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DYNAMICS OF VORTICES FOR THE COMPLEX
GINZBURG-LANDAU EQUATION

EVELYNE MIOT

ABSTRACT. We study a complex Ginzburg-Landau equation in
the plane, which has the form of a Gross-Pitaevskii equation with
some dissipation added. We focus on the regime corresponding to
well-prepared unitary vortices and derive their asymptotic motion
law.

2000 Mathematics Subject Classification: 35B20,35B40,35Q40,82D55.
Keywords: Complex Ginzburg-Landau equation, Vortex dynamics.

1. INTRODUCTION

In this paper, we study the dynamics of vortices for a complex
Ginzburg-Landau equation on the plane, namely

Y ‘ 1
@@ug + az@tua = Aug + 6—2'&8(1 — |U5|2) (CGL)E

where u. : Ry x R? — R? is a complex valued map. Here §, o and
€ denote positive real parameters, and we will mainly focus on the
asymptotics as € tends to zero while § and « are kept fixed. Up to

a change of scale, we may further assume that a« = 1, and we set
k. = @. The complex Ginzburg-Landau equation (CGL)_ reduces

to the Gross-Pitaevskii equation when 6 = 0 and to the parabolic
Ginzburg-Landau equation when a = 0. Both the Gross-Pitaevskii
and the Ginzburg-Landau equations have been widely investigated in
the regime which we will consider (see e.g. [8, 17, 14, 4] for the Gross-
Pitaevskii equation and [11, 18, 6] and references therein for the para-
bolic Ginzburg-Landau equation). Typical functions u. in this regime
are given explicitely by

I ! d;
|z — a; z—a; \
u(ag, di) == [ Juea(z — a;) = || fra, ( ,
pir pir < |z — ail

where the points a; € R?, d; = +1, and the functions f 4, : RT — [0, 1]
which satisfy f14,(0) = 0, f14,(+00) = 1 are in some sense optimal
profiles. The points a; are called the vortices of the fields u, and the
d; their degrees. This class of functions u. is of course not invariant
by any of the flows corresponding to these equations, but not far from
it!, and it is in particular possible to define notions of point vortices

Date: September 29, 2008.
lsee the notion of well-preparedness in Section 1.2
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for solutions of (CGL), , at least in an asymptotic way as ¢ — 0, and
to study their dynamics. This dynamics is eventually governed by a
system of ordinary differential equations, at least before collisions.

Two relevant quantities in the study of vortex dynamics are the
Ginzburg-Landau energy

Vul? 1 — lyl2)2
Ea(u):/RQeE(u)dx:/Rz‘ Qu\ —i-( 4!;’) dx,

through its energy density e.(u), and the Jacobian

1
Ju = §curl(u x Vu)

through its primitive j(u) = u X Vu. In the regime which we will
consider, one has

e (u.)

|log5|d 4#25% and Juedx—\ﬂdeh

=1

as € — 0, which describes asymptotically the positions and the degrees
of the vortices. The quantity e.(u.) was especially used in the study of
the parabolic Ginzburg-Landau equation while j(u.) was used in the
study of the Gross-Pitaevskii equation. Here, we will rely on both of
them.

In the case of the domain being the entire plane R?, which we con-
sider here, the reference fields u.(a;, d;) have infinite Ginzburg-Landau
energy E. whenever d = Y d; # 0. In [7], a notion of renormalized
energy” for such data was introduced in order to solve the Cauchy
problem for the Gross-Pitaevskii equation. This notion was later used
in [4] in order to study the dynamics of vortices for the Gross-Pitaevskii
equation in the plane. Our definition of well-prepared data below and
part of the subsequent analysis is borrowed from [4].

The complex Ginzburg-Landau equation (CGL)_, either in the plane
or in the real line, has been vastly considered in the literature, espe-
cially as a model for amplitude oscillation in weakly nonlinear systems
undergoing a Hopf bifurcation (see e.g. [2] for a survey paper). The
mathematical analysis of vortices for (CGL), was first sketched in [17],
where it was presented as an alternative approach (a regularized ver-
sion) for the study of the Gross-Pitaevskii equation. We believe how-
ever that the conclusion regarding the dynamics of vortices for (CGL).
in [17] is erroneous, and that Theorem 2 yields the corrected version.

After the completion of this work we were informed that Spirn,
Kurzke, Melcher and Moser [15] independently obtained similar results
concerning the dynamics of vortices for (CGL), in bounded, simply
connected domains.

2not to be merged with the notion in [3].
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1.1. Renormalized energy and Cauchy Problem. As mentioned
in the introduction, for d = > d; # 0 the Ginzburg-Landau energy of
u?(a;, d;) is infinite. It can actually be computed that

/ |V |uz(ai, )| L= |uZ(ai, di)[*)
R2 2 452

whereas as |z| — +00,

dz < 400,

Vuz(ai, di)*(2) ~ 3

El

*( |2
JRLCT
. 2

The renormalized energy introduced in [7] is obtained by substracting
the diverging part of the gradient at infinity. More precisely, given a
smooth map Uy such that

Uy = ( - )d on R2\ B(0,1),

2]

so that

we have as |z] — +00
VuZ(a;, di)]* ~ [VU[*
and one may define
VU,

567Ud(u:(ai7 dl)) = lim ea(u:(aiy dz)) - < +o00. (1)

This definition extends to a larger class of functions, and is a useful
ingredient in solving the Cauchy problem. Following [7], we define

V={U e L®(R?C), V*U € L? Vk > 2, (1 — |U|?) € L?, V|U| € L*}.

In particular, the space V contains all the maps u? as well as the ref-
erence maps Uy;. We state below and prove in the Appendix global
well-posedness in the class V + H'(R?)?.

Theorem 1. Let ug = U + wy be in V + H'(R?). Then there ex-
ists a unique global solution u(t) to (CGL), such that u(t) € {U} +
HY(R?). If we write u(t) = U + w(t), then w is the unique solution in
CO(Ry, H'(R?)) to

{ (ke +1)0w = Aw + fy(w) (2)

w(0) = wy,

where .
fo(w) =AU + 2(U+w)(1 —|U +wl?).

£
3In [10], the Cauchy problem in local spaces is investigated for a more general
class of complex Ginzburg-Landau equations.
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In addition, w satisfies
w € Lig(Ry, H*(R?)) N LS, (R}, L2(R?)), dyw € Lige(Ry, L*(R?))
and
w € C®(R%, C=(R?)).
Finally, the functional E. y(u) := E.y(w) defined by

Vuw|? 1 —|U + w]?)?
E.y(u) = [Vwl® ;U| —/ AU-w—i—/ ( |4—;w| )
R2 R2 R2 3

satisfies
d
LB ) :—k:s/ OuwPdr, V>0,
dt ’ R2
As a matter of fact, it follows from an integration by part that if
u € {U} + H'(R?) is as in Theorem 1 and if U satisfies in addition

VU (z)| < ﬁ, then

= U = lim e-(u — VUF*
Eep(u(t)) = Ep(u(t)) = lim B(R)( (u(t)) = —5

) dz.

The functions u*(a;,d;) are not H' perturbations one of the other,
even for fixed d = ) d;, unless some algebraic relations involving the
a;’s and d;’s hold. In order to handle a class of functions containing
them all, it is useful to introduce the following equivalence relation on
the set V :

VU, U €V, U~Uiff
deg. (U) = deg, (U') and |[VU|* — |VU'|* € L'(R?).

Denoting by [U] the corresponding equivalence class of U, we ob-
serve that for any configuration (a;,d;) such that > d; = d, we have
u*(a;,d;) € [Ug). Therefore the space [U;] + H'(R?) contains in par-
ticular all H' perturbations of all reference maps u’ of degree d at
infinity.

For a map u in [Uy] + H'(R?), we may now define

) vU,|?
Ee vy (u) == RLHEOO . ec(u) — %

)

which is a finite quantity. Moreover, for any solution u = u(t) €
C°(|U4) + H'(R?)), we infer from Theorem 1 that

d d

%857[(]6[] (U) = EEE,U(U) = —ks - |(9tu|2.
The dissipation of & [,)(u(t)) is therefore exactly the same as the dis-
sipation for the usual Ginzburg-Landau energy in the case of bounded,
simply connected domains.
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1.2. Statement of the result. In the sequel, A,, denotes the annulus
B(2"t1)\ B(2") for n € N, so that R? = B(2™) U (Up>n, An)-

Definition 1. Let ay,...,a; be | distinct points in R?, d; € {—1,+1}
fori=1,...,01 and set d = > d;. Let (u:)oce<1 be a family of maps
in [Ug) + H'(R?). We say that (u:)o<-<1 is well-prepared with respect
to the configuration (a;,d;) if there exist R = 2™ > max|a;| and a
constant Ko > 0 such that*

l
i [[Jue =7 > dida, gy =0 (WPy)
i=1
sup Es(uea An) < Ky Vn > ny, (WP2)
O<e<1
and
lim (€. (1) — &g (2 (0, 1)) = 0, (WP,

We can now state our main theorem as follows

Theorem 2. Let (u?)o<c<t in [Ug)+H' (R?) be a family of well-prepared
initial data with respect to the configuration (a?,d;) with d; = 1, and
let (uo(t))ocec1 in C(RY, [Ug] + HY(R?)) be the corresponding solution
of (CGL), . Let {ai(t)}i=1,..1y denote the solution of the ordinary
differential equation

—d;
1+ 02 (3)

Fal(t) = CZ ((Sdl]lg - JQ)VCHVV, C,L =
ai(O):ai, Z:L,l

10 0 —1
]I?_(o 1)7 J2—<1 o)
and W s the Kirchhoff-Onsager functional defined by

W((ZZ'7 dl) = —T Z dld] IOg |a7; — CL]".
i#j

where

We denote by [0, T™) its mazimal interval of existence. Then, for every
t €10, T*), the family (uc(t))o<e<1 is well-prepared with respect to the
configuration (a;(t),d;).

2. EVOLUTION FORMULA FOR .

In this section, we recall or derive a number of evolution formulae
involving quantities related to u. which we introduce now.

Here, E.(u, B) = [, e-(u).
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2.1. Notations. Throughout this article, we identify R? and C. Given
1 = (z1,72) € R? we set 21 = (—m, ,), which in complex notations
reads x+ = iz. For z and 2/ € C, 2 - 2/ = Re(z2/) denotes the scalar
product and z x 2’ = 2+ 2/ = —Im(22/) the exterior product of z and
2" in R2. For a map u : R? — C, we denote by

j(u) =u x Vu = iu-Vu=u'-Vu
the linear momentum and

J(u) = Oyu x dhu = det(Vu)
the Jacobian of u. For u € H} (R?), it can be checked that J(u) =

%curl j(u) in the distribution sense. On the set where u does not vanish,
we have for k = 1,2

Jul Jul

This yields

: 1L

—, (2.1)
ul — Jul - Jul

hence we have
and it follows that

)

2 __ 2
Vul? = [Vhl* +

The Hopf differential of u is defined as
w(u) = |0yul? = |0yu)? — 2i0yu - Dyu = 40,uB-u.

It follows from (2.2) that w(u) may be rewritten in terms of the com-
ponents of V]u| and j(u) as

w(u) = O |ul® — dalul? — 2i 0, |u|Os|ul

1, . N (2.4)
+ W(Jf(ﬂ) — g3 (u) = 20 ji (u)ja(w)).
We recall that the Ginzburg-Landau energy density is defined by
Vul? (L= JuP)? _ [Vul?
and we set
o ee(u)
:LLE (U) | 10g€|
In view of (2.3), we then have
[(w)|?
ec(u) = e.(|ul) + up? (2.5)



Finally, we write the right-hand side in (CGL), as

VE(u) = VE.(u) = Au+ 6—12u(1 — |ul?).

2.2. Evolution formulae involving the Jacobian and the energy
density. For a smooth map u in space-time, direct computations by
integration by part yield for the energy

d

— | e(uw)pdr=— [ OwVE(u)pdr

dt R2 R2 (26)

— [ Ve (0w-Vu)de
R2
and for the Jacobian

d
— | J(u)xdzr = —/ VY - (Ot - V) d, (2.7)
dt RQ RQ

where x, p € D(R?).
Also, for any vector field X € C'(R?, C) we have (see e.g. [5])

X - (VE(u) - Vu)dx = 2/ Re(w(u)%—f) dz — /R? V)V - X da.

R2 R2

In particular, the choice of X = V¢ or X = Vix =iVy leads to
2

/RQ V- (VE(u) - Vu) dz = 2/RQ Re(w(u)?)—éi) dz — /R V(u)Ap da

and
2

Im (w(u)a—x> dz. (2.8)

V- (VE(u) - Vu) dx = —2/ 522

R? R?

We next consider a solution u of (CGL)_ , which is smooth in view
of Theorem 1. In this case, VE(u) and Oyu are related by

Oyu = O%EVE(U) = (.VE(u), (2.9)
where a. = Toge| +i = k. +i4. Using (2.9) in (2.6) and (2.7), we
obtain
d J 5
@t J.o e.(u)pdr = — Toge] /11&2 |Ou|*p do — /R2 Ve (B-VE(u) - Vu)dx
and

d

| J(u)x de = — /R2 Vix - (iB.VE(u) - Vu) dz.



—

In order to get rid of the terms of the form [ X - (iVE(u) - Vu), we

RQ
compute
d
o | (0T (w)x = ae-(u)p)
R2
where (. = a + ¢b. This yields
d

— [ bJ(u)x —ae(u)p = (b*+a?) | Vix-(VE-Vu)+ aks/ |Oyu|? dx
dt R2 R2 R2

+ /RQw@ ~Vy) - (ala + ib)VE - V).

€ —1 .
e and b = EESE we can multiply (2.10) by k2 + 1.
Using finally (2.8), we obtain

Proposition 1. Let u solve (CGL)_ . Then for all ¢, x € D(R?),

d o 2 o
G [T keog = =2 [ oaper [ tn(utng)

Since a =

+ R.(t, ¢, X, u),

where the remainder R, is defined by

Reltpox.u) =~k [ (Vo= V40 - (9.VE@) - Va)
]R2
or equivalently
Riltiooxw) =~k [ (Vo= Vi) G- Vu)
RQ

Proposition 1 allows to derive formally the motion law for the vor-
tices. Indeed, assume that we have

l

Jug(t) — T Z diéai(t),

=1

l
pre(ue)(t) — Z Oay(t)
=1

and wu,(t) is close in some sense to u’(a;(t), d;), and therefore to u*(a;(t), d;),
where

I di
z — a;
* ’i)di = . .
o) =TT (=57)
We use Proposition 1 with u formally replaced by v (a;(t), d;) and with
choices of test functions ¢ and x which are localized and affine near
each point a;(t) and satisfy V¢ = V1 there, so that both terms
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k2 [oo |0iul* and R.(t,¢, X, ue) vanish in the limit ¢ — 0. Using the
formula (see [4])

2/RQIm(w(u*(ai(t)d W) ﬂde] _> Vy(a),

JFi
we then obtain that for each ¢

md;d;(t) - Vx(a;) + 6md;(t) - V(a;) = WZCZ d] )

JF#i
Taking into account the fact that V(a;) = VL x(a ) we infer that

m(didi(t) — dd; (1)) - Vx(a;) = —ﬂZd

J#i

- Vx(a;).

- Vx(ay),

—CL]|2

which yields the ODE (3).

In Section 4 and 5, in order to give a rigorous meaning to the previous
computations, we will prove the convergence of the Jacobians and of
the energy densities to the weighted sum of dirac masses mentioned
above, and then show that both the energy dissipation kZ [, [Oyul?¢
and the remainder R.(t,y, X, u.) vanish asymptotically when ¢ tends
to zero. Finally, we will establish a control of w(u*(a;),d;) — w(ue) or

equivalently of w(u?(a;),d;) — w(u.) in Li (R*/{a;(t)}).
3. SOME RESULTS ON THE RENORMALIZED ENERGY

In this section, we study the link between the energy &, [,) and the
usual Ginzburg-Landau energy on large balls. This may be achieved
for maps having uniform bounded energy on large annuli by defining a
degree at infinity.

3.1. Energy at infinity and topological degree at infinity. Let
A be the annulus B(2)/B(1). We define

— {ue H'(A)s.t. 3B C B(u), |B| > z Vr € B, deg(u, 0B(r)) = d}
and
EA = {u e H'(A)st. E.(u, A) < A}.
The topological sector of degree d is then defined as
Sh.=EMNT,.
The following Theorem was proved in [1].
Theorem 3. For all A > 0, there exists e > 0 such that for every

0 < e < ep, we have
=Jsi.

deZ
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In the sequel of this section, we fix A > Ay = md*log(2) and we set
Sd(A) = S;/l\,e,\?

so that in particular the map U, belongs to Sq(A).

Let u € [Ug] + H'(R?) and for k € N, set uy, : 2 € A — u(2"z). By
scaling, we find that for every 0 < € < ¢, the map u; belongs to EQA
for k > k(e) sufficiently large and therefore to some topological sector
Sfl‘(kL .. Thanks to the uniform bound for the energy F.(uy, A) for large
k, this degree is necessarily identically equal to d.

Proposition 2 ([4], Corollary 3.1). Let d € Z and A > N4. For any
u € [Ug] + HY(R?), there exists an integer n € N* such that for all
k > mn, the map uy : z € A — u(2Fz) belongs to the topological sector
Sq. We denote by n(u,\) the smallest integer having this property.
The map u+— n(u) = n(u, \) is continuous.

We first have the following

Lemma 1. Let A > Ay be given. Let u € [Uy] + HY(R?) and assume
that there exists ng € N* such that for all n > ny,

E., (u, A,) < A.
Then we have n(u, A) < ny.

The definition of n(u) allows to obtain a lower bound for & ) on
annuli.

Lemma 2 ([4], Lemma 3.1). Let d € Z and u € [Uyg) + H'(R?). Then,
for any k > n(u), we have for e < ey

2
/ eo(u) — YY) 5 _pg-mm2
A 2

Lemma 3 below provides an upper bound for the Ginzburg-Landau
energy on sufficiently large balls in terms of the excess energy &, j,1(u)—
-, (u}). This will enable us to rely on results holding for the Ginzburg-
Landau functional in bounded domains in the proof of Theorem 2.

Lemma 3 ([4], Lemma 3.2). Letd € Z, u € [Uy]+ H'(R?), a1,...,a; €
R? and dy,...,d; € Z* such that d = >.d;. Then, for k > 1+
max{log, |a1],...,log, |a|,n(u)} and R = 2* we have

X . C
/ ee(u) — e-(uz(ai, d;)) < &, (u) — E wy(uilai, i) + =,
B(R) R

where C' depends only on | and d.
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3.2. Explicit identities for the reference map u?. We present here
an account of some classical identities for the energy of u?, which are
borrowed from [4].

In the sequel, we consider a configuration (a;,d;) with d; € Z* and
we set d = > d;. We begin with an explicit expansion near each vortex
Clj.

Lemma 4. Forj€{l,...,l} and0<e <1,
« T T £
/ . (as, i) = wdlog(") +4(1d,) + O(L) + O(5)?
B(aj,r) g Ta T

where y(|d;|) is some universal constant.

On the other hand, uf(a;,d;) behaves as u*(a;,d;) away from the
vortices, so its energy on Qp, = B(R) \ UB(a;,r) is close to the en-
ergy of u*(a;,d;) on Qg, which we can compute explicitely (see [3]).
Combining the previous expansions, we obtain

Proposition 3. Let
1
ro = — min{|a; — a;|}, R, = max{|a;|}.
8 i#j

Then for R > R, + 1,we have as € — 0
1

l
| et d) = = 3 dllogel + W (e ) + 3 (14)
B(R

i=1 i=1

+7rd*log R + O(%) + 0-(1).

We observe that as R — 400, we have 7log® R ~ fB(R) \ngﬁ This

yields the following expansion for the renormalized energy

Corollary 1. When ¢ — 0, the following holds

!
E- g (ul(ai i) = 7wy di|loge| + W (a;, d;)

i=1
!
|VUd?
+ ~v(ld; —/ +o.(1).
>oalldh - [ e

Concerning the energy on annuli, we finally quote the following result

Lemma 5. For R > R,, we have
R,
/ ec(ul(a;, d;)) = wd? log2—|—0(—)
B(2R)/B(R) R

or, in view of the properties of Uy at infinity,
VU, ? R,

/ e (a5, ) = / +o(te),
B(2R)/B(R) B@R)/B(R) 2 R
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4. COERCIVITY

In this section, we supplement some results from [4] and [13] with
estimates which we will later need. These results establish precise
estimates in various norms for maps u being close to u*(a;, d;) in terms
of the excess energy with respect to the configuration (a;,d;). For a
map u € [Uy] + H'(R?) and a given configuration (a;, d;) with d; = +1
we define this excess energy >, as

Ye = Za(aia di) = 55,[Ud] (U) - ga,[Ud](U:(aia dz))
We also set

I
ra=gmin{le—a,l}, Ra= max o}

Theorem 4. Let r <1, and 2" = Ry > R, such that U._, B(a;, ) C

B(Ry). Then there ezist g and ny depending only on l, r, rq, Ra, Ro
satisfying the following property. For all u € [Ug] + H'(R?) such that

!
n=|Ju—mn Z di(saiHng(B(R))* <o (4.1)
i=1
and
2" < Ry, (4.2)
then for e < ey we have
j(u) 2 1
ee(|ul) + 5|7 —J(u"(ai, di))| <3+ Cn,e, ),
(Ro)\UB(ai.r) |u| Ry
(4.3)

where C' is a continuous function on R? vanishing at the origin. Fur-
thermore, there exist points b; € B(a;,r/2) such that

l
1w =7 did, oo gy < F(Ro, S)e] logel (4.4)
i=1

and
g(ROJ T Ta, ZE)
[log |

H/’LE _Wzab

where f and g are contmuous functions on R? and R,

) (4.5)

100 B(RU -~

Proof. Except for the energy concentration (4.5), each of the other
statements are already proved in Theorem 6.1 of [4]. We first infer from
(4.1) that for all @ ||Ju — Wdiéai”WOl,oo(B( yo < mo- 1f o is sufficiently
small with respect to 7 this gives in view of Theorem 3 in [13] K} >
C(r), where K} is the local excess energy near the vortex i defined by
K§ = [0, €c(w) — wlog(%). It follows that

e.(u) < e.(u) —m(l—1)|lo —C(r).
/B(W)() /B(RO)() (1 - Dlloge] — C(r)

a;,r)
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On the other hand, since n(u) < ng, we have according to Lemma 3
and Proposition 3

C
/ e.(u) < / e-(ul(ai, d;)) + X + = < wl|loge| + X, + C.
B(Ro) B(Ro) Ro

This first implies that K} < C + X.. Also, replacing r by 3r/4 we see
that [ po\UB(asara) He(U) < (O +2:)[loge|[ ™", where C only depends
on Ry, 7, 7q,

Now, according to Theorem 2’ in [13], the energy density p.(u) on
B(aj;, ) concentrates at the point b; € B(a;,r/2) where J(u.) concen-
trates. From Theorem 3.2.1 in [9] and the estimate for K it follows

that
[, C)
[loge|

[ 1 () — 6y, Wy ™ (B(ai,r))* <

Combining the above and the upper bound for the energy density
outside the vortex balls finally yields (4.5). O

5. CONVERGENCE TO LIPSCHITZ VORTEX PATHS

In this section, we establish compactness for the Jacobians and the
energy densities under weaker assumptions on the initial excess energy.
Instead of assuming that this excess energy vanishes initially, we only
require that it is uniformly bounded with respect to e.

Theorem 5. Let (a,d;) with d; = +1 be a configuration of vortices.
Let R =2" and (u2)o<ect tn [Ug) + H'(R?) such that

l
i [[Jue =7 didagllyp= (s =0, (WPy)
=1
sup F.(uc,An) < Ko, Y > ny, (WPy)
O<e<1
and
sup (Eojug(ue) — Exgug (2 (0 di))) S Koo (wpy)
0<e<1

Then there exist R = 2™ and T > 0 depending only on Ky, R,r, and
R, a sequence g, — 0 and [ Lipschitz paths b; : [0,T] — R? starting
from af such that

l
sup [[Jue, (8) =7 Y didoylwioepryy- — 05 k—+oo (5.1)
t€[0,T] =1

and

I
SElp} || e, (e, ) (t) — WZ O () [lwtoe (B(RY) — 0, k — 400. (5.2)
telo,T —
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Moreover, there exist a constant Cq > 0 depending only on r., R, K
and Ko and a constant Cy > 0 depending on r,, R and K such that
for allt € 0,T] and for k € N,

E. (uc, (), A,) < Co, Vn > ny (5.3)
and
Eepva] (e, (1) = Ep o) (ul, (bs(t), d;)) < Ch. (5.4)

Proof. The proof is very similar to the proof of Theorem 4 in [4]. In
the sequel, C' will stand for a constant depending only on r,, R, R, and
K.

We first consider A > Kj. Thanks to Lemma 1 and (Wp,), there
exists £4 > 0 such that for all € < g5, we have n(u?) = n(ul, A) < ny.

We fix such a A and from now on only consider € < g,.

We next introduce R’ = max(R, R, + r,) and define n; > ny as the
smallest integer for which 2" < R’. In the remainder of the proof,
we will assume without loss of generality that R’ = 2™ and we will
write || - || instead of || - ||W&,OO(B(R,))*. Our aim is to apply Theorem
4 to each u.(t) for the choice r = r, and Ry = R’. Let 1y and gy be
the constants provided by Theorem 4 for this choice. First, thanks to
(Wp;) and (WPy) it turns out that the convergence in (Wp,) still holds
on the larger ball B(R’) (see the proof of Lemma 7.3 in [4]). Therefore,
since t — Ju.(t) € L'(B(R’)) is continuous for each ¢, there exists a
time 7, > 0 such that

l
| uc(s) = 7Y didpoll <mo, Vs €[0,T). (5.5)
=1

We take T to be the maximum time smaller than 7™ having this prop-
erty, where T* is defined in Theorem 2.

On the other hand, since t — E.(u.(t), A,) is continuous uniformly
with respect to n and A > Ky, we infer from (Wp.) that there exists
T! > 0 such that for s € [0, T/]

E.(u.(s),A,) <A, ¥n>mny,

so according to Lemma 1 we have n(u.(s)) < n; for s € [0,77].
We claim that there exists a constant D depending on K, r,, R and
Ky such that for all s € [0, min(7;,TY)),

E.(u-(s),A,) < D, Vn > ny. (5.6)
Consequently, if we assume from the beginning that
A > max(Ky, D),

then it follows from Lemma 1 that n(u.(s)) < n; on [0, min(7;,T7)].
Therefore T! > T. and the topological degrees of the maps u.(t) at
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infinity remain uniformly bounded by n; as long as their Jacobians
satisfy (5.5).

Proof of (5.6). As in [4], we decompose for each n > n; E.(u.(t), A,) —
E.(u(a?, d;), A,) as
+00

Z (EE(u: (CL?, dl)7 Ak) - Es(us(t)> Ak))

k#n
+ E. (u: (a?7 dz); B(R/)) — L. (u6(8)7 B(R/)>
+ gz—:,[Ud] (UE(S)) - gz—:,[Ud] (u:(a?7 dl)) :

We first handle each term of the sum in the right-hand side. In view
of Lemmas 2 and 5, we have for k > n;
VU4 ?
E(uc(t), Ay) > —Ce?27% + / VU
A, 2
> E.(u(a),d;), Ay) — C(R,)27% — Ce?27%,

so we deduce that
“+o0

> (Bo(ui(al, di), Ay) — Eo(uc(t), Ay)) < C.

k=n1

k#n
Next, we infer from the definition of 7. and Theorem 3 in [13] that
fB(aQ vy €(ts(s)) = m|loge[ — C. Observe that R’ is chosen so that

UB(a?,7,) C B(R), so this leads to
E. (u.(s), B(R")) > wl|loge| — C.
Using Proposition 3, we thus find
F. (u2(a?, d), B(R)) — P (u(s), B(R) < C. 6.7)

Finally, we define X2(s) := & v, (u:(s)) — & vy (ui(a,d;)). Since
& v, (us(t)) is non-increasing, we obtain in view of (Wps)

32(s) < E g (ud) — Eouy (wi(al, di)) < Ky,
and (5.6) follows.

We may now apply Theorem 4 to each u.(¢) on [0,7.]. This provides
points b (s) € B(a), r_;) for 0 < s < T.. Since ¥2(s) < K, estimate
(4.3) turns into

[ tuton + g Hs) - ieaday| <c

where Qg ,, = B(R') \ UB(a,r,). Also, we have by (2.4) and (2.5)
/ e.(u.(s)) < C (5.8)
Qs

Ta

Ta
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and
[w(us(sN 10, < C, (5.9)

where C' = C(R,r,, K1). For notation convenience, we may now write
pe instead of p(ue).

In the sequel, given any configuration (a;,d;), we denote by H(a;)
the set of functions , ¢ € D(R?) such that

! !
X=X 9= e
i=1 i=1
where for all ¢
31,
Xi» Pi € D<B<ai> 7)>, Ve; =V x; on Bla;, 1)

and y; (hence ;) is affine on B(a;, r,) with |[Vx;(a;)| = [Vei(a;)| < 1.

By definition of r, such functions x and ¢ always exist, and we can
moreover estimate their L> norms by

C C
1Delloo; 1 Dxlloe < =, 1D*@lloes 1 D°Xlloo < -

We next establish a control of the remainder terms appearing in
Proposition 1.

Lemma 6. Assume that sup T, = T, is finite. Then there exists a
0<e<1

constant C = C(rq, R, K1,T.) such that

/TE/ |8tu€\ C
R2 |10g€\2 = Tloga
and for all x,p € H(a?)

Te

3tu€ . VUE C
J— (p - — S ~ —l
R2 |log €| |log 2

Proof. In order to prove the first inequality, we use Theorem 1 and
obtain

T:
L 1o =i () = g (1)
SKI + Sa,[Ud] (u:(a?7 dz)) - ge,[Ud] (us(Te)) .
Since n(u.(7.)) < ny; we have by Lemma 3
ge,[Ud] (u: (a?, dz)) _Sa,[Ud} (ue(T2))

g/ e. (uz(al,d;)) —/ ce (ue(T2)) +
B(R') B(R)

which is bounded in view of (5.7). It then suffices to divide all terms
by |logel.

|loge|
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For the second assertion, we set £ = V1y — V¢ which has compact

support in A = UA;, where A; = B(a), %2) \ B(a,r,), and we apply

Cauchy-Schwarz inequality. We obtain

</Tg/ X V atug VUE)
R? | log |
TE 8U52 TE
g(/ Y ([ [ i),
0 g2 | log €] 0 A

Since A C Qg ,,, we infer from (5.8)

T T
/ / Ve < el / / Vu.? < CT.J¢|,
0 A 0 A

and the conclusion finally follows from the first part of the proof. [

We may now establish the following

Lemma 7. There exists T =T (r,, Ra, R, K1) > 0 such that
liminf 7, > T.

e—0

Proof. The first step consists in showing that for (y,¢) € H(aY), for
s,t €[0,7.] and : =1,...,] we have

| (s Jue(t) = Jue(s)) + (@i, e(t) — pe(s)) |

5.10
< C|t—s|+ ¢ (5.10)

[logel=

Indeed, we fix 7 and we invoke Proposition 1 for u = u, and the choice
of test functions (x;, ¢;). Integrating (2.10) on [s, ] yields

v b))+ ) = e <2 [ [ [ (w0 5% )|

|Opue | O, - Vu,
Pi i — V) —————
//‘uogsw V= Ve T

where has support in C; C Qg ., and it finally suffices to use (5.9)
and Lemma 6.

I

6X1

In a second step, we take advantage of the equality

| Juc (T, —dea ol = 0.
We set
bi(T:) — a?
165(T%) — a|’
and we define x;., ¢; . so that for x € B(a),,),

Vszdi Zzl,,l

Xi,s(x) =Vie T, 901',8(‘1') = I/iJ,_E T,
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and we require additionally that x = > x;. and ¢ = > ;. belong
to H(a?); we can moreover choose ¢; . and ;. so that their norms in
C?(B(R)) remain bounded uniformly in e. As b(T.) € B(a?,1r,/2), we
have

’dszf(Ts) - CL?| = d1X<bz€(T€) - a?) + 590(bf(T€> - a?),
so that

!
|m Z di(dez (1) — 5a$)” =(r Z di(Ope (1) — 5(1?)7 X) + 6(m Z(ébf(TE) — 0g
i—1 '

On the other hand, we have

| Jue (T —chzaouqu% . —wzcz(sm H+H7er (e (1) —

The second term in the right-hand side may be rewritten as

l l

<7TZ di(ébf(TE) - 5(1?)’ X> + 5<7TZ(5bf(Ts) - 511(1-))’ 90> =A+B+C,

i=1 =1

l
A = (7)) dibyeny — Ju(To), x) + 5(”25@?(2) — pe(12), )

< C (HJUe Zd O (1)l + 6| e (T 251)6 Ta)||>

=1
B is given by
B = (Jue(Tz) = Juc(0), x) + 6 (ue(Tz) — p(0), )
and finally

l

cC = (Ju —WZd(S X))+ 0(pe(u —del
l
< <|Ju —Zd(50||+5||,us Zdz?”)
=1

In view of the bound provided by (5.10) for B, estimates (4.4)- (4.5)
and the fact that ¥0(s) < K for 0 < s < T, this implies

l
mo = [ Jue(Te) = 7Y didoll < C(e|loge| + |loge| ™ + [loge|72) + CTL,

i=1

and letting € — 0 yields the conclusion. Lemma 7 is proved. U

Ga0) -
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Proof of Theorem 5 completed.
We consider ¢, s € [0,T]. Arguing as in the proof of Lemma 7 (with 7}
and 0 replaced by ¢ and s), we find that for all x, ¢ belonging to H(a)

1§j@h@ﬁ»—nw@ﬂ+5p@ﬁ»—w@@M]

<C swp (|lJuc(r) =3 digoll + ) }j&eu)

T€[0,T) i—1

+ |<Jua(t) - JU&(S>7X> + 5(;“5(15) - ”E(S)v <P>|,

which is bounded by o0.(1) + c|t — s| by (4.4)-(4.5) and (5.10). Consid-
ering successively x(z) = e; -z and x(z) = e5 - on each B(a?,r,), we
obtain
b5 (t) — b5 (s)] < c|t — s| + o-(1). (5.11)
Next, using that b € B(a?,r,) and a standard diagonal argument,
we may construct a sequence (g5) — 0 and paths b;(t) such that b3*(t)
converges to b;(t) for all ¢ € Q N [0,7]. We infer then from (4.4)-
(4.5) that the convergence statements (5.1)-(5.2) in Theorem 5 hold for
these times. Moreover, in view of (5.11) these paths are Lipschitz on
[0,7] N Q, so that they can be extended in a unique way to Lipschitz
paths (still denoted by b;(t)) on the whole of [0,7]. We can finally
establish that the convergence (5.1)-(5.2) holds uniformly with respect
to t € [0,7] by using again (5.11) and (4.4)-(4.5).

Finally, we already know from (5.6) that estimate (5.3) holds for
the full family (u.)cce,. In order to show (5.4), we recall first the
uniform bound &, Ud]( u:(t)) — E vy (ui(a?, d;)) < K;. On the other
hand, Corollary 1 gives

Eoqug (ui(ag, di)) — Eeuy (ui(bi(t), di)) = Wag, d;) — W(bi(t),d;) < C,

since the bs are continuous and remain separated on [0, 7]. This yields
the bound (5.4) and concludes the proof of Theorem 5. O

As mentioned in the beginning of the proof of Theorem 5, the con-
vergence of the initial data in (WP,) actually holds on every large ball
B(L),L =2™ > R, so that we find the same conclusions when replacing
R by L.

Lemma 8 ([4], Lemma 7.3). There exists a subsequence, still denoted
by €k, such that for all L > 2™,

M 1= [sup] || Jue, (t) WZCZ Oy () leoo sy — 0, k — 4o00.
0T i=1

For t € [0,7T] and sufficiently large £ € N, we may therefore apply
Theorem 4 to u,, (t) with respect to the configuration (b;(¢),d;) and
with the choice Ry = L = 2" for each n > n;. We are led to introduce
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the excess energy at time ¢ with respect to the configuration (b;(), d;)
by

25k (t) = SEImUd (uEk (t>> - gEk,Ud (u:k (bl<t>7 dl)) )
which is uniformly bounded on [0, 7] in view of (5.4). Letting first k,
then n tend to +o00, we can get rid of the dependance on R in (4.3).

Lemma 9. For all v < r,/2 and K > 2™, we have for sufficiently
large k and t,t1,ty € [0,T]

J\Ue )) - *
/ carlua (O + 5 222D — ). )
B(K)\UB(bi(t),r) e, (1)

1
S Eek (t) + C(gka Mk, ?)

Therefore, we have as k — 400

) ue, ) (t .
sy [ [ ceru () + g T (00,
B(K)\UB(b:(t),r)

k—-4o00 8 |u5k |

2

k—+4o00

to
< limsup/ e, (1).
t1

Consequently, it appears that the distance between u., (t) and u*(b;(t), d;)
may be asymptotically entirely controlled by limsup X, ().

We now define the trajectory set
T ={(t,bi(t), t€[0,T],i=1,...,1}
and
G=1[0,T] xR*\T.
Thanks to the uniform bounds in L?

2 .(G) provided by Lemma 9, we
establish the following

Proposition 4. There exists a subsequence, still denoted €y, such that
j(uE ) - *
T = g (bi(), i)
e, |

weakly in L} (G) as k — +oo.

Proof. Let B be any bounded subset of R?. First, we observe that
according to Lemma 8

curl(j (ugk)> =2Ju., — ZWZdidbi(.) = curl(j(u*(bi(),di))) (5.12)

in D'([0,T] x B). )
On the other hand, we have
d1v< (ue,)) — 0 = div(ju((bi(-), di))> (5.13)
in D'([0,7] x B).
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Indeed, since u,, solves (CGL)_ we obtain by considering the exterior
product

ke e, X Ope, + Ug, - Ople, = Ue, X Aug, = le( (usk))

so we are led to

. . 1 |u5k|2 —1
div(jue, ) = ke, ue,, X Opue, + 2€kdt — ) (5.14)

Now, applying Lemma 3 to u.,, we find

sup E., (us, (), B) < 7l|loge| + X, (t) + C < wl|loge| + C, (5.15)
(0,7]

where the second inequality is itself a consequence of (5.4). This implies
first that |u., | — 1in L*([0, T]x B). Moreover, we infer that the second
term in the r.h.s of (5.14) converges to zero in the distribution sense on
[0, T]x B. For the first one, it suffices to use Cauchy-Schwarz inequality
combined with the L? bound provided by Lemma 6 and the already
mentioned uniform bounds of |u., | in L.

We then infer from Lemma 8 and (5.15) that j(u,) is uniformly
bounded in L} ([0,T] x R?) for all p < 2. This is e.g. a consequence
of Theorem 3.2.1 in [9] and the remarks that follow. We deduce from
(5.12) and (5.13) that up to a subsequence, we have

Jusy) = g =g (bi-), di)) + H (5.16)

weakly in LV ([0,T] x R?), where H is harmonic in x on [0, T] x R?.
On the other hand, it follows from the first part of Lemma 9 that
there exists js such that, taking subsequences if necessary, j(u., )/|ue, | —
J2 weakly in L2 (G).
Taking into account the strong convergence |u,, | — 1 in L2 ([0, T] x
R?), we obtain j; = jo» € L% _(G). The second part of Lemma 9 com-
bined with (5.16) then yields

J(us,)

e, |

1H]z2

loc

g < hmmf H —j(u*(bi,di))HLz @ < CT,

where C' depends only on K, R and r,, so finally ||H||2(orxr2) <
CT. Since H is harmonic in x, we find that H(t,-) is bounded on R?
for almost every t and therefore is identically zero. We end up with
J1=Jj2 = j(u*(b;(+),d;)) in G, and the conclusion follows. O

6. PROOF OF THEOREM 2

In this section, we present the proof of Theorem 2. We let {b;(¢)} be
the [ Lipschitz paths on [0, 7] provided by Theorem 5 and {a;(t)} be
the unique maximal solution defined on I = [0,7) to (3) with initial
conditions af. Our aim is to show that a;(t) = b;(t) on I. We will first
prove that this holds on [0,7]. By Rademacher’s Theorem, the time
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derivatives b;(t) exist and are bounded almost everywhere on [0, T7.
Without loss of generality, we may assume T < T™, so that

a0 < C, 6] <C, ae on [0,T). (6.1)
t

Moreover, we may assume, decreasing possibly 7', that |a;(t) — b;(
r./2 for all i. Hence, the trajectories a;(t) remain in B(a,r,) on [0, 7]
We introduce

b)) = 30 [ i) =Bie)lds, o) = 3 lat) = b0,

then h is Lipschitz on [0,7] and for almost every ¢ € [0,7] we have

W(t) = S2'_ |di(t) — bi(t)]. Note that since o is absolutely continuous

and o(0) = 0, we have for all t € [0, T

o(t) = /0 o'(s)ds < h(t)

therefore it suffices to show that A is identically zero on [0,7]. This
will be done by mean of Gronwall’s Lemma.

Lemma 10. For all ty,ts,t € [0,T], we have

limsup ¥, (t) < Ch(t)
k—+o00

and

to to
limsup/ Y, (s)ds < C’/ h(s) ds,

k—+oo Jty t1

where C' only depends on rq, Ko, R,.
Proof. For t € [0,T], we decompose X, (t) as
Zak (t) - g€k7[Ud} (uék (t)) - gﬁk,[Ud}<ugk) + Zék (0)

+ Sﬁk,[Ud] (’U,:k (CL?, dl)) - gék,[Ud] (u:k (bl(t>7 dl)) .
Appealing to Corollary 1 and Theorem 1, we obtain

t 2
5., () =~ / Oies|” L5 (0)+ W (@, di) — W (bi(2), i) + 0., (1),
s S [log ]

Using that W is Lipschitz away from zero, we estimate the last term
as follows

< _/0 S dils) - Vo, Wis) ds + Cot)

Since the a; solve the Cauchy problem (3), an explicit computation
gives

di(s) - Vo, W(s) = gCidiIVaiWIQ = —om|d,(s)]?,
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so that

t t 2
() < zgk(0)+5w/ Zm(s)ﬁds—a/ el | o) + 0., (1),
0 =1

o Jrz |1og ekl

We handle next the energy dissipation in the right-hand side. In view of
Lemma 6, we have f[ovT]XRQ |0, |* < C|logex|, while E, (ue,, B(R')) <
ml|logey| + C. Applying Corollary 7 in [19] to (u., ), we obtain

o [Orue, | / )2
1 f —_— E b d 2
iiriligo/ R2 |log€k] b:()[" ds. (6.2)

Now, we have thanks to (6.1)

l ¢ l t
S [(aR - 166)7) <3 [ lats) (o) ds = i)

whereas Y, (0) — 0 by assumption, hence we get

limsup X, (t) < C(o(t) + h(t)).

k——+o0
Applying Fatou’s Lemma in (6.2) finally also provides the correspond-
ing integral version, and lastly, it suffices to use that o < h. O

As suggested in the introduction, the map u*(a;(t),d;) solves the
evolution formula given in Proposition 1 in the asymptotics € — 0.

Lemma 11. We have fort € [0,T] and x, ¢ € H(aY)

Zdzx ai(0) + 8o (t) =2 [

R

Im <w (w* (ai(t), di)) %) .

Proof. We use the following formula proved in [5], valid for any config-
uration (a;,d;) and any test function x which is affine near the point
vortices .

2/]1%2 Im (w(u*(ai(t) d:) ﬁ> _ —dedj i(?) a;(t))‘: V(as(®).

i#j ailt) = a;(t)

On the other hand, we compute

d < ! . .

dt (; dix(a;) + 5@(%‘)) = ; (diVX(&i) - d;(t) + dVep(a;) - ai(t)>
!

_ Zdivx(ag) (di(t) — ddd (1),

where the second equality follows from the relation V(a?) = V4x(a?).
Next, we deduce from (3)

w(di(t) . 5didﬁ(t)) = (1 + BPR)VEW = d,VEW,
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and we obtain

d (Zdlx a;) + 0 al> ZVX a;) VLW

=1
a;)"
__dedJ o=l - Vx(a;),
1] J
which yields the conclusion. U

Lemma 12. Set A = UB(d%,2r,) \ B(a?,r,) and let t,,ty € [0,T].
Then for all ¢ € D(A), we have

/:/A(w (ue (s)) —w(u*(bi(s),di)))gp' < C||90||oo/t:2h(s) ds.

Proof. We apply the pointwise equality (2.4) to v = u,, (t) and u* =
u*(b;(t), d;) for all t. Since |u*(b;(t),d;)| = 1, this gives

o)~ (0) = 3 (il + o[BIy,

k=1

lim sup
k—-4o00

where ay, by, € C. We rewrite the terms involving the components of
7 as

J(w) jiu) — Jr(u?)gi(u”) = <jk(u> _jk(u*)) <jl(U) _jl(u*>>

ul |ul |ul
, Jiu) ()
+Jk(u” )( 4] — Jilu )) + Ji(u )<’U—| — Jr(u ))-
We multiply the previous equality by ¢, integrate on [t1, 5] X A and let &
go to +oo. Using the weak convergence in L? of j(u., ) to j(u*(b;(.), d;))
on [0,7] x A C G combined with the fact that ju*(b;(.),d;) is bounded
on this set, we deduce

w (1, (5)) = w (" (bi(s), 1)) )
k—4o00
. » )
< dlplistimsw [ [ (19l 4 225 - jua])
k—+o0 |u5k|
The conclusion finally follows from Lemmas 9 and 10. U

We are now in position to complete the proof of Theorem 2. We
consider arbitrary , ¢ belonging to H(a?), we fix 0 < s <t < T and
we integrate the evolution formula (2.10) on [s,t]. We obtain

[ [ netoncts [ waere= [ e+ [ o)

where
’ atu& k | 2

ge(T) = =0 + R (7, X, 0 Uy, )

w2 | log ex|”



25

and
i) =2 [ n(wlun () 52),

which we decompose as
82
g2 = 2/ Im ([w(uak) — w(u* (b, d;))] 8_35)
R2 &
. . "X
+2 [ T ( [w(u’ (b, di)) — w(u(ai, di)] 5
R2 <

+ 2/R2 Im (w(u*(ai,di))%> — Ay(7) + By(7) + Ci(7).

We next substitute the formula given by Lemma 11 for Cj in the pre-
vious equalities. Setting

finslr) = [ Tueonts | uamw—wi (dixtea(r)+5o(a(r))).

we obtain

t t t
Fono®) = Frneo(s) = / g+ / A+ / By

Lemma 6 with 7. = T first gives |fst g () dr| < C|logeg| "2 for all k.

Moreover, it follows from Lemma 12 and the fact that supp g%x C A
that

¢ t
limsup‘/ Ag(T) dT’ SC’/ h(T)dr.

k——4o00

Finally, we infer from the regularity of w(u*) away from the vortices
that

/: |By.(7)| dr < c/:a(f) dr < c/:h(f) dr.

Letting k go to +o00, we finally deduce from the convergence statements
in Theorem 5 that for 0 < s <t < T,

fuel®) = Fuols) <€ [ ey, (63)
where f, ., is defined by
Jxe = WZ [di(X<bi) - X(Gz’)) + 5(@(51') - @(ai))]-

Here the constant C' depends only on x, ¢ and the initial conditions.

We now fix a time t € [0, 7] at which all the vortices b; have a time
derivative. Since the a; are C, it follows that f, ., is differentiable at
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t with time derivative given by
£l () = le <d-Vx(a?) n WLX(ag)) (bi(t) — da(t).
=1
Dividing by ¢ — s in (6.3) and letting s — ¢ gives then
‘WZ (d:Vx(a?) + 6V (a?)) - (Bi(t) — di(t))’ < Ch(t).
i=1

So, considering in particular x,p € H(a?) such that x and ¢ vanish
near each point a! except for one, we obtain for all i =1,...,1

(¥ x(a?) + 09 x(a?) - (Bi(t) - @a(1)] < Ch(t).

Choosing then successively x(r) = 21 and x(z) = @, near aj we end
up with |b;(t) — d,(t)| < Ch(t), and it follows by summation

h'(t) < Ch(t) a.e. t€[0,T].

Since h(0) = 0, this implies that h = 0 on [0,7], and hence 0 = 0
on [0,T]. Applylng Lemma 10, we infer that limsup,_,, 3., (t) < 0.
Besides, Lemma 3 yields for all L >2™m
C
fininf 5, (1) > im o ( /B 0 = (0, (as(0),4) ) — &
C
> T
- L

where the second inequality is a consequence of the convergence of Ja-
cobians on B(L) stated in Lemma 8 (see [13, 17]). Letting L tend to
+00, we obtain liminf, . X, (t) > 0, so we deduce from (5.3) that
(ue, (t))ken is well-prepared with respect to the configuration (a;(t), d;).
By uniqueness of the limit, this finally holds for the full family (u.(%))o<e<1
on [0, 7.

In conclusion, we observe that in our definition 7" only depends on
Ky, r, and max(R, R, + 1,), so that we can extend our results to the
whole of [0,7*) by repeating the previous arguments.

APPENDIX

We present here the proof of Theorem 1. We omit the dependence
on ¢ and rewrite (2) in the following way

dyw = (a+ib) (Aw + fu, (w)),
{w(O) = wy € H'(R?), een)

where

fUO(’LU) = AUO + (Uo + w)(l — |U0 + w|2),
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a is positive and b € R. We denote by S = S(t,x) the semi-group
operator associated to the corresponding homogeneous linear equation.
Every solution to (CGL) satisfies the Duhamel formula

wlt) = S(t) s+ [ (S(= 5. % auow(s), ) ds

where gy, = (a + i) fy,- The kernel S is explicitly given by

1 —|z/|?
S(t,z) = :
2= e et
Since a is positive, S decays at infinity like the standard heat Kernel.
This will enable us to show that (CGL) enjoys the same smoothing
properties as the parabolic Ginzburg-Landau equation. In particular,

we have for all 1 < r < +o0 and for all ¢ > 0

1
1SC @) < 53 (a)

and concerning the space derivatives of S(t),
C(a,b)

a1

ID*S(#, )l rey < (b)

We will often use Young’s inequality that gives for f € LP(R?) and
g < LQ(R2) ||f *gHLT(R2) < ||f||Lp(R2)||g||Lq(R2), where 1+ % = Il7+ % We
first state local well-posedness for (CGL).

Proposition A.1. Let wy € H'(R?). Then there exists a positive time
T* depending on ||wol| g1 and a unique solution w € C°([0,T*), H'(R?))
to (CGL).

Proof. We intend to apply the fixed point theorem to the map ¥ : w €
H'(R?) — 9 (w), where

t
Y(w)(t) = S(t) * wy ~|—/ S(t— ) * gy, (w(s)) ds.
0
To this aim, we introduce R = ||wp|| g1 g2y and for T > 0
B(T,R) = {w € L=([0, T}, H'(R?)) s.t. ||w|| (1) < 3R}.
We next show that we can choose T' = T'(R) so that ) maps B(T'(R), R)
into itself and is a contraction on this ball.

For T > 0, we let w € B(T,R) and expand fy,(w). Using that
H'(R?) is continuously embedded in LP(R?) for all 2 < p < 400 and
the fact that Uy belongs to V, it can be shown that °

1ol (po,1,22) < C(Uo, R), ()
and for wy,wy € B(T, R)
||fU0(w1) - on(wz)HLoo([o,T],L?) < C(Uo, R)|lwr — w2||L<><>([0,T},H1)- (d)

Psee Lemma 1 in [7].
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We next apply Young’s inequality to obtain
[P(w) (Ol < () (@)2 + [V (w)(B)]] 2

t
< 2[5 (@)1 2 [[wol[ +/ 1St =) + VS(t = s)llLtllgus ()| 2 ds
0

< 2unl +C [ (14 - 97 lavo ()12 ds.

where the last inequality is a consequence of (a) and (b) with the choice
r = 1. This yields according to (c) and (d)

sup [|¢(w)(t)]| 1 < 2fwollm + C(Uo, R)(T + VT)

te[0,T]

and similarly,

sup [[¢(w) (8) = (ws) ()| < C'(Uo, RYTHVT) sup |Jwi(8)—ws(t)] -

te[0,7) te[0,1]

The conclusion follows by choosing T = T'(R) sufficiently small so that

2||wol| g + C(Uy, R)(T +VT) < 3R and C'(Uy, R)(T +VT) < 1. O
We next show additional regularity for a solution to (CGL).

Lemma A.l. Let w € C°[0,7T], H'(R?)) be a solution to (CGL).
Then w belongs to Li ([0, T], H*(R?)) N C°((0,T], H*(R?)) and there-

loc

fore to Li ([0, T], L=(R?)).

loc

Proof. We first differentiate fy,(w) and use Lemma 2 in [7] which
states by mean of various Sobolev embeddings, Holder and Gagliardo-
Nirenberg inequalities that

aion (w) = gl(w) + 92(w) S LOO([Ov T]? LQ(R2)) + LOO([()? T]’ LT(R2))
for all 1 < r < 2. Moreover, we have

sup ||g1(w)(s) |l z2re) + [|g2(w) ()| r w2y < C'(Uo, A(T), 1),

s€[0,T7]

where A(T') = sup,ejo 7y [w(s) |1 (r2). Next, differentiating twice Duhamel
formula gives

t
@ U}(t) = @S(t) * @wo + / @S(t - 8) * 87;on (8) dS,
0
so taking into account the decomposition 0; fy, = g1 + g2 we get

4
105wz < [IVS@)] 21 ][Vewol| 2 +/0 IVS(t = s)l[Lllgr(s)lz2 ds

t
4 / IVS(t = 8)]l 1o lga(s)lle ds,
0
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where « is chosen so that 1+ % = é + % This finally yields in view of

(b)
c ! _1 1 g1
o @l < Sl + O A7) [ (=574 (6= 9) 5145 s,

Since % +1-— é = % < 1, we conclude that the right-hand side is finite,
so that d;;w(t) € L*(R?). O

Lemma A.1 enables to show that the renormalized energy is non-
increasing and to establish a control of the growth of ||w(t)|| g1 (r2). For
equation (CGL), this energy is given by

Vuwl|? 1 —|Uy + wl|?)?
Ey, (w)(t) = | 2' —/ AUo-w+/ ( '04 o
R2 R2 R2

It is well-defined and continuous in time for w € C°(H'(R?)).

Lemma A.2. Let w € C°[0,T), H'(R?)) be a solution to (CGL).
Then for allt € (0,T) we have

d

%Eyo(w)(t) <0.
Moreover, there exists C' depending only on ||wo|| g1 and Uy such that
lw(@) ||z < ||wol g exp(Ct), vVt € [0,7). (e)

Proof. We infer from equation (CGL) and Lemma A.1 that d;w belongs

to L2.((0,T), L*(R?)), so that we may compute

d

aEUO(w(t)) = | Vw-Vouw — AUy - Oyw — Syw - (Uy +w)(1 — |Uy + w|?)
R2

=— [ w-(Aw+ fy,(w))

R2

1 —a 2
_ . S <0.
R2 atw (CL + Zbatw} a? + b? \/RZ |8tw| - 0

We now turn to (e). We compute for t € (0,7)
1d . .
oy = [ w0 = [ e+ mpau)+ [ w ot iv)w)
R2 R? R?

2 dt
=—a [ |Vuw|? +/ w - (a+1b) AUy
R? R2

+ / w - [(a+ib)(Uy +w) (1 — |Uy + w|?)].
RQ
We then split the last term in the previous equality as

[+ )W+ )1 = W+ = [ - fa+ D01 = U+ ul)

+a |w|2(1— |U()—|—’LU|2>.
R2



30

The second term in the r.h.s. is clearly bounded by al|w(t)|| r22).
Using Cauchy-Schwarz inequality for the first one, we obtain

/R2 w - [(a+b)(Uo +w)(1 = Uy + w]’)] < CO)w(®)] 2V (£)7 + allw(®)]e,

where V() = [5,(1 — Uy + w(t)|?*)?. We are led to

%HM(t)Iliz(Rz) < C(U)(lw®)llZ> + 1+ V(1). (f)

On the other hand, Cauchy-Schwarz inequality gives
V()

Vwl|?
VR da — e u)e + 2.
RQ

which yields, since Ey, is non-increasing,

Ey, (w)(t) =

4 2
We infer from (f) and (g)

lw(®)l[r2 < (1 + [[wol[ 1) exp(Ct)

and finally deduce (e) by using (g) once more. O

V) , / VOl By (w0) + OO o) 2o (2)

Lemma A.2 provides global well-posedness for (CGL).

Proposition A.2. Let wy € H'(R?). Then there erists a unique and
global solution w € C°(Ry, H'(R?)) to (CGL).

Proof. Let w € C°([0,7*), H(R?)) be the unique maximal solution
with initial condition wy. If 7* is finite, we have according to (e)

limsup |[w(t) || w2y < C(Uo, T, wo) < 400,

t—

so that we can extend w to a solution w on [0,7* 4 §]. This yields a
contradiction. d

We conclude this section with the following

Proposition A.3. Let w € C°(R,, H(R?)) be the solution to (CGL).
Then we have w € C™(R%, C*(R?)).

Proof. We proceed in several steps.

Step 1 Let p > 2 and v € H?(R?). Then D* fy, (v) € L*(R?) + L3 (R?)
for all |k| < p.

Proof of Step 1. We may assume in view of the proof of Lemma A.1
that |k| > 2. We decompose fy,(v) as fy,(v) = AUy + hy,(v), where

hUO(’U) = (Uo +’U)<1 — ‘Uo + U|2).
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Since Uy € V, it suffices to show that D*hy,(v) € LA(R2) + L3 (R?).
Applying Leibniz’s formula to hy,(v), we obtain

Dhefo) = 32 ) 04 W+ )00 = [ + o)

m
m<k
= Dk(UO + U)

-2 (:L) (Zb) D*"™(Uy +v)D™(Up +v) - D™ " (Up +v).

m<k
n<m

Since 2 < |k| < p,v € HP(R?) and Uy € V, we clearly have D*(Uy+v) €
L?(R?).

For the second term in the right-hand side, we write each product
inside the sum as

D*(Uy +v)D*(Uy + v) - D(Up +v)

with |a|+|b|+|c| = |k] > 2, and we examine all cases. We observe that
D*(v + Up) belongs to H'(R?) whenever 1 < |a] < p — 1 and hence to
LA(R?), whereas D%(v + Uy) belongs to L?(R?) for 2 < |a| < p. Since
on the other hand Uy + v € L*°, we finally obtain
DUy + v)D*(Uy + v) - D°(Uy + v) € L2(R?) + L3 (R?),
which yields the conclusion.
We now turn to the regularity in space for a solution to (CGL).

Step 2 Let w € C°(Ry, H'(R?)) be the solution to (CGL). Then for
all p > 1 we have w € C°(R%, HP(R?)).

Proof of Step 2. We proceed by induction on p. The case p = 2
has already been treated in Lemma A.1. Let us thus assume that
w € CO(RY, HP(R?)) for some p > 2. For |k| < p + 1, we differentiate
w(t) and we find

t
DFw(t) = D*(S(t) * wy) + Dk/ S(t — ) * gu,(s) ds
0
which we rewrite as

k _ KR _
D*w(t) =D S(t)*wo—i—/o (D"S(t —8)) * g, (s) ds

¢
+ / D™S(t — s) x D" gy, (s) ds,
t/2

where m is a multi-index so that |m| = 1.
First, it follows from (b) that t — D*S(t) * wy € C°(R%, L*(R?)).
Next, arguing that gy, € C°(Ry, L?*(R?)) and using (b) with r = 1, we
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find

H /Ot/Q(DkS(t —5)) * gu,(s) ds‘

t/2
SC’/ & S \g '
L? o (t—s)z tz!

On the other hand, since |k —m| = |k| — 1 < p and since by assump-
tion w(s) € HP(R?), Step 1 provides the decomposition

DF " guo(s) = d'(s) + d*(s)

where d' belongs to CO(R*, L?(R?)) and d? to CO(R*,L3(R?)). Tt
follows from (b) that

t
D™S(t — s) * D" "™gy, (s) ds’
t/2

t
< [0St = 8) sl 6) 2 ds
L t/2

t
+ [ IVSt= e s

< C(t) /tt ((t —8) 7+ (t— s)*%*”%) ds,

/2

where r satisfies 1+ 3 = 1 +2. The last term is finite since 3 +1— 1 =
3 <1, so we infer that w € CO(R?, HP™(R?)), as we wanted.

Step 3 Let w € C°(R,, H'(R?)) be the solution to (CGL). Then we
have w € C*(R%, C'(R?)) for all k,l € N.

Proof of Step 3. For fixed k,l € N, we show by induction on 0 < j <k
that w € C9(R%, C"+2F -2 (R?)).

This holds for j = 0 according to Step 2 and to Sobolev embeddings.
We assume next that w € C7 (R, C"~2%(R?)) for some 0 < j < k—1,
and it follows that

Aw, fu,(w) € C7(RL, CTH7272(R?).
So, going finally back to equation (CGL), we obtain
w E Oj—H(Ri, Cl+2k_2j_2(R2)).
This concludes the proof of Proposition A.3.
O
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