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Large deviations for transient random walks

in random environment on a Galton—Watson tree

by

Elie Aidékon

Université Paris VI

Summary. Consider a random walk in random environment on a super-
critical Galton—Watson tree, and let 7,, be the hitting time of generation n.
The paper presents a large deviation principle for 7,,/n, both in quenched
and annealed cases. Then we investigate the subexponential situation, re-
vealing a polynomial regime similar to the one encountered in one dimen-
sion. The paper heavily relies on estimates on the tail distribution of the

first regeneration time.
Key words. Random walk in random environment, law of large numbers,

large deviations, Galton—Watson tree.
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1 Introduction

We consider a super-critical Galton-Watson tree T of root e and offspring distribution
(qe, & > 0) with finite mean m = >, kg, > 1. For any vertex = of T, we call |z|
the generation of z, (|e| = 0) and v(z) the number of children of x; we denote these children
by x;, 1 <i <wv(x). We let v, be the minimal integer such that g, . > 0 and we suppose
that v, > 1 (thus go = 0). In particular, the tree survives almost surely. Following Peman-
tle and Peres [[[4], on each vertex x, we pick independently and with the same distribution

a random variable A(z), and we define



A(xi)

* Wl n) = S

, V1 <i<v(z),

1

o w(z,z) = TS AG

To deal with the case z = e, we add a parent € to the root and we set w(e,e) = 1. Once

the environment built, we define the random walk (X,,, n > 0) starting from y € T by

Pg(XOZy) = 1
Pl Xpm1=z2|Xn=12) = w(x,z).

The walk (X,,, n > 0) is a T-valued Random Walk in Random Environment (RWRE). To
determine the transience or recurrence of the random walk, Lyons and Pemantle [[T] provides

us with the following criterion. Let A be a generic random variable having the distribution

of A(e).

Theorem A (Lyons and Pemantle [[T]) The walk (X,,) is transient if infjo E[AT] > L

and 1s recurrent otherwise.

In the transient case, let v denote the speed of the walk, which is the deterministic real
v > 0 such that

X
lim — =, a.s.
n—oo n
Define
i = essinfA,
s := esssupA.

We make the hypothesis that 0 < ¢ < s < oo. Under this assumption, we gave a criterion in
[M for the positivity of the speed v. Let

(1.1) A= Leb{teR:E[At] < ql} (A = 0o if ¢ = 0).

Theorem B ([d]) Assume infjoq E[A"] > L and let A be as in ().
(a) If A < 1, the walk has zero speed.
(b) If A > 1, the walk has positive speed.



When the speed is positive, we would like to have information on how hard it is for the
walk to have atypical behaviours, which means to go a little faster or slower than its natural
pace. Such questions have been discussed in the setting of biased random walks on Galton—
Watson trees, by Dembo et al. in [f]. The authors exhibit a large deviation principle both
in quenched and annealed cases. Besides, an uncertainty principle allows them to obtain
the equality of the two rate functions. For the RWRE in dimensions one or more, we refer
to Zeitouni [I7] for a review of the subject. In our case, we consider a random walk which
always avoids the parent e of the root, and we obtain a large deviation principle, which,
following [f], has been divided into two parts.

We suppose in the rest of the paper that

(1.2) inf E[A"] >
(1.3) A >

which ensures that the walk is transient with positive speed. Before the statement of the

results, let us introduce some notation. Define for any n > 0 and x € T,
T, = inf{k>0:|Xg| =n},
D(z) = inf{k >1: Xp1=x, Xy = E} , (inf @ := c0) .
Let P denote the distribution of the environment w conditionally on T, and Q := [ P(-)GW (dT).
Similarly, we denote by P* the distribution defined by P*(-) := [ P%(-)P(dw) and by Q" the

distribution
() = /Pf@GW(dT) .
Theorem 1.1 (Speed-up case) There exist two continuous, convexr and strictly decreasing

functions I, < I, from [1,1/v] to Ry, such that I,(1/v) = I,(1/v) = 0 and for a < b,
bel[l,1/v],

o1 e (Tn L
(1.4) Jingoﬁln(@ (z €la, b]) = —I,(b),
1 n
(1.5) Tim —In P (% E]a,b]) — ).

Theorem 1.2 (Slowdown case) There exist two continuous, convex functions I, < I,
from [1/v,4+o00[ to Ry, such that I,(1/v) = I,(1/v) =0 and for any 1/v < a <b,

1 n

(1.6) Jim =~ (2 efob) = ~Lu(a),
1 n

(1.7) JLIEOEIHPj <% € [a, b[) = —I,(a).
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in’

then I, and 1, are strictly increasing on [1/v, +ool. Wheni < v, ! = we

min’

Besides, if i > v,,

have I, = I, = 0 on the interval.

As pointed by an anonymous referee, it would be interesting to know when /, and I, coincide.
We do not know the answer in general. However, the computation of the value of the rate

functions at b = 1 reveals situations where the rate functions differ. Let

v(e)
P(0) :=1n | Eq Zw(e,ei)e

i=1

Then (0) = In(m) and ¢(1) = In (EQ [Zﬁ) wie, ei)] )

Proposition 1.3 We have

(1.8) L) = —v(1),
(1.9) L) = it 6(0).

In particular, 1,(1) = 1,(1) if and only if ' (1) < ¢(1). Otherwise 1,(1) < I,(1).

Quite surprisingly, we can exhibit elliptic environments on a regular tree for which the rate
functions differ. This could hint that the uncertainty of the location of the first passage in
[A] does not hold anymore for a random environment. Here is an explicit example. Consider
a binary tree (go = 1). Let A equal 0.01 with probability 0.8 and 500 with probability 0.2.
Then we check that the walk is transient, but ¢’(1) > ¢ (1) so that /,(1) # I,(1) on such an

environment.

Theorem exhibits a subexponential regime in the slowdown case when i < v} . The

man*

following theorem details this regime. Let
S°¢) = Q(|D(e) = 0).

Theorem 1.4 We place ourself in the case i < v} .

(i) Suppose that either i < v} andq =07 or % < v, . ands <17 . There exist constants

dy,dy € (0,1) such that for any a > 1/v and n large enough,

da

(1.10) e < S(r, >an) <e™"



(i) If 1 > 0 and s > 1 (id est when A < 00), the regime is polynomial and we have for any
a>1/v,
(1.11) nhﬂn;ﬁ In (S°(r, > an)) =1—A.

We mention that in one dimension, which can be seen as a critical state of our model
where ¢; = 1, such a polynomial regime is proved by Dembo et al. [f], our parameter A
taking the place of the well-known r of Kesten, Kozlov, Spitzer [H]. We did not deal with

the critical case i = v}

min

Furthermore, we do not have any conjecture on the optimal values

of di and dy and do not know if the two values are equal.

The rest of the paper is organized as follows. Section 2 describes the tail distribution of
the first regeneration time, which is a preparatory step for the proof of the different theorems.
Then we prove Theorems [[.] and in Section 3, which includes also the computation of
the rate functions at speed 1 presented in Proposition [[.3. Section 4 is devoted to the
subexponential regime with the proof of Theorem [.4].

2 Moments of the first regeneration time

We define the first regeneration time
[y:=inf {k >0 :v(Xy) > 2, D(X}) = 00, k =T)x,|}

as the first time when the walk reaches a generation by a vertex having more than two
children and never returns to its parent. We propose in this section to give information on
the tail distribution of I'y under S¢. We first introduce some notation used throughout the

paper. For any x € T, let

(2.1) N(z) = Y Txmn s

k>0
T, = inf{k>0: Xy =2z},
Ty = inf{lk>1: X =x}.
This permits to define
B(x) BTy = 0),
(2.2) () = PJ(T =T, =00).



The following fact can be found in [{] (Lemma 4.2) in the case of biased random walks, and

is directly adaptable in our setting.

Fact A The first regeneration height |Xr,| admits exponential moments under the mea-
sure S°(-).

2.1 Thecasei> v}

min

This section is devoted to the case i > v} . where Ty is proved to have exponential moments.

man’?

Proposition 2.1 Suppose that i > v\ . There exists § > 0 such that Fse [eerl] < 0.

Proof. The proof follows the strategy of Proposition 1 of Piau [[[]. We couple the distance
of our RWRE to the root (|X,|),>0 with a biased random walk (Y},),>0 on Z as follows.
Let p := ﬁ’lmT’Zn, and let u,, n > 0, be a family of i.i.d. uniformly distributed [0,1] random
variables. We set Xy = e and Yy, = 0. If X, and Y}, are known, we construct

i—1

Xpi1 = if Zw(x,w) <y < Zw(w,m),

/=1 /=1

Xk = T otherwise ,
YkJrl = Y+ QI[{ukSp} -1,

where x := Xj, € T and y := Y} € Z. Then (X,,),>0 has the distribution of our T-RWRE
indeed, and (Y},),>0 is a random walk on Z which increases of one unit with probability
p > 1/2 and decreases of the same value with probability 1 — p. Notice also that on the

event {D(e) = oo}, we have
| Xey1]| = [Xp| = Vi1 — Vi
It implies that the first regeneration time R, of (Y},),>0 defined by
Ri:=inf{k>0:Y, <Y,V <k,Y, >Y,Vm >k}
is necessarily a regeneration time for (X,, n > 0), which proves in turn that
S¢(T'y >n) <Q°(Ry >n).

To complete the proof, we must ensure that Q°(R; > n) is exponentially small, which is
done in [f] Lemma 5.1. [J



2.2 Thecases “i<v, .. q =0"and “i<v ! s<1”

min

When i < v_

mzn’

if we assume also that ¢; = 0 or s < 1, we prove that I'; has a subexponential

tail. This situation covers, in particular, the case of RWRE on a regular tree.

Proposition 2.2 Suppose that i < v, and q = 0, then there exist 1 > a; > ag > 0 such

that for n large enough,
(2.3) e < STy >n) <e ™.

The same relation holds with some 1 > s > auy > 0 in the case 4 < v+ ands < 1”.

man

Proof of Proposition B.3: lower bound. We only suppose that ¢ < v, . , which allows us to

mzn’

deal with both cases of the lemma. Define for some p’ € (0,1/2) and b € N,
/
wy = Ale;) > ,vie)<b],
s ez S v <o)
o 4
w_ = (ZA e;) < -, v(e) < b) )

1=y

By () Eq [Z.”(e) A(e)} > 1 and therefore Q (ZZVSI) Ale;) > 1) > 0. Since ess inf A <

it guarantees that Q (EZ [ Ale;) < 1) > 0. Consequently, by choosing p’ close enough

mZ'I’L ?

of 1/2 and b large, we can take w and w_ positive. Let ¢ := & (b), and define h,, := [cIn(n)].
A tree T is said to be n-good if

e any vertex z of the h, first generations verifies v(x) < b and Z;'g) Ax;) > 1;,” -

/

e any vertex z of the h, following generations verifies v(z) < b and E”(x Alz) < £

We observe that Q(T is n-good) > wi”bh" W > e~ which is stretched exponential,

i.e. behaving like e ™" for some r € (0,1). Define the events

E, = {at time 73, we can’t find an edge of level smaller than h,, crossed only once}
N{D(e) > m,},

E, := {the walk visits the level h, n times before reaching the root or the level 2h,} ,

E5 := {after the n-th visit of level h,,, the walk reaches level 2h,, before level h,} ,

Ey = {after time 7y, the walk never comes back to level 2h,, — 1} .



Suppose that the tree is n-good. Since A is supposed bounded, there exists a constant ¢; > 0

such that for any x neighbour of y, we have
(&1
v(x)

It yields that P¢(E;)~! = O(n®) for some K > 0 (where O(n*) means that the function is
bounded by a factor of n — n¥). Combine (£.4) with the strong Markov property at time

(2.4) w(z,y) >

Th, to see that
PS(Es| Ex N Ey)~ = O(n"),

where K is taken large enough. We emphasize that the functions O(n) are deterministic.

Still by Markov property,
(2.5) PS(Ey N By B3N Ey) = B[ npynm B(Xo, )]
Let (Y,))n>0 be the random walk on Z starting from zero with
PVl =k + 1Yl = k) = 1= (Vi = b= 1Y, = k) = ¢,

We introduce 77 := inf{k > 0 : Y, =i}, and p/, the probability that (Y} ),>o visits h,, before
—1:

By a coupling argument similar to that encountered in the proof of Proposition P.1], we show

that in an n-good tree,

(2.6) Py (BN Ey) > Pi(E)(p,)" = O(n™)"' ()",
which gives

(2.7) PS(Ey N By N Es) > O(n™) ™ (p,)" .

Observing that Q°(I'y > n, D(e) = o0) > Eq []I{T is n_good}ﬂElﬂEgﬁEgﬁE4]7 we obtain by

(B.5)

Q(I'y > n, D(e) =00) > Ege []I{T is n_good}ﬂElﬂEgﬁEgﬁ(X’rzhn):|

— e [n P(Ey (VB> 1 By)| Eqlf],

{Tis n-good}” w



by independence. By (1),
Q“(T'y > n, D(e) = 00) > O(n™)~'Q(T is n-good) (p,,)" -

We already know that Q (T is n-good) has a stretched exponential lower bound, and it re-

mains to observe that the same holds for (p/)”. But the method of gambler’s ruin shows

/ h”
that p/, > 1 — (ﬁ—p,) , which gives the required lower bound by our choice of h,,. [

Let us turn to the upper bound. We divide the proof in two, depending on which case

we deal with.

Proof of Proposition[2.3: upper bound in the case ¢u = 0. Assume that ¢; = 0 (the condition
» —1
1< Vinin

the notation introduced in (R.9), v(e) := PS(T = T = o0) < f(e).

is not required in the proof). The proof of the following lemma is deferred. Recall

Lemma 2.3 When q; = 0, there exists a constant c3 € (0,1) such that for large n,

EqQ[(1—~(e)"] <e™*.
Denote by 7 the k-th distinct site visited by the walk (X,,, n > 0). We observe that

QY >n*) < Q%I'y > 7,) + Q% more than n? distinct sites are visited before 7,,)
(2.8) + Q°(3k <n? : N(m) >n).

Since Q¢(T'y > 7,) = Q°(|Xr,| > n), it follows from Fact A that Q°(I'y > 7,) decays

exponentially. For the second term of the right-hand side, beware that

Q°(more than n? distinct sites are visited before 7,,)

n
< Z Q°(more than n distinct sites are visited at level k) .
k=1

If we denote by ¥ the first time when the i-th distinct site of level k is visited, we have, by
the strong Markov property,

P (more than n sites are visited at level k) = P¢ (tF < 00)

< Pt <00 D(Xy ) <o)

n—1

= L [H{tfﬂ@o} (1 - 5(Xt5371)>} :



The independence of the environments entails that

Eq []I{t;;_l@o} (1 - g(xtﬁ_l))] —Q° (5, < c0) Eqll — ).
Consequently;,

Q° (ty <o00) < Q°(th_y < 0) Eq[l — 4]
(Bq[l— 8",

IN

(2.9)

which leads to

(2.10) Q° (more than n” sites are visited before 7,,) < n (Eq[l — 51

which is exponentially small. We remark, for later use, that equation (E.9) holds without

the assumption ¢; = 0. For the last term of equation (B.§), we write

Q° (3k <n®: N(m,) >n) < HZQQ (N(m) > n) .

Let U := U,50(N*)" be the set of words, where (N)? := {§}. Each vertex z of T is naturally
associated with a word of U, and T is then a subset of U (see [[[3] for a more complete

description). For any k > 1,

Q(N(m)>n) = Y Q(z€eT, N)>n, z=m)

zeU

< Y Eq [Tpen Pi(x = m) (1 — ()" .

zelU
with the notation of (2.9). By independence,
Q(N(m) >n) < Y Eq[lgenyP(xr = m)] Eq[(1 —v(e))"]
zelU
= Eql(1—7(e)"].
Apply Lemma P.3 to complete the proof. [J

Proof of Lemma 2.3. Let i > 0 be such that ¢ := Q(3(e) > p) > 0, and write

R:=inf{k > 1 : 3|z| =k, B(zx) > p}.

10



Let zr be such that |zg| = R and B(xg) > p and we suppose for simplicity that zg is a

descendant of e;. We see that y(e) > w(e, e1)5(e1) > %ﬁ(el) by equation (£:4). In turn,

equation (2.1) of [[l] implies that for any vertex x, we have

1 1 1 1
— =1 1
By " S Aa) () = st Ay

for any 1 < i < w(x). By recurrence on the path from e; to xg, this leads to

1 =1
<14+ —+... _— —.
Ble1) — * ess inf A Tt (ess inf A) i
We deduce the existence of constants ¢4, ¢5 > 0 such that

(2.11) v(e) > me_% :

It yields that

n 1 _pl/4+o(1)
EQ [(1 — ’)/(6)) ]I{l,(e)<\/ﬁ}] < Q (R > 4—05 ln(n)) + e + .

We observe that
1 1
Q (1> - £ Q Vel = 5= taGo), 5(0) > )

By assumption, ¢; = 0; thus #{x € T : |z| = ﬁln(n)} > 2l/4esn(n) —. pnes  Ag a conse-
quence, Q (V|x\ = é In(n), B(z) > ,LL) < ¢™°. Hence, the proof of our lemma is reduced to

find a stretched exponential bound for Eq [(1 —~v(e))" I, (¢)>ymy]. For any € T, denote
by V}* the number of children z; of x such that (z;) > p. For e € (0, Q(83(e) > u)),

Eq [(1 = ()" Niy(e)sva)
S Qe (V(e) Z \/57 ‘/eu < 61/(6)) + EQ [(1 - 7(6))nH{VE’L26u(e)}} .

We apply Cramér’s Theorem to handle with the first term on the right-hand side. Turning
to the second one, the bound is clear once we observe the general inequality,

v(e) v(e)

(2.12) ve) = w(e,ekm(ek)z% ﬁ(ek)z%\/@“,

k=1

which is greater than c¢ue on {V* > ev(e)}. O

11



Remark 2.3. As a by-product, we obtain that Eq [(1 — (€))L, 0)>ymy] < e without

the assumption ¢; = 0.

Proof of Proposition [2.3 : upper bound in the case s < 1. We follow the strategy of the case
“q1 = 0”7. The proof boils down to the estimate of

Q¢(N(m) > n, D(e) = o0)
= Q°(N(m) > n, v(m) < v/n, D(e) = o) + Q°(N(m) > n, v(m) > /n, D(e) = 00).

Let x € T and consider the RWRE (X,,, n > 0) when starting from 2. Inspired by Lyons et
al. [[J], we propose to couple it with a random walk (Y;”, n > 0) on Z. We first define X/ as
the restriction of X, on the path [e,z]. Beware that X” exists only up to a time 7', which
corresponds to the time when the walk (X,,, n > 0) escapes the path [e, z], id est leaves the
path and never comes back to it. After this time, we set X/ = A for some A in some space

£. Then (X!),so is a random walk on [e,z] U {A}, whose transition probabilities are, if

y ¢ {e, =, A},

— w s
PJ(XZ+1:?/+|XZ:?/) = (9 9+) )

w<y7 er) + w(y7 Eg) + Ey,ﬁéy+ w<y7 yk)ﬁ(yk>

PE(X! = | X! =y) = @l y) |
WY, Y1) T WY, y) + 22, 2y, @, Y1) B(Yk)
P;( //Jrl _ A | X// _ y) _ Zg(zyi w(yayk)ﬁ(yk)

w<y7 er) + w(y7 Eg) + Ey,ﬁéy+ w<y7 yk)ﬁ(:yk) ’

where y, is the child of y which lies on the path [2, x]. Besides, the walk is absorbed on A
and reflected on e and z. We recall that s := ess sup A. We construct the adequate coupling
with a biased random walk (Y,/),>¢ on Z, starting from |z| — 1, increasing with probability
s/(1+s), decreasing otherwise and such that Y” > | X”| as long as X # A (which is always
possible since P, (X}, = y4 | X} = y) < 135). After time T', we let Y, move independently.

By coupling and then by gambler’s ruin method, it leads to
PA(T, <To) < PPI-Y(3n>0: Y/ =|z[) =s.

It follows that

(1 —s)

1 — PYT* < To) > ,H<1—P§T1<TR)> ,
5T < 1) 2 (e ) (1= PET < 1) 2 20 2

12



by equation (B.4). Hence,

Q°(N(mg) > n, v(m) < Vn, D(e) = o0)
= Z Eq [Ny @y<ymPS (v = T, D(e) > T,) P% (N(z) > n, D(e) = 00)]

which decays stretched exponentially. On the other hand,

Q°(N(my,) > n, v(m) > v/n, D(e) = )
< Q° (v(me) = Vn, VI <ev(m)) +Q° (N(m) > n, VI > ev(my)) .

with the notation introduced in the proof of Lemma P.J. We have
Q° (v(m) = Vn, VI <ev(m)) = Q(v(e) = vn, VI <ev(e)) ,
which is stretched exponential by Cramér’s Theorem. We also observe that
Q (N(m) > n, VE > ev(m)) < B {H{V#kze,,(x)}u - fy(wk))"]
= Eq [Tyrse@y (1 —7(e)"] < (1 —cue)",

by equation (R.12). This completes the proof. [J

2.3 The case A < ©

In this part, we suppose that A < oo, where A is defined by

A= Leb{tER:E[At] < l}
a1

We prove that the tail distribution of I'; is polynomial.

Proposition 2.4 If A < oo, then

(2.13) lim —— In (S°(Ty > n)) = —A.

n—oo ln(n)

Proof of Proposition [2.4. Lemma 3.3 of [[l] already gives

lim inf
oo’ In(n)

In (S°(T; > n)) > —A.

13



Hence, the lower bound of (.13) is known. The rest of the section is dedicated to the proof
of the upper bound.

We start with three preliminary lemmas. We first prove an estimate for one-dimensional
RWRE;, that will be useful later on. Denote by (R,,, n > 0) a generic RWRE on Z such that
the random variables A(7), ¢ > 0 are independent and have the distribution of A, when we

set for ¢ > 0,
Ay o= 2plibit )
wr(i, i —1)
with wgr(y, z) the quenched probability to jump from y to z. We denote by Pfi r the quenched
distribution associated with (R,, n > 0) when starting from &, and by P the distribution
of the environment wg. Let ¢; € (0,1) be a constant whose value will be given later on. For

any k > ¢ > 0 and n > 0, we introduce the notation
(2.14) p(l,k,n) == Ep, [(1 — ez P, o(T; > Ty NT}))"] .

Lemma 2.5 Let 0 < r < 1, and A, := Leb{t eR:E[A] < %} Then, for any e > 0, we

have for n large enough,

Z rEp(l, kyn) <A

k>£>0

Proof. The method used is very similar to that of Lemma 5.1 in [[l]. We feel free to present
a sketch of the proof. We consider the one-dimensional RWRE (R,,),,>0. We introduce for
k > ¢ > 0, the potential V' (0) = 0 and

V() = Y (Aw).
() = max V(i) - V().
Hy(t,k) = max V(i) = V(1)

We know (e.g. [I7]) that

e~ H2(t+1,k)
(2.15) T S PUN(T, < Ty) < e H2(FLE)
e -1 H1(0)
(216) ol SPWR(T—1<TZ)<6 !

14



It yields that

Pf,R(Tz* >ToNTy) > e~ H1(ONH2 (6,k)+O(Ink)

)

where O(In k) is a deterministic function. Let n € (0,1).

p(lk,n) < (1 —cm™ )"+ Pr(H(0) A Hy(L, k) — O(lnk) > (1 —n)In(n))
< e L Pr(H\(0) A Hy(, k) — O(Ink) > (1 —n)In(n)) .

In Section 8.1 of [[], we proved that for any s € (0,1), Ep, [eAS(Hl(Z)AHM’k))} < ekn(1/s)+os(k)
where o4(k) is such that os(k)/k tends to 0 at infinity. This implies that, defining o,(k) :=
0s(k) — AsO(Ink),

s*Pr (H () A Hy(¢, k) — O(Ink) > (1 —n)In(n))
Sk; (1 A 6kln(l/s)—As(l—n) ln(n)+5s(k))

IA

< n M0 exp ((kIn(s) + As(1 — ) In(n)) A o(k)) .

Observe that there exists M, such that for any & and any n, we have (kln(s) + As(1 —
n)In(n)) A os(k) < sup;<ps, @) 0(7) + nlnn, and notice that sup;<py, () 0s(i) is negligible

towards In(n). This leads to, for n large enough,
s*p(l, k,n) < sPem s 4 p~AsA=m+2n
Let r € (0,1) and s > r. We have

,r,kp(g’ k:,n) < ,r,ke—cgn" + <f)kn—As(1—7])+27] ]
S

Lemma P.5 follows by choosing 1 small enough and s close enough to r. [J

Let Z,, represent the size of the n-th generation of the tree T. We have the following result.

Lemma 2.6 There exists a constant cg > 0 such that for any H > 0, B > 0 and n large
enough,
Eq [(1=9(e)" Lizy>my] <P

Proof. We have

Eq [(1—=~(e)" Iz, 5]

IA

Eq [(1 = v(e)"Ii(e)>ym] + Ea [(1 = 7(e)" Liz,55,u00)<vm)]
< e_ncg + EQ [(1 _ 7((3))” ]I{ZH>B,I/(€)S\/E}j|
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by Remark 2.3. When v(e) < \/n, we have, by (B.17)),

with R := inf{k > 1 : J|z| = k, B(x) > u} as before (u > 0 is such that ¢ := Q(B(e) >
i) > 0). Thus,

—pl/4+o(1)

n 1
Eq [(1 —(e)) ]I{ZH>B,u(e)§\/ﬁ}] <Q (R > 4—05 In(n) + H, Zy > B) +e

By considering the Zy subtrees rooted at each of the individuals in generation H, we see
that

Q(R>coln(n)+ H, Zy > B) = Eew [Q(R > cioln(n))? 1z, -5
S Q(R > C10 ln(n))B .

If R > ci9ln(n), we have in particular 3(x) < p for each |z| = ¢101In(n) which implies that
Q (R > C1o ln(n) + H, ZH > B) < EGW [chmln(n)]B

Let t € (q1,1). For n large enough, Egy, [¢7w0mm] < geroh®) = peoln® (Eqy(g?] /g0 has
a positive limit by Corollary 1 page 40 of [H]). The lemma follows. [J

Let r € (q1,1), € > 0, B be such that
(2.17) coBe > 2A
and H large enough so that
(2.18) GW(Zy < B) < rHé <1
In particular, ¢;; := GW(Zy > B) > 0.

Let v(x, k) denote for any x € T the number of descendants of x at generation |x| + k
(v(x,1) =v(x)), and let

(2.19) Sy ={xe€T:v(x,H)> B}.

For any x € T, we call F(z) the youngest ancestor of x which lies in Sy, and G(z) an

oldest descendant of x in Sy. For any x,y € T, we write x < y if y is a descendant of z
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and = < y if besides z # y. We define for any z € T, W (x) as the set of descendants y
of x such that there exists no vertex z with z < z < y and v(z, H) > B. In other words,
Wi(z)={y : y>=z, F(y) < x}. We define also

W(x) = W(z)\{z},
oW(z) = {y:yeW(), vy, H) > B}.

Finally, let W;(e) :={z : |z| =7, x € W(e)}.

Lemma 2.7 Recall that m := Egw|v(e)] and r is a real belonging to (q1,1). We also recall

that H and B verify GW(Zy < B) < TH%. We have for any j > 0,

Eow [W]<€>] <mriTt,

Proof. We construct the subtree Ty of the tree T by retaining only the generations kH,
k > 0 of the tree T. Let

(2.20) W=W(T):={zeTyg :YyeTy (y<z)=v(y,H) < B}.

The tree W is a Galton—Watson tree whose offspring distribution is of mean Egw [Zy Tiz,< B}] <
B x GW(Zy < B) < r¥ by (EBIJ). Then for each child e; of e (in the original tree
T), let W' := W(T,,) where T, is the subtree rooted at e;. We conclude by observing that
Wye) < S0 #{w € W+ [z = 14[(j— 1)/ H] x H} hence Eaw [W;(e)] < Eawlv()r
UJ

We still have r € (¢1,1) and € > 0. We prove that for n large enough, and r and e close

enough to ¢; and 0, we have
(2.21) Q°(Ty > n, D(e) = 00) < cron~ (172904 +3e

where A, := Leb{t € R : E[A] < %} as in Lemma P.5. This suffices to prove Proposition
P4 since € and A, can be arbitrarily close to 0 and A, respectively. We recall that we defined

B, H and Sy in (£.17),(R-13) and (R.19).

The strategy is to divide the tree in subtrees in which vertices are constrained to have a
small number of children (at most B children at generation H). With B = H = 1, we would
have literally pipes. In general, the traps constructed are slightly larger than pipes. We then
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evaluate the time spent in such traps by comparison with a one-dimensional random walk.

We define 7 as the k-th distinct site visited in the set Sy. We observe that

(2.22) Q°(I'y > n, D(e) = o0)
< Q° (T > T1n2(n)) + Q° (more than In*(n) distinct sites are visited before Tin2(n))
+ Q¢ (3k <In*(n), Iz € W(ny), N(z) > n/In*(n))
+ Q°(3z € W(e), N(z) > n/In*(n), D(e) = 00, Zy < B) .

The first term on the right-hand side decays like e~ In*(n) by Fact A, and so does the second
term by equation (R.9). We proceed to estimate the third term on the right-hand side of

(B:29). Since

In*(n)
Q° (3k <In*(n), 3z € W(n), N(z) > n/In(n)) < Z Q° (3z € W(x), N(z) > n/In*(n))

we look at the rate of decay of Q¢ (3z € W(xy), N(z) > n/In*(n)) for any k > 1. We first
show that the time spent at the frontier of W (7) will be negligible. Precisely, we show

(2.23) Q¢ (N(xf) > nf) < cyun
(2.24) Q°(Fz € W (rf), N(2) > n°) < crsn™2*.

As PY(N(y) > n®) < (1 —y(y))™ for any y € T, we have,

Q° (N(mi) >n°) = Eq| Y Funi=y)PUN(y) > nE)]

_yESH

(2.25) < Eq| )Y Pim =y —v(y))’f] -

Lye Sy

We would like to split the expectation Eq [PS(mf =y)(1 —~(y))™] in two. However the
random variable PS(m¢ = y) depends on the structure of the first H generations of the

subtree rooted at y. Nevertheless, we are going to show that, for some ¢4 > 0,

Eq [Po(mg = y)(1 =)™ ] < cuBq [PS(n) = y)] Eq [(1 — ()™ |v(y, H) > B] .

Let U := [J,5,(N")" be, as before, the set of words. We have seen that U allows us to
label the vertices of any tree (see [[J]). Let y € U and let w, represent the restriction of
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the environment w to the outside of the subtree rooted at y (when y belongs to the tree).
For 1 < L < H, we denote by y; the ancestor of y such that |y,| = |y| — L. We attach
to each yy the variable ((y.) = Iy, ,m)y>By- We notice that there exists a measurable

function f such that PS(m; = y) = f(wy, O)l,m>py where ¢ := (((yr))i<z<nm. Let
E(wy) :={e€{0,1}" : Q(¢ =e|w,) > 0}. We have

Eq [f(wy, ) |wy] > ng(ix)f(wy,e)Q (€ =elwy) .

e€c(wy

We claim that there exists a constant ¢35 > 0 such that for almost every w and any e € £(wy),

Q¢ =¢clw) >cs.

Let us prove the claim. If w, is such that v(y) > B, then £(w,) = {(1,...,1)} and
Q (¢ = e|wy) = 1. Therefore suppose V(E) < Bandlet h:=max{1 < L<H : v(y,L) <
B}. We observe that, for any e € £(w,), we necessarily have e, = 1 for h < L < H. We are
reduced to the study of

Q<<=e|wy>zq( N {ayL):eL})wy) -
1<L<h

For any tree 7, we denote by 77 the restriction to the j first generations. Let also T,
designate the subtree rooted at y;, in T. Since v(ys, h) < B, we observe that ']I‘Zh belongs

almost surely to a finite (deterministic) set in the space of all trees. We construct the set

\If(']I'Zh, e):={tree T : T" = TZw GW(T") > 0, V|z| < 2H, vr(z) < B
V1<L<h,vr(yy, h) > Bif and only ife;, = 1}.

We observe that W(TE je) # 0 as soon as e € E(w,). Let U(TK ¢) := {ThH T ¢

YK’ YK

U(T? ,e)} be the same set but where the trees are restricted to the first i+ H generations.
Since E’(Tg{ ,e) is again included in a finite deterministic set in the space of trees, we deduce

that there exists ci;3 > 0 such that, almost surely,
inf{GW(T"|T"), T € W(T} .¢), e € E(wy)} > cus.
Consequently;,

Q¢ =el|w,) = QT € U(T! e)|w,) > 13,
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as required. We get

Eq [f(wy, ) |wy] > c3 eén;(li()f(wyae) > a3 f(wy, () -

Finally we obtain, with ¢4 := i,

fwy, Q) < cra Eq [f(wy, Q) [wy] -
By (R.29), it entails that

Q°(N(m)) >n®) < cu Z Eq [Ny, my>n1Eq [f(wy, ) [wy] (1 = y(y))™]

= cu Y Eqlf(wy. O] Eq [Liemsn (1 —v(e)"]
= cu Y EqlPir; =y)| Eq [(1—~(e)" |v(e, H) > B] .
yelU

It implies that

Q° (N(m) > n°) < eniq [(1— (€)™

ZH > B] < 01477,70983 ,
by Lemma R.G. Since cge B > 2A, this leads to, for n large,
Q° (N(x) > nf) < eyn™

which is equation (R.23)). Similarly, recalling that OW (y) designates the set of vertices z such
that z € W(y) and v(z, H) > B, we have that

Q°(Jy € oW (my), N(y) > n°)

< Bq | Y Pimi=y) Y. (1—7(=)"
yeSH z€0W (y)
< cuBq | Y Pimi=y)| Eew [0W(e)] Eq [(1 — (€)™ | Zy > B]
YESH

= cuFow [0W(e)] EQ [(1 — fy(e))"E ‘ Ly > B] .

We notice that Egw [0W] < Egw [Ewew(e) V(Jj)] = mEgw [W(e)] which is finite by Lemma
R.74. It yields, by Lemma P.4,

Q°(Fz € W(rg), N(G(z)) > n°) < c15n~ 2
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thus proving (2.24). Our next step is then to find an upper bound to the probability to spend

most of our time at a vertex = belonging to some W (y). To this end, recall that G(x) is an
oldest descendant of x such that v(x, H) > B. We have just proved that the time spent at
y(= F(z)) or G(x) is negligible. Therefore, starting from z, the probability to spend much
time in x is not far from the probability to spend the same time without reaching y nei-

ther G(z). Then, this probability is bound by coupling with a one-dimensional random walk.

Define 71" as the (-th time the walk visits z after visiting either F (x) or G(z), id est
ﬁgl) =T, and,

i@ = inf{k > fy_l) Xy =wx,3i € (Tg‘l), k), X; = F(x)or G(z)}.

Let also N (z) = ZZ:Z;Z)((Z))A I x,—.} be the time spent at = between T and T¢H) . We

observe that, for any k£ > 1,
Q° (3z € W(xy), N(z) > n/In*(n))
< @ (N(r) > 1) + QF (B € W(rD), N(G(x) > )
+ Q° (EI:L’ € V%/(W,f), 3¢ <20, N9 (z) > n12€)

(2.26) < (euteasn ™+ ) Q° (33: € W(n), NO(z) > n12€> .

£<2n¢

Since

Q°Fz € W(nF), NO(z) > n'"%) < Eq Z Pe(mf =) Z Pr(NO(z) > nt2) | |

S o
yeSH €W (y)

and by the strong Markov property at T,

PP (NO@) > %) = P (’T“gg@ < oo> P (NO(z) > n! %)
< PY(NW(z) > n'"%),
this yields

Q°3Fz € W(nf), NO(x) > nl=%)

< Eq | Pimi=y) Y. PINO(x)>n'"%)

S o
YESH 2€W (y)
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< cuBq| Y Pimi=y)|Eq| Y PINY(x)>n"*)|Zy>B
Ly€Sn :BEV(I)/(S)
(227) = cuBq| Y PINW(x)>n'">)|Zy > B
_:BEV(I)/(G)

For any = € W (e), define, for any y € [e, G(z)],

o — w(y,er)
o) w(y,ys) +wly, y)
By, ) = —2y)

w(ya y-l—) + w(ya 217)

where as before y, represents the child of y on the path. We let (X,,),>0 be the random
walk on [e, G(x)] with the transition probabilities w and we denote by ﬁww() the probability
distribution of ()?n, n > 0). By Lemma 4.4 of [[[], we have the following comparisons:

PX(T,<T.) < P! (T,<T.)),
P (Touy < T) < Po4(Taw < To).

Therefore,

Pj(T; <T, A Tg(x))
(e TP, < T) 4wl ) P < Tow) + Y wlm )1 - B(e)

i<v(x):z;#zt

< w(@, 7)PI (T, < T.) + w(w, 2 ) Pi4(T, < Tow) + w(w, ;)

1<v(z):x;#T4

= 1-— (w(:c, E) + w(:c,;ur)) ]ij(T; > T NTew)) -

Since v(z) < B (for z € VIO/(e)), we find by (B4) a constant ;6 € (0, 1) such that w(z, z) +
> c16. 1t yields that

w(z,4)
PUT; < T. ATaw) < 1— 6P, (T2 > T A Taw)) -
We observe that, for any € W (e), with the notation of (R.14) and taking c; := ¢y,
Ep [ (1= cwoP2 (T; > T A Tow)) | = pll2], |G (@) ).
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It follows that

Eow | 30 B(NO(2) >0 )| < Bow | 3 plle],|G@)],n'~>)

Z'GVC[}/(G) mGV?/(e)

On the other bhand, 3, cyp(,) (2], [G() 0 >) < ey Sagy pllal: Iyl 0. 1t im-
plies that

Eow | 32 P(NO() > %) < 3 Fow [#{y € W(e). Iyl = 7] (Zpu,j,nl—%))

J=0 1<y

:BEV(I)/(S)

IN

mZEGW (W;_1(e)] <Zp(i,j, ”1_26)> .

J=0 i<j

By Lemmas P.5 and 2.7, for n large enough,

Eaw | 30 P(NO(@) >0l %) <m? 3072 (Zp(z',j, n>> <O

320 i<j

me‘/ci/(e)
(2.28)

Supposing r and ¢ close enough to ¢; and 0, equation (R.28) combined with (.26) and (£.27),
shows that, for any k£ > 1,

Qe (El €T &€ W(?T]:)’ N(ZL‘) > 7’L/ ln4(n)) S Cl7n—(1—25)AT+25 '
We arrive at
(229) @ (3k <In'(n), 3z € W(ry), N(z) > n/In'(n)) < eqyn (1720045,

Finally, the estimate of Q° (32 € W(e), N(z) > n/In*(n), D(e) = oo, Zy < B) in (R23) is
similar. Indeed,
Q° (3z € W(e), N(z) > n/In*(n), D(e) = 0o, Zy < B)
< Q°(N(e) >n®, D(e) =00, v(e) < B)+Q°(Fz € W(e), N(G(x)) > n®)
+Q° (Fz e W(e), 3¢ < 2n°, NO(z) > n'=*) .
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We have

IN

Q@ (N(e) > 7, D(e) = 00, v(e) < B) < Eq [(1—w(e, )" Tpzn)]

< (1—e/B)™

by (2.4). By equation (2.29),
Q°(Fz € W(xg), N(G(z)) > n°) < cisn 2N,

Finally,

Q° (Elx € W(e), 3¢ < 205, NO(z) > n12€) < Yo (ax e W(e), NO(z) > n12€)

£<2n®

< 2n°Q° (EI:U e W(e), NO(z) > n12€)

< 2°Eew | Y PY(NO(z) >n'™>)
xel/?/(e)

< Cl7n_(1_26)AT+28

by (B.2§). We deduce that, for n large enough,

(2.30) Q°(3z € W(e), N(z) >n/In*(n), D(e) = oo, Zy < B) < n~ (172 t3e

In view of (£.23) combined with (R.29) and (R.30), equation (P.21) is proved, and Proposition
.4 follows. O

3 Large deviations principles

We recall the definition of the first regeneration time
Iy:=inf{k >0 :v(Xy) >2, D(Xy) =00, k=1x,}-
We define by iteration
T, c=inf {k>Th 1 :v(Xy) >2, D(Xi) =00, k=7x,}

for any n > 2. We have the following fact (points (i) to (iii) are already discussed in [[l];
point (iv) is shown in [§] in the case of regular trees and in [[J] in the case of biased random

walks, and is easily adaptable to our case).
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Fact B

(i) For anyn >1, 'y <oo  Q°-a.s.

(ii) Under Q°, (I'yq1 — Iy, | Xpy| — | X1,]), » > 1 are independent and distributed as
(', | Xr,|) under the distribution S°.

(iii) We have Ege[|Xp,|] < 0.
Ege [| X1, ]

(iv) The speed v verifies v = e M)

The rest of the section is devoted to the proof of Theorems and [[L2 It is in fact easier

to prove them when conditioning on never returning to the root. Our theorems become

Theorem 3.1 (Speed-up case) There exist two continuous, convex and strictly decreasing
functions I, < I, from [1,1/v] to Ry, such that I,(1/v) = I,(1/v) = 0 and for a < b,
bell,1/v],

(3.1) ,}E&%l” (@e (Tn—" cla, b] ’D(e) — oo)) — L),
(3.2) Tim % In (Pj (% cla, b] ‘D(e) - oo)> — _I,00).

Theorem 3.2 (Slowdown case) There exist two continuous, convex functions I, < I,
from [1/v,4+o00[ to Ry, such that I,(1/v) = I,(1/v) =0 and for any 1/v < a <,

(3.3) Jim %m (@ (Zembl| D) =) = ~L),
(3.4) Jingo%ln (P;j (% e [a,b] ’ D(e) = oo)) — —I,(a).

1

in’

If essinfA =11> v,
then 1, = 1, = 0.

then 1, and I, are strictly increasing on [1/v,+oo[. Ifi < v,

min’

Theorems [T and [.2 follow from Theorems B.1 and B.9 and the following proposition.

Proposition 3.3 We have, fora <b<1/v,

(85)  lim %ln (@2 elat)) = Tm %ln (@ (2 €lab] | D(e) = ) |
(3.6) nlgrolo%ln (P2 o) = Jingo%ln (P2 €a,b]| Dle) = 0))
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Similarly, in the slowdown case, we have for 1/v < a < b,

67 dm o (@(Zefwb)) = Jm (@ o8] D(e) = ) |

n—oo 1 n—oo 1
.1 e/ Tn o1 e/Tn _
(3.8) r}Lngo - In (Pw(g € [a, b[)) = nhi& " In <Pw( € la,b]| D(e) = oo)) .

Theorems B.1] and B.9 are proved in two distinct parts for sake of clarity. Proposition .3

is proved in subsection B.d.

3.1 Proof of Theorem B.7]

For any real numbers h > 0 and b > 1, any integer n € N and any vertex z € T with |z| = n,

define

A(hybyz) = {w: PS(ry =Ty 7 <bn, To >1,) > e "},

en(h,b) = Eq Z]IA(h,b,m)

|z|=n

We define also for any b > 1
he(b) = inf{h >0 :3peN, ey(h,b) >0}.
Lemma 3.4 There exists for any b > 1 and h > h.(b), a real e(h,b) > 0 such that

lim 1 In(e,(h,b)) = In(e(h,b)) .

n—oo N
Moreover, the function (h,b) — In(e(h,b)) from {(h,b) € Ry x [1,400[: h > h.(b)} to R is

concave, is nondecreasing in h and in b, and

lim In(e(h,b)) = In(m) .

h—o00

Proof. Let x < y be two vertices of T with |z| = n and |y| = n + m. We observe that

A(h,byy) D A(hb,x) N{w + PiTnsm = Ty, Tagm < bm, Te > Tyin) > €7}
= A(h,b,z) N A.(h,b,y).

It yields that

en+m(h,b) > Eq Z T a(nb,z) Z T4, (b

|z|=n ly|=n+m,y>z
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= Eq Z Tanpe) | Eq Z Tanp.2)
|z|=n |z|=m

(3.9) = en(h,b)em(h,b).

Let h > h. and p be such that e,(h., b) > 0, where we write h. for h.(b). Then e,,(h.,b) >0
for any n > 1. We want to show that eg(h,b) > 0 for k large enough. By (), w(e,e1) > ¢,
if v(e) = 1 so that ex(—In(cy),b) > ¢f. Let n. be such that e <"ec; > e~ We check as

before that for any n > n., and any r < p, we have indeed

enptr(hy0) > enp(he, b)e.(—In(cy), b)
> enplhe, b)qy > 0.

Thus (B.9) implies that

(3.10) nhi& % In(e,(h,b)) = sup {% In(ex(h, b)), k > 1} =:In(e(h, b)),
with e(h,b) > 0. Similarly, we can check that

en(thy + (1 — t)ho, thy + (1 — t)ba) > ene(ha, br)ena—p (ho, b2) ,
which leads to

1n(e(th1 + (1 — t)hz, tbl + (]_ — t)bg)) Z tln(e(hl, bl)) + (]_ — t) ln(e(hg, bg)) s

hence the concavity of (h,b) — In(e(h,b)). The fact that e(h,b) is nondecreasing in h
and in b is direct. Finally, limsup,_, In(e(h,d)) < In(m) and liminf, . In(e(h,b)) >

liminf, . In(e;(h, b)) = In(m) by dominated convergence. [

In the rest of the section, we extend e(h,b) to R, x [1,4o00] by taking e(h,b) = 0 for
h < he(b).

Corollary 3.5 Let S:={h>0:¢(h,b) > 1} and S" :={h > 0:e(h,b) > 1}. We have

sup{e " e(h,b), h € S} = sup{e " e(h,b), h € S'}.
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Proof. Let M := inf{h : e(h,b) > 1}. We claim that if h < M, then e(h,b) < 1. Indeed,
suppose that there exists hg < M such that e(hg,b) > 1. Then e(hg,b) = 1 by definition
of M, so that e(h,b) is constant equal to 1 on [hg, M[. By concavity, In(e(h,b)) is equal to

0 on [hg, +o00[, which is impossible since it tends to In(m) at infinity. The corollary follows. OJ
We have the tools to prove Theorem [L1].

Proof of Theorem [.1. For b € [1,+o0], let

Ju(b) = —sup{—h +1In(e(h,b)), h >0},
Jy(b) = —sup{—h+1In(e(h,b)), h € S}.

We immediately see that I, < I,. The convexity of J, and J, stems from the convexity of
the function h — In(e(h,b)). Indeed, let J represent either J, or J, and let 1 < b; < by and
t € [0,1]. Denote by hy, hy, b and h the reals that verify

(b)) = hi—In(e(hy, b)),
(bs) = hy—In(e(ha, b)),
hoi= thy+ (1—t)hy,
b o= th+ (1—1)bs.

J
J

We observe that

J(b) < h—1In(e(h,b))
< t(hy —In(e(hi, b)) + (1 — t)(hs — In(e(ha, b2))) = £J(by) + (1 — £).J (by)

which proves the convexity. We show now that, for any b > 1,

(3.11) lim %ln (Qe (Tn <T-, 7, < bn)) = —Ju(b),
(3.12) lim %ln (PS (70 < Ty 1 <)) = —Jg(b).
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We first prove (BI]). Since Q° (7, < T%, 7, < bn) > e "¢, (h,b) for any h > 0, we have

1
liminf —In (Q°(7, < T, 7, < bn)) > —1,(b).

n—oo 1
Turning to the upper bound, take a positive integer k. We observe that

k—1
Q° (1, < T, 1, <bn) < Ze_"g/ken (((+1)/k,b)
=0
< ke"*sup{e"™e,(h,b), h > 0}.

Therefore,

lim sup % In (Qe (Tn <T-o, 7 < bn)) <

n—oo

— ().

| =

Letting k tend to infinity gives the upper bound of (B.IT]).

To prove equation (B.13), let k be still a positive integer and h € S. Denote by V,x(T) the
set of vertices |z| = pk such that P;*" (Tgk < T;Zil, Top = Ty, < bk) > e~ for any £ < p,
where x, represents the ancestor of x at generation (k. Call V(T) := U,>0V,k(T) the subtree
thus obtained. We observe that V' is a Galton-Watson tree of mean offspring ey (h,b). Let

T, = {T : V(T)is infinite} .
Take T € 7. For any x € V,;, we have

P (Tpk <To, 7 =T, < bpk)

> PS(m <To, 1, =T, <bk)... P (Tpk <To =T, < bk) > ¢ hwk
It implies that
P (e < T, Ty < bpk) = € "H4V(T).

By the Seneta—Heyde Theorem (see [B] page 30 Theorem 3),

lim 1ln (#Vor(T)) = In(ex(h, b)) Q —as.

p—oo P

It follows that, as long as T € 7y s,

1 1
lim inf e In (PS5 (tpr < T, T < bpk)) > —h + z In(ex(h,b)).

p—oo D
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Notice that

BS (1 < T, 7 <n) > BS (T < T, 7o < bpk) |n|flink PZ (tn < T, 7 < b(n — pk))
z|=p

where p := [7]. Since A is bounded, there exists c¢;; > 0 such that Zlyiyl)w(y,yz) > c17

Vy € T. It yields that

|n|11nkij (1o < Ts, 7 = (n — pk)) > k.
z|=p

Hence,
N 1

(3.13) liminf = 1In (PS (1, < Ty, 7 < bn)) > —h + Eln(ek(h, b)) .
n—oo M

Take now a general tree T. Notice that since h € S, Q(Zx;) > 0 for k large enough, and
there exists almost surely a vertex z € T such that the subtree rooted at it belongs to 7y ;.
It implies that for large k, (B.IJ) holds almost surely. Then letting k& tend to infinity and

taking the supremum over all h € S leads to

liminflln (PS (10 < Ty 1 < b)) > —Jy(b).

n—oo M

For the upper bound in (B.13), we observe that, for any integer k,

N

—1

Pty < Ty 7 <bn) < Yy ek Z Laqerny/na -
V4

Il
o

|z|=n

By Markov’s inequality, we have

i en(h, b) e(h,b) \"
Q Z Wby > (e(h,0) +1/k)" | < (e(h,b) + 1/k)" = (W) 7

|z|=n

by (B-10). An application of the Borel-Cantelli lemma proves that > Tappz) < (e(h,b) + 1/k)"

for all but a finite number of n, Q-a.s. In particular, if e(h,b)+1/k < 1, then E|m|:n La(hpa) =

0 for n large enough. Consequently, for n large,
Pi(r, < T, 1, < bn) < e"*ksup{e " (e(h,b) + 1/k)", h:e(h,b) + 1/k > 1}.
We find that

1
limsup — In(P5(r, < T-, 7, < bn)) < 1/k+sup{—h +1In(e(h,b) +1/k), h:e(h,b) +1/k > 1}.

n—oo n
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Let k tend to infinity and use Corollary B.J to complete the proof of (B.I3).

We observe that

Py(1, <Tg, 1, <bn) — Py(1, <Tg <o00,7, <bn) < Pi(T- = o0, 7, < bn)

Pi(1, < T2 7, < bn).

IN

But P5(r, < T- < 00,7, < bn) < PS(1, < T, 7, < bn)maxi—y_ () (1 — B(e;)). Since

max;—1,. () (1 — f(e;)) < 1 almost surely, we obtain that
1
(3.14) lim —In(PS(r, <bn)|D(e) = o00) = —Jy(b).
n—oo N,

In the annealed case, notice that S°(7,, < T'- < 00,7, < bn) = S(7,, < T2, 7, < bn) Ep[l — ]
which leads similarly to

(3.15) lim = In(S¢(7, < bn)) = —Ju(b).

n—oo N

We can now finish the proof of the theorem. The continuity has to be proved only at b = 1
(since J, and J, are convex on [1,+o00[), which is directly done with the arguments of [f
Section 4. We let b < 1/v = Ege[['1]/ Ese[| XT,|] and we observe that for any constant ¢;g > 0,

S < bn) < S7 < Tejgn) +S9(Leygn < 0n).

Choose ¢15 such that b(Ese[[1])" < 15 < (Ege[|Xr,|])™". Use Cramér’s Theorem with
Facts A and B to see that S°(7,, < T'cjqn) and S¢(T'..n < bn) decrease exponentially. Then,
S¢(,, < bn) has an exponential decay and, by (B.13), I,(b) > 0 which leads to I,(b) > 0
since I, < I;,. We deduce in particular that I, and I, are strictly decreasing. Furthermore,
P¢(1, <bn|D(e) = o) tends to 1 almost surely when b > 1/v, which in virtue of (B.14),
implies that J,(b) = 0. By continuity, I,(1/v) = 0 and therefore I,(1/v) = 0. Finally, let
a<b bell,1/v].

P¢(an <1, <bn|D(e) = o0) = P (1, <bn|D(e) = o00) — PS (1, <an|D(e) = o) .

Equation (B.3) follows since 1, is strictly decreasing. The same argument proves (B.I). O
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3.2 Proof of Theorem

The proof is the same as before by taking for b > 1,

Ahbz) = {w: P (ta =Ty, Tx > 7, > bn) > e "},

en(h,b) = Eq Zﬂg(h,b,m) ’

|z|=n

S = {h:e(h,b)>1}.
Define also for any b > 1,

Jub) = —sup{—h+W(@(h,0)), b > 0},
J,(b) = —sup{—h+1In(e(h,b)), he S},
and for any b > 1/v,

I,(b) = Ju.(b),

Iy(b) = Jy(D).
We verify that I, < I, and both functions are convex. We have then for any b > 1,
1 ~
(3.16) lim —In (Q° (T > 7, > bn)) = —J,(b),
n—oo 1N
1 ~
(3.17) lim —In (PS (T > 7, > bn)) = —Jy(b).
n—oo M

As before, we obtain

T LS (72 ) = —L0).
lim ~1n (P (r, > bn| D(e) = 00)) = —Jo(b).

n—oo M,

We have J, = jq =0on [1,1/v]. Inthe casei > v, | . the positivity of I, and I, on ]1/v, +oo|
comes from Proposition and Cramér’s Theorem, which implies that they are strictly
increasing. Equations (B-3)) and (B4) follow in that case. In the case i < v, . we follow the

strategy of [fI]. Let n > 0. As in the proof of Proposition P.3, we set h,, := [In(n)/(61n(d))],

and for some b € N,

wy = Q (ZA(Q) >14n,v(ie) < b) :

’ 1
w. = Q (;A@i)g - v(e) gb) :
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Taking b large enough, we have w, > 0 and w_ > 0. We say that T is a n-good tree if

e any vertex z of the h, first generations verifies v(x) < b and E;'g) A(z;) > 1+,

e any vertex z of the h, following generations verifies v(z) < b and SV A(z;) < T

Then we know that @, := Q(Tisn-good) > exp(—n'/3°() Let Y’ be a random walk
starting from zero which increases (resp. decreases) of 1 with probability ;i—z (resp. ﬁ)
We define p/, as the probability that Y’ reaches —1 before h,,. We show that (R.G) is still true
(by the exactly same arguments), so that there exists a constant K > 0 and a deterministic

function O(n®) bounded by a factor of n — n’ such that
(3.18) Py(T< > mop, > n) > O(n™)~'(pl)",

We have, by gambler’s ruin formula,
1 1

" n
1+ () ++ ()

/

pn:]'_

Let k, := |n?] with d € (1/3,1/2) and let f € (d,1 —d). We call an n-slow tree a tree in
which we can find a vertex |z| = k, such that T, is n-good (where T, is the subtree rooted
at z), and for any y < z, we have v(y) < exp(n/). We observe that if a tree is not n-slow,
then either there exists a vertex before generation k, with more than exp(n/) children, or

any subtree rooted at generation k,, is not n-good. This leads to

kn
Q(Tis not n-slow) < Z Eow |[ZGW (v > enf) + Eqw [(1 — Qn) 7]
=1
< kymfme™ + (1 — Q)" £ GW(Z),, < (142)kn).

We notice that (1 — Q)3 < exp(—(1 4 )»""). Moreover,

1
GW(Zy, <(1+e)") < (1+¢)*"Eew {Z—}
o

Observe that for any £ > 0, Eqw [ﬁ“} < ¢ Eaw [ZLJ +(1—q1)Eaw [XI}FXQ] where X; and

X, are independent and distributed as Z;. We then verify Eqy [m} < (u/2) A v where
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u = Egw [min(X1, X3)™'] and v := Egw [max(Xy, X5)™!]. Since u+v = Egw [Zlk], we de-

duce that Eqw [m] < 2Faw [ZLJ, leading to Egw [Z:H] < (CJ1+§(1_CJ1))EGW [ZLJ <

(r + 31— )" We get

6wz, < L+ < (149 + S0-w)

and, taking € small enough,
(3.19) Q(Tis not n-slow) < exp(—n®W) .

Let 1/v < a < b. We want to show that (under the hypothesis i < v !,

man

(3.20) liminf In PE(T—n € [a,b], D(e) > 1,) =0.
n—oo n

If this is proved, the Jensen’s inequality gives

(3.21) lim inf In Q°(2 € [a,b[, D(e) > 7) = 0.
n—oo n

Equations (B.4) and (B.J) follow. Therefore, we focus on the proof of (B.20).

Let ny :==n — k, — 2h,, § > 0, and Gy := {|z| = k s.t. T, is n-slow}. We have

{T—"e[a,b[, TZ>Tn}CE5ﬂE6ﬂE7,

n
with
- 1 1
Es = {Tg>7'm, T ¢ [——5,—+5[} ,
nq v v
Ee = {X., €Gn},

" 1 1
E;, = {D(Xml) > Th, n e (a——+5,b———5)} :
n v v
We look at the probability of the event E; conditioned on E5 and Eg. Therefore, we suppose
that v := X,

n

. 1s known, and that the subtree T, rooted at u is a n-slow tree. There exists
x, at generation n; + k,, such that T, is a n-good tree and v(y) < e for any u <y < Tp.

Let also n be large enough so that k, < dn. It implies that

1 1
pe (D(u)>Tn, T—"e(a——+5,b———5))
n v v

1 1
Z P£<D<U)>Tmn:kn)Pj" <D<5L’n)>7'n, %E(CL—;—Fé,b—;—Qé))

. 1 1
> eXp<_621n622>Pjn <D<.§L’n) > Tn, T_ € (CL - =+ 57 b——— 25)) )
n v v
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for some coy € (0,1). By definition of a n-good tree, any vertex = descendant of z, and
such that |z| < n verifies v(x) < b. Therefore there exists a constant cp3 > 0 such that

PY(t, < 2hy,) > 2 for any y > x,,, |y| < n. By the strong Markov property,

1 1
pen (D(xn)>7n, Ee(a——+5,b———25))
n v

v

n 1
> PpIn (D(xn) > Th, n >a— — +5) cann
n v

Let L :=a — + + 6. By equation (BI3),

. 1 1 Ln
P (D(xn) > Ty L >a— - +6) > O(nf)™! (—) :
n v 1+n

Hence, by the strong Markov property,

1 1 . 1 1
liminf —In PS(E7 | Es N Eg) = liminf —In PY (D(u) > Th, In ¢ (a——+5,b———5))
n—oo M n—oo N n v v
> —L(1+n).

This implies that

1 . 1
lim - In P° (T— e [a,b], D(e) > Tn) > liminf ~ In P¢ (E5 N Es N Ey)
n

n—oo M, n— n

1
(3.22) > liminf —In PS5 (E5 N Eg) — LIn(1 + 7).

n—oo M

Notice that

Eq [FS (Es N Eg)]

EqQ[F; (Es) — Py (Es N Eg)]
= Q(F5)(1 — Q(Tisn-slow))
< Q(Es) exp(—n0),

by equation (B:I9). By Markov’s inequality,

L) < n2Q(E)e

Q(Pj(Eg, N Eg) > _pd+o(1) '
n

The Borel-Cantelli lemma implies that almost surely, for n large enough,

1

n?’

Py (Es N Eg) > PS(E5)
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We observe that F5(Es) — P5(T- = oo) when n goes to infinity. Therefore , equation (.22)
becomes

lim 1 In (Pj (T—;; € [a,b], D(e) > Tn>> > —(a— % +90)In(1+17n).

n—oo M

We let 1 go to 0 to get

lim ~In (P;; (% € [a,b], D(e) > Tn)) —0

n—oo N

which proves (B.20).

3.3 Proof of Proposition B3

The speed-up case is quite immediate. Indeed, reasoning on the last visit to the root, we
have

Q%(1, < bn, D(e) = 00) < Q%(7, < bn) < bnQ(7, < bn, D(e) = 00).
Therefore, by Theorem B.1],

1 1
lim —InQ°(7,, < bn) = lim —InQ°(7,, < bn|D(e) = 0).

n—oo N, n—oo N,

It already gives (B.3) since I, is strictly decreasing on [1,1/v]. We do exactly the same for
the quenched inequality. Therefore, let us turn to the slowdown case, beginning with the
annealed inequality (B.7). We follow the arguments of [[J]. We still write i = ess inf A. For
technical reasons, we need to distinguish the cases where P(A = ) is null or positive. We
feel free to deal only with the case P(A = i) = 0, the other one following with nearly any

change. Moreover, we suppose without loss of generality that i > Vn;l since the two sides

are equal to zero when ¢ < vl Let k> 1. We write ¢ = k[2] to say that ¢ and k have the

man*

same parity. Following [[], we write for b > a > 1/v,

PE(bn > 1, > an)
= Z ZPE(bn>TnZan,Tn>€, Xe=a,|X)| >k, Vi=Ll+1...,7,)

(=k[2] |z|=k

= Z Z PS(1, >0, Xy =a)P5(bn — > 1, >an —{, D(x) > 7,).

(=k[2] |z|=k

By coupling, we have, for p := vt > 1,

sup P(r, > €, X, =2) < PS(|1X,| < k) < P(S} <k),
|x|=k
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where S} stands for a reflected biased random walk on the half line, which moves of +1 with
probability p/1 + p and of —1 with probability 1/1 4+ p. From (and with the notation of)
Lemma 5.2 of [{], we know that for all ¢ of the same parity as k,

P(SY<k)<c(1+6)P(SY =k 1<S;<k—1,i=1,....0—1)

where ¢, < 0o and § = () is a sequence independent of all the parameters and tending to
zero. In particular, we stress that 6 do not depend on p. Hence, P¢(bn > 7,, > an) is smaller
than

cL+6)" Y Y P =k 1<S<k—1i=1...0—1)W,(z,0)

0=k[2] |z|=k

where

Wy (x,0) == PS(bn — € > 1, > an—{, D(z) > T,) .
We deduce that

Pi(bn > 7, > an) < cp(1+06)" Y Y PS (e =€,D(e) > ()W, (z,0)
1=k[2] |z|=Fk
(3.23) = Uhnck(L+6)™ Y > PS(me =L, D(e) > {, X = 2)W(x,0),
1=k[2] |z|=Fk

where w,, represents the environment of the biased random walk on the v,,;,-ary tree such
that for any vertex z, P (X1 = z;) = m for each child z;, and P*(X; = z) = ﬁp.
Taking the expectations yields that

Q°(bn > 7, > an) < vhcr(L+6)™ Y > PS (e =L, D(e) > €, X, = x)Eq[W,(, ()]

(=k[2] |x|=k
(3.24)
Moreover, define for any |z| = k,

S (T, z) ={{si}io: |sizi| = [ss] =1L, 80 =0,k — 1 > |s;] > 0,5, = x}

the set of paths on T which ends at x in ¢ steps and stays between generation 1 and k — 1

before. We notice that, for any environment w

v(y)
(325) Pim=0D(e)>LXp=a)= > Y wly,y)"@D 3wy, y)New
{s}ESk (T,2) ¥€T i=1
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where for each path {s;}, N(z,y) stands for the number of passage from z to y. Let € > 0,
and G denote for any k the set of trees such that any vertex x of generation less than &
verifies v(x) = Vppin and A(z) < ess inf A+e. Let p' := vin(ess inf A +¢). We observe that

N(y,y) v(¥) D N(y,y:)
PS(mo=10,D(e)> (X, =2) = Y Z( ) Z(m)

{s}eS;,(T,a) ¥ET i=1

Therefore, if T belongs to Gy, we have by equation (B.23),

T+p\*
PE (= €, D(e) > £, X, =) < (117;) Pl = 0,D(e) > 6, X, = k).

It entails that

Tireg,y Y > PS5 ( D(e) > 0, X, = x)Wy(z,0)
(=k[2] |z|=k

1 +p bn .

< Tpegy (7, ) Do Do Belm=0D(e) > £, Xe = 0)Wa(x,0)

P/ S o=k

1 bn

= lyreg,) (1—:_1;) Pé(bn > 1, > an, D(e) > 1,)

1 7\ bn
(3.26) < ( 111;) P¢(bn > 1, > an, D(e) > 1,) .

Taking expectations gives

QTG Y > P (m=1X,=x)EQ[Wy(x,0)]
(=k[2] |z|=k

1+

1+p

(3.27) < ( )bn Q°(bn > 1, > an, D(e) > 1,) .

As before,

Q¢(bn > 1, > an, D(e) = 00) + Q°(bn > 1,, > an, co > D(e) > 7,)
= Q°(bn > 1, > an, D(e) > T,)
> Q%bn > 7, >an, D(e)

00) .
Since Q°(bn > 7, > an, co > D(e) > 1,,) < Q°(bn > 7, > an, D(e) > 1,)Eq|[l — (], we get

1 1
lim —InQ°(bn > 7, > an, D(e) > 7,) = lim —InQ°(bn > 7,, > an| D(e) = o).

n—oo N, n—oo 1
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Consequently, we have by (B.24)) and (B.27)

1 ! 1
lim sup Q°(bn > 7,, > an) < bln ( 1:]? (1+ 5k)) + lim —InQ°(bn > 7, > an| D(e) = 00).
p

n—oo n—oo N

Since Q°(en > 1, > bn) > Q%(cn > 7, > bn, D(e) = o0), we prove equation (B.7) by taking
p’ arbitrarily close to p, and letting k tend to infinity.

We prove now the quenched equality (B.§). For any environment w, construct the environ-
ment f,(w) by setting A(x) =i (:= ess inf A) for any |z| < k. We construct also for p’ > p,
an environment f,y(w) by picking independently A(z) in [, p'/Vpmin] for any x < k, such that
A(r) has the distribution of A conditioned on A € [, p'/Vmin]. By equation (B.23), we have
almost surely

1 1
limsup —In PS(bn > 7, > an) < limsup — Py ) (bn > 7, > an, D(e) > 7,) + bIn(1 + ) .
n P

n—oo n n—oo

Equation (B:26) applied to the environment f,(w), together with Theorem B.2 shows that

: 1 1+p/
| —InP; (bn> 71, >an,D(e) > 1,) < —1,(b)+ bl .
imsup - In f (@ (bn > 1, > an, D(e) > 7,) 4(b) +0ln Ty

Let p’ tend to p to get that almost surely,

1
limsup — In Py, () (bn > 7, > an, D(e) > 7,) < —1,(b) .

n—oo n

Therefore

1
limsup —In PS(bn > 7, > an) < —1,(b) + bIn(1 + dy) .
n

n—oo

When k goes to infinity, we obtain

1
limsup —In PS(bn > 7, > an) < —1,(b),
n

n—oo

which gives equation (B-§).

3.4 Proof of Proposition [[.3

Recall that, for any 6 € R,

v(e)
Y(0) :=1n | Eq Zw(e,ei)e

i=1
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Obviously, for any n € N,

v(e)
S (@ (=) = o | Bq | wlee)| | =w(1).

i=1

This proves ([[.§). For the quenched case, we have that

n—1
PLE (Tn = n) = Z H CL)(SUk, karl) )
|| =n k=0
where xj is the ancestor of the vertex = at generation k. We observe that we are reduced to
the study of a generalized multiplicative cascade, as studied in [IJ]. The following lemma is
well-known in the case of a regular tree (see [[i] and [H]). We extend it easily to a Galton—

Watson tree.
Lemma 3.6 We have lim,,_o = (>, HZ;& w(@y, Th1)) = inflo 1) 50(6) .

Proof. When ¢/(1) < ¢(1), Biggins [B] shows that lim, . + In(> =, [T w(@h, 2h1)) =
¥(1) = infj 1) 5¢(6). Therefore let us assume that ¢/(1) > ¢(1). By the argument of [ff], we

obtain,

n—1

| o1

hggolf - In Z_ Hw(wk,xkﬂ) > ]10r’11f] 51#(9) .
Finally, let 6 €]0, 6.[ where ¥(6,.) = infjo 1) 3¢(0). Since (3, a;)’ < >, al for any (a;); with
a; > 0, it yields that

n—1 n—1
1 1 1
lim sup — In Z HW(xk,ka’_l) < glimsup —In Z HW(xk,xk+1)0

n n
e |z|=n k=0 oo |z|=n k=0

We see that (still by [{]) lim, .o 7 In(3",_,, [Tr—o @@k, 241)%) = ¥(6). It remains to let 0
tend to 6,.. [J

4 The subexponential regime : Theorem 14

We prove ([LI0) and ([L.I1) separately. We recall that the speed v of the walk verifies
_ Ese[|Xr,|]
Egel1]
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Proof of Theorem : equation (I.10). Suppose that either “ < i and ¢ = 0" or

in

“ <wv-l and s <17 . Let a > 1/v and ¢y > 0 such that ¢y < (Ese [X,])”". We have

S (7, > an) > S§° (Tpeyy, = an) — S (Fpeyy > ) -

The second term on the right-hand side decays exponentially by Cramér’s Theorem applied
to the random walk (| XT,|, n > 0) (recall that | Xt,| has exponential moments by Fact A).
The simple inequality S¢ ([, > an) > S°(I'; > an) thus implies by Proposition the
lower bound of ([.I(). Hence, we turn to the upper bound of (L.10). Part (i) of Lemma 6.3
of [H] states:

Lemma A (Dembo et al. [H]) Let Yy, Ys, ... be an i.i.d. sequence with E(Y?) < oo. If
P(Y1 > z) < exp(—cz?) for some 0 < v < 1, ¢ > 0 and all x large enough, then for all
t > E[Y1],

. _ 1 &
hfzn—igpn YIn P (EX;Y] > t) < —c(t— EM])".
]:

By Proposition .3, Y3 = I'; meets the conditions of the lemma. Therefore, take in lemma
A Y, =T;—T; 1 and t = a/cy5 where cy5 is such that

(Bse [| X, )" < ezs < a (B [[1]) 7

In particular, we have ¢ > FEge [I'1]. As a result, S°(T', > tn) is stretched exponential.
We also know that ¢ (|Xt,,, | <n) is exponentially small by Cramér’s Theorem (1/cy5 <
Ese [|Xr,[]). The relation S§¢ (7, > an) < S¢(Dpeyy > an) +S° (| Xr,,,. | < n) thus completes
the proof. [

We finish with the case “A < o0”.
Proof of Theorem : equation ([[.1]). Suppose that A < oo and let a, co4 and co5 be as

before. We write

S (Thepy > an) 2> ZSG ATy = Tpy > an} 0 {ly =Ty < an, V0 # k})
k=1
= neoyS© (Pl > (I’I’L) Se (Pl < aln)ncm—l .

By Proposition B4, S¢ (I'; > an) = n~2t°(). Therefore S (T'; < an)"** ™" tends to 1 (since
A > 1). Consequently,

Se (Fncg4 Z cm) Z nl—A—l—o(l) ’
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which gives the lower bound of ([[.I1]), by the inequality S¢ (7, > an) > S¢ (I, > an) —
S¢ (T'peyy > T0). Turning, to the upper bound, write as before S¢ (7, > an) <S¢ (T'ye,, > an)+
Se (\Xpn% <n). We already know that S° (\Xpn%
H, :=T, — Ese[['1Jn. When E[HY] < oo, example 2.6.5 of [[] says that if p > 2,

< n) is exponentially small. Let

P(H, > x) < (1+2/p)’ nE[HY)z™" + exp(—2(p + 2) %e Pz?/(nE[H}]))
and example 2.6.20 of [15], combined with Chebyshev’s inequality, shows that if 1 < p < 2,
P(H, > zx) < (2—1/n)nE[H}]z7"?.

By Proposition R.4, E[H{] < oo, for any p < A. We take z = (= Ese[| Xp,[] — Es<[I'1])n to
see that S¢(Ty.,, > an) < ¢(p)n'~P for any p < A. Let p tend to A in order to complete the
proof of equation ([.I1)). O
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