(41)

C(T, k‘) = {(7’1,7’2,]@1,]432) € Rz X Z2, k’l > 1, k‘g < —1,

min(k, [kz) > 10[k = k1 — k| + 1, Jo] > (Klk]) | -

Note that in C(7, k) with k£ > 0 it holds, as in Ba, k1 > max(k, |k — k1) and
k1 < 4max(k, |ke|). We divide Bs into 2 subregions.

e The subregion max(|o1], |o2|) > (/ﬁ’kz’)% We will assume that max(|oq|, |o2|) =
|o1| since the other case can be treated in exactly the same way. Then, by
(40), we get

1< H / |5 (1, k) [[05 (72, ko) | (ks) ™/ 125|G (3, k3 )|
~ Xtz C(r.k) (o)1 2356 (1)~ 1/8

where

(42)

2
2L

C(r,k) = {(r1,72, k1, ko) € C(7,k), |o1| > (lka)T6} .
and by applying Cauchy-Schwarz in 7 we obtain thanks to (22),

< 1/8,4 o —1/128) /4
IS [ st s kol k)~ 2GR

SIF (o)1) o @oemy IF ~ (1051 | ey IF " ((R) ™ 231G e ey
S8 wsll3a20 (1G] xo00 + [Glix01) (43)

where in the last step we used that for a function v € X% X%,

IF (R T2 o) | o ey S 0l xa2ear2- S Jollxo0 + [[o]lxor -
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e The subregion max(|oy|, |o2]) < (k:\k;g\)Tlﬁ Changing the 7,7y, 75 summa-
tion in 71, 72, 73 summation in (41) and using (40), we infer that

I3 HZ "“’1_1/ |05 (71, K1)l W5 (g2, k2)| |G(73, k3)|
Ofky  Im=TREFO(kk ) ra=k3+O([k k[ 1/10) rs€Z

2
lk

with C(k) = {k1 > 1,k < —1 and k — k; < —1}. Applying Cauchy-
Schwarz inequality in 7 and 75 and recalling that k; > 1 we get

IS [xtueny 3 )7 o) 53 () Kah) [ (G
Ck) R

2
where

Ki(k) = (/]R s (7, k)|? dr)"/? and Ko(k) = (/]R w5 (, k)|? dr) /2 .
Therefore, by Holder and then Cauchy-Schwarz inequalities,

I's H<k‘>_% /R D |G (s, k)| D Ki(ka) Kok — ki — k) drs

k3€Z k1€Z

<= /R|c?(¢3, k)l dry Y K (k) Kok — ko — k)|

k3€Z k1€Z

(2 Kik?) " %KQ(W/ 'Y [ 16t dn

ks€Z

2
lk

I

S lwsl| 22 ) Z/}R\G(Q&ks)!dm

ks€Z
551/16|’G|’A|’w5|’§<1/2,0 . (44)

This completes the proof of the lemma. O
We will now decompose A(G,W) in another way to study the behavior
of A with respect to weaker topologies. First we note that
A(G, W) =2id2P, (WP_ (wG)) — 2i9, P, (wP_ (wG))
=A1 (G, W)+ Ay(G, W) . (45)
The following lemma ensures that A; behaves well for our purpose.

Lemma 5.7 The operator Ay(G, W) is continuous from Xf/&l/s X Xf/8’7/8

into X1_3/8’_2.
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Proof. Up to the use of classical time extension of W and G, it is equivalent
to prove that

7= ‘ / S~ K2R (7, k)W (71, Ky )ik W (72, ko) G(73, k) dry dradry
R3 =
D

5 Hh”Xl/ZQHWHE(S/SJ/SHGHXS/S,l/S
with 7 =7 + 7 + 73, k = k1 + ko + k3 and

D= {(ki,ko,k3) €Z% ky >0, ky <0, kg + k3 <0, ki +ko+k3>0}.

Noticing that on D it holds |ky + k3| < k1 and thus |ko| < ki + |k3|, it is
straightforward using (21) to see that

I< /3 > K2R )| |3 W (7, B )| /B (W (7, Ko s | /3G (73, ks)| dry dradrs
R3 =

S Wl scsrsz W llssrsass Wl xars.zs |Gl xarsas -

We continue the decomposition of A by decomposing As(W, G) as

Ao(W,G) = —2i8, Py <w P (mg)
=2 Z(kl + k2 + k3)ﬂ;(k1)ﬁ(kQ)é(kg)ei(kl‘FkZ-Fkg)m
D
+2 Z k@ (k1 )w(—k1 )G (k)™
0<k<k:
= A1 (G, W) + Az (G, W) (46)
where

D = {(k‘l,k’g, k‘3) € Zg, ki > 0, ko < 0, kotks < 0, ki+ko+ks > 0 and ki+ko 75 0} .

17/16,0 A Xf/8,1/8) » X17/16,31/32 ;

Lemma 5.8 Ag; is continuous from (X nto

—7/16,-2
X, 62

Proof . Up to the choice of suitable time extensions of w and G we have to
estimate

1= / S kh(r, )1, ) (0, ) G (7, Ks) dry dodirs
R3 D
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where k = k1 + ko + k3 and 7 = 7'1 + 79 + 73. We divide D into 3 regions.
e Dy :={(k1,ko,k3) € D, k* > 55 max(ky, |ko|)}. In this region we get

[, % [ S IEIRG lln~4@(r1, k)bel @ k) |G, k)| drdradr
R D,

SAlxcsrs2llW 1o s, 3/4||G||x3/s,o :
e Dy := {(k1,ko,k3) € D, k3 > 55 max(ky, |ko|)}. In this region we get

[pu % [ S IR Bl 2@ k) el 20 s )l 516 )]
R

Skl s IW 1 5ass o 1Gllxossars -

o D3 :={(k1, ks, ks) € D, max(k? k3) < 55 max(kq, |kz|)}. In this region we
use the resonant relation. Setting o = o (7, k) := ¢ + |k|k and o; = o (7, ki),
we have

0'—0'1—0'2—0'3:k2—]€%+k§—’kg’kg.

Since on Ds, |k1| # |k2|, it holds
kY — k3| > max(ki, |k2|)

and thus
max(|o|,[o:]) Z max(ky,|k2|) .

Therefore in D3 we get
[y % [ Sl TR D) )
R3

(02) 0 key | Y32 (72, ko ) |[(05) V10| G (75, k3)| drydradrs
Sl xroa W er 161702 1G /10 -
This completes the proof of the lemma. O
We rewritte now Ass(G, W) in the following way :

Ap(GW)==2i Y @(k)W(—k1)(ik)G(k)e*"

k1>0,k>0
—2 > @(k)W(—k1)kG(k)e™*
0<k1<k
i
:_;|’w”2L2(11‘)w+A221(G7 W) (47)

since w = 0, P+ G. Finally, we notice that Ass; is a good term on account
of the following lemma.
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Lemma 5.9 Aoy is continuous from X?’/80 Xf/8’1/2 into X1_3/8’_2.

Proof. Up to the choice of suitable time extensions of W and G it suffices
to estimate

[:= 7 kIR, W)@ (1, k)| [@(r2, —ki)||G (73, k)| drydradrs
R? 0k <k
/ > kPR By |72 @ gy, k) |72 @ (7, —ka) |G (73, )| drydradrs
0<ki<k
5 Hh”X3/8»2HWHX3/8,1/2HGHXS/&O : (48)
O
Let us set now
A(G, W) = A1 (G, W) + AQl(G, W) + Ang(G, W)
so that .
7
MG, W) = AG, W) + |22 gy (49)
T

Note that the map W s ||W,||? 72(m)Wea 1s clearly continuous from L>(] —
1,1[; HY(T)) into L?(] — 1,1[xT). We thus deduce from Lemma 5.6 that A
is continuous from Rz/s X (Xll/z’1 N L>(] — 1,1[; HY(T)) into Y1_1/2’0. On
the other hand, gathering Lemmas 5.7-5.9 we get that A is continuous from
(X7/160 A X3/8 1/8) X7/16 B1/32 4 4o o X; 7/16,—2

Since Xl/20 ﬂXlol — R7/8 and (X1/20 N X? 1) x X is clearly com-
pactly embedded in (X17/160 N X?’/8 1/8) X X17/16 B1/32 e thus infer from

Lemmas 5.3-5.4 that A(Gy,W,) is bounded in Y1_1/2’0 and converges in
the sense of distributions towards A(G,W). Moreover, according to (18),

I = fo (t —t")f(t')dt’ is continuous from Y_1/2’8 into Xl/25 and thus
(G, W) — fo (t—t)A(G(t'),W(t'))dt" is continuous from R7/8 (X11/2’1 N
L*(]-1,1[; HY(T)) into X,/*° and from? (X166 x3/% 1/8) X /1681752
into X 12,72 . It follows that

1/2,1

/ VNG (t), Wa(t)) ! — / VU= t)AGE), W) dt' in XV
0 0

Note that X, /1072 < y, /372
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According to Lemmas 5.4, 5.5 and (18) it is clear that the same convergence
results hold for B(G,, W,,). In particular,

t ¢
/ V(t—t"\B(Gn ('), Wn(t)) dt’ — / V(t—t)B(G('), W(t))dt' in X,/*" .
0 0
(51)
Finally, to identify the limit of the terms [jw, |7, (ryWn we will need the
following compactness result on sequences of gauge functions {wy, }.

Lemma 5.10 Let {ug,} C HJ(T) be a sequence of initial data that is
bounded in L?(T). Then the associated sequence of norm of gauge functions
{t = [lwn(®)llL2(r)} is bounded in C([~1,1]) and uniformly equi-continuous
on [—1,1].

Proof. The boundedness follows directly from Theorem 3.1 since u(t)
81P+(e_i6;1“(t)) is clearly continuous on HJ(T). Moreover, from (16), (18)
and the Duhamel formulation of (13) we infer that for any to € [—1,1] and
0 > 0 small enough,

[|wn(-) = V(- = to)wn (o)l Loo (t9—s,t0+5:L2(T))

o [

t .

) [ v —t) [A(Gn,w(- [O)YWo) + B(G, W) + ﬁPo(Fg,x)wn] (t') dt’
to

Therefore, combining (18), (20), (33), (38), (44) and the fact that obviously

{Py(F? ,)wn} is bounded in Xg}g, we infer that

y1/2,0

[wn(-) = V(- = to)wn(to)ll oo (to—s.t0+8:22(T)) S 07

for some v > 0. Since V() is unitary in L?(T), it thus results that

sup | [lwn(t)l|z2 — [[wa(to)llL2(m)| S 0" -
te[t()—(ito-i-(ﬂ

This ensures that {t — [|wy(t) z2(p)} is uniformly equi-continuous on [—1,1].
U

5.4 End of the proof

Note that, by Banach-Steinhaus theorem, {||ugy| 2} is bounded in R and
thus admits at least one adherence value. Let us denote by a > 0 such
an adherence value of {||ugy||z2} and let us denote by {|luon,|/z2} a sub-

sequence that converges towards a. Setting wqj, := Op Py (e to.n/ 2) and
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recalling that the L?(T)-norm is a constant of the motion for (1) we infer
from (13), (49) and the Duhamel formula that

W, (£) = V ()00, — /O V=) (MGar Wa) () + B(Gn Wi (1))

; t
7
il [ Vie= @)

_1/0 V(t - t/)(”wnk”zLank)(t,) dt, ) Vi E] - 17 1[’ (52)

™

Note that Lemma 5.10 ensures that up to another extraction of a subse-
quence, the sequence of functions {t — [Jwy, (t)]|7, (T)} converges to some
positive continuous function ¢ — a(t) in C([—1,1]). Moreover, since ob-
viously {9;1ug,} converges strongly in L>°(T) towards 9, lug, it is easy
to check that {wq,} converges towards wg := 0, Py (e” % tuo/ 2) weakly in
L?(T). From the linear estimates of Lemmas 3.2-3.3 and (50)-(51), it thus
follows that

w(t) =V (t)wo — /0 Vi) (A, W)@) + BG,W)(¥)) dt

: t
voo2 / N 4
— t—t t)at
+87Toz/0V( yw(t')d

™

L / Vit — ) (@@ )()) de' v €0.1]. (53)
0

with G 1= e~ /2 and W := 95 tw. Moreover w is solution of the following
Cauchy problem on |0, 1] :

o?

Wy — iweg + (A + B)(G, W) — %<§ - a(t))w —0
w(0) = 9, Py (e uo/2)
Finally, since v € Ny and satisfies (1) on |0, [ with 0 < T < 1, the L*(T)-

norm of v is conserved on [0,7]. The equation for w can thus clearly be
rewritten on ]0, 77 as

(54)

Wy — Wy = 2i0, Py (Wa P (/2 )

12i0, P, [W@xP_< =iF/29 P (e ZF/2))] + %Po(vz)w

+8Z7r (a? — HuoHLz w — ;(a(t) - ”w(t)H%Z(’]l‘))w

that concludes the proof.
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