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QUADRATIC FUNCTORS ON POINTED CATEGORIES
MANFRED HARTL & CHRISTINE VESPA

ABSTRACT. We study polynomial functors of degree 2, called quadratic, with values in
the category of abelian groups Ab, and whose source category is an arbitrary category
7T with null object such that all objects are finite coproducts of a generating object
E. A functorial equivalence is established between quadratic functors F' from 7 to Ab
and certain minimal algebraic data which we call quadratic 7-modules: these involve
the values on E of the cross-effects of F' and certain structure maps generalizing the
second Hopf invariant and the Whitehead product.

Applying this general result to the case where E is a cogroup these data take a
particularly simple form. This application extends results of Baues and Pirashvili ob-
tained for C being the category of free groups or modules of finite rank; here quadratic
T-modules are equivalent with square groups or quadratic R-modules, respectively.

Mathematics Subject Classification: 18D; 18 A25; 55U

Keywords: polynomial functors; quadratic functors; algebraic theory

In their fundamental work on homology of spaces thereafter linked to their names [6]
Eilenberg and MacLane introduced cross-effects and polynomial functors (see section 1
for definitions). Since then, these functors proved to play a crucial role in unstable ho-
motopy theory; and during the last decade, homological algebra of polynomial functors
turned out to be a powerful tool at the crossroad of various fields, such as algebraic
K-theory, generic representation theory or cohomology of general linear groups.

In this paper we study polynomial functors of degree 2, called quadratic, F' : 7 — Ab
where Ab is the category of abelian groups and 7 is an arbitrary pointed algebraic
theory, i.e. a category 7 with null object such that all objects are finite coproducts
of a generating object F. For example, the category of finitely generated free objects
in any pointed algebraic category is of this type, in particular the category of finitely
generated free algebras over any reduced operad. Moreover, the homotopy category of
finite one-point unions of a given space is a pointed algebraic theory, and metastable
homotopy groups on such a category are examples of quadratic functors. This was one
of the motivations for Baues and Pirashvili [1], [] to study quadratic functors on several
particular types of algebraic theories.

In the cited papers, and also in work of the same authors with Dreckmann and Fran-
jou on polynomial functors of higher degree [2], a functorial equivalence is established
between polynomial functors on 7 and certain minimal algebraic data: these consist of
the values of the cross-effects of the corresponding functor on the generating object E,
and of certain maps relating them. For example, quadratic functors from the category
of finitely generated free groups to the category Gr of all groups correspond to diagrams

(M. 2L M. DMy

called square groups, where M, is a group, M., an abelian group, H a quadratic map and
P a homomorphism (satisfying certain relations), see H]. Those functors taking values
in Ab hereby correspond to square groups for which H is linear, i.e. a homomorphism.
Similarly, given a ring R, quadratic functors from the category of finitely generated free
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2 MANFRED HARTL & CHRISTINE VESPA

R-modules to Ab correspond to diagrams of the same type called quadratic R-modules,
but where M, is an abelian group endowed with a quadratic action of R, M., is an
R ® R-module, and H and P are homomorphisms compatible with the actions of R, see
[T]. As a last example, quadratic functors from the category of finite pointed sets to Ab
correspond to diagrams

(Moe 5 M.. 5 M)

containing no operator H but an involution 7" of M., instead, see [13].

In this paper we show that quadratic functors from an arbitrary pointed theory 7 to

Ab are functorially equivalent with diagrams

M = (Ty (cryU)(E, BE) oa M, 25 M., 5 M,. & M,)

which we call quadratic T -modules (relative to E), where Ti;(croU) is the bilinearization
of the second cross-effect cry of the reduced standard projective functor U : 7T —
Ab associated with E, A is the reduced monoid ring of 7(E, E), M, and M, are
modules over A and A ® A, resp., the map 7T is an involution of M.., and H and P are
homomorphisms compatible with these structures, see Definition BET2] for details. Just as
the maps H and P above, the maps H and P can be viewed as algebraic generalizations
of the second Hopf invariant and the Whitehead product, cf. [I]. In the quadratic C-
module associated with a quadratic functor F' : 7 — Ab we have M, = F(FE) and
M. = (ereF)(E, E).

A particularly interesting case arises when E has a cogroup structure in 7; note that
this holds when 7 is the category of finitely generated free algebras over an operad, or
the homotopy category of finite one-point unions of a suspension. In this cogroup case
our above data simplify considerably; notably, the map H splits into two maps

M, B M., &2 Ty (eryT (B, -)(E, E) @4 coker(P)

the first of which generalizes the map H in the cited examples above, while the second
one was not visible in these special cases where it is either trivial or determined by the
remaining structure. For example, when 7 is the category of finitely generated free
groups, H, is equivalent to the map A = HyPH; — 2H; in [4]. Summarizing we may
say that in the general cogroup case a quadratic 7-module is a square group (Hi, P)
enriched by suitable actions of A and A ® A and by an additional structure map Hs.

Our result shows that in order to model polynomial functors F' : 7 — Ab, it is not
sufficient to just add structure maps of the type H and P between the various cross-
effects of I’ as is suggested by the special cases treated in the literature: the more
complicated domain of the map H destroys this ideal picture. On the other hand, the
map H has the interesting structure of a morphism of symmetric A ® A-modules which
had not become apparent so far.

The paper is organized as follows. In the first section we define cross-effects and
polynomial functors with values in Gr and state a number of elementary properties.
An apparently new feature is that we use bipolynomialization of bifunctors as a crucial
tool in our approach; multi-polynomialization is more extensively studied in [7]. In
section 2 we provide explicit formulas for the (bi)linearization and quadratization of
functors with values in Ab. In section 3 we review the functorial equivalence between
polynomial functors and certain modules essentially due to Johnson and McCarthy,
in a more general framework. We here reprove and exploit only the (easy) case of
(bi)linear functors. In section 4 we introduce quadratic C-modules (for any pointed
category C with finite sums), and show how they are obtained from quadratic functors,
while the inverse construction is provided in section 5: we construct a quadratic tensor
product X ® M of an object X of C with a quadratic C-module M, generalizing the
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corresponding constructions in [I] and [4]. This allows to associate a quadratic functor
—® M : C — Ab to a quadratic C-module M, defined by sending X to X ® M. The
computation of £ ® M and of the cross-effect of the functor — ® M allows to establish
in section 6 the desired (adjoint) equivalence between quadratic functors from C to Ab
and quadratic C-modules. In the final section we investigate the special case where F
is equipped with a cogroup structure. In the cogroup case quadratic C-modules turn
out to take a particularly simple form: H splits into two maps H; and H, as above,
where the domain of Hj is the tensor product with M, of a subquotient of the group of
maps from E to FV E, and the involution T is determined by the remaining structure
as T = HP— 1.

In subsequent work we plan to extend our results to quadratic functors with values in
the category of all groups, starting from a pointed category C having a small projective
generating object E in the more general categorical sense: that is, such that any object
of C is a colimit of copies of E. In particular this holds when C is the category of models
of any algebraic theory.

We also expect that our approach generalizes to polynomial functors of higher degree.
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1. POLYNOMIAL FUNCTORS

1.1. Generalities on polynomial functors and bifunctors. Throughout this pa-
per, C denotes a pointed category (i.e. having a null object denoted by 0) with finite
coproducts denoted by V. Let Gr and Ab denote the categories of groups and abelian
groups, resp. We begin by giving a definition and basic properties of the cross-effect
and of polynomial functors from C to Gr, generalizing those given in [] for linear and
quadratic functors and those given by Eilenberg and Mac Lane in the case of functors
from an abelian category to Ab [6].

In the sequel, D denotes one of the categories Gr or Ab. Let F': C — D be a functor.
We often note f, = F(f) for a morphism f in C. For objects Xi,..., X, of C and
1<Ek<nlet

X5 XV vx, 5 ox,
be the canonical injection and retraction, resp., the latter being defined by i} = 1x
and riiy =0 if p # k.
Definition 1.1. The n-th cross-effect of F' is a functor cr,F : C*" — D (or a multi-
functor) defined inductively by
crF(X) = ker(F(0) : F(X) — F(0))
croF(X,Y) = ker(F(r}), F(r3))' : F(XVY) — F(X) x F(Y))
and, forn >3, by
CT‘nF(Xl, ey Xn) = CTQ(CTn_l(—,Xg, e ,Xn))(Xl, XQ)

k

In other words, to define the n-th cross-effect of F' we consider the (n — 1)-st cross-
effect, we fix the n — 2 last variables and we consider the second cross-effect of this
functor. One often writes FI(X; | ... | X,) = cr, F( X1, ..., X,).

Note that F(X) ~ cri F(X) x F(0) as F'(0) : F(0) — F(X) is a natural section of
F(0): F(X) — F(0). Moreover, one easily checks by induction that cr, F(Xy, ..., X,)
is a subgroup of F'(X; V...V X,).

In this paper we are mainly interested in reduced functors F' : C — D, that is satisfying
F(0) = 0. We denote by Func.(C, D) the category of reduced functors F': C — D.

There is an alternative description of cross-effects for reduced functors. To state this
let r?2...(k71)(k+1)...n: Xiv..vX, - XiV.. .\/Xk\/. ..V X, be the map whose restriction
to X is its canonical injection for i # k and is the zero map if i = k.

Proposition 1.2. Let F' : C — D be a reduced functor. Then the n-th cross-effect
crnF(Xq, ..., X,) is equal to the kernel of the natural homomorphism

[TFL gvpen.n) - FOV. VX)) — [[FXv.. VXV v X,).
k=1 k=1

As a consequence, we see that cr, F(Xy,...,X,) actually is a normal subgroup of
F(XyV...VX,). Moreover, it follows that c¢r,, F'(X1, ..., X,,) is symmetric in X, ..., X,,.
Finally, we see that the functor cr, is multi-reduced, i.e., cr, F(X, ..., X,) vanishes if
one of the X}, is the zero object since then F(T?z...(kq)(kﬂ)...n) is an isomorphism.

The importance of cross-effects comes from the following property of functors with
values in Ab.
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Proposition 1.3. Let ' : C — Ab be a reduced functor. Then there is a natural
decomposition

F(X1V...VX,)~ é B P, X

k=1 1<i1<..<ip<n

The cross-effects have the following crucial property.
Proposition 1.4. The functor cr,, : Func(C,D) — Func(C*", D) is exact for alln > 1.

Proof. For n =1 it is a consequence of the natural decomposition F'(X) ~ cri F(X) X
F(0). For n = 2 this follows from the snake-lemma. For higher n use induction. t

Definition 1.5. A functor F': C — D is said to be polynomial of degree lower or equal
ton if crpi1F = 0. Such a functor is called linear if n = 1 and s called quadratic if
n = 2. We denote by Func(C,D)<, the full subcategory of Func(C,D) consisting of
polynomial functors of degree lower or equal to n.

The category Func(C, D)<, has the following fundamental property which is an im-
mediate consequence of Proposition [l

Proposition 1.6. The category Func(C, D)<y, is thick i.e. closed under quotients, sub-
objects and extensions.

Throughout this paper we denote by Ap : C — C*" the diagonal functor. For n = 2
we write Ac instead of AZ.

Definition 1.7. For F' € Func(C,D) and X € C, we denote by SE the natural trans-
formation SE : (er, F)AZ — F given by the composition

ernF(X,. .., X) " peve x) 290,

where V" : VI' | X — X is the folding map.

F(X)

Note that the image of SI" is normal in F(X); in fact, cr, F(X,..., X) is normal in
F(vi_,X), and F(V") is surjective admitting F'(i}) as a section. This fact is used in
the following:

Definition 1.8. For F' € Func(C, D) the n— Taylorisation functor T,, : Func(C,D) —

SE.,
Func(C, D)<, is defined by: T,F = coker((crp 1 F)AMT —= F). We call Ty the
linearization functor and Ty the quadratization functor.

Let U, : Func(C, D)<, — Func(C, D) denote the forgetful (i.e. inclusion) functor.

Proposition 1.9. The n—Taylorisation functor T, : Func(C,D) — (Func(C, D))<y is
a left adjoint to U,,. The unit of the adjunction is the natural epimorphismt, : I — T, F
which 1s an isomorphism if F' is polynomial of degree < n.

Thus, we obtain the diagram:

tnt1 tn—1

n

TP T, F T, F ToF = 0.

The following calculations of T} F' for special F' are needed in section 7. Recall the
following fact:

Lemma 1.10 ([] Lemma 1.6). For F : C — Gr a reduced linear functor, F(X) is an
abelian group for X € C.

dn—1
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For a group G and a,b € G let [a,b] = aba"'b~! and let G = G/[G, G] denote the

abelianization of G.

Proposition 1.11. Let Idg, : Gr — Gr be the identity functor. There is a natural
isomorphism of functors Gr — Gr

Fl : T1<[dGr)<G) i Gab
such that for g € G, one has I'1(g) = t1(g).

Proof. The map I'; is welldefined by Lemma [LT0. The natural homomorphism ab :
G — G factors through t; followed by a map ab : Ti(Idg,)(G) — G since the

abelianization functor G +— G is linear. It is straightforward to check that ab is the
inverse of I';. O

Recall that a reduced functor F' : C — D is called diagonalizable if there exists a
bireduced bifunctor B : C x C — D such that F' = BAg.

Proposition 1.12. The linearization of a diagonalizable functor F' is trivial.

Proof. The section B(i%,43) of the map BA¢(V?) : B(X V X, X V X) — B(X,X)
takes values in cro( BAc)(X, X) since B(ri,r?)B(i1,i3) = 0 for k = 1,2. Hence SI" is
surjective and 11 F' = 0. U

Since the cross-effect croF' of a functor is a bifunctor we need some general definitions
and facts about bifunctors.

Definition 1.13. A bifunctor B : C x C — D is said to be bireduced if for all X € C,
B(X,0) = B(0,X) = 0. We denote by BiFunc,.(C x C,D) the category of bireduced
bifunctors from C x C to D.

A bireduced bifunctor B : C x C — D is said to be bipolynomial of bidegree < (n,m) if
for all X € C the functors B(—, X), B(X,—) : C — D are polynomial of degree < n and
< m respectively. We denote by BiFunc, .(C x C,D)<nm) the category of bipolynomial
bifunctors of bidegree < (n,m).

Proposition 1.14. The category BiFunc, .(C X C,D)<(nm) is thick.

Definition 1.15. Let B : C x C — D be a bireduced bifunctor and n,m > 1. Then the
bifunctor T,, ,, B : C x C — D is defined by T, ,, B(X,Y) = B(X,Y)/N; Ny where

Ny = im(SPCY)  erp B(=, Y)(X, ..., X) — B(X,Y)),
Ny = im(SEN ™) 2 erm B(X, =)(Y,...,Y) — B(X,Y)).
For (n,m) = (1,1) we call T\ 1 B the bilinearization of B.
Let Upm 1 (BiFunc, ,(CxC,D))<mnm) — BiFunc, ,.(CxC, D) be the forgetful functor.
Proposition 1.16. The (n, m)— Taylorisation functor
Tom @ BiFunc, .(C x C, Ab) — BiF'unc, .(C x C, Ab)<(n,m)

is a left adjoint to U, ,,. The unit of this adjunction is given by the natural epimorphism
tom: B — T, nB.

Notation. For brevity we will often write 7', instead of T3, and Z instead of ¢;(x) or
t11(x) for z € F(X) or z € B(X,Y), resp.

Example 1.17. For reduced functors F,G : C — Ab define the bifunctor F X G :
CxC— Ab by (FRG)(X,Y)=F(X)® F(Y). Then there is a natural isomorphism

Tom(FRG) ~T,F RT,,G.
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This is immediate from right-exactness of the tensor product. The following less
trivial example is needed in section 7.

Proposition 1.18. Let Idg, : Gr — Gr be the identity functor. There is a natural
isomorphism of bifunctors Gr x Gr — Ab

Pll . THCT‘Q(IdGr)(G, H) <i Gab ® Hab
such that for g € G, h € H one has T'11(g @ h) = t11([i%g,i3h]).

Proof. Write G* = G\{1}, and for a set E let L(E) denote the free group with basis E.
It is wellknown that there is an isomorphism

o L(G* x H*) = cry(Idg, ) (G, H)

such that o(g,h) = [i3g,13h], see [I1]. Let B : Gr x Gr — Gr denote the bifunctor
given by B(G,H) = L(G x H)/N ~ L(G* x H*) where N is the normal subgroup
generated by G x {1} U {1} x H. Let 7 : L(G x H) — B(G, H) be the canonical
projection. The natural homomorphism I'}, : B(G, H) — G® @ H® sending (g, h) to
g ® h factors through ¢;; followed by a map I'}; : T B(G, H) — G® @ H® since the
bifunctor sending (G, H) to G ® H® is bilinear. So it remains to show that I}, is
an isomorphism. For this it suffices to check that the map b : G x H — T1,B(G, H)
sending (g, h) to t;17(g, h) is bilinear, thus providing an inverse of I'};. To show that b
is linear in h consider the map B(Idg, V?): B(G,HV H) — B(G, H). One has

z = n((g, hih2)(g,h2) " (g, h1)™") = B(Idg, V?)(y)
with y = 7 (9,75 (h1)i5(h2)) (g, i5(h2)) " (9,43 (h1))~"). But
B(Idg,r)(y) = 7((g,h)(g, 1) (g, ) ™") =1
and
B(Idg,r3)(y) = 7((g: ha) (g, ha) (g, 1)) = 1,

whence y € B(G,—)(H | H). Thus z € im(52“™)), whence t;;(z) = 1. Thus b is
linear in h. Similarly one shows that b is linear in g, as desired.
U

In the following proposition we give another characterization of the quadratization
functor which is useful in the sequel.

Proposition 1.19. For F' € Func.(C,D) and X € C we have:
F
Ty(F) = coker (ke'r’ (CTQF(X, X) 25 (Tyers F)(X, X)) 2, F(X))

Proof. We have the following commutative diagram

) )

ersF (X, X, X) = cro(eroF(—, X))(X, X)—= cro F(—, X)(X VX)—— F(X VX V X)

m lF(v%) lF(W’)
2

croF(—, X)(X)
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where the right hand square commutes by the following commutative diagram

craF(X V X, X)C F(XVXVX)
F(V2v1)
F(V2[1) F(XVX) F(V?)
F(V?)
% \
cra (X, X) e F(X).

By Definition

F(V3)

F 3 L212
TF(X) = coker(crsF (X, X, X) 25 F(X)) = coker(crsF(X, X, X) —— 202, pexy),

We deduce from the first diagram that

(119.1) ToF(X) = coker(ersP(X, X, X) 227 prxy)
(1.19.2) = coker <ker <cr2F(—, X)(X) & TyeraF(—, X)(X)) %, F(X)).

Considering cro F'(X, —) instead of cro F'(—, X ), we can write down similar commutative
diagrams which imply

s

(1.19.3) TF(X) = cok;er(ke'r (CTQF(X,—)(X) h, TlcTQF(X,—)(X)> >, F(X)).
Combining and we deduce the result. O

Finally, the following easy lemma is useful in the sequel.

Lemma 1.20. If B:C x C — Ab is a bilinear bireduced bifunctor then BA¢ : C — Ab
is a quadratic functor.

Proof. For X, Y € C we have:
BA:(XVY)=B(XVY,XVY)=B(X,X)®oBY,Y)® B(X,Y)® B(Y, X)

= BAc¢(X) @ BAc(Y) ® B(X,Y) ® B(Y, X)

where the second equality follows from the bilinearity of B. We deduce that cro( BAc)
(X,Y)=B(X,Y)® B(Y, X) which is a bilinear functor. So BA¢ is quadratic. O

From now on, we only consider functors on C with values in Ab.

1.2. Algebraic theories and polynomial functors. When C is an algebraic theory,
the polynomial functors from C to Ab of degree n have the crucial property that they
are determined by their values on n objects of C.

Recollections on algebraic theories. We here recall and discuss the definition of a
pointed algebraic theory used in this paper and many others by Baues, Jibladze and
Pirashvili.

Definition 1.21. A pointed (algebraic) theory T is a pointed category T with an object
E such that any object of T is isomorphic to a finite sum of copies of E. In particu-
lar, for any object E of C we denote by (E)¢ the theory generated by E, i.e. the full
subcategory of C consisting of the objects EY" = EN ...V E (n times), n > 0, with
EV0 = 0.
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Note that this definition of an algebraic theory is dual to the classical one as being
a category encoding algebraic operations, see [5]. Thus a model of a theory 7 in our
sense is a contravariant functor from 7 to the category of sets transforming coproducts
into products. The advantage of this definition is that here 7 identifies with a full
subcategory of its category of models, namely the category of free models of 7 of
finite rank [B]. This allows the quadratic functors we construct in section 5, from data
depending only on 7, to be naturally defined on the whole category of models of 7T
indeed, on all of C in the more general case where 7 = (F)¢. We will show in subsequent
work that actually all quadratic functors on C with good properties are of this form if
C is generated by FE in a suitable generalized sense.

Polynomial functors on algebraic theories. The following property of polynomial
functors is crucial in the sequel.

Proposition 1.22. Let .G : C — Ab be two polynomial functors of degree lower or
equal to n and ¢ : F — G be a natural transformation of functors. If C = (E)¢, the
following statements are equivalent:

(1) ¢ is a natural isomorphism;
(2) Yk < n, ¢gvi is an isomorphism;
(3) ¢ppvn is an isomorphism;
(4) Vk such that 1 <k <mn, cri(¢)g,. g is an isomorphism.
Proof. Clearly (1) = (2) = (3). The implication (3) = (4) is a consequence of the
natural decomposition given in Proposition [[3 To prove (4) = (1), let p € N and
m = min(p,n). Proposition provides a natural decomposition:

p
FXiv..VX,) ~ P P oFX,....X,)

k=1 1<i1<...<1,<p

é @ e F (X, ..o, Xiy)

k=1 1<i1<...<ix<p

12

since F' is supposed to be polynomial of degree n. Using the analogous decomposition
for G(X; V...V X,) we have:

m
Pxyv..vx, @ EB cre(9)x,, o xi, -

k=1 1<i1<...<i,<p
For X; = ... = X, = E we deduce that ¢gvr is an isomorphism. O

Proposition implies the following analogue for bipolynomial bifunctors.

Corollary 1.23. IfC = (E)¢, for B,D : C x C — Ab two bipolynomial bifunctors of
bidegree lower or equal to (n,m) and ¢ : B — D a natural transformation of functors.
Then ¢ is an natural equivalence if and only if ¢ gve gviy is an isomorphism for allk < n
and | < m.

Let F': C — Ab be a reduced functor. Consider the natural map of bifunctors:
cra(te) : cra(F) — cro(ThF).
Since Ti; is the left adjoint of the forgetful functor U : (BiFunc.(C,Ab))<u,)
BiFunc,(C, Ab) we obtain that cry(ts) factors through the unit map t1; : cro(F)
Ti1(cra(F)), thus providing a canonical morphism of bifunctors:
CT’2<t2) . Tn(CT’Q(F)) — CTQ(TQF).

The main result of this paper heavily relies on the following special case of a more
general result in [7].

—
—
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Theorem 1.24. The morphism cry(ts) : Thi(cro(F)) — cro(ToF) is an isomorphism of
bifunctors.

2. EXPLICIT DESCRIPTION OF THE (BI—)LINEARIZATION AND QUADRATIZATION
FUNCTOR

The general principle of this section is to express the values T,, F'(X) of the functor T, F
as a cokernel of a map F(XV™+Y) — F(X) instead of amap cr,,  F(X, ..., X) — F(X)
since the elements of cr, 1 F/(X, ..., X) are more difficult to describe than the elements
of F(XV™+1)). This requires some notations: in the diagram

(@2 om1) (k1. )*2 (0 ))

//—\
F(X;V...VX,) FX;V.. VX, V...VX,)® F(X})

(7’?2‘“(16—1)(“1)“‘”)*v(rg)*)t

the map . (k—1)(k+1)..m 18 the obvious injection.
Considering the kernel of ((T?Q---(k?—l)(k‘-i-l)...n)*? (ri)«)" we obtain the maps:

n
P(2...(k—=1)(k+1)...n,k)

4//—\
F(XiV.. VX V... VX, | X)) F(X1V...VX,).

t(12...(k—=1)(k+1)...n,k)

where ply (1) (kt1)..n ) 15 the retraction induced by the section (2% 1)(s1).n)er (75)5)
t

of ((T?Q...(k—l)(k-i—l)...n)*7 (r)e)"
In particular we have the following split short exact sequence:

p%1v2) (7/%*723*)
RN T~
(2.0.1) 0—F(XY) 55— FXVY)——F(X)DF(Y)—0
t(1,2) T2
which implies that:
(2.0.2) ldpxvy) = 0%1,2) © 0%1,2) +ii, o7t +ij, 073,

SO

Im(ify ) = Im(Idp(xvy) = it, 075, — i3, 073,).

Furthermore, we obtain a natural isomorphism of bifunctors
(2.0.3) F(X|Y)~ F(XVY)/i3 F(X) 4+, F(Y).

2.1. Linearization and bilinearization functors. In the following Proposition we
give an explicit description of the linearization functor 7.

Proposition 2.1. For F € Func,(C, Ab) and X € C we have:

5509%1,2)

Ty (F)(X) = coker(F(X vV X) F(X))

s0
TF(X) = F(X)/Tm(S3 0 pfy 5) = F(X)/{Vi(x) = ri.(z) = r3.(2)] = € F(X vV X)}
= FX) AL 1), = (1,0). = (0,1),)(z)| z € F(X V X)}
Proof. The map p%m) is surjective by the short exact sequence EZ0T], hence

Sgoﬂ%m)

F
T\(F)(X) = coker(F(X | X) N F(X)) = coker(F(X Vv X)
and we have by
Sy o p%l,Q) = F(VZ)L%l,Q)p%LQ) = F(V*)(Id =i}, o1}, — i3, or3,)

F(X))
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. 2 2 2
- v* T 7 Ty

]
Similarly we obtain:
Proposition 2.2. For B € BiFunc, .(C x C, Ab) and X,Y € C we have:
(SCT2B(_7Y)O( 2 )1’SCT2B(X7_)O( 2 )2)
TuB(X,Y) = coker <B(XVX, Y)®B(X,YVY) — o T Bx, Y))

where (pf) )"+ B(=, Y)(XVX) = craB(=,Y)(X, X) and (pf, ) : B(X, =)(YVY) —
craB(X, —)(Y,Y), so

TuB(X,Y) = B(X, Y)/Im((Sf © (p%l,Q))Xv S; o (p%l,Q))Y)

=B(X,)Y)/{K(xz,y) |r€ BIXVX,Y),ye B(X,YVY)}

where K (x,y) = B(V?, 1d)(x)—B(r?, 1d)(z)—B(r3, Id)(x)+B(Id, V?)(y)—B(Id,r?)(y)—
B(1d,73)(y).

Recall that for F' € Func.(C, Ab) we have croF € BiFunc, .(C x C, Ab), so we can
consider the bilinearization of the bifunctor crqF'.

Applying the previous proposition to cro F' gives us a description of Thicro F(X,Y) as a
quotient of cro (X, Y') where the relations are obtained from elements in cro F(XVX,Y)
and croF(X,Y VY). A more manageable description of TjicroF/(X,Y), as a quotient
of F(X VY), is given as follows:

Proposition 2.3. For F € Func,(C, Ab) and X,Y € C we have:

TueroF(X|Y) = F(X VY) {if,(2) +i5.(y) + A(21) + B(=2),| @ € F(X),y € F(Y),

27 €EF(XVXVY), e F(XVYVY)}
where
A=F(V?VId)— F(riVvId) — F(r3 Vv Id)
and
B=F(IdVvV?* —F(IdVr?) — F(IdVr}).
Proof. By Proposition 21l we have
Ti(croaF (=, Y))(X) = coker(F(V? | Id) — F(r} | Id) — F(r3 | Id)).

We obtain the term A from the following commutative diagram where the vertical arrows
are isomorphisms of bifunctors by (Z0.3):

F(V2|Id)—F(r2|Id)—F(r2|Id
eraF (=, Y)(X V X) (VDRI =P i) eraF(—, Y)(X)

Nl l:

F((XVX)VY)/(i}0F (X VX)+i5F(Y)) F(XVY)/(i,F(X) + i3, F(Y)).

F(V2VId)—F(r2VId)—F(r2vId)

Similarly, considering 71 (craF'(X, —))(Y) we obtain the term B. O



12 MANFRED HARTL & CHRISTINE VESPA

2.2. Quadratization functor.
Proposition 2.4. For F € Func,(C, Ab) and X € C we have:
TF(X) = F(X)/{(Vi— (Vriy)s — (V?ris)s — (VIrs). + i, + 13, + 735 (2)
|z e F(XVXVX)}

= F(X)/{((1,1,1)— (1,1,0), — (1,0,1), — (0,1, 1), +(1,0,0), + (0, 1,0), + (0,0, 1)) (x)
|z € F(XVX VX))

Proof. By the proof of Proposition we have

SFSCT2F( ,X)

ToF(X) = coker(crsF(X, X, X) ——— F(X)).
By the following commutative diagram:

2
Ya,2)

croF(—, X)(X V X) derg(era F(—, X)) (X)
Id—crgF(i%r%,Id)—crgF(i%r%,Id)T lsgrgF(—,X)
eroF(—, X)(X V X) croF(—, X)(X)

SF
3 3 2 2
(12,3) P(12,3) (1,2)

F((XVX)VX) F(XV X)

croF(V2,1d)

F(V2|Id)—F(r?|1d)—F(r2|T

F(X)

F(V2VId)—F(r3vId)—F(r2vId) F(V?)

we have
Im(S§ 55754
= Im(S¥ery (V2 Id)L%
SferyF(V?, Id)L% p 1.2)) since ,0(1 9)is surjective
SEeryF(V?, Id)(Id — crgF(z r?,Id) — croF(i3r3,1d))) by
= Im(S; (F(V? | Id) — F(r} | Id) — F(r | Id)))
= Im(SY(F(V? | Id)— F(r? | Id) — F(r3 | Id))p?u,:a)) since p‘z’1273)is surjective
= Im(F(V?*)(F(V*VId)— F(r?VvId) — F(riVv ]d))L%1,2)p?12,3))'

>)
=Im
=Im

NN N

By the following short exact sequence

3 . .
p(1273) (2?2*723*)

T~ — T
0—>F(X\/X‘Y)C—>F(X\/X\/Y)—>F(X\/X)EBF(Y)—>0

(12 3) (T12* TS

we obtain:
(F(V?V Id) = F(r} VId) — F(ry Vv Id))i, 3)/)(12 )
=F(V2VId)— F(riVvId)— F(riv Id)— F(i3V%r3,) + F(zlfrl) + F(i3713)
—F(i3r3) + F(i3r3) 4+ F(i5r3)
= F(V2VId) — F(r?Vv Id)— F(r3 Vv Id) — F(3V?r}y) + F(&3rd) + F(2r3) + F(i3r3).

Hence

Im(85 85" =%)
= Im(F(V?)(F(V?VId)— F(r?VvId) — F(r3Vv Id) — F(23V?*r3,)

~

= Im(F(V?) = F(V?rly) = F(V?r33) — F(V2riy) + F(rf) + F(r3) + F(r3)))
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3. EQUIVALENCE BETWEEN POLYNOMIAL FUNCTORS AND SUITABLE MODULES

In this section we give a classification of polynomial functors by modules over suitable
rings essentially due to Johnson and McCarthy in [9, T0]. Although this provides a
classification of polynomial functors of all degrees, it is not satisfactory since the rings
that appear are very complicated. So this complete classification does not seem to
be manageable for functors of degree higher than 1. Therefore our aim is to describe
polynomial functors by minimal data, which is achieved for quadratic functors in this

paper.
We start with some definitions.
Let E be a fixed object of C. For a set S, let Z[S] denote the free abelian group with
basis S. Since for all X € C, C(F, X) is pointed with basepoint the zero map, we can

define a subfunctor Z[0] of Z[C(E, —)] by Z[0](X) = Z[{E 2 X}] for X € C. This
allows us to give the following definition.

Definition 3.1. The universal functor Ug : C — Ab relative to E is the quotient of
ZIC(E, —)] by the subfunctor Z|0].

Note that Ug is the reduced standard projective functor associated with E.

To keep notation simple we write f also for the equivalence class in Ug(X) of an
element f of C(E, X) and we often omit the subscript £ in Ug. We need the following
obvious fact.

Proposition 3.2. Composition in C induces a ring structure on A := U(F) and a
structure of right A-module on U(X) for any X € C.

3.1. Adjunction between reduced functors and A-modules. In this section, we
give an adjunction between reduced functors and A-modules which is the starting point
of the equivalence between polynomial functors and module categories given in the
sequel. We begin by the following straightforward lemma.

Lemma 3.3. For F': C — Ab a reduced functor, F(E) is a left A-module via
a.x = F(a)(z)
fora € C(E,E) and x € F(E).
So, we can give the following definition.
Definition 3.4. The functor
S: Fune,(C, Ab) — A-Mod
is defined by S(F') = F(E) for F € Func.(C, Ab).
A left adjoint of S is provided in the following definition.
Definition 3.5. The functor
T : A-Mod — Func,(C, Ab)
is defined by T(M)(X) =U(X) @y M for M € A-Mod.

Proposition 3.6. The functor T is a left adjoint of S.
The unit of this adjunction is the canonical isomorphism

upy M S A®y M =ST(M)  for M € A-Mod.
The co-unit is
(up)x : TS(F)(X) = U(X) @a F(E) — F(X),
where (up)x(f ®z) = F(f)(z) for f € C(E,X), and x € F(FE).
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We consider v/, as a first order approximation of F'; if F' is polynomial of degree n
then . may be reduced to a morphism

uh : T (TS(F)) — F.

This turns out to be an isomorphism for n = 1 but is not for n > 1. So our approach
to polynomial functors consists of inductively improving the approximation u/. in order
to get an isomorphism again, by taking into account higher and higher cross-effects.

3.2. Classification of linear functors. Let Lin(C, Ab) denote the category of linear
reduced functors from C to Ab. In this section we show that if C is a pointed theory
then the category Lin(C, Ab) is equivalent to the category of modules over a suitable
ring.

We begin by providing a number of equivalent characterizations of linear functors.

Lemma 3.7. Let F': C — Ab be a reduced functor. Then the following conditions are
equivalent

(1) F is linear;

(2) S¥ =0 where SI : cry(F)Ae — F is defined in Definition [T

(3) For X, Y € C one has

2 2 2 .2
1F(X\/Y) = U, T 19,79,

(4) For X, Y € Cand £ € C(X, Y VY) one has
F(V*§) = F(r{ §) + F(r3¢).

Proof. By definition, F' is linear if cro(F) = 0. Since Si : cra(F)Ac — F we have
SI" = 0. Conversely, if S¥' = 0, by Proposition [C8, F' ~ T, F so F is linear and we
proved that (1) < (2).

By the short exact sequence (0] we have (1) < (3).

By Proposition [[¥, F is linear if and only if F' ~ T F, so by Proposition 1] this
is equivalent to, Vy € F(Y VY): F(V?)(y) = F(r?)(y) + F(r3)(y). Applying the last
equality to y = F(&)(z) € F(Y VYY) where £ € C(X,Y VY) and z € F(X), we obtain
(1) < (4). O
Proposition 3.8. The abelian group A := (T\U)(E) is a ring and TyU(X) has a right
A-module structure such that t, is A-equivariant (i.e. for N € A andx € U(X), t1(z)\) =
Proof. For f € C(E, E) the relation (SY)geryU(f, f) = U(f)(SY) s shows that Im((SY)g)

is a left ideal of A, and we deduce from the following commutative diagram that
Ker(ty) = Im((SY)g) is a right ideal, too:

U(E) —“—~U(E)

tll ltl

T1U<E) m TlU(E)

where a: £ — FE. Consequently_K is a ring.
For X € C, T{U(X) is a right A-module via

t(f) () = ti(fa)
for f € C(E,X) and a € C(F, E); this is welldefined again by naturality of SY. O
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Lemma 3.9. For F: C — Ab a linear reduced functor, F(E) is a left A-module via
a.x = F(a)(x)
fora € C(E,FE) and x € F(FE).
Proof. By Proposition Bl we have
R = A/(V2€ — 3¢ —13¢ | € € C(E, EV E)).
But
(V26 = 1€ —ry6).a = V6o — rifx — rp8.a = F(V)(x) — F(r{€)(z) — F(r3¢) ()

= (F(V*¢) = F(r{€) — F(r3€))(z) =0
by Lemma B (4).

This leads to the following definition.
Definition 3.10. The functor
Sy : Lin(C, Ab) — A — Mod
is defined by S1(F) = F(FE) for F € Lin(C, Ab).
Definition 3.11. The functor
T, : A — Mod — Lin(C, Ab)
is defined by T (M)(X) = TWU(X) @5 M for M € A — Mod.
The following proposition connects the functors S; and Tj.

Proposition 3.12. The functor Ty is the left adjoint of S;.
The unit of this adjunction is the canonical isomorphism
uM:MiK(X)XM:SlTl(M) for M € A — Mod.
The co-unit is
(up)x : TiS1(F)(X) = iU(X) @ F(E) — F(X),
where (u})x(t1(f) @ ) = F(f)(z) for f € C(E,X), and x € F(E).
A classification of linear functors is now given as follows:

Theorem 3.13. If C = (E)¢ then the functors S1 and Ty form a pair of adjoint equiv-
alences.

Proof. 1t remains to show that the counit is an isomorphism. For F' € Lin(C, Ab) the
source and target functors of u’. are linear, so it suffices by Proposition to prove
that (up)g : A ®5 F(E) — F(FE) is an isomorphism. We have (u})g(ti(f) ® z) =
F(f)(x) =t1(f).x so (u}y)p coincides with the canonical isomorphism. O

3.3. Classification of polynomial functors of arbitrary degree. Theorem
can be generalized to polynomial functors of arbitrary degree; this can be deduced from
a more general result of Johnson and McCarthy on polynomial functors with values in
categories of chain complexes [9, [T0)], by identifying the category Ab with the category
of chain complexes concentrated in a given degree.

Theorem 3.14. Suppose that C = (E)c. Then the group T,,Ugv(EY™) has a ring
structure induced by composition in C, and there is an equivalence of categories

Sy : Func(C, Ab)<,, — T,,Ugva(EY™) — Mod
given by S, (F) = F(E).
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This result generalizes a similar one for additive categories C due to Pirashvili [T2]. A
simple direct proof of Theorem BI4lis given in [7]. Further study of polynomial functors
could thus be based on this theorem in analyzing the - very complicated - structure of
the rings T,,U (E) and their representations; instead, we follow the basic idea of the work
of Baues and Pirashvili: according to Proposition [L22 a polynomial functor F' of degree
n is determined by the values of its cross-effects cri(F) on (E, ..., E), 1 < k < n;so we
seek for minimal extra structure relating them so as to make the correspondance between
polynomial functors and these enriched cross-effects into a functorial equivalence.

3.4. Classification of bilinear bifunctors. Since cross-effects of quadratic functors
are bilinear we need an analogue of Theorem for bifunctors which goes as follows.
Let Bilin (C x C, Ab) denote the category of bilinear bireduced bifunctors from C x C to
Ab.

We begin by the following lemma.
Lemma 3.15. For B : C x C — Ab a bilinear bireduced bifunctor, B(E, E) is a left
A ® A-module via B
(@@ B).v = Bla, B)()
fora,p €C(E,E) and x € B(E, E).
Remark 3.16. Note that T\U(X)®@T1U(Y) is aright A@A-module via (1 (z) @11 (y))(a®
B) = ti(xa) ® t1(yp); this induces a structure of right A ® A-module.
Definition 3.17. The functor
Si1 @ Bilin(C x C, Ab) — A ® A — Mod
is defined by S11(B) = B(E, E) for B € Bilin(C x C, Ab).
Definition 3.18. The functor
Ty : A® A — Mod — Bilin(C x C, Ab)
is defined by T11(M)(X,Y) = (TVU(X) @ TVU(Y)) @pga M for M € A® A — Mod.
The following proposition connects the functors Ti; and Sy;.

Proposition 3.19. The functor Tyy is the left adjoint of Si1.
The unit of this adjunction is the canonical isomorphism

uy M — (TVU(E) @ TVU(E)) @xex M
defined by upr(m) = (t,(1) ® t1(1)) @ m where M € A®@ A — Mod.
The co-unit is
(up)xy : TuSu(B)(X,Y) = (MU(X) @ U(Y)) @5 B(E, E) — B(X,Y),
where (ug)xy(ti(f) @ ti(g) @ ) = B(f,g)(x) for f € C(E,X),g € C(E,Y) and x €
B(E,E).
The arguments in the proof of Theorem are easily adapted to obtain:

Theorem 3.20. If C = (E)¢ then the functors Si1 and Ty form a pair of adjoint
equivalences.

4. QUADRATIC C-MODULES

The aim of this section is to define quadratic C-modules which generalize for any
pointed category C the quadratic Z-modules considered by Baues in [I] for C = Ab.
Then we define a functor Sy from quadratic functors to quadratic C-modules which
extends the functor S; : Lin(C, Ab) — A — Mod considered in Proposition The
functor S, is a part of the adjoint equivalence established in Theorem Bl Its left adjoint
T, is constructed in section
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4.1. Symmetric bifunctors and modules. We begin by recalling the definition of a
symmetric R ® R-module.

Definition 4.1. For a ring R, a symmetric R ® R-module is a left R ® R-module M
equipped with a Z-linear involution T (i.e. T? = Id) such that for r,s € R and m € M
T((r®@s)m)=(s®r)T(m).

A morphism of symmetric R ® R-modules is a morphism of R ® R-modules compatible

with the respective involutions.

Remark 4.2. A symmetric R ® R-module is the same as a module over the wreath
product
(RRR)16;=(R®R)®(R®R).t
whose multiplication is defined by
(r1 @ 1o+ (51 ® 82).1)(r] @ 1h + (8] ® 85).1)
= (r17] @ rarh + 5155 ® $287) + (r18] @ 198y + s17% @ o1t

for ry,rl, s;, s; € R and where t denotes the generator of G,.

Symmetric R® R-modules naturally arise from evaluating symmetric bifunctors which

we define next. Let V : C x C — C x C be the canonical interchange functor, V(X,Y) =
(Y, X).

Definition 4.3. A symmetric bifunctor from C to Ab is a pair (B,T) where B : CxC —
Ab is a bifunctor and T : B — B oV is a natural isomorphism.

Cross-effects are natural examples of symmetric bifunctors, as follows. For XY € C
denote by 7xy : X VY — Y V X the canonical switch.

Proposition 4.4. Let ' : C — Ab be a functor. Then there are symmetric bifunctors
(cro B, TTY and (Tyy(croF), TT) where
Ty : (craF)(X,Y) — (eroF)(Y, X) and Txy : Tii(craF)(X,Y) — Tu(cro F)(Y, X)
are given by

T)I;,Y = (L%1,2))71F(TX,Y)(L%1,2)) and T)I;,Y = Tn(T"),
noting that T11((croF) o V') = Tyy(craF) o V. O
Proposition 4.5. Let (B,T) be a symmetric bifunctor from C to Ab such that B is

bireduced. Then for E € C, the group B(E, E) is a symmetric A @ A-module where
(f®g)xr=B(f,9)(x) for f,g € C(E,E) and x € B(E, E), and with involution Tg g.0]

We thus obtain the following two examples of symmetric R ® R-modules for suitable
R which are important in the sequel.

Corollary 4.6. For a reduced functor F' : C — Ab, the group F(E|E) admits the
structure of a symmetric A ® A-module such that for f,g € C(E,E) and o € F(E|E)
we have

(f ©g).ci= (1h9) ' F(fV g)t{1o)(e) € F(E|E)
and with involution:
TH(a) = (tf,9) ' F(T,8)t0 2 (@) € F(E|E).

Corollary 4.7. For F : C — Ab a reduced functor, the group T1(croF)(E, E) admits
the structure of a symmetric A®@ A-module, with involution denoted by T*, such that the
projection t1y : F(E|E) — Ti1(croF)(E, E) is a morphism of symmetric A ® A-modules.

Conversely, symmetric A ® A-modules give rise to symmetric bifunctors, as follows.
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Proposition 4.8. Let M be a symmetric A ® A-module with involution T'. Then there
are symmetric bifunctors (T(M), T*) and (T (M), TM) where
U

TRy : (UX) @ U(Y)) ®rea M — (U(Y) @ U(X)) @pen M
is given by Tx'y (fQg®x) = g® f@Tx for f,g € C(E,E) and x € M, and where ™

is given such that t; ®t; @id : T(M) — T11(M) is a morphism of symmetric bifunctors,
in the obuvious sense. U

Remark 4.9. As in Theorem B0, assigning (Ty (M), T™) to (M, T) defines a functorial
equivalence between symmetric A ® A-modules and symmetric bifunctors bifunctors
(B,T") from C to Ab wuch that B is bilinear bireduced, but we do not need this here.

4.2. Quadratic C-modules.

Definition 4.10. (Proto-quadratic C-module) A proto-quadratic C-module relative
to E is a diagram of group homomorphisms:

M = (T11<CT2U><E7 E) @n M, i M. l) M., i Me)
where
o M, is a left A-module;

o M., is a symmetric A ® A-module with involution T;
o P: M., — M, is a homomorphism of A-modules with respect to the diagonal
action of A on M, i.e. fora« € C(E,E) and m € M,:

P((a® a)m) = aP(m),
and satisfies PT = P; -
e H is a homomorphism of symmetric A® A-modules such that for§ € C(E, EVE)
and a € M, the following relation holds:

(QM1) (V*€)a = (riQ)a+ (ri)a+ P(H(ph(¢) @ a)).
Remark 4.11. By Proposition 20l condition (QM1) implies that coker(P) is a A-module.

Definition 4.12. (Quadratic C-module) A quadratic C-module (relative to E) is a
proto-quadratic C-module (relative to E) as above satisfying the additional property that
foré e C(E,EV E) and m € M.,
(@QM2)  H(plh(€) @ Pm) = (r}(&) @ r3(€))(m + Tm).

Remark 4.13. Suppose that E admits a comultiplication p: F — EV E in C admitting
the zero map E — 0 as a counit. Write y' = (1f,,)) "' (4 — 47 — i3) € erU(E, E) and
ae = (a,f)ufor o, € C(E,E). Then taking £ = (a V §)u relation (QM1) implies
that

(aefB)a = aa+ Ba+ P(ﬁ(tn(b%m))_l (Vv B)p— (Vv B)ii — (aV B)i3) ®a))

= aa+ fa+ P((a ® BV H (i @ a))

by A® A-linearity of H. This shows that (QM1) is a generalization of the distributivity
law (o + 3)a = aa+ fa+ P((a @ §)H(a)) in the case where C is an additive category
[M]. In particular, H and P are generalizations of the second Hopf invariant and the
Whitehead product [id, id], respectively.

Moreover, taking & = u in relation (QM2) shows that under the above assumption
T is determined by H and P, as

T(m) = Ff(/)_%(u) ® Pm) —m

= H(/ ® Pm)—m.
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This generalizes the formula T'= HP — 1 in [I], [, cf. the case where E is a cogroup
considered in section 7. In general, however, T is not determined by H and P, as is
illustrated by the following “extreme” example.

Example 4.14. Suppose that C and E are such that C(E,E V E) = 4 C(E,FE) U
i2,C(E, E). In particular, this holds when C is the category T' of finite pointed sets and
E = [1] = {0, 1} is its canonical generator. Then U(E|E) = 0 by (Z1L3), whence A = A

and the domain of H 1s trivial. Thus a quadratic C-module relative to E is a diagram
M = (Mee L M., i Me)

satisfying the properties in Definition[.10 which do not involve ﬁ; in fact, the relations
(QM1) and (QM2) are trivially satisfied. Together with Theorem [G1 this reproduces a
description of quadratic functors from T to Ab given in [13].

Remark 4.15. In view of the isomorphism in Proposition 223 the map H in the definition
of a (proto-)quadratic C-module can be replaced by a group homomorphism:

FIZU(EVE)@AMe_)Mee

satisfying the following relations for o, 3 € C(E, E), (¢ € C(E,EVE),y€C(E,EVEV
E), a € M,:

) H((aVB)E®a)=(a®FH(E®a)

) H(té®a) =TH(®a)

) H(2a®a) = H(i2a®a) =0

) H(V2VId—r3VId—r3VIdy®a)=0

) H(IdVV?—IdVr?—IdVri)y®a)=0.

In fact, (H,) translates the fact that H is a morphism of A®A-modules, (H,) corresponds
to the fact that H is a morphism of symmetric modules, and (Hj), (Hy) and (Hs)
correspond to the fact that the source of H is (T11(cro(U))(E, E)®a M., see Proposition

In the following proposition we give a useful equivalent formulation of condition
(QM1).
Proposition 4.16. Relation (QM1) means that the following diagram commutes

P
M.,

M.

H(t11®1)T /J'ETN
U(E‘E) ®A Mesﬁ U(E) ®A Me

where pi. is the canonical isomorphism and SY the map given in Definition [T}
Proof. We have, for £ € C(E,EV E)
pe(S5 ® 1)(pf12)(&) @ a) = pe(U (V)i 5)p(1 2)(€) @ a) by definition of S5 in [T
= pe(U(V?)(Id — if, ori, — i3, 0 13,)(§) ® a) by
= 1 (U(V(E) = 1,(6) — 136 @ )
= pe((VE€ — 1l — 138) ® a)
= (V2)a — (r1€)a — (r3)a.

So the diagram commutes if and only if for all £ and a

A

P(H(p1,(§) ® a)) = (V*€)a — (ri)a — (r3€)a.



20 MANFRED HARTL & CHRISTINE VESPA

Definition 4.17 (Morphisms of (proto)-quadratic C-modules). A morphism ¢ :
M — M’ of (proto)-quadratic C-modules relative to E is a pair ¢ = (¢e, ¢ee) where
¢e : M, — M! is a morphism of A-modules and ¢ee : Mo — M., is a morphism of

A

symmetric A ® A-modules which commute with the structure maps H, T and P.

Composition of morphisms of (proto)-quadratic C-modules is defined in the obvious
way. This allows to define the category of (proto)-quadratic C-modules.

Definition 4.18. The category QModf is the category having as objects the quadratic
C-modules and as maps the morphisms of quadratic C-modules.

Remark 4.19. There is a fully-faithful functor I; : A-Mod — QMod% given by

L(M) = (Ti(crsU)(E,E)Yo, M 505 05 M.
In fact, I;(M) satisfies (QM1) as M is a A-module, and (QM2) is trivial.
4.3. Quadratic C-modules obtained from quadratic functors. Let Quad(C, Ab)
denote the category of quadratic reduced functors from C to Ab. The aim of this section

is to define a functor S, : Quad(C, Ab) — QModf. In order to define S, we need the
following lemma.

Lemma 4.20. For F' € Quad(C, Ab) there exists a natural transformation of functors
HY . (Ty1(eryU) @ F(E))Ac — (croF)Ac such that the following natural diagram is
commutative for X € C:

(HM)x

Th(ersU) (X, X) @4 F(E) F(X|X)

(t11®1) x /{uﬂw);(

U(X|X) @ F(E).

Proof. Recall that the cross-effect of a quadratic functor is a bilinear bifunctor. Hence

the existence of H follows from the universal property of ti;.
O

We now associate a quadratic C-module to any quadratic functor, as follows.
Proposition 4.21. For F' € Quad(C, Ab) the object

MF = (Tyy (crU)(E, E) @ F(E) 2% F(E|B) L~ F(E|E) 22 F(R))

15 a quadratic C-module relative to E.

Proof. The abelian group F'(F) is a A-module by LemmaB3 and since cry F' is bireduced
and bilinear we deduce from Proposition B that F(E|E) is a symmetric A ® A-module.
It is straightforward to see that (SI)g : F(E|E) — F(E) is a morphism of A—modules.
Also the fact that (cry(u’))z and hence (HY)p are morphisms of symmetric A ® A-
modules is easy to check.
Now the following commutative diagram shows that the equivalent characterization
of property (QM1) given in Proposition is satisfied by M*":

(HE (S§)e

Tys(crsl)(B, E) £ F(E) F(E|E) F(B)
t11®1T T(Cm(uﬂv))E T(U%)Eue
U(E|E) @y F(E) (U(=) @x F(E)(E|E) —= U(E) @5 F(E)

(855




QUADRATIC FUNCTORS ON POINTED CATEGORIES 21

The property (QM2) is more intricate to check, so we postpone its proof to section

(see Corollary B1).
U

The previous proposition leads to the following definition.
Definition 4.22. The functor
Sy : Quad(C, Ab) — QMod%

is defined by So(F) = MY for F € Quad(C, Ab) and by Sz(¢) = (g, cra(0)p.r) for
w: F'— G a morphism of quadratic functors.

The following proposition formalizes the fact that Sy extends the functor S;.

Proposition 4.23. The following diagram is commutative

Quad(C, Ab) =~ QMod”

y E

Lin(C, Ab) —5 A= Mod

where I is the functor defined in Remark[{.19

5. QUADRATIC TENSOR PRODUCT

The left adjoint of the functor Sy : Quad(C, Ab) — QMod5 is given by a con-
struction which we call the quadratic tensor product. In fact, a special case of a
quadratic tensor product first appeared in [I], providing a left adjoint of a functor
Quad(Ab, Ab) — QMod(Z) is defined explicitely by generators and relations; here
QMod(Z) is the category of quadratic Z-modules. Similarly, in [] a left adjoint of
Quad(Gr,Gr) — Square is constructed by generators and relations; here Square is
the category of square groups (see also section [LH). In this paper, however, we give a
more conceptual construction of the quadratic tensor product, by means of a push-out
diagram, in our general setting. We expect to generalize this construction to polynomial
functors of higher degree. A description of our quadratic tensor product in terms of
generators and relations is nevertheless provided generalizing the constructions in [I]
and [4]. We then compute the quadratic tensor product E ® M for M € QMod% and
the cross-effect of —® M which are two essential tools in the proof of our main theorem
in section

5.1. Definition. We start with the following straightforward lemma.

Lemma 5.1. If N is a symmetric A @ A-module with involution T and X € C, the
group M = ((ThU)(X) @ (T1U)(X)) @aga N is equipped with an involution t defined by

tleewyen) =y (n)
forz,y € (YU)(X) andn € N.

To define the quadratic tensor product, we need to consider the coinvariants by the
action of the symmetric group Gs. So we introduce the following notation:

Notation 5.2. If M is an abelian group equipped with an involution t, we denote by
Mg, the coinvariants of the action of the symmetric group Gy on M given by t, . e.
Mg, = M/(1—t)M. Furthermore, we denote by m : M — Mg, the canonical projection.
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Definition 5.3. (Quadratic tensor product) Let M be a quadratic C-module relative
to E and X € C. The quadratic tensor product X @ M € Ab is the push-out of the
following diagram of abelian groups:

=(¢1,620P)
—

(U(X) @ U(X)) @rga U(E|E) @p M) ® (U(X) @ Mee) (ToU)(X) @a M,
— w(5®1>>l W
(U)(X) @ (TWU)(X)) @rea Mee)s, ; X®M

where P, = m(t; @ t; @ f](tn ® 1)), 6(f) = (tif) @ (tuf) for f € C(E,X) and ¢1(f ®
gRr®a)=1SYU(flg)(x)®a for f,g € C(E,X), x € U(E|E) and a € M..

In the following proposition we give a description of the quadratic tensor product
X ® M by generators and relations.

Proposition 5.4. Let M be a quadratic C-module relative to E and X € C. The
quadratic tensor product X @ M € Ab is the abelian group generated by the symbols

f®a7 fGC(EaX)a a'eMe

[f.gl®@m, f,geC(E,X), me M.

subject to the following relations:

(1) (fB)®@a=f&(Ba) for BE€C(E,E)

(2) fRa+b)=fRa+fRDb

(3) (1,1,1)é®a—(1,1,0){®a—(1,0,1)é®a—(0,1,1)é®a+(1,0,0)(®a+(0,1,0){®

a+(0,0,1){®a=0 for € C(E, XV XVX)

[fa,gB8]@m = [f,g]® (@® B)m for o, € C(E, E)

[f. 9] @ (m+n)=[fgl@m+[fg®n

[VZ(8), ]®m [r1.(&), gl @m + [r3,(€), gl @ m for £ € C(E, X V X)
%ﬂg] =g, fl®T(m)

9) (f,

[ f
g
Proof. The symbol f ® a corresponds to a generator of U(X) @5 M, and [f,g] @ m
corresponds to a generator of (U(X) ®@x U(X)) @aga Mee.

For the elements f ® a, relation (1) corresponds to the fact that the tensor product
is taken over A, (2) translates the linearity in M., (3) corresponds to the fact that the
element f ® a is in ToU(X) @5 M, where we use Proposition 224 which describes Ty F
as a quotient of F'.

For the elements [f, g] ® m, (4) corresponds to the fact that the tensor product is
taken over A ® A, (5) translates the linearity in M., (6) (also using (7)) corresponds to
the fact that the element [f, g] ® m lies in ((T2U)(X) ® (T2U)(X)) ®aga Mee, and (7)
translates the fact that we take the coinvariants by the action of G,.

Finally, (8) and (9) correspond to the fact that the diagram in Definition B3 is a
pushout. O

@m = f® P(m)

(4
(5
(6
(7
(8 ]

( )y©a = friy@a+griy@a+|f, g)@ H(tnph 5 () ®a) for v € C(E, EVE).

)
)
)
)
)
)

We need the following technical lemma.

Lemma 5.5. The quadratic tensor product X ® M 1s equal to the pushout 11 of the
following diagram of abelian groups
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(MUX @ hUX) A%A Ti1(cr2U)(E, E) ® M)s, ® (UX @ M) F=(A®LLeP) iy ® M,

”:(W(‘S@l”l lw
((TlUX®T1UX) ®A®A Mee)Gg (5 11
where UX = U(X), TUX = T,U(X) forie {1,2}, Y1 = 1®1® H and ¢ is the

following composite map:

d)l
(TlU(X) & TlU(X)) ®A®A TH(CTQU)(E E) - - - — > TQU(X)
1®1®CT‘2(t2)\L Sg"gU
(U(X) ®T1U(X))A<§ACT2(T2U)(E E) ﬁcrz(TzU)(X,X).

Proof. We have the following surjection

(UX ®UX) ® U(E|E)® M,~1®1%ne)(TINX @ (T\U)X) @ Ti(crU)(E,E)® M.)e,
ARQA A AQA A

which verifies
h=rt@t@Htu®1)=r(1ele H)tL @t @ty ®1).

We first check that ¢; = (¢) ® 1)(t; ®t; ®t;3 ®@1). For f,g € C(E,X) and xz € U(E|E)
we have:

Gt 0t @tn)(fOgex) = S ul,mn (1@ 1 cra(t))(ti(f) © ti(g) ® ti(z))
= SPVery(TOU)(f, g)era(ts) () by definition of wu,,, 1
= (TyU)(V*)? (12)cr2(TaU)(f, g)era(tz)(x) by definition of S22V
= (BU)(V)DU)(f V g)tay ()
= ta UV)U(f V g)ifsz)(2)
= 1y U(VQ)L%LQ) U(flg)(x)
= t2 Sy U(flg)(2).

It remains to check that ¢ factors through the coinvariants, that is ¢/ (¢1(f) ® t1(g9) ®
tnx) = ¢y (t(t(f) @ t1(g9) @ t112)). We have:

Lt () @ ti(g) @ tnz) = ¢1(t(g) @ ta(f) @ tn(tfe) U(T)ifaT)
= 1o SgU(QV)(L%m))_lU(T)(L
it U9l f) (112

2):16) by the previous calculation
U(T)(L%m)x)

(g V )i () T U 27)
U(g Vv f)U(T)(L?l,z)x)
unu(fv 9)(L%1 2)55)

*—‘»—t

|
~
V]
-
<
™
2
=
—
<
&
~
—~
~
_
\‘}3
8
~

= L, UV’ L%1,2 U(flg)(z)
= 1, S5U(flg)(x)
= g(t(f) @ t(g) @ tnr).
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t

5.2. The quadratic tensor product defines a quadratic functor. The aim of this
section is to prove the following result.

Proposition 5.6. For M € QMod5 the functor given by the quadratic tensor product:
—® M : C — Ab is a quadratic functor.

The proof of this proposition relies on the following lemma.

Lemma 5.7. For M a proto-quadratic C-module, the following natural transformation
of functors from C to Ab is surjective:

~

cra(@) = ero((TU (=) @ ThU(=)) @agn Mee)Ac)s,) — cra(— @ M);
here ¢ is the map in the push-out diagram in Definition 3.
Remark 5.8. In Theorem below we give an improved version of this lemma.

Proof of Lemma [5.] To simplify notation we write T (M,.)A¢ instead of (((71U)(—)®
(T'U)(—)) @aga Mee)Ac. Recall that the functor Ty; is the functor defined in BI8

By the universal property of a push-out, we obtain the existence of amap f : XM —
coker(¢) making the following diagram of abelian groups commutative:

(UX @ UX) @pon U(E|E) @y M, ® UX @ M, —= (T,U)(X) ®p M,

|

(MU)(X) @ (TWU)(X)) @sen Mee)s,

We deduce the existence of a natural exact sequence

(5.8.1) (Tu1(Moo)Ac)s, (X) S X @ M L coker() — 0.

In the sequel we show that the functor coker(¢) is linear. Recall that ¢; = ¢ (t; ®
t1 ®t11) ® 1 where (¢} (t; ® t; ® t11))x is given by the following composition:
a (5:2")
(U(X) @ U(X)) @aar U(E|E) == cry(TU)(X, X) 2 (ToU)(X)

where o = (UQTQ(TQU))X,X@ ®1® cry(ta))(ty @t @ ty7).

The functor TLU is quadratic by definition of T5, so ¢ry(T5U) is a bilinear functor, and
so is (T1U(=) ® T'U(—)) ®aen cr2(12U)(E, E). Since (u,(7,1)) 5,k is an isomorphism
according to Theorem B2, we deduce by Proposition that (u,(z,;) s a natural

equivalence and (u;r(TQU)) x.x is an isomorphism. Furthermore 1 ® 1 ® cry(ts) and ¢ ®
t; ® ty1; are surjective by construction. It follows that

coker((¢1)x) = coker((S3°Y)x) = Ty (ToU)(X)

by Proposition

Since Im(¢1) C Im(¢) we see that coker(¢) is a quotient of coker(¢pr) = T1(ToU) ®x
M. which is a linear functor. Thus coker(¢) is a linear functor by Proposition [CG But
the cross-effect functor is exact by Proposition [[4l so applying it to sequence (E8I)
shows that crg(g?)) is pointwise surjective.

U
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Proof of Proposition[.. The functor Ty; (M,,) is bilinear and bireduced, so by Lemma
[C20, Ty (M.e)Ac is quadratic. By Proposition [LT4, we deduce that (Ti1(Me.)Ac)s,
is quadratic. Consequently cra((Ti1(Mee)Ac)s,) is bilinear. Since cro(— @ M) is a
quotient of cry((T11(Mee)Ac)s,) by Lemma B, the functor cry(— ® M) is also bilinear,

so — ® M is quadratic.
O

Proposition (5.0 leads to the following definition.
Definition 5.9. The functor
Ty : QModf — Quad(C, Ab)

is defined as follows: for M € QModE let To(M) = — @ M, and for a morphism of
quadratic C— modules (pe, dee) : M — N let To(¢e, Pee) = @ where px : XQM — XQN
is given by the universal property of a push-out.

Remark 5.10. The functor Ty extends the tensor product functor T; in the following
sense: it improves the approximation of a quadratic functor ' by v’ : ToU(—)®@, F(E) —
F by taking into account the cross-effect of F' in ”amalgamating” ToU(X) ®a F(E)
with the image of F(X|X) under (Sf)x. We expect that this idea can be extended to
polynomial functors of higher degree.

Remark 5.11. Since the functor —® M is quadratic by Proposition B8, the computation
of (—® M)(EY™) for n > 1 reduces to computing (— ® M)(E) and cro(— @ M)(E, E),
see Proposition [L3

5.3. Computation of the quadratic tensor product £ ® M. In section [, in order
to obtain the desired equivalence between quadratic functors and quadratic C-modules,
we need to compute E @ M for M € QMod¥%, as follows.

Proposition 5.12. For M € QModZ, there exists an isomorphism of abelian groups
E@QM = M..
In order to define this isomorphism we need the following lemmas.

Lemma 5.13. For M € QMod5, there exists an isomorphism T, : (TyU)(E) @ M, —
M, making the following diagram commutative

Me

U(E) ®x M,

Mk W

(1U)(E) ox M,

where p, is the canonical isomorphism. In particular, the map to®1 is an isomorphism.

Proof. To prove that Tz, exists we have to prove that u.(Ker(to®1)) = 0. By Proposition
we have

Ty (F) = coker(ker(craF(X|X) 25 (Thiero F)(X] X)) Sz, F(X)).
So we have ker(ty) = SY(ker(t11)) and
pre(ker(ty @ 1)) = pe(SY @ 1) (ker(t11) ® M.) = PH(ty, ® Id)(ker(ty) @ M.) =0

where the second equality is given by Proposition EET0
Since to®1 is surjective and . is an isomorphism we deduce that fi. is an isomorphism.
As a consequence we obtain that t; ® 1 is also an isomorphism. U
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Lemma 5.14. For M € QModZ, there exists a morphism P : (M..)s, — M. making
the following diagram commutative

Mee Me
(Mee)Gz
Proof. This is due to the relation PT = P in Definition O

Lemma 5.15. There exists an isomorphism
fiee : (TWU)(E) @ (TWU)(E)) @acs Mee)s, = (Mee)s,

making the following diagram commutative

(MU)(E) @ (TWU)(E)) @apa Mee - Mee

| |

(MU)(E) © (TIU)(E)) @ran Mee)s, —— (Mee)e,

Hee

where ((TYU)(E) @ (T1U)(E)) @agr Mee — M, is the canonical isomorphism.

Proof. This is immediate from the fact that the canonical isomorphism

(TWU)(E) @ (T\U)(E)) @xen Mee —> M.
is compatible with the involutions. O

Proposition is a direct consequence of the following lemma.

Lemma 5.16. For M € QModf, there exists an isomorphism
(P Tioe, Tie) : E®@ M — M,

such that (P Tiee, Tie)d = P Tiee and (P Tige, Tic) = Tie where the maps P, Tiee and Tig
are defined in Lemma [0. 13}, 1A and I3 respectively and the maps ¢ and v appear in
the pushout diagram of Proposition 3.

Eroof. To prove that the morphism (P Jig, i) exists, it is sufficient to prove that
P Ticetp = Tie@ by the universal property of the push-out.
For f € C(FE, E) and m € M., we have:

Plim(6®@1)(f@m) = Pue(f®fom) by Lemmas ET4 and B8
= P((f® f).m) by definition of fie,
= fP(m) by Definition EE10
= pe(f® P(m)) by definition of .
= T (@ Id)(f ® P(m)) by Lemma BT3
= T (@ P)(f @m).
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For f,g e C(E,E), x € U(E|E), a € M, we have:

Pliem(ti @t ® lﬁf(tn DNf®g@z®a)
= P,uee(f®g®H(t11( )®a)) by Lemmas BT and B1H
= P((f ® g)H (t11(7r) ® a)) by definition of fie,
= PH((f ® §)(t11(z) ® a)) since H is a morphism of A ® A—modules by Definition B
= PH(t;1(U(f | 9)(2)) ® a) by the structure of A ® A—module of Ty (crU)(E, E)
= PH(tn @ Id)(U(f | g)(x) ® a)
= pe(SY @ Id)(U(f | 9)(z) ® a) by Proposition EET8
= Tie(to @ Id)(SY @ Id)(U(f | 9)(x) ® a) by Lemma B3
= Tic(t255 U (flg)(z) ® a).
Hence the morphism (P Jigs, fie) : E ® M — M, exists.
For m € M,,, we have:
Teem(d @ 1)(1 ®@ m) = m.
Since i is an isomorphism by Lemma we deduce that (0 ® 1) is surjective.
Consequently v is surjective and by general properties of push-out diagrams we obtain
that ¢ : (TU)(E) @ M, — E ® M is surjective. Now, since (P Tig, ie)) = Tie is an
isomorphism by Lemma ET3, it follows that (P Jige, fig) is an isomorphism. O

In particular, by Proposition EEZI], for F' a quadratic functor, M* is a quadratic
C-module, so we can apply the previous lemma to M to obtain:

Lemma 5.17. For F € Quad(C, Ab) the morphism
(SE)p TieenTie) : E @ M" — F(E).
s an isomorphism.

5.4. Computation of the cross-effect of —® M. The aim of this section is to prove
the following theorem which allows to compute the cross-effect of — @ M in Corollary
BE2T and to complete the proof of Proposition EE2]] in Corollary

Theorem 5.18. For C a pointed theory generated by E and M a proto-quadratic
C—module relative to E, the following natural transformation of functors is an equiva-
lence if and only if M is a quadratic C-module.

cra(@) 2 ers (VU (=) © TU(=)) ®aea Mee)Ac)s,) — cra(—© M)
Here ¢ is the map in the push-out diagram in Definition B3,
The proof of this theorem relies on the following lemmas.

Lemma 5.19. Let (B,T) be a symmetric bifunctor from C to Ab such that B is bilinear
bireduced, see Definition[{.3. Then the map given by

(tf12) "' mB(i1,43) © B(X,Y) — cry(BAc)s,(X,Y)
for X, Y € C, is a natural equivalence.

Proof. For XY € C, we have BA¢(X VY) = B(X,X) & B(X,Y) ® B(Y,X) &
B(Y,Y) since B is a bilinear functor. For X; = X, Xy = Y and p,q = 1,2 we
have TleXQ,leXQB(iIZ),i?]) = B(ig,i;)TXP,Xq. Thus (BA0)62<X V Y) = B(X, X)(52 D
BY,Y)e, & (B(X,Y)® B(Y, X)), and er3(BAc)o,(X VY) = (B(X,Y) & B(Y, X)),
where the action of &, on B(X, Y) ® B(Y, X) is given by t(z,y) = (Ty,x(y), Tx,y(x)).
We have ( ) 17 B(i%,i3)(x) = (z,0). An inverse of this map is defined as follows: let
f: B(X, Y)@B(Y X) — B(X, be given by f(x,y) = z+Tyx(y). Then f(t(z,y)) =
Ty x(y) + Ty xTx,y(x) = f(z,y). So f defines a map f : (B (X Y) ® B(Y, X))s, —
B(X,Y), and one easily checks that f is the inverse of (L%L )" LrB(i%,43). O




28 MANFRED HARTL & CHRISTINE VESPA

Lemma 5.20. For a A ® A-module A, let 14 : T11(A)(E, E) — A denote the canonical
isomorphism. Then the following diagram is commutative:

N®U(E|E) ® M, cra((T1i(N)Ac)e, ) (B, E) @ U(E|E) @ M.

‘/ ko l cra (i)

M., k_3 CT2<<T11(M66>AC)62><E7 E)

where: N = Ty1(cra(U))(E, E) @y M., ki = (L%Lz))*lﬂﬂ‘u(]\f)( P22 (uN) T D1, ky =
(H, k) with K,(p % () @m) = (ri¢@ri€).(m+Tm) for § € C(E,EVE) and m € M.,
and k3 = (17, 5))” WTH( BIGRAIIY

Proof. The morphisms k1 and ks are isomorphisms since jys,, and py are the canoni-
cal isomorphisms and ( th0y) T (N)(iF,33) and (¢, 5)) ™ 7 Tia(Mee) (i1, 33) are isomor-
phisms by Lemma The fact that k) is welldefined follows from the fact that ks is
an isomorphism and from commutativity of the diagram which we prove now.

By Lemma 53, cry () = (cra(1 @ 1@ H), erao(n(6 @ 1))).

The commutativity of the diagram on N follows from the naturality of u and by the
fact that Ty1(—)(—, —) is a trifunctor.

To prove the commutativity of the diagram on U(E|E) ® M., we consider the injec-
tion L%m)_: crg((']I‘n( Me)Ac)e, ) (B, E) — (T11(Mee)Ac)s,)(E V E) and we prove that
Loy Cr2(¥) ki = 13y 5y k3 ks on U(E|E) ® M.

L
@ 1)((§ — 13r?€ — i%r3¢) @ m) by EI2

= 71((€® € —iiril @ {ri€ — i3r3E @ i3r3g) @ m)

(irf€ + i3r3¢) ® (iris + isr3l) — ifris @ ifri€ — isr3€ ® i3ri) @ m)
mma B (3) since 71U is linear

(ifri @ 227%5@ m +i3r3 @ i 7“%5 ®m)

= 7T(Z r3 ®i3r3é @ m + t(i3r?€ ® i3r3 ® Tm)) cf. Propositions EE8 and
= m(i{ri ® i3r3 @ m + ijri€ ® i3 ® Tm) since w(tr) = m(z)

= (4} %f ® 313 ® (m +Tm))

= 1 Tu (Mee) (33, 33) (r}€ @ 136 © (m + Tm))

=7 T1y (Mee) (i7, i5) (1 @ 1T ® (r{€ @ r3¢).(m + T'm))

=7 Tu (Mee) (3, i%)#z\}lee((rfﬁ ® r3€).(m +Tm))

= (12 k?3((7°1§®7“2§) (m +Tm))

= (12) k3k2( (§)®m)

n

Proof of Theorem[218 . By Lemma and Proposition [CLT4 the source functor is
bilinear and we deduce from Proposition B8 that the target functor is bilinear. So
according to Proposition it suffices to check that crg(gzg)( £,p) 1s an isomorphism if
and only if M is a quadratic C-module. By Lemma B we know that, for M a proto-
quadratic C module, CT’Q((]E)(E7 ) is surjective. So it is sufficient to prove that crg(gzg)( B,B)
is injective if and only if the condition (QM2) is satisfied.

As a pushout of abelian groups can be written as a right exact sequence in an obvious
way and as the cross-effect functor is exact, we deduce from Lemma B3 that the following
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diagram is also a pushout.

era((Ty1 (N)A) &) (B, B) & ers(U)(E, B) @ M, D%y (U (E, E) @5 M,
cra(V) l lcm(lﬁ)E,E
era((Ta (M) ) o) B, B) ——————— era(— ® M)(E, )

By the previous Lemma we obtain the following commutative diagram (where, for
simplicity, we omit the subscript E, F):

N & U(E|E) ® Mee = era(T1(N)Ac)e,) (B, B) @ cra(U) (B, E) @ Moo 2% ery(T,U) (B, B) ©4 M,

l ko cra(¥) l l era ()

Mee ; CT2(<T11<M66)AC>62><E7 E) (qg) CT2<— ® M) (E’ E)

As ki and k3 are isomorphisms, we deduce that the exterior diagram is a pushout
too.
By a general property of pushouts in Ab we deduce that:

(5.20.1) ker(cray(@)) = ks ker(cra(¢)ks) = ks ko ker(cra(d)ky).
Recall that cry(¢) = (cra(¢) @ 1), cra(ty) ® P). So, we have
cra(@)kr = (era(h @ 1)(¢7) 9)) " w T (N)(i3,45) (un) ™ era(ta) © P).

In the sequel, we compute cry (@) ® 1)(L%172))*17TT11(N)( 242 (un) "t Forz € ery(U)(E, E)
and a € M, we have:

L%1 2)0T2(¢/1 ® 1) La, 2)) T (N)(47,33) (un) " (i (2) @ a)
= (¢1 ® 1)ify oy (tfh9)) "' 7T (N)(iF,33) ()~ (t11(2) @ a)
= (¢} @ DT (N)(if,3)(1® 1@ (tu(z) ® a))

= ()@ de [(tn(x) ® a))

= ¢i(t ® 1 ®t11)( ®izR1)®a

= ;55U (i | i3)(z) ® @ by the proof of Lemma EH
=ty U(VZ)U(z? Vi3)if) 5 (7) ®a

=12 L?1,2) (z) ®a

= L?1,2)CT2(1:2)($ ® a

= L%LZ) cra(te) @ 1)(t11(7) ® a).

We deduce that:

CTQ(g)kl = (Crz(tz) & 1, CT‘Q(tz) & P)

By Theorem [C24], cro(ty) is an isomorphism, whence we have the following exact se-
quence:

cr k
U(E | E) @y M., 2 N @ (U(E | E) @x M..) =% 1U(E | E) @4 M.

where
ki = ((cra(ts) @ 1) Hera(ty) @ P), —1)" = ((cra(te)) tera(ty) @ P, —1)' = (t;; ® P, —1)".
Since k3 is an isomorphism, we deduce from and the last exact sequence that:

ker(cra(d)ks) = ko ker(cra(@)ky) = koIm(ky).
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For ¢ e C(E,EV E) and m € M, we have:
ko k4(P?1,2) () ®m) = k2(t11/)%1,2) (&) ® Pm, —/7%1,2) (&) ®@m)
= H(tpf2() ® Pm) — (rF€ @ r3¢€).(m + Tm).

~

It follows that ker(crq(¢)) = 0 if and only if the condition (QM2) holds. O
We now are ready to compute the cross-effect of — ® M.
Corollary 5.21. Let M € QModZ, there is a natural isomorphism of bifunctors:
7 (TU(=) @ TiU(=)) @asn Mee > eral(— @ M) (-, —)
such that, for all XY € (F)¢ :

(Vxyt(f) @ti(g) @m) = (L%1,2))_1<137T(t1(i1f) ® t1(izg) @ m)
where f € C(E,X), g €C(E,Y), m &€ Me, i3 : X = XVY andiy: Y — X VY.

Proof. Recall that T11(Me.)(X,Y) = (TZU(X) @ TLU(Y)) @aer Mee by Definition B8
We have the following natural factorization of (y)x y:

(L%Lg))_lﬂ"]rll(MEE)(ilviQ) crg(dA))

Tll(Mee)(Xa Y) CTQ((TH(Mee)Ac)GQ)(X, Y) —_— CT‘Q(—(X)M)(X, Y)

Since Ty, (M,.) is bilinear we deduce from Proposition B-I9 that (L%LZ))_lﬂ'TH (M.e) (i1, 1)

is a natural equivalence, and we deduce from Theorem that cry(¢) is an isomor-
phism. Hence 7 is a natural equivalence, too. 0

6. EQUIVALENCE BETWEEN QUADRATIC FUNCTORS AND QUADRATIC C-MODULES

The aim of this section is to prove the following theorem which is the main result of
this paper.

Theorem 6.1. The functors

To
Quad(C, Ab) QMod%
So
where Sy is defined in Definition [[.23 and To(M) = — ® M, form a pair of adjoint
functors extending Ty and Sy given in Proposition [Z12 (see also Proposition [.23).
For C = (E)¢, the functors Sy and Ty form a pair of adjoint equivalences.

To prove this theorem we begin by constructing the co-unit and prove that it is an
isomorphism thanks to the computations of £ ® M given in Proposition and of
the cross-effect of — ® M given in Corollary BEZTl Then we construct the unit of this
adjunction and prove that it is an isomorphism.

6.1. The co-unit of the adjunction. The co-unit of the adjunction of Theorem
is a natural map of quadratic functors € : — @ M — F. To define this map we need a
series of lemmas.

Lemma 6.2. For F' € Quad(C, Ab), there exists a natural transformation u, : (TyU)(—)®x
F(E) — F(—) such that we have the following natural commutative diagram

(up)x

U(X) @ F(E)

(TU)(X) @x F(E)

F(X)

for X € C and u)y the co-unit of the adjunction between S and T given in Proposition

[Z3.
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Proof. This is immediate from the universal property of 5. O

Lemma 6.3. For F' € Quad(C, Ab), there exists a morphism (S5)x : F(X|X)s, —
F(X) making the following diagram commutative

(83)x

F(X|X)

T (g)x

F(X[X)e,
for X € C.

Proof. To prove that SI exists we have to prove that SFTF = SF where T7 is the
involution of F(—|—). Recall that T* is defined by the following commutative diagram

f,2)

FX|X) 2 P(X v X)

TF J{ lF(T)

(1 2)

F(X|X)—= F(X VX)
where 7 is the canonical switch. Thus:
(Sf)XTF = F(VQ)L%LQ)TF = F(VQT)L%LQ) = F(VQ)L%LQ) = (Sf)X-
O

Lemma 6.4. For F' € Quad(C, Ab), there exists a natural transformation of functors:
g,y - (WU) (=) @ (TWU)(=)) @nen F(E|E))Ac)e, — (craF (=, —)Ac)s,

where A¢ : C X C — C is the diagonal functor, making the following diagram naturally
commutative.

(ulCTQ(F))va

(BU)(X) ® (TlU)i(X)) ©ron F(E|E) F()i)o
(TU)(X) ® (MU)(X)) Bron FEIE) oy —2 2 (P(X]X))e,
U (7)) XX

Here X € C, and ((TWU)(X) @ (T1U)(X)) @rea F(E|E) = F(X|X) is the co-unit
of the adjunction in Proposition [Z19.

Proof. For z,y € U(X) and m € F(E | E) we have:
TFu/crg(F) (tl(.f) ® tl(g) ® m) = (CTQF(fa g))( )

Thus u/, o (F) is Gq-equivariant and hence passes to coinvariants. 0
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We deduce the following proposition.
Proposition 6.5. For F' € Quad(C, Ab), there exists a natural map € : — @ MY — F
given by:
ex = ((53)x (), ) x: (Wp)x) : X @ MY — F(X)
Jor X € C such that exp = (SF)x (Ul (ry)x and ext = (W) x; here the natural maps

U, g and w,, py are defined in Lemmas G2, and [0.4 respectively and the maps b
and v appear in the pushout diagram of Proposition [Z.3.

Proof. To prove the existence of ey it is sufficient to show that (S_f) X (u;m(F)) x¥ =

(@) x¢ where ¢ and ¢ are the maps in the pushout diagram of Proposition B3
For f € C(E,X) and m € F(E|FE) we have:

3

(S3)x (U, p)x T (@ )(f@m) = (53)x m(ul,,m)x (6@ 1)(f ®m) by Lemma G4
— (SE)x (i) (0® 1)(f ® m) by Lemma 3
= (S3)x (ul,, #)x (t(f) ® 4 (f) ® m) by definition of ¢
= (SH)x cry ( f)(m) by definition of u,,
= F(V?) {1 crgF( , [)(m) by definition of SI°
= F(V?) F(fV f) 5)(m) by definition of cr2F(f, f)
= F(VA(fV[)) L1.9) ( ) by functoriality
=F(f VZ)% 2)( m) since V(fV f) = f V?
= F(f) F(VQ)L%l )( m) by functoriality

x(f ® F(V?)if, 5)(m)) by definition of uf,

<
&

!/

<
2

)x(
)x(
'Dx(te @ Id)(f @ SE(m )) by definition of SI
)x(t2 ® S§)(f ®@m)

For fag S C(EaX)’ 5 S C(EaE N E)? T = (L?1,2))71(§ - Z%*Tf*(f) - Z%*rg*(g)) (ZL‘ <
U(E | E) by ZI2) and a € F(FE) we have:

Um)x Di(f® 9@z ®a)

) <ucr2(F))X Tt @t @ (H)p(tn®1)(f®gerea)

5 )x(u, era( (7)) x (f®g® (Hp(t, ®1)(r ®a)) by Lemmas B3 and B4
) x (ug
)x

33’“’\
Bk

Uy py)x (f @9 @ (cra(ufp))p(z @ a)) by Lemma EL20)

cro(F

(‘.s
<3

QF(f 9)(cra(ufp))p(z ® a) by definition of u],
By eraF U, g)(era(u) plo @ o)
)

\Y% g)L?m)x) a) by functoriality

2(fV g)%’z)x ® a) by definition of u,
(VAU(fV g)if g7 ® a)

<v2>b%172)CT2U<fa 9)z®a)

ty ® 1)(U(V2)L?1,2)CT2U(]C, g)xr ®a) by Lemma B2
t283 craU(f, 9)(2) ® a)

up)x$1(f © g @ ©a).

<

In the following proposition we compute the cross-effect of e.

x(ta @ Id)(f ® F(V2) 5(m)) by Lemma B2
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Proposition 6.6. Let [': C — Ab be a quadratic functor. Then the natural map:
cra(€)xy : cra(— @ M) (X, Y) — ery F(X,Y)
is an isomorphism for all X|Y € (E)¢.

Proof. For X,Y arbitrary objects of C we have the following diagram whose right hand
square commutes by definition of cry(€)x y:

2(¢>) L21,2
era(T1 (F(E|E))Ac)e, (X, V) “5% ery(— @ MF)(X, V)5 (= @ MF)(X VY)
(L%l,g))_lﬂTll(F(EIE))(ihh)TN lcrz(e)x,y l(E)X\/Y
T (F(E|E))(X,Y) craF(X, Y)* F(XVY).
croF

In the following, we prove that the left hand square is commutative. Since L%l 2) is
injective, it is sufficient to prove that

0%1,2)07’2(€)X,YCT2(¢3)(L%1,2))_17TT11(F(E|E))(ilvi2) = L%l,Q)u/crgF'
For f € C(E,X), g € C(E,Y) and m € F(E|FE) we have:

~

L?1,2)CT2(€)X,YCT2(¢E)(L?m))*lﬂrn(F(E|E))(i17 i2)(f ® g ®m)
= G)XVYL%l 2)’37”2(¢)( (o)~ (i f ®i2g @ m)

(E)XVY¢7T(21f ® i2g ® m)

(Sf)XvY(UCT(F))XVYW(Zlf ®isg @ m) by definition of € given in Proposition
= (ST )xvy (U oy ) xvy (i f @ izg ® m)

(S3)xvyeraF (i1 f,iag)(m) Dby definition of u, ) given in Proposition

F(V?)ify gycraF (i1 f,iag)(m) by definition of S5
= F(VQ) (ilf\/iQQ)L?LQ)(m)

= F(fVg); La, 2)( m) since V(i1 f Viag) = fV g
12)CT2F<JC g9)(m)
1.2) Yo (F (f ®g®m) by definition of u,, x.

Now since F' is quadratic, cro(F') is bilinear and by Theorem B2, (u CTQ(F))X,Y is

an isomorphism. By commutativity of the left hand square this implies that cr2(gz§)

is injective and by Lemma B we know that cro(e) is surjective. Thus cro(¢) is an
isomorphism, hence so is cr(e) xy.
U

In particular, we obtain the following corollary which achieves the proof of Proposition

E2T
Corollary 6.7. The property (QM?2) is satisfied for MF.
Proof. By Theorem it is sufficient to prove that
cra(9) : ers((TU(=) @ TU(=)) @aea F(E|E))Ac)s,) — cra(— @ M¥)

is an equivalence. This is part of the proof of Proposition
O

Proposition 6.8. IfC = (E)¢, for F € Quad(C, Ab) the natural map ¢ : — @ M* — F
1$ a natural equivalence.
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Proof. Since F is quadratic by hypothesis and — ® M?* is quadratic by Proposition
b6, it is sufficient to prove that (€)g and cri(e)(g,p) are isomorphisms according to
Proposition

By Lemma BT7 we know that (¢)g is an isomorphism since

(S5 e (), (Wp)E) = ((S5)E Tiee, Tie)-
By Proposition we know that cro(€) (g gy is an isomorphism. O

Proposition 6.9. The natural map € : — @ MY — F is the counit of the adjunction
given in Theorem [B.

Proof. For M € QMod5 and o : — ® M — F we want to prove that there exists a
unique 3 : M — M?T such that ¢(— ® M)(8) = a. Since € is a natural equivalence
the latter relation implies that: (— ® M)(3) = ¢ 'a. One can check that 3 such that
Be = o(Plice, ic) ! and Bee = era(a) g pve.E(lee) "t is the unique solution. O

6.2. The unit of the adjunction.

Definition 6.10. Let n : [dQModg — SoTy be the natural map such that, for M €

QModg , nas : M — SyTo(M) is given by (ar)e = (Pflee, fie) ™ and (ar)ee = (V) p.p11e.
where fiee 1S the canonical isomorphism and v is the natural equivalence of Corollary

221

Proposition 6.11. The natural map n : [dQModg — SoTy @s a natural equivalence.

Proof. By Lemma BET6 and Corollary B2T], (na7)e and (1as)ee are isomorphisms. O

Proposition 6.12. The natural map n : IdQModg — STy is the unit of the adjunction
in Theorem [G

Proof. For F' € Quad(C, Ab) and a : M — M* a morphism in QMod¥ , we want to prove
that there exists a unique natural map 3 : —®@ M — F such that Sy(3)ny = . Let 5 be
the composition €(— ® «). We check that [ is the unique solution of Sy(8)ny = . O

Together with Propositions [6ETT], and this achieves the proof of Theorem B1I

7. APPLICATION TO THEORIES OF COGROUPS

In this section, we apply Theorem to the particular case where C is a theory of
cogroups 7 with generator E. The interest in this case comes from the paper [4] where
the authors define, in Proposition 3.6, a functor:

u: Quad(T,Gr) — Square
to the category Square of so-called square groups, sending F' € Quad(7,Gr) to the
square group u(F)(FE) = (F(F) A, F(E | E) LN F(FE)), see Definition below.
They prove that u is an equivalence of categories when 7 is the category (Z)q, of free
groups of finite rank. This is no longer true for more general theories of cogroups, even
when restricting to quadratic functors with values in Ab. In fact, we here show how
for general 7 the structure of square group has to be enriched in order to obtain an
equivalence with quadratic functors from 7 to Ab. In particular, a second map relating
F(FE) to F(E | FE) has to be added to the picture; in the case where T = (Z)¢, this
turns out to provide a new interpretation of the map A associated with a square group
in []. Recall that a theory of cogroups is a pointed category 7 with finite sums such

that each object X has the structure of a cogroup given by the maps p: X — X vV X
and 7 : X — X. Then, for XY €7, 7T(X,Y) is a group with f e g = (f,¢g)u and
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f~' = fr. The identity element of e is the null map 0. Moreover, for Z € T and
he€T(Y,Z) the map h, : T(X,Y) — 7(X, Z) is a homomorphism of groups.

Notation. For brevity, we write in this section 71, i, r; and ry instead of %, i3, r? and

r3, respectively.

For a theory of cogroups 7 we have a simpler description of a quadratic 7-module
relative to E given in the following theorem. In particular, note that the functor U
disappears from the picture.

Theorem 7.1. Let 7 be a theory of cogroups. The category of quadratic T -modules
relative to E is equivalent to the category of diagrams of group homomorphisms:

M,
\
Mee —P> Me
/

H

Tyero(T(E,—))(E, E) ®) coker(P)

where

o M, is a left A-module;

o M., is aleft A ® A-module;

o P: M, — M, is a homomorphism of A-modules with respect to the diagonal
action of A on M,.;

e Hy is a homomorphism of abelian groups;

o H, is a homomorphism of A ® A-modules,

satisfying the following relations for a € M., m € M., v € cro(T(E,—))(E, E),
a,B€T(EE):

PH,\P =2P

(11)

(12)

(T3) Hlle(a) = 2H1(a) + Hg(tn([ig,’il]) & (z)

(T4) H\PHy(tny ®a) = Ha(tu(ye1y) ®a)

(T5) (V2yeaeB)a=aa+ Ba+ P((a®B)Hi(a)) + PHy(ty® a)
(T6) Hl(oza) = Hg(tnh(oz) X (z) + (a (029 E)Hl(a)

where [ig,i1] = iy @ iy ® (i)"! @ (iy)7!, T is the canonical switch of EV E and h :
T(E,E)— T(E,E | E) is given by

ha) = (th2) " (i1 @ iz)ar) @ (iza) ™" @ (i10) 7).

Note that the map h describes the deviation of endomorphisms of E from being
morphisms of cogroups.

The plan of the proof of Theorem [[1lis as follows: we first compute, in several steps,
the symmetric bifunctor 711 (craU). The result is then used to split up the map Hina
given quadratic 7-module into the two maps H; and Hy occuring in Theorem [l and
to translate the properties of the map H in terms of H; and H,, which leads to the
relations (7'1)-(76).

As a main tool we need some elementary facts about augmentation ideals of group
rings.
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7.1. Augmentation ideals: recollections and action of the linearization func-
tor. Recall that the augmentation ideal /G of a group G is the kernel of the augmenta-
tion map € : Z[G] — Z of the group ring Z[G]. IG is a free Z-module generated by the
elements g — 1 for g € G\ {1}. For a subset H of G we denote by [ H the subgroup of
IG generated by the elements of the form h —1 for h € H. The key ideas of this section
are to use the natural isomorphism = : I[(7 (£, X)) — U(X) such that Z(f — 1) = f
and the trivial but useful formula a.b—1=(a—1)+ (b—1)+ (a — 1).(b — 1) in IG.
Moreover, we need the following elementary result which is wellknown.

Proposition 7.2. For G € Gr we have a natural isomorphism of abelian groups:
0:1G/(1G)* = G/[G,G]

such that for g € G, (g — 1) = 7.

7.2. Computation of cryU(X,Y). In a first step we compute the cross-effect of the

functor U, which by the isomorphism = above comes down to computing the cross-

effect of the composite functor I7(FE,—) where [ : Gr — Ab is given by taking the
augmentation ideal. More generally, we have the following result.

Proposition 7.3. Let F': C — Gr be a reduced functor. There is an isomorphism of
bifunctors T x T — Ab:
O: I(F(IX|Y)O(UIF(X)QIF(Y)OI(F(X | Y)RI(F(X)xF(Y))) = cry(IF)(X,Y)
given by
Oz —1,0,0) =z — 1
0(0,(y = 1) ® (2 —1),0) = (in.y —1).(12.2 = 1)
©0,0,(u—1)®@((v—-1))=(u—1).(sv — 1)
where s : F(X)xF(Y) — F(XVY) is the map defined by s(x,y) = i1.2.92.y, the point .
denoting the group structure on F(X VY').

The proof requires the following elementary fact.

Lemma 7.4. Let G be a group and H, K be two subsets of G containing 1 such that
each g € G admits a unique decomposition g = hgky with hy € H and k, € K. Then
the map:

¢p:IHOIK® (IH®IK)— IG
given by ¢(h —1,0,0) =h —1, ¢(0,k —1,0) =k — 1 and ¢(0,0,(h' — 1) ® (K — 1)) =
(W' —1).(K' — 1) is an isomorphism of Z-modules.
Proof. We define

v IG—-ITH®IK ® (IH®IK)
by

V(g —1) = (hg— 1, kg —1,(hy — 1) ® (ky — 1)).

One readily checks that v is the inverse of ¢, using the fact that the unique decompo-
sition of h € H C G (resp. k € K C G) in HK is h.1 (resp. 1.k). O

Proof of Proposition[7.3 For X,Y &€ C we have a short exact sequence:

1= F(X|Y) = FIXVY) 22200 px) x F(Y) — 1.

Since i1, and ig, are group morphisms we have s(1,1) = 1 and since F'is reduced, s is a
set-theoretic section of (714, r9.)" natural in X and Y. Hence the subsets H = F(X | Y)
and K = s(F(X) x F(Y)) of the group F'(X VYY) satisfy the conditions of Lemma [Z7]
and we have an isomorphism of bifunctors:

HFXVY)) = I(F(X [ Y)@I(s(F(X)xF(Y)) U (F(X | V)@ (s(F(X)xF(Y)))).
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Since the map s is a bijection of F'(X) x F(Y) onto the set K, applying Proposition
[ZA to the product group F(X) x F(Y) provides an isomorphism of bifunctors:
I(F(XVY)) ~ I([FX|Y)eoUFX)oIFY)DdIF(X)®IF(Y))
SU(F(X|Y)) @ I(F(X)x F(Y)))
Now the assertion follows from (ZIL3). O

The following application of Proposition illustrates the power of the linearization
functor 77.

Proposition 7.5. Let F : C — Gr be a reduced functor. Then we have a natural
isomorphism.:
GF : T1<[F) — TlF
defined by 0% (t,(x — 1)) = t1(x) for X € C and x € F(X).
Proof. By the isomorphism © in Proposition we have

Ti(IF)(X) = coker(cro(IF)(X, X) ﬂ IF(X))

— coker(I(F(X | X))a(IF(X)IF(X)&(I(F(X | X)SI(F(X)xF(X)) % 1F(X))

SIFOO(@ —1,0,0) = 557 @ — 1) = 1(SF)(x — 1)
SZIF(_)@(O, (y_1)®(z_1)’ ()) = SZIF(_)((il*y—l).(iz*z—l)) = IF(VZ)(('l.l*y_l)-(iQ*Z_l))
= (V2iny —1).(Viigz — 1) = (y — 1).(z = 1) € (IF(X))?
SIFO(0,0, (u—1)@(v—1)) = IF(V?)((u—1).(sv—1)) = (VZu—1).(V2sv—1) € (IF(X)).
By Proposition we obtain:
TIF)(X) = IF(X)/(Im(I(Sy)) + (IF(X))?) = F(X)* /ab(Im(S5))
~ (F(X)/Im(SE)™ ~ (T F(X))™ ~ Ty F(X) by Proposition
where —% : Gr — Ab is the abelianization functor and ab : F(X) — F(X)%. O

7.3. Computation of 711 (croU)(X,Y). Inorder to compute T11(croU)(E, E) as aright
A-module we apply the results of section to the reduced functor 7(F,—) : C — Gr.

Notation 7.6. In the sequel we use the following abbreviations:
TE,X|Y):=cro(T(E,-))(X,Y);
NT(EX)=T(T(E,-)(X); TITEX)=TIT(E,-))(X);
ThT(E, X |Y):=Tu(er(T(E,-))(X,Y); TulT(E,X|Y):=T{ers(T(E,—)))(X,Y).
Proposition 7.7. There is a binatural isomorphism:
(771) Y :TT(E,X|Y)® (T\T(E,X)®TYT(E,Y)) = Tiery(IT(E,-))(X,Y)
such that
T(tug tf @tig) = tu(ifi) (€= 1) + (if — 1) 8 (izg — 1))

Moreover, the right action of A on Ty1cro(IT (E,—))(X,Y) induced by precomposition
in T is given on the above components by

(772) T(tllg, O)Oz == T(tll(gﬁ), 0)

(7.7.3) Y(0,t1f @tig).a=T(tnu((fVg)hla)),ti(fa) @ ti(ga))
fora € T(E,E).
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Proof. Taking F' = T (F,—) in Proposition gives an isomorphism of bifunctors
I(T(E, X | Y)@(I(T(E, X))@ I(T(E,Y)&(I(T(E,X | Y)&I(T(E, X)xT(E,Y)))

S e (IT(B, -))(X,Y).

We have the following binatural isomorphisms
HT(E,X|Y) @ I(T(E,X)xT(EY)) ~ (I(T(E,X|Y))@I(T(E X))

OU(T(E, X |Y)) @ [(T(E,Y)))

SU(T(E, X |Y)) @ I(T(E,X)) @ I(T(E,Y))).
Thus I(T(E,X |Y))® I(T(E,X) x T(E,Y)) is a sum of bifunctors which are diag-
onalizable as functors in X or in Y. So Proposition implies that Ty, (I(7 (E, X |
Y)®I(T(E,X)xT(E,Y))) = 0. Using Proposition and Example [ T7 the iso-
morphism 777 (©) thus becomes the desired isomorphism Y.

The structure of right A-module on 71,/7 (E, X | Y) is induced by the inclusion
T(E,X|Y)—T(FE, X VY); this implies relation (LZ2). To prove relation [ZZ3) let
feT(E,X)and g€ T(E,Y). Then:

L%I,Q)@(Oa (.f - 1) ® (g - 1),0)0& = (
= (
(
(

l

(inf —1) @ (izg — 1))

(i1 f @igg — 1) — (i1 f — 1) — (iag — 1)).«x

(i1f @isg)oa—1)— (iyfoa—1) — (iagoa— 1)
we (iyfa)e (izga) — 1) — (irfa — 1) — (iaga — 1)

where w = ((i.f ®i2g) 0 ) ® (ingo ) ! @ (i1 f o ). Hence:

% )@(0 (f=1)®(g—1),0).«
= (w<— 1)+ (1()i1f04) o (isgar) — 1) + (w — 1) o ((i1far) ® (inga) — 1) — (irfa — 1)
loga —
=(w—1)+ (irtfao—1) e (iaga — 1) + (w — 1) & ((i1fax) ® (irgar) — 1).
Now observe that

(7.7.4) (irf) @ (iag) = (f V g)«(i1 @ ia).

Thus @ = (£ V g).((ir » i2)a) ® (F V 9)u(i20) " & ( V g)ulina) ™ = (£ V g)u(h(a)). Tt
follows that w =T (E, f | g)(h(a)) € T(E,X | Y). Hence

(w—1)e((i1fa) ® (iaga) — 1) € @(’T(E,X 'Y)®I(T(E,X)xT(E,Y))),
and we deduce that
TO,Hf@hg)a = n(O0,(f-1)©(¢—-1),0).0)
= Y(tu((f VvV g)hle)) t(fe) @ ti(ga)),
as desired. U
Using the natural isomorphism = : I(7 (E, X)) — U(X) we finally obtain:

Corollary 7.8. We have a natural isomorphism of right A-modules:

Tiers(E)Y :ThT(E, X |Y)® (TVT(E, X)NT(E,)Y)) — Tii(erU)(X,Y)
such that:

Tiery(E)Y (tné, trf @ tig) = ti1 (€ + plygy (inf @ i29))
and where the action of A on the domain of Ti1cre(Z)Y is given by:

(tué, tif ®@tig).a= (tu((§a) e (f V g)h(a)), ti(fa) @ ti(ga)).
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Proof. 1t suffices to combine Proposition [ with the isomorphism 7T3;cr5(Z). In fact,

Tuers(E)Y(tné tif @tig) = Tuera(E)tn(the) (€= 1) + (inf — 1) @ (iag — 1))
= tn(fi) TE(E = 1) + (i f —1) 8 (iag — 1))
= 11 (tf19) "BE = 1) + (i f @izg — 1) — (inf — 1) — (iag — 1))
= tll(b(1 2)) HE+irf oisg —inf —iag)
= t11(§+ pla(inf @ izg)) by (D)
O

7.4. The action of the involution on T (cr,U)(X,Y). Since H is a morphism of
symmetric A ® A-modules we have to understand the action of the involution on the
two components of T (cr2U) (X, Y) according to Corollary [3

For € € T(F,X | Y) we have the relation

T (&) = tnTTH(¢)
in T11(craU)(X,Y) by Proposition B4
For f,g € T(E, X) we have
I(7)tt20(0, (f = 1) ® (9= 1),0) = I(T)((irf — 1) @ (irg — 1))
(iaf —1) @ (i1g — 1)
(i2f @119 —1) = (iaf —1) = (iag — 1)
([iaf,irg] @ ing @ iaf —1) = (iaf — 1) = (i1g — 1)
= (
(
(

[i

[i2f,i1g] — 1) + (ihg @iz f — 1) +

[i2f,i1g] — 1) @ (g @iaf — 1) — (iaf — 1) — (i1g — 1)
= ([iaf,irg] = 1) + (iag — 1) @ (iaf — 1) +

([iaf,ing] — 1) @ (irg @ inf — 1)

But [isf,119] € T(F, X | Y), hence we obtain:
TUT<07 tlf ® tlg) = tll(L%l,Q))71[<T)L%172)@<07 (f - 1) ® (g - 1)7 0)
= Y(tuliaf,irg),tig @ t1 f)

Combining this relation with (Z4]) and Corollary [L8 we obtain
(7.8.1)

Tt (& + plugy (i f) @ (i29))) = tu (TTEE) + [iaf,irg) + pf1 2)((119)  (i2])))
7.5. The homomorphism H. By definition of a quadratic C-module the map
H : TH(CTQ(U))(E, E) QA My — M,

is a morphism of symmetric A® A-modules. In the case of cogroups we have the following
equivalent description of H:

Proposition 7.9. For a theory of cogroups T, the morphism of symmetric A ® A-
modules H is equivalent to the following data:

(1) @ morphism of abelian groups:
Hy: M, — M,
(2) a morphism of symmetric A ® A-modules

Hﬁ : TllT(E7E | E) ®A Me — Mee
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satisfying the following relations for « € T(E, E) and a € M,:
(7.9.1) Hi(aa) = Hy(t11h(a) ® a) + (@ @ @)Hi(a)

(7.9.2) TH\(a) = Hy(a) + Hy(t11([ia, 11]) @ a).

Proof. Using Corollary and relation (LZA) one easily verifies that when dropping
the symmetry conditions, the map H is equivalent with the maps H; and H) as in (1)
and (2) satisfying relation ([C3J). In fact, given H we may define

(7.9.3) Hy(a) = H(tnp g (i1 ®i2) ® a)

(7.9.4) H)(t11€ ® a) = H(t11€ ® a).

Conversely, given Hy and H} the associated map H is determined by the relations (204
and

H(tpag (i) e (i20)) ® a) = (a ® B)Hy(a)

fora, B € T(E, E). It remains to check that H commutes with the respective involutions
if and only if relation (C32) holds. In fact,

HTY(t11(€ + pfy ) ((i2) @ (i23))) @ a)

— 1 (1 (T7EE) + [i20, 18] + Py ) (118) @ (i20)) ) @ ) by ()
= H (tu (TTEE) + liaav, 1a5] + U (5, ) ply o) (i 0i2)> ®a>

= Hj (tu (TT(E (€) + [iacr, Zlﬁ]) ) (ﬁ@a)Hl(a_)

— H (1, T7EO(€) © ) + (3 © @) Hlin 1] © @) + (3 @ &) i (0

since [isc, i1 3] = (BV ).lia,i1] = T(E, B | @)([iz,41]) and H} is A ® A-linear. On the
other hand,
TH(t1 (& + pluy((a) @ (i25)) @ a) = TH(tu(E + eraU(a, B)ph ) (ir 082) @ a)
= THy(tnE®@a)+T((@® B)Hi(a))
= Hy(tnTT" () ®a) + (B® a)THi(a).

Thus if relation (C92) holds, H commutes with the respective involutions; the converse
is also true as we may take a = = 1g. O

7.6. The conditions (QM1) and (QM2). In this section we translate the conditions
(QM1) and (QM2) to the case of cogroups. We begin by the remark that for each
€T (E,EVE), there exists v € T(E, E | E) such that £ = vy e i;r;£ @ iyrs£. In fact,
(7105 72:)"(€) = (1€, 728) = (71, 724) (171§ @972€) hence o (ilrlf‘iﬂbg)_l €T(EE|
E). Thus any element of 7(E, E V E) can be written in the form v e iy« e iy for
a,fe€T(E,E)andye T(E,E | E).

Proposition 7.10. For a theory of cogroups T, the condition (QM1) is equivalent to
the following equation:

(V2yeaef).a=aa+ fa+ P((a® B)H(a)) + PH)(t11y ® a)
fora,peT(E,E),a€ M, andy € T(E,E | E).
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Proof. For € € T(E, EV E) such that £ = yeijaeiy3 and a € M., we have the following
equations in U(F V E):

L%L?) © p%1,2) &) = L%1,2) © Pé,g)(v i eiyff)

= yeijveiyl —ir(yeijxeiyff) —iara(y eijoeiyf3) by LA
= vejaei,f—0eiicce)—0e(0eiy[3
= vyeijeiyd—ija—iyf3.

Hence:

(=) (12)op(12)(£))

)~

=(yeiqaeisf—1)— (ija—1)— (e — 1)
=(y—1+(hhaeif—1)+ (y—1)e (iiaeiyf —1) — (iya — 1) — (i3 — 1)
=(vy=1D+(hha=1)e(isf—1)+(y—1) e (il1aeiyf—1)

and:

(1)~ (Tuiera(2) 7 (t11p1y(€)) = (. tia @ t13).
We deduce that:

I{I(tupé(ﬁ) X a) = f{(TnC?@(E)T(tu’Y, tloz ® tlﬁ) ® CL)
= H(tu(y + pli o (i1 @ i33)) ® a) by Corollary
(7101) = Hé(tll’)/ X a) + (thz & tlﬁ)Hl(a)

On the other hand

(V2€a— (ri€)a— (r3¢)a = (Vi(yeiiaeizf))a— (17(yeiiaeis))a— (r3(yeiiaeif)a
= (V*yeaefBla—(Deael)a—(0e0ef)a
= (V*yeaef)a— aa— fa.

O

Proposition 7.11. For a theory of cogroups T, the condition (QM2) is equivalent to
the following equations for m € M., and v € T(E,E | E):

(QM2—2) Hy(Pm)=m+Tm.

Proof. For m € M. and £ € T(FE, EV E) such that £ = yei;eiy3 as above, we have:
Ff(tn/?%m) (&) ® Pm) = Hy(tuy® Pm)+ (tia ® t18)Hi(Pm)
by ([ZI@T)). On the other hand:
(trr1(6) ® tra(€))(m + Tm) = (o © 1,8) (1 + Tm).
Hence the condition (QM?2) is equivalent to the condition:
Hy(ty1y @ Pm) + (tia ® t,8)Hi (Pm) = (tia @ t18)(m + Tm).

Since «, 3 and « are independent, taking a = 0 we deduce (QM2 —1) and taking v =0
and o = = 1 we deduce (QM2 — 2). The converse is clear. O
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7.7. Proof of Theorem [[1l This now is an easy combination of Corollary and
the Propositions and [LTTk let M be a quadratic C-module relative to E. First use
Proposition to replace the map H by H; and H), then H) by H, using relation
(QM2-1). Now the main feature is that relation (QM2-2) implies that 7" is determined
by H; and P, as
T=HP-1.

Using this, the relation PT" = P becomes (T1), which, in the converse proof, implies
that 7" is an involution. Next (T2) translates the relation T'((a ® 5)m) = (fF® «)T'(m).
Relation ([C92) becomes (T3), while (T4) translates the fact that H is compatible with
the respective involutions. Finally, (T5) is relation (QM1) and (T6) is (9.

7.8. Application: quadratic functors from free groups of finite rank to Ab. In
this section we apply Theorem [l to the category C = (Z)g, of free groups of finite
rank. Baues and Pirashvili described these quadratic functors in terms of simpler data
in [4]. We start by recalling the simplified version of this description given in [3.

Definition 7.12 ([]). A square group is a diagram
M= 2L M, L M)
where M, is a group and M. is an abelian group. Both groups are written additively.
Moreover P is a homomorphism and H is a quadratic map, that is, the cross effect
(a|b)y = H(a+b) — H(a) — H(b)
is linear in a,b € M,. In addition the following identities are satisfied for all x,y € M,

and a,b € M,,:
(Pa|y)g =0= (x| Pb)y;

Plx|yn=—r—y+z+y;
PHP(a)=2P(a).

Theorem 7.13 ([]). The category of quadratic functors from (Z)g, to Ab is equivalent
to the category of square groups with H linear.

Proof. Since (Z)q, is a theory of cogroups we can apply Theorem [[Jl Let M be a
diagram as in this theorem. Condition (7'1) shows that

Square(M) = (M, H, M., L, M,)

is a square group such that H; is linear. So we have to prove that the remaining
structure of M is determined and welldefined by Square(M) such that the conditions
(T2) - (T76) hold.

First of all,

=

= (TLU)(Z) by Proposition

~ (TW(Gr(Z,-)(Z)

~ Ti(Gr(Z,-))(Z) by Proposition [[3
~ T\(Idg,)(Z)

~ 7 by Proposition [[T1]

We deduce that A ® A ~ Z hence condition (73) is trivially satisfied.
The isomorphism of endofunctors of Gr:

v:Gr(Z,—) — ldg,, ve(f)=f(1)

induces an isomorphism of bifunctors
TH(CTQI/) . THCTQ(GT(Z, —)) — THCT‘Q(IdGr)
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such that

(7.13.1) Tu(erav)e,u(tin(€)) = 11 (£(1))
for £ € croGr(Z,—)(G, H). So by Proposition [[TJ,
(7.13.2) Tyero(Gr(Z, —))(Z,Z2) ~ Z;

and Thicro(Gr(Z,—))(Z,7) is generated by the commutator t11[iz,i1]. We deduce that
condition (7°3) means that Hs is determined by Square(M) and satisfies

PH2 =0 and Hg(tll’)/ X (z) =0

by (71). However, starting out with the square group Square(M), condition (7'3) a
priori only gives rise to a map

Hy : Tyero(Gr(Z, —))(Z, Z) @z coker(P) — M,;

in order to check that it factors through the tensor product over A we must first consider
the action of A on M..

Let n : Z — Z be the homomorphism such that 1 +— n. Consider condition (7'5). By
[CI32) we have v = k[iy, 1], k € Z, whence V?*y = k[Id, Id] = 0. As we know that
PH, =0, condition (7'5) is equivalent to the relation

(7.13.3) ([n] o [m])a = [n]a + [m]a + P(([n] ® [m]) Hi(a)).

which by induction is equivalent to
(7.13.4) [n]a = na + <Z) PH(a).

So (T'5) means that the action of A on M, is determined by Square(M), via ([CI34);
the property to be an action is a formal consequence of the identity

() =m(s)+n(3) +2(5) ()

By ([LI34), [n]Ja = na in coker(P). On the other hand, for v € cro(Gr(Z,7Z | Z)) we
have:
Y([n+ml) = ~([n] e [m]) = ~([n]) & ~([ml).
Since v([1]) = v we deduce that y([n]) = (y([1]))*™ = 7*". Hence the right action of A
on Tyicro(Gr(Z,—))(Z,7Z) is given by

tn(y)-[n] = tu(y[n]) = t11(v*") = nt11 (7).
We deduce that:
Tiero(Gr(Z, —))(Z,Z) @ coker(P) = Tyycro(Gr(Z, =) )(Z, Z) @z coker(P) ~ coker(P).

So finally we obtain that Hy = FIQ is welldefined.

The fact that P is A-equivariant is equivalent to condition (7'1) by ([ZI34).

Condition (7'4) is trivially satisfied since PHy = 0 and yeo 71y = (k[ia, 11]) ® (k[i1, i2]) =
0.

So it remains to show that condition (7°6) is a consequence of the others. For this we
need the following lemma:

Lemma 7.14. Let G and H be two groups. Then for g € G, h € H and n € Z, the
following identity holds in Tyicro(Ide, ) (G, H):

11 (((129) (2h)" (o) ™" (ir9) ") = tua([izh, 119)(2).
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Proof. Consider the following diagram where v3(G) = [[G, G], G], the isomorphism I'};
is defined in the proof of Proposition [LT§, p is the canonical projection, and the map c
is given by ¢(g ® h) = [i1g, i2h].

cra(lde) (G, H)© : GV H

mc

- [

T11C7’2<[dGr)<G, H) F—/> Gab (29 Hab B (G vV H)/"}/3<G V H)

The diagram commutes as is easily checked on the canonical generators t11[i1g, ioh]
of Thiers(Ide,)(G, H), see Proposition [LI8 Thus

(e )t (((019)(2h)" (i) (1) ™) = p(((129)(izh))" (i2h) " (irg) ™)
= p([izh,i19] (’;)) by the Hall-Petrescu formula
= ()i (fizh, g ).

But the map c is injective, see [8, Proposition 1.2]. O

This implies that

tu(h(tn) = (5 el 1

in fact,
T (erav)(tin(h(n])) = tu(h([n])(1)) by (CIZT)

=t (i i) ) o (i) » (i)~ (D)
=t (G s i )ial) ()
= in (((Zl ®i3)(1))"ia(1)"" <1)7n>
=t (61 (1)ia(1))"i2(1) ™ir (1))
= tu([iz(1),i1(1)]®)) by Lemma 2
= t11([i2,’i1]'(g)(1))
= Thi(erov)(tir ([, 1] (’;)))
= Tulerw)( (5 )t

Thus

Ha(tuh(inl) ® @) + n*Hy(a) = (

as desired.
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Remark 7.15. In the definition of square group given in [] the authors consider the
map: A(a) = HPH(a) + H(2a) —4H (a). When H is linear we have A = HPH — 2H.
So the map A corresponds to our map Hs according to condition (7'3).

Remark 7.16. The case of the theory of free groups of finite rank is very simple compared
to a general theory of cogroups since a quadratic Gr-module relative to Z must satisfy
only the single condition (7'1) instead of the six conditions (7'1) - (7°6) in the general
situation.
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