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On the Korteweg-de Vries long-wave approximation of the
Gross-Pitaevskii equation I

Fabrice Béthuel ! Philippe Gravejat 2 Jean-Claude Saut ? Didier Smets 4

24th October 2008

Abstract

The fact that the Korteweg-de-Vries equation offers a good approximation of long-wave
solutions of small amplitude to the one-dimensional Gross-Pitaevskii equation was derived
several years ago in the physical literature (see e.g. [E]) In this paper, we provide a rigorous
proof of this fact, and compute a precise estimate for the error term. Our proof relies on the
integrability of both the equations. In particular, we give a relation between the invariants
of the two equations, which, we hope, is of independent interest.

1 Introduction

In this paper, we consider the one-dimensional Gross-Pitaevskii equation
iy + 020 = U(|P|* — 1) on R x R, (GP)

which is a version of the defocusing cubic nonlinear Schrodinger equation and appears as a
relevant model in various areas of physics: Bose-Einstein condensation, fluid mechanics (see e.g.

[, 3, [i4, {]), nonlinear optics (see e.g. [17]).

We supplement this equation with the boundary condition at infinity
|¥(x,t)| — 1, as |x| — +o0. (1)

This boundary condition is suggested by the formal conservation of the energy (see (B) below),
and by the use of the Gross-Pitaevskii equation as a physical model, e.g. for the modelling of
“dark solitons” in nonlinear optics (see [IF]). Note that boundary condition ([]) ensures that
(GH) has a truly nonlinear dynamics, contrary to the case of null condition at infinity where the
dynamics is governed by dispersion and scattering. In particular, (GH) has nontrivial localized

coherent structures called “solitons”.

At least on a formal level, the Gross-Pitaevskii equation is hamiltonian. The conserved
Hamiltonian is a Ginzburg-Landau energy, namely

B(v) = [P+ [a-1wp = [ ) 2)
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In this paper, we will only consider finite energy solutions to (GP)). Similarly, as far as it might
be defined, the momentum

1
Pw) = 5 [ 0w, v) (3)
2 Jr
is formally conserved. Another quantity which is formally conserved by the flow is the mass

m(W) = %/R (1P —1). ()

Equation ([GP)) is integrable by means of the inverse scattering method, and it has been
formally analyzed within this framework in [I§], and rigorously in [{0]. The formalism of inverse
scattering provides an infinite number of invariant functionals for the Gross-Pitaevskii equation
and our proofs rely crucially on several of them. Concerning the Cauchy problem, it can be
shown (see [[9, []) that (GD)) is locally well-posed in the spaces

X*R) = {u € L (R,C), s.t. B(u) < 400, and dyu € H* " 1(R)},

for any k > 1, and globally well-posed for £ = 1. In the one-dimensional case considered here, it
is also globally well-posed for k > 2.

Theorem 1. Let k € N* and ¥y € X*(R). Then, there exists a unique solution W(-,t) in
CO(R, X*(R)) to (GP)) with initial data Vo. If Uy belongs to X*+2(R), then the map t —
U(-,t) belongs to CY(R, X*(R)) and C°(R, X**+2(R)). Moreover, the flow map o +— W(-,T) is
continuous on X*(R) for any fived T € R.

Furthermore, the energy is conserved along the flow, as well as the momentum, at least under
suitable assumptions (see e.g. [{]). On the other hand, the rigorous derivation of conservation
of mass raises some difficulties.

If ¥ does not vanish, one may write

U = /pexpiyp.

This leads to the hydrodynamic form of the equation, with v = 204,

Op + Ox(pv) =0, -

2 2

PO -+ 0.0c0) + O1(p?) = p (L2 - 1287, )

If one neglects the right-hand side of the second equation, which is often referred to as the

quantum pressure, system (E) yields the Euler equation for a compressible fluid, with pressure law

p(p) = p?. Since the right-hand side of () contains third order derivatives, this approximation

is only relevant in the long-wave limit. A rigorous derivation of this asymptotics was derived by
Grenier in [[[J] for different conditions at infinity.

Recall that linearizing the compressible Euler equation with pressure p(p) = p?, around the
constant solution p = 1 and v = 0, one obtains the system

atp + 0x0 = 0,
{ B0 + 20,0 = 0, (©6)

which is equivalent to the wave equation with speed cs given by



This speed is referred as the sound speed for the Gross-Pitaevskii equation. In this setting, the
wave equation ([]) appears as an approximation of the Gross-Pitaevskii equation. As mentioned
above, this amounts however to neglect the quantum pressure, coming from the dispersive prop-
erties of the Schrodinger equation, as well as to restrict ourselves to small long-wave data, so
that the wave equation approximates the Euler equation. Rigorous mathematical evidence of
this fact is provided in [I.

In order to specify the nature of the perturbation as well as of the long-wave asymptotics,
we introduce a small parameter 0 < ¢ < 1 and set

p(x,t) =14+ \/—ae(sx et),
v(x,t) = eve(ex, et),
so that system (f]) translates into
Oraz + \/iaxva = _Eax(aave)a

e + V20pa, = €< — v, - OxUs + 204 (8’2‘7 V\}ff“ﬁ) (7)
EQg

Specifying a result of [ll] in dimension one, we are led to
Theorem 2 ([l]]). Let s > 2. There exists some positive constant K(s) such that, given any
initial datum (a2,v?) € H*TH(R) x H*(R) verifying

K(s)el|(a?, 5)‘|H5+1(R)><HS(R) <1,

there exists some real number

1
1. > ,
) K(S)ez\l(ag,vg)llmﬂ (R)x Hs (R)

such that system ([]) has a unique solution (a.,v:) € C°([0,eT.], HSTH(R) x H*(R)) satisfying
1
1(ac (- t), ve (-, €0)) | e @y x s vy < K (9)]1(a2, 02) || o (my s s () and 3= p(t) <2,

for any t € [0,T;]. Let (a,0) denote the solution of the free-wave equation

o + V20,0 = 0,
{ o + V/20,a = 0, (8)
with initial datum (a2,v?), then for any 0 <t < T., we have
[(ac, ve) (- et) = (a,0)(, )| gs—2(m)
< K (8) (10200 ey ey + 1@ 0D o @y rro(m))-

The purpose of the present paper is to consider even smaller perturbations of the constant
one, and to characterize the deviation from the wave equation on larger time scales. Our initial

data has the form
{ p(x,0) =1 — & N(ex),

v(x,0) =5 \/—Wo(ex)
where N? and W2 are uniformly bounded in some Sobolev space H*(R) for sufficiently large s.
Applying Theorem B to such data, that is for a? = —#NEO and v? = G%WS, yields uniform

bounds on a time scale T, = O(¢~3). More precisely, setting

6v2
ne(ex, et) = — as(ex,et), and we(ex,et) = Tve(ex,et),

6
V2

it follows for such initial data from Theorem [ that we have



Proposition 1. Assume s > 2 and KaQH(NEO,W£)|]Hs+1(m)st(R) < 1. Let (n,10) denote the
solution of the free wave equation

at (\/511) — (9Xm =0, 9
{ dyro — 20, (v/2n) =0, ©

with initial datum (NS, WS) Then, for any 0 <t < T., we have

H(n67 wE)('? Et) - (nv m)('? gt)HHS_Q(R)

(10)
< K53t<|’(N£7W50)HHS+1(R)><HS(R) + (Y, Wg)“%{5+1(R)XH5(R)>7

where
1

T. = .
T KN, WOl ot )< b ()

In particular, if N? and WY are required to be uniformly bounded in H**(R) x H*(R), then
in view of ()7 the wave equation provides a good approximation on time scales of order o(e~3).
This approximation ceases to be valid for times of order O(¢73) as the subsequent analysis will
show.

The general solution to (f]) may be written as
(n,) = (nt, ") + (n",w7),
where the functions (n*,w®) are solutions to (f]) given by the d’Alembert formulae,

(qu(X, t)’ er(X’ t)) = (N+(X - \/it)a W+(X - \/Et))a
(v~ (), 107 (x, 1)) = (N7 (x + V20), W™ (x + V21)),
where the profiles N* and W are real-valued functions on R. Solutions may therefore be split

into right and left going waves of speed v/2. Since the functions (n*, *) are solutions to (), it
follows that

(2NT+W™) =0, and (2N~ —W")_=0, (11)
so that, if the functions decay to zero at infinity, then
2N? F W)
ONE = gt = e T e j e (12)

At this stage, it is worthwhile to notice that the Gross-Pitaevskii equation, as well as the wave
equation, is invariant under the symmetry r — —zx.

It remains to derive the appropriate approximation for time scales of order O(¢73). On a
formal level, this was performed in [[§]. We wish to give here a rigorous proof of that approxi-
mation. In view of the previous discussion, and following the approach of [[Lf], we introduce the

slow variables 5

€
x=e(x+V2t), and T = 2\/§t. (13)
The definition of the new variable x corresponds to a reference frame travelling to the left with
speed v/2 in the original variables (x,t). In this frame, the wave (n~,107~), originally travelling
to the left, is now stationary, whereas the wave (n™, ™) travelling to the right now has a speed
equal to 8¢ 2. This change of variable is therefore particularly appropriate for the study of
waves travelling to the left. This will lead us to impose some additional assumptions which will



imply the smallness of N* and W. Notice that the change of frame breaks the symmetry of
the original equations.

In view of ([[J), we then define the rescaled functions N, and ©. as follows

6 6 (x AT 2V/2r
Ne(z,7) = 8—277(X7 t) = 5—277<— -3 8—3>7

612 6v/2 <x 47 @>

96(55’7—) = T@(X’t) =9

(14)

e ) &3
where ¥ = pexp(ig) and n=1— 0> =1 — |¥|2.
Our main theorem is

Theorem 3. Let ¢ > 0 be given and assume that the initial data Wo(-) = ¥(-,0) belongs to
X4(R) and satisfies the assumption

N2l s Ry + ellOe N2 L2y + 110202 13wy < Ko (15)
Let N and M. denote the solutions to the Korteweg-de Vries equation
O-N + 92N + NO,N =0 (KdV)

with initial data N2, respectively 0,0%. There erists positive constants g9 and K1, depending
possibly only on Ky such that, if € < gg, we have for any 7 € R,

INe(57) = Ne(o 2@y + IMe(,7) = 02005 7) [ L2

< K (e + N0~ 0,00 s o)) exp (I 7). )

Theorem [] yields a convergence result to the (KdV]) equation for appropriate initial data.
Since the norms involved in ([l9) are translation invariant, the (KdV]) approximation can only
be relevant if the waves travelling to the right are negligible. In view of our previous discussion,
this is precisely the role of the term |[N? — 9,07 m3(r) in the right-hand side of (L9). Indeed,
in the setting of Theorem ], the right going waves N and W+ are given by

2Nt =W+t =N? 9,0

If the term | N? — 0,00 m3(r) is small, then the (KdV)) approximation is valid on a time interval
(in the original time variable) ¢ € [0, S¢] with

log(||N9 — 9,09
56:0<min{llo§§6)l7log(ll c 5 ellHa(R))l})

In particular, if |N? — 9,07 3wy < Ce®, with a > 0, then the approximation is valid on a
time interval ¢ € [0, 5] with S. = o(¢73|log(¢)|). Moreover, if ||NY — axQSHH?)(R) is of order
O(e), then the approximation error remains of order O(e) on a time interval ¢ € [0,S,] with
S. = 0(e73).

Remark 1. We also show in the course of our proofs (see Proposition B below) that, under the
assumptions of Theorem [J, the H3-norms of N. and 9,0, remain uniformly bounded in time.
Since the same property holds for the solutions N and M., it follows by interpolation that the
difference of the two solutions may also be computed in terms of H*-norm as

HNe?('vT) - N6('7T)”H5(R) + ”ME('7T) - aw@E('vT)“HS(R)
< K (e +|IN? = 8,00| s )) ) expla(s) K1 |7]).



S

for any 0 < s < 3 and any 7 € R, where a(s) = 1 — 5, and where the constant K depends
possibly on Ky and s. As a matter of fact, we believe that for any s > 0, the following inequality
holds

INE() = NeCo ) sy < K (€7 + N2 — 0002 | srs+3 (m)) exp (K |7)), (20)

for any 7 € R. To prove inequality (R() along the lines of the proof of Theorem [J would require a
more general treatment of the invariants of the Gross-Pitaevskii equation, whereas in this paper,
we have only handled the lower order ones (at the cost of sometimes tedious computations).

The functions N, and 0,0, are rigidly constrained one to the other as shown by the following

Theorem 4. Let ¥ be a solution to (GP) in C°(R, H*(R)) with initial data W°. Assume that
([L3) holds. Then, there exists some positive constant K, which does not depend on € nor T, such
that

IN(-,7) £ 050 (7l 2y < IN2 £ 0:02| 2wy + K (1 + 7)), (21)

for any T € R.

The approximation errors provided by Theorem f and | diverge as time increases. Concerning
the weaker notion of consistency, we have the following result whose peculiarity is that the bounds
are independent of time.

Theorem 5. Let ¥ be a solution to (GP) in CO(R, H*(R)) with initial data W°. Assume that
(L3) holds. Then, there exists some positive constant K, which does not depend on € nor T, such
that

10-Ue + 8£U5 + Usame-:HLQ(]R) < K(e+ ||N£ - ax@e”HS(R)), (22)

for any 7 € R, where U, = Nﬁ%axeg.

The relevance of the function U, will be discussed below.

A typical example where the assumptions of Theorem [J apply is provided by travelling wave
solutions to (GF]), i.e. solutions of the form W¥(x,t) = v.(x + ct), where the profile v, is a
complex-valued function defined on R satisfying a simple ordinary differential equation which
may be integrated explicitly. Solutions then do exist for any value of the speed c¢ in the interval
[0,4/2). Next, we choose the wave-length parameter to be ¢ = v/2 — ¢2, and take as initial data
W, the corresponding wave v.. We consider the rescaled function

Ve(z) = 5%770()2()’

where 7. = 1 — |v.|?. The explicit integration of the travelling wave equation for v, leads to the
formula

3

5
ch*(3)
The function v is the classical soliton to the Korteweg-de Vries equation, which is moved by the
(KdV]) flow with constant speed equal to 1, so that

Ve(z) = v(z)

Ne(z,7) =v(z — 7).

On the other hand, we deduce from ([[4) that NO = v, so that

N (x, 1) :v<m— i(1— 1- 6—2)T>

g2 2



Therefore, we have for any 7 € R,
INC(,7) = Ne(, )l 2@y = O°T).
Concerning the phase ¢, of v, we consider the scale change

6v/2 T
0(z) = T%(g),
so that, in view of [1J],
ez v(x)

0,0%) = /1 - Y@
(=) 21— 2v(x)

)

and hence,

INO — 0,0 gsw) = O(?).

This may suggest that the e error in inequality ([l9) is not optimal. As a matter of fact, we
believe that the optimal error term would be of order £ (as mentioned in formula (20)). A proof
of this claim would require to have higher order bounds on N, and 9,0..

We next present some ideas in the proofs. We infer from ([GP]) the equations for N. and ©c,
namely

O,N. — 020 +i<laN+3N32@ +10,N.0,0.) = 0 (23)
xiVe rJe 9 \9 TiVe 3 0, Y¢ 3 riVeUxYe ) = U,
and 2 82N 4 (3N)2
ecr1 w1Ve 1 2 & ziVe .
0,0 = N+ S (506 + ~an. +£(0:0.)) T (24)

The leading order in this expansion is provided by N, — 0,0, and its spatial derivative, so that
an important step is to keep control on this term. In view of (3) and (4) and d’Alembert
decomposition ([[2), we are led to introduce the new variables U. and V. defined by

N, N, —
g Net00. N9,
2 2
and compute the relevant equations for U, and V.,
1 1
0:Us + 02U: + U.0,U. = =02V — 30 (UV) = 6agc(vg) —&’R,, (25)
and 8 1 1 1
O Vet 50pVe = OUe + Ve = 505(VE) + 20u(U2)? = 0,(UVe) + 7R, (26)

where the remainder term R. is given by the formulae

3 2 2 3
poo NeBNe | (ONJ@2N) 2 (2N o

6(1—5N.) - 31— NP2 36(1— N

The left-hand side of equation (RJ) corresponds to the (KdV]) operator applied to U.: a major
step in the proof is therefore to establish that the right-hand side is small in suitable norms. This
amounts in particular, as already mentioned, to show that V., which is assumed to be small at
time 7 = 0 remains small, and that U., which is assumed to be bounded at time 7 = 0, remains
bounded in appropriate Sobolev norm. To establish these estimates, we rely among other things
on several conservations laws which are provided by the integrability of the one-dimensional
(GH) equation. To illustrate the argument, we next present it for the L?-norm, where we only
need to invoke the conservation of energy and momentum.



In the rescaled setting, the Ginzburg-Landau energy may be written as

e’ 5 9\ €2 (0:N:)? 1 2\ _ &
B(w) =< ( | (@or+n?)+5 [ (_7#\, - V007 ) ) = a0, (29
so that assumption ([[5) implies that
E1(NV?, €7) < Ko. (29)

On the other hand, when the energy FE(¥) is sufficiently small, which is the case at the limit
€ — 0, we may assume that

1
o S ’\Il’ S 27
2
which may be translated as
1 €2
-<1—-—N.<14
1<1-SN.<y (30)
so that the rescaled energy & satisfies
[ (0007 + 82) < ke, 00, (31)
R
where K is some universal constant. Similarly, the momentum may be written as
P(\D)—l/a _ /Nae—ggp(zv 0.) (32)
_2RnX(P_72\/§R6xE_181 gy e
Next, we compute
1 g2 Oy N2 1
gl(Na@e) - \/5771(]\76, @6) - _/(Ne - 8$@6)2 + = / $72€ - _Ne(aa:@es)z )
8 Jr 8 Jr — =N, 3

so that
€12, 60) — V2P (Y, 00)

< Kp. (33)

Moreover, by the Sobolev embedding theorem and the inequality 2ab < a® + b?,

£1(N.,0.) — VZPy(N.,0.) > Kl(/RY/f—i—s2/R(8$NE)2> —Ka2</R(8$65)2>2, (34)

where K refers to some universal constant. By conservation, we then have

diT(é‘l(Ne,@e)) =0, and %(Pl(NE,Qe)) =0. (35)

Invoking (R9) and (B1l), we are led to

”NE(HT)”%?(R) + “89[:@6('77)“%2([@) < Ko,
for any 7 € R. In turn, using (BF), (B4) and (BY) yields

IVeCo P72y < K (IV2(0) 72y + %)

It turns out that the other conservation laws for the Gross-Pitaevskii equation involve quan-
tities which behave as higher-order energies and others which behave as higher order momenta.
We denote E(N:, ©.) and Px(Ne, ©.), respectively these quantities (precise expressions are pro-
vided in Section f}). Using these invariants, we may perform a similar argument to control higher
Sobolev norms. This gives



Proposition 2. Let ¥ be a solution to ([GH) in C°(R, H4(R)) with initial data W°. Assume
that ([L5) holds. Then, there exists some positive constant K, which does not depend on & nor
T, such that

INe G ) b3 ) + €l NeC, )2y + 10202 (-, Tl sy < K, (36)

and
IN(-,7) £ 020 (-, )l s ) < K (IIN? £ 8,02 || 3wy + €), (37)

for any T € R.

The proof of Theorem [ follows directly from Proposition . Using a standard energy method
applied to the system (R3)) and (B4) and taking advantage of the fact that the left-hand side of
equation (24) is a transport operator with speed 5%, we obtain Theorem [ Finally, the proof of
Theorem B follows again from an energy method applied to the difference W, = N, — N (and
the equivalent for 0,0.).

Remark 2. It is worthwhile to stress that in the course of proving Proposition ], we have been
led to prove a number of facts which, we believe, are of independent interest, and represent
actually the bulk contribution of our paper. First, we have given expressions of the invariant
quantities and proved that they are well-defined on the spaces X k(IR{): their expressions are not a
straightforward consequence of the inductive formulae for the conservation laws provided by the
inverse scattering method of [@] Indeed, various renormalizations have to be applied to give a
sound mathematical meaning to the expressions. Moreover, we have rigorously established that
these quantities are conserved by the (GH) flow in the appropriate functional spaces.

In a related direction, we have highlighted a strong and somewhat striking relationship be-
tween the (@) invariants and the (@) invariants. More precisely, we have shown that, for
any 1 < k < 4 and for any functions in the appropriate spaces,

N - 8,0 )
N-0:0 | o,

where E,f 4V yefers to the (@)invariants functionals (for more precise statements, see Proposi-
tion [L.9). In particular, the (GP)) invariants & and Py, as well as the (KdV]) invariants, provides
control on the H*-norms.

&ﬂm@@%ﬂ@RﬂW@@:J$W<

Let us emphasize again that our paper focuses on the left going waves. Our proof requires to
impose conditions on the initial data to ensure that the right going wave is small. An interesting
problem is to remove this assumption, i.e. to consider simultaneously both left and right going
waves, and to study their interaction. We hope to handle this problem in a forthcoming paper,
as well as the already mentioned optimal bounds.

The paper is organized as follows. The next section is devoted to properties of the Cauchy
problem. In Section [, we compute the invariants of the ((GH) flow needed for our proofs,
and show that they are conserved. In Section [, we recast these invariants in the asymptotics
considered here, and show the convergence to the (KdV]) invariants. In Section [, we give the
proofs to Proposition ] and Theorem [ Finally, in Section [], we present the energy methods
which yield the proofs to Theorems f§ and [§.

While completing this work, we learned that D. Chiron and F. Rousset [fl] were obtaining
at the same time several results which are related to our analysis of the (KdV]) limit, and also
treated the higher dimensional case.
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2 Global well-posedness for the Gross-Pitaevskii equation

The purpose of this section is to present the proof of Theorem [I. It is presumably well-known
to the experts, but we did not find it stated in the literature, and therefore we provide a proof
here for the sake of completeness.

Notice that Gallo [fj] already established the local well-posedness of ([GH) in the spaces X*(R)
for any k > 1 (see also [I9, ). More precisely, we have

Theorem 2.1 ([§, []). Let k > 2. Given any function ¥y € X¥(RYN), consider the unique
solution V(-,t) to (GH) in C°(R, X'(R)) with initial data Vo. Then, there exist (T_,T}) €
(0, +00]% such that the map t — W(-,t) belongs to CO((—T_,T}), X*(R)). Moreover, either T
1s equal to +o00, respectively T = 400, or

[0V (s )| o1y — +00, as t — Ty (resp. t — —11). (2.1)

If Wq belongs to X*+2(R), then the map t — W(-,t) belongs to C'((—=T-,T.), X*(R)) and
CO((=T_,Ty), X*2(R)). Moreover, the flow map ¥y — W(-,T) is continuous on X*(R) for
any fived —T_ <T < Ty.

In view of Theorem R.1, the proof of Theorem [] reduces to establish that the H*~!'-norm of
the function 9y ¥ cannot blow-up in finite time. In [f, §], it is proved that the linear Schrodinger
propagator S(t) maps X*(R) into X*(R), so that we may invoke the Duhamel formula

t
(1) = SV +/ St — )W (5)(1— |9(-, 5)[2)ds,
0
to estimate the H*~l-norm of the function 0, ¥ by

t
H@X\I/(-,t)Hkal(R) < ”aX\IIQHkal(R) +A H@X(\I/(7s)(1 — ‘\I/(',S)‘Z))Hkal(R)ds- (22)

To estimate the second term on the left-hand side, we invoke the following tame estimates.

Lemma 2.1. Let k > 1 and (¢1,¢2) € X*(R)2. Given any 1 < j < k, there exists some
constant K (j,k), depending only on j and k, such that

Hai(%%)HLz(R) < K(j, k)(||71Z)1HL°°(R)||a)]§7p2||L2(R) + ||71Z)2||L°°(R)||a)]?w1||L2(R))- (2.3)
We postpone the proof of Lemma P.1 and first complete the proof of Theorem [I.

Proof of Theorem [] completed. In view of (R.3), inequality (B.3) yields

t
1859 (-5 D) i ) < H@x‘I’oHHM(R)JrK(k)/O (L 12 8) e ) 10T 8) 1.y s, (2:4)

where K (k) is some constant depending only on k. Notice that ¥y belongs to X!(R), so that
in view of the conservation of energy proved in [§ (see Theorem B.1] below), we have

E(V(-,t)) = E(Vo).
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Next, given any function ¢ € X*(R), there exists some universal positive constant K such that
1
9]l oo my < K(1+ E(1))2. (2.5)

1
In particular, it follows from () that || (s)|pe®) < K (14 E(¥))?, so that by (£4), we are
led to .
10 ¥ (- D)l -1y < K (K, ‘I’o)<1 +/0 ||3x‘1’('a5)||Hk1(R)d8),

where K (k, Vo) is some constant only depending on k, E(¥o) and ||0xWol| gr-1(g). Therefore,
we have by integration

020 (0l ) < K (, W) exp (K (, o)),
and it follows, going back to (R.1), that
T =T, =+o0,
which completes the proof. O

We now provide the proof of Lemma P.1]

Proof of Lemma B.]. We introduce some cut-off function x € C*(R, [0, 1]) such that

x=1on(—1,1), and x =0on R\ (—2,2), (2.6)
and set <
xr(x) =x(3) VxR, (2.7)

for any R > 1. Using standard tame estimates, we have

102 (x rt1 X RY2) HL2(R)
< K(j, k)<HXR¢1HL°°(R)Haf(XR%)HL?(R) + HXR¢2”L°°(R)Ha)l?(XRwl)”LQ(R)> (2.8)

< K (3, k) (191l o my 108 (xrto2) || 2y + H¢2HL°°(R)||8>I§(XR¢1)HL2(R))-
We now claim that
102 (xr) lz2 &) — 1040l 2Ry a8 R — +o0. (2.9)
for any function ¢ € X*(R) and any 1 < j < k. As a matter of fact, by the Leibniz formula, we
have ;
H(xry) = Y CloxrOL ™. (2.10)
m=1

We next deduce from the dominated convergence theorem that
xr®1p — &l in L2(R), as R — 400,
whereas, when m > 1, we similarly have using (R.6) and (2.7),

[lowwor ol =i ([ loex@or motmaas + [ oin@or ot
) . 1 2
=R2m-1
Hence, in view of (R.I0), we are led to
& (xrY) — &9 in L*(R), as R — +oo,
which ends the proof of claim (2.9). Combining (R.§) with (B.9), and noticing that (B.9) remains

valid replacing xr by X%%, we obtain (P-3) at the limit R — 4oo0. This concludes the proof of
Lemma .1] O

Hafcimle%OO(R) - O, as R — +o0.
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3 Invariants of the Gross-Pitaevskii equations

3.1 Formal derivation of the invariants

In [1§], Shabat and Zakharov established that the one-dimensional Gross-Pitaevskii equation
is integrable, and admits an infinite number of conservation laws f,,(¥), leading to an infinite
family of invariants I,,(¥). Set

Fu(w) =~ o (3.1)

and let

fra(w) = W (125 )+Zf] ) fms (¥ (3:2)

Using the inverse scattering method, it is shown formally in [[§] that the functions f,(¥) are
conservation laws for (GP]), so that the related integral quantities I,,(¥) defined by

I,(¥) = / (Fa(0)(x) — fu()(00)) dx, (3.3)

are invariants for (GH). Here, the notation f,(¥)(cc) stands for the limit at infinity of the map
fn(¥) assuming that

U(x) — 1, as [x| — 400, and 0¥ (x) — 0, as x| — 400,

for any k € N*. The first five conservations laws are computed in [1§], namely (B.d]) and

1—
f2(¥) = —5 0oV, (3.4)
1— 1
F3(W) = =S WOLW + | [, (3.5)
f4() = —%iaﬁj\y + |U2TO, U + i|\1'|2\1'6)§, (3.6)

5

1— 3 o 1 — 3 _ 1
f5(0) = —=Uotw + §|x11|2\118§\1/ + Z|\11|2\118§x11 + §|\Il|2|6X\If|2 + Z(fo)Q(aX\If)? - Z|x11|6. (3.7)

2
The purpose of this section is to give a rigorous meaning to these quantities, to prove that

they are conserved, and to extend the explicit list of invariants. As a matter of fact, these
invariants enter directly in our analysis of the transonic limit.

The first step is to compute the additional conservation laws using formula (B.2). Notice first
that formula (B.2) is singular at the points where ¥ vanishes. A first task is therefore to show
that (B.2) can be used to define the functionals f,,(¥) even in the case the function 1 vanishes
somewhere. To remove the singularity in (8.3), we check by induction that the function f,,(¥)
may be written as

fn(\Il) =V x fn(\p)a (3'8)
where the map F, is inductively defined by

Fi(¥) = —%, (3.9)

and -
Fr1(¥) = 0 Fn (V) + 0 Y Fj(0)Fpp (). (3.10)

j=1
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In particular, the map Fn(¥) is a polynomial functional of the functions ¥, ¥, .. 97 20,
0" =2¥ and 971V, which is defined without additional assumptions on W. This leads to explicit
expressions of f(¥), f7(V), fs(¥) and fo(V¥), which are given by

1— _ 1 _ _ _
fo(¥) = — 5\116% + 2|\If|2\1183\11 - —|\11|2\1183x11 + 2| 0|20, W02V + 3|0|?0, Vo2

+ g( )20, 0020 LU |a U200, — —|\If|4\118 U —2|v|1Wo, v,

fr(0) = — %@aﬁm + Z|x11| \Ifa;ixlf - §|\11| TOLW + 5|x11| 20, WOXW + 5|00, Vo
+ 7(0) 20,02 W 4 5|10 21020 |% + Z—g(aqu)Qﬁagﬁ + %(@)2(331\11)2 + 13|0, TPV 02w
U EORT — TR — WP ()R — o - 2 WP @) (00

>l

fs(¥) = — —\1167\1' + —|x11| 2POPT 4 3|U P VISV + 3|V |20, VoL v LB |\11| O TOIW
+ 10(0)20, V0w LB |\11| 62\1163\114— (a )20V + 10|\11| 202003V
+ 17(0)202 W02 W + 25|axx11| 2Wodv L2 |62\If| VOV + — (62 2 UOT — Z|x11|4qfa§j§
7o - 5;@;2(@)2@@@2@ - —\\I/\4axxpa2xp - —\\I/\4aqua2xp
27w 2(T)20, 0020 — —\\m 10,0200, T — Eym 10, 0[2T0, ¥ — E( T)3 (0, 0)°
+ Ey@yﬁwxﬁer/\ﬁxwxxp,

and

1— 1 T e 7 _ 2 _
fo(¥) =— —qfa% + —|\If|2\1166\11 - —|\11|2\11an11 - —|\11|28 TRV + 7|\11|26Xx116;’;x11

2 _
+ 27( )20k foa5fo+ |\11| 62\1164\114— (a )WL + 5|\11|263x1163\11
+ %(@28}%\1@4@ + —\axxp\?\pa‘lxp + —yxpy 0302 + —\Izaxxpag\pag@
+ %(@)2(35;@) \I/a VOZVIRT + ﬁwa V2V + il 1020|2092 T

3 _ _
- 5;@;%33;@ - Z\\m‘*\pajxp - Zyxm (0)20, T2 — Z\\m‘*axxpaixp
_ _ 5 —, 149
— 36| 9|0 WOW — 49|W[*(¥)* 0 WV — —I‘IfIQ(\If)Q(ai\If)2 - TI\IJI“I%‘I’I2
165 133, o —
|fo| 0, U202 — 66|\I'|2 (0,9)20%T |x1f|2(\11)2(83\11)2

—29|qf| W(0.T)?020 — |\11| 10, 0[2T2w — %( 13(0,0)2020 i3|xy|2|axqf|4

- P00 + 1_6\\146@@3@ + TR + W] (@) (0T

11 —
Pl + 12w @) 0,0y - L jwp.

The second step is to provide explicit expressions of the invariants I, (V) associated to each
conservation law f,,(¥) for an arbitrary function ¥ in the appropriate X k (R) space. This raises
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some serious difficulties since the integrands are not in general integrable when ¥ belongs to
XE(R). For instance, according to definition (B.3), the invariants I (), I5(¥) and I3(¥) should
be given by

L(Y) = 1/ (1= [%), I2(¥) =—1/M\P, and I3() =—1/Eagxp+1/ (1ot —1).
2 Jr 2 Jr 2 Jr 4 Jr

(3.11)
For an arbitrary function ¥ in X*(R), none of the above integrands belong to L'(R). Some
quantities like W02V can be handled using integration by parts. This is not possible for 1 — |¥|?
or [¥[* — 1, which do not involve derivatives. Even the quantity Y0¥ cannot be immediately
treated by integration by parts. In particular, the renormalization process as used in formula
(B-3) is not sufficient to give a sense to the invariants I,,(¥) in the spaces X*(R).

When n = 2m + 1 is an odd number, a simple way to remove this difficulty is to introduce
linear combinations of the conservation laws. More precisely, we consider the integral quantities
formally defined by

B() = [ (00 + A0 + 7). (312)
Bx() == [ (£0)+ 3500+ A0 + 7). (313)
Ey(¥) = /R (4200) +555() + 2 fs(W) 4 2 Fr (W) + ), (3.14)
and
Bu(¥) = = [ (Fo®)+ T + TA(0) + S0 + LA+ 75). (3.15)

Setting n = 1 — |¥|? as usual, formal integrations by parts lead to the expressions

By(¥) =BW) = 3 [ o+ 4 [ o, (3.16)
=5 [12vp - [ woep g [ @y -1 [ (3.17)
)=5 [logwr 1 [0+ 3 [t S [ oo =3 [ maE s

15 9 2 5
I X X\II )
4/R?7(<9?7)+4/77|0| 5L
and

1 1 7 7 35
pu(w) =5 [ 010P -+ [ 18R =3 [ @i = [ njoder + 32 [ oy

+345/ Pl -5 [ @i, qf|2—z/|a w[2jow( - / 20,0, 3 0)
R

_7/ |0, T2 (0, T, D3W) — 325/n82 10, — 35/ 7?0, ¥ % — 35/7710X\I/\4
R

_l 775.
16 Jz

(3.19)

These expressions involve only integrable integrands, and therefore provide a rigorous definition
of the corresponding integrals. We will refer to E;(¥) as the k*'-order energy.
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When n = 2m, with m > 2, the same strategy can be applied to define the k*'-order
momentum. We first introduce the formal linear combinations of even conservation laws

Py(w) = i /R () + 2 1)), (3.20)
Py(V) = —i/R <f6(‘1’) +5f4(¥) + 5f2(\11)>, (3.21)

and

105 )

Pa0) =i [ (£s0)+ T8 + F 100 + T (D) (3.22)

After some integrations by parts, these expressions are transformed into the well-defined quan-
tities

Py(0) = 1/@85\1/,8)(@ —§/n<i8X\IJ,\II>, (3.23)
2 Jr 4 Jr
rw) = [adv.de -3 [ givom - [ eniawe, 62
2 Jr 2 Jr 4 Jr
and
Puv) = [ 0tw.00) - 3 [ niiotw.etw) + 1 [ etnotv,o.0)+ 1 [ P oty o)
2 Jr 2 Jr 2 Jr 4 Jr
5 [ paotv o - 3 [ o+ o+ o, v),
1 Jq 16 Jx
(3.25)

The case n = 2 has to be discussed separately. The invariant I5(¥) is formally equal, up to
some integration by parts, to

1 -
I(T) = —/ (\I/axxp - \I/@X\IJ).
4 Jr
This quantity is purely imaginary. Its imaginary part is equal to the momentum, i.e.

Im(L,(¥)) = Py (T) = P(T) = % / (10,1, D). (3.26)
R

However, the definition of the momentum raises some difficulty. As a matter of fact, the quantity

P() is not well-defined for any arbitrary map ¥ in the energy space X' (R). We refer to [J for

a proof of this claim, and a discussion about the different ways to provide a rigorous definition

of the momentum in the energy space. Notice that in our analysis of the transonic limit, we

handle with maps ¥ with small energy. In particular, we may assume that they satisfy

2v/2
B(T) < T\f (3.27)
so that we may lift ¥ as
U = pexpip. (3.28)
Then, we may define a so-called renormalized momentum by
1
pi(Y) =p(¥) =5 [ ndp (3.29)
R
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(see [, B] for more details), which is also, at least formally, an invariant for the Gross-Pitaevskii
equation, since it verifies

P (T) = —i /R fo(), (3.30)

when WV is sufficiently smooth and integrable at infinity.

We will also consider the renormalized momenta py, which are linear combinations of P, and
p1. They are defined by

pa(¥) = B¥) = 5mu(0) =5 [ @02v.00) =7 [ atow =3 [, 33
pa(0) = Py(0) + 2pr (W) = /[R@af;\p, 20 — g/R(n 1620, 5,) (3.32)
3 [ ntow e+ ] [ o

and

1
pa(W) = Pu(Y) - () = [ otw, o) - 7 [ nedw.tw) + 3 [ Piotv.o)
8 2 Ja 2 Ja 1 Jy
35

. 35
- ( 3 + 772 + 77)<26X\1Ia \I]> - / Uax%
16 R R

16
(3.33)

provided that the function ¥ satisfies condition (B.27). As a matter of fact, the renormalized
momenta pg, more than the momenta P, will be involved in the analysis of the transonic limit.

We may summarize some of our previous discussion in

Lemma 3.1. The functionals Ey, for 1 < k < 4, and Py, for 2 < k < 4, are well-defined
and continuous on X*(R). The functionals py(¥) are well-defined for any function ¥ € X*(R)

which satisfies (B.27).

Proof. The proof follows from the definition of the space X!(R) for the functional E; = E. For
the momentum p; = p, it is proved in [B] that any function ¥ € X*(R) such that (B:27) holds,
verifies
Pmin = inf [¥(z)] > 0,
zeR

so that, denoting W = pexp iy as above,
1 1
moxp| < ——n|[00xp| < ——|n[|0x¥|.
Pmin Pmin
Hence, the quantity ndx¢ belongs to L'(R), so that p(¥) is well-defined as well. Finally, for the

higher order invariants, notice that, by the Sobolev embedding theorem, any function ¥ € X*(R)
belongs to Cgil(R), so that, in particular, 7 is in H*(R). Continuity raises no difficulty. O

3.2 Conservation of the invariants in the spaces X*(R)

The purpose of this section is to provide a rigorous mathematical proof to the fact that the
invariants are conserved along the Gross-Pitaevskii flow. As mentioned in the introduction,
conservation of the energy E; = E was already addressed in [L] (see also [{]).
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Theorem 3.1 ([[9, @]). Let ¥y € XY(R). Then, the unique solution W(-,t) to (GD) in
COR, X (R)) with initial data ¥y given by Theorem [] satisfies

E(¥(-,t)) = E(¥y),
for any t € R.

=

Concerning the momentum, Gallo [fj] established the conservation of the renormalized mo-
mentum p; (see also [{]).

Theorem 3.2 ([B, B]). Let ¥y be a function in X1 (R) which satisfies (B:27). If ¥(-,t) stands
for the unique solution to (GP]) in CO(R, X1 (R)) with initial data Vo given by Theorem [ , then

p(\II(.’t)) :p(\DO)a
for any t € R.

Here, we extend the analysis to the integral quantities Py (V) and Ej (V).

Theorem 3.3. Let 2 < k < 4 and ¥y € XF(R). Then, the unique solution U(-,t) in the space
CO(R, X*(R)) to (GD) with initial data ¥q given by Theorem [] satisfies

Py (¥(-,t)) = Pp(¥o), and Ey(¥(-,1)) = Ep(¥o), (3.34)
for any t € R.

Remark 3.1. Theorem B.3 focuses on the conservation of integral quantities which play a role
in the analysis of the transonic limit. As mentioned in the introduction, the mass m(¥) defined
by (H) is also formally conserved. However, the quantity m (%) is not well-defined in the energy
space X!(R). A proof of its conservation along the Gross-Pitaevskii flow would first require to
provide a precise mathematical meaning to this quantity in X1(R).

Similarly, Theorem B.J does not address the question of the existence and conservation of higher
order energies and momenta. A more general treatment of the inductive form of the conservation
laws f, would be required to define properly higher order energies and momenta. However, we
believe that such integral quantities could be well-defined in the spaces X*(R) taking linear
combinations and integrating by parts as above, so that their conservation along the Gross-
Pitaevskii flow would also follow from Lemma .9 below.

At this stage, notice that, in view of Theorems B.d and B.3, and definitions (B.31), (B-32) and
(B-33), the quantities pj, are also conserved along the Gross-Pitaevskii flow.

Corollary 3.1. Let 2 < k < 4, and let ¥y be a function in X*(R) such that assumption (B-27)
holds. Then, we have

pr(¥ (-, 1) = pr(Wo),

for any t € R, where ¥ denotes the unique solution to ({GH) in CO(R, X*(R)) with initial data
0.

In the proof of Theorem B.3, we will make use of the fact that the functionals f,, are conser-
vation laws for ([GP]). More precisely, we have
Lemma 3.2. Let —co < a <b < 400 and n > 1. Consider a solution ¥ to (GI)) such that

¥ € C%(a,b), " (R)) N C((a,b),C" ' (R)). (3.35)

Then, the map t — fn(V(-,t)) is in C°((a,b),CL(R)) N C((a,b),C°(R)), while the function t —
fna1(¥(-, 1)) belongs to C((a,b),Ct(R)). Moreover, they satisfy

at< fn(\If)) — id, ( Frar (U) — ajfn(\y)) on R x (a, b). (3.36)
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We will first consider the maps F,(¥) defined by (B.10), and prove

Lemma 3.3. Let —o0 < a < b < +00 and n > 1. Consider a solution ¥ to @ which
satisfies (B.35). Then, the map t — F,(¥(-,t)) is in C°((a,b),C (R)) N C ((a,b),C°(R)), while
the function t — Fp11(V(-,t)) belongs to C°((a,b),C'(R)). Moreover, they satisfy

n—1
0 (Fn(D)) = iFn (V) = i[O Fu(¥) + 0T Y F(0)Frj (V) + i0 (Frya (L)) (3.37)
j=1

Lemma B.9 is then a direct consequence of Lemma B.3.

Proof of Lemma [B.3. Notice first that, in view of assumption (B.35) and formulae (8.9) and
(B-10), the maps f;(¥) and F;(¥) belong to C°((a,b),C (R)) for any 1 < j < n + 1, and the
functionals f,(¥) and F,(¥) are also in C'((a,b),C°(R)). Therefore, in view of (B.§), we can

write

so that, by (IGH) and (B.37),

n—1

Or(fa(W)) = i( — 2T, (W) + To, \I/Z]—“ Furi (0) + Vo (Fuir (9)) ).

In view of (B.10), we are led to
Or(fa(®)) = i( = OZTF(0) + AT F11() = OT0 (F (W) + T (Fain (V) ).
which completes the proof of (B.36), invoking definition (B.g). O
We now provide the proof of Lemma B.3.
Proof of Lemma [8.3. The proof is by induction on n € N*. For n = 1, it follows from ([GP) that
1 .

O (F1 (D)) = —500 = %(— 02V — W+ |\11|2x11> = iF1 (V) — i| U2 F (P) + i0x (F2(T)), (3.38)
so that (B.37) holds for n = 1. We now turn to the case n = N +1, assuming that the conclusion
of Lemma B.2 holds for any 1 < n < N. Notice first that, in view of assumption (B.35) and
formulae (B.J) and (B.10), the maps F;(¥) are in C°((a,b),C!(R)) for any 1 < j < n + 2, while
the functional Fy1(¥) also belongs to C'((a,b),C%(R)). Therefore, in view of (B.10), we can

write

01 (Fyvaa (1)) 000, (Fx (1)) + 0, Z —
N-1 =
t¥ ( ) Fn—j(¥) + fj(\p)(ath—j(\I}))>.
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Invoking the inductive assumption combined with (JGB), we are led to
0u(Fivia () =i( (1~ [EP)OL (v (W) - (V0,7 + TO) Py (W)

N—-1
+02 (Fn1(9)) + T (1= [W3) S F5(9) Fa(
7j=1

N—-1
O (@(ﬂ@))fw-j(m+fj<\v>(afo-j<w>)))
=1
_le
T3 (O (Fy 1 () Fa 5 () + F5 () (0 Fn11-5(¥)) )
j=1
N-1 Jj—1 N—j—-1
+70, T (fN_j(xp) > Fu(O)F_p(O) + Fi (W) D Fu(¥)Fn_; k(xp)))
=1 = k=
’ . 1 (3.39)
In view of (B.9), we first have
N-1
“TOWFN(W) + T D (O(F1 (9) Fn—5(9) + F5 () (0 Fw41-5(9))
j=1
N (3.40)
=T 3" (055 () v () + F(0) (0Fw115(9)) ),
j=1
whereas, by formula (B.10),
N-1
(1= 12R) (0(Fn (D) + T Y F(0)Fx5()) = (1= [02) Fyaa(¥),  (341)
j=1
and
N 1 j—1 N—j—1
— WO TFn (V) + T, (Fns(w ka(xp)fj £ (T) + F5(0) Ful0)Fn 5 1(D))
=1 k=1
N J . N-1
=208 3 F5() Py (V) - 4T (04 (F5 () Fn5(9) + F5(0)0x (Fi—5(¥)) )
7j=1 7=1
(3.42)
Hence, we deduce from (B.39), (B.40), (B.41)) and (B.429) that
N
0 a(0) = i (1 10P) s (0) + 0T 5 F (019
! (3.43)
#0, (6P (9) + T Y5 (0 Fs5(0)
j=1
In view of (B.10), the second line in (B.43) is equal to Ox(Fn42(¥)), so that (B.37) holds for
n = N + 1. This completes the proof of Lemma B.J by induction. O
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We finally turn to the proof of Theorem 3.3

Proof of Theorem [3.3. We first assume that in addition ¥y € X?(R). In this situation, the maps
t +— ER(V(-,t)) and t — Pp(¥(-,t)) are in C}(R,R), while by the Sobolev embedding theorem,
the map ¢ +— W(-,t) is in C'(R,C8(R)) and C®(R,C'°(R)). Hence, in view of Lemma .2,

a ( fn(\IJ)> — 0, ( Fapr (W) — ajfn(\p)) on R, (3.44)

forany 1 <n <9.

Now consider, for instance, the map t — Ey(¥(-,t)). In view of (B.13), its derivative is, at
least formally, given by

G (Eav60) == [ (@ufsw) + 30100 + J01()),
so that by (B.44), we formally have
jt (Eav(1) = _i/Rax (fﬁ(‘l’) +3f4(¥)+ ;fa(\l’) — 0T (F5() +3F2(W) + ;}“1(\1/))> =0,

i.e. the quantity F(¥) is formally conserved by (GH). In particular, the proof of the conser-
vation of Fs along the Gross-Pitaevskii flow reduces to drop some integrability difficulties in
the above formal argument. Therefore, given any R > 1, we introduce some cut-off function
x € C*(R, [0, 1]) such that

x=1on(—1,1), and x =0 on R\ (—2,2), (3.45)
and denote
X
Xr(x) = X(E)’ Vx € R. (3.46)
Since the map t — (-, t) belongs to C'(R, X°(R)), we then have
d .
T ( 2 ( / Oy (e2(T = RETOO A Xk (%) (e2(¥(x,1)))dx, (3.47)

where we let

E = .

() = [ o)

We now make use of formal relation (B.13) to compute

[ xnoan(ea@ i ) == [ xn(015(8) + 30:50) + 5010 + [ Dvr Qulw.00),
R R

where, using definitions (B.1)), (B.5), (B.-7) and (B.17), and the Sobolev embedding theorem, the
function Q1(¥,9;¥) tends to 0 at +oo. Invoking (B.44) and integrating by parts once more, we
are led to

[ xrtdn(ea(@ix.0)dx = [ o Qu(w.00), (3.48)
where
QalW,000) = Qu(W, 0 + i fo(W) + Bifa(¥) + Sifa(¥) — 0T (F(W) + 3F2(¥) + SF1(W)),
also tends to 0 at +oo. Finally, notice that when

f(x) =0, as |x| — +o0,
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we have

/ dX_F(/ Rxdx+/ Rx)dx>—>0, as R — +o0,

so that, in view of (B.47) and (B.43), we obtain at the limit R — +o0,

d

By(¥(,1))) =0
—(Baw (1)) =0,
which gives (B.-34) for the quantity E.

Using formal identities (B.14), (B-19), (B-20), (B-21)) and (B-23), the proofs are identical for
the functionals Fs3, Fy4, Py, P3 and P4, so that we omit them.

In the general case where we only have Uy € X*(R), we first approximate ¥y by a sequence
of functions v, in X°(R) for the X*-distance (see e.g. [§]), and then use the continuity of the
flow map Uy +— ¥(-,T) in X*(R) for any fixed T, and the continuity of the functionals Ej and
pi with respect to the X*-distance. ]

4 Invariants in the transonic limit

In this section, we analyse the expressions of the invariant quantities introduced in the previous
section in the slow variables. Therefore, we introduce the quantities £ (N;, ©.) and Py (Ne, O,)

defined by

6Zk-l-l

Ei(¥) = 3 Ek(Ne, ©,), (4.1)
and
£2k+1
Pr(¥) === Pr(N=, ©c). (42)
We also set
&2
me =1— —N,.

6
We now derive the precise expansions of & and Py and stress the relationship with the corre-
sponding (KdW) invariants.

4.1 Formulae of the invariants in the rescaled variables

For the kt"-energies defined by (B:17), (B:1§) and (B-19), a direct computation provides, in view
of definitions ([l4) of N. and ©,,

Lemma 4.1. Let 2 < k <4 and € > 0. Given any function ¥ in X*(R) which satisfies (B.27),
and denoting N. and ©., the functions defined by ([14), we have

2 1 m 2
5) - ENS - TENe(axQE) )

E:(N.,0.) = 513/R<(8xN€)2+m5<6§

) ) 2 (4.3)
2 BN+ T (0,0.)" + = —(@N.)? —6—/R2(N 0.)
16 Jg me 12m. > "¢ 32 Jr e
with N5 N2
RZ(N57®5) = %7 (4'4)
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£20,N.0%0. B e202N.0,0. B 64((91]\75)2833@5)2

E3(N:,0,) ==
3(Ne, ©c) 4m, 4dm, 48m?

2
(ms <a§®€ - % (6165)3 -

+ (3;3]\75)2 B %(20$N58$958§®5 + Ne (32@5)2 + Ne (axN5)2> 144 ((3 © )

Q|
Eaa

2
+ 6N3 (0:0:)° + Nf)) + 15 / <63N 8;,3N€ (0:0.)" + 55-0,0.0%6.

4
8mg(m 5 ) /RB Nsa@

where
5 N3(9,0.)’
1275V

2
NN N2 (2N S (N2 (0.00)"

N (9.N.)").

(4.6)

5

5
R3(N.,0.) = §N3(8§®€)2

— 1(0:N:)*(2,0:)° — 5NN (9,0:)" -

5
- ENE (axee)
5

2m,

4 9 .3 5
B ENf (0.0 ) me @ 4m, 6

N (amNE) (ar@s) B m(a$N€)4 - _2]\76(85’3]\75)26%]\7E ©24m3

3 3 3

and

E£4(N.,0,) = %/ <m (04@— 02N 920, —
R

2 4 4 4
— £ (9,0.)%0%6 °
1

3
2 E_m(a .)’0%e. — 6N62N6@ + ——0,N-(8,0;)

12m 216m,

144 3(aN) 833@5)24—(8;9;N€)2 ( (a2N) +m.N.(826,)

+ 2m.02N.0,0.030. ) + ?7’5 (N2(0:12)* 4+ m. (8,0.)* (626.)” + AN.0,N.0,0.026.

+mN2(026.)° + (0.N:)* (8:0.)°) — %(NE’ + 5N, (a 0.)" + 10N? (ax@af))
2
+1—6 (64N + 5 (02.)" + gmeamesaf; .

2
()
2 2 e et
—E@N(a@) aNa@a@ - 1% a(axeg) = i
+€_4(3N)02N+ e (aN)4 +—/R(N 0.)

8mz \ " 576m3 A8 Jp e e

(0,5.)*(2,0.)°
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where

35 a7 6 35
R4(N€7 66) == EmeNg (ax®5) + @me (82266) — 1_8m€
35

- 51\726 NL0,0.020. + 202N (0,02)" — L0 N-(0:N0)(0.62)” — 57 (0uN:)? (820.)°

N.(9.0.)%(9.0.)"

2
+ (0N (2,0.)° + gaxNeazNgamesaies + DN (320.)° + S N.02N.0,0.00.
35 4 2 35 4, 35 o aiann2 20 T
T, ¢ (0:) 72m, (0:) eI (0N + 5 (2

35
N.(8,0.)° - = N-OIN. (0,0.)" - 432(
35

N0 (020" -

18m,
N.(92N.)?(0,0.)% - %NgaxNgagNgaxegagee -
&

A N (82N

€
7m 4 35 9 5

~ 16636 0.N2)(0.0:)" + 7o N (9:N:)" (2:0:)
7 2 2

+ 3m, (amNE) (@%NE) -
35

C 12m.

(0,N.)*92N.(8,0.)*

35 N. (3xNe)4>

54m?2
35
N (8,N.)*(0.0.)" + —3 N (0,N.)*92N. (9,0.)*

€
35 s 35
* 144(8 2(8 Ne)* (0:62)° - 961, 2

175 147 9 9 b 245 9
72m3N (0:2)" + 55 AL CAORCAD )+ o5 7 N[0 N (0,0¢)
497

> 2560 5 8N)

(4.8)
Similarly, for the k*’-renormalized momenta, we compute

Lemma 4.2. Let 2 < k <4 and € > 0. Given any function ¥ in X*(R) which satisfies (B.27),
and denoting N. and O, the functions defined by ([[4), we have

_ b 2g _ Me 2 _ i/
Pa(N:,O;) = N (61]\75636@5 D (616)5) 4N58x@€> i RTQ(Ne,(")g), (4.9)
with 5 N125.0
ro(N., ©,) = w—“, (4.10)
me
Py(Ne.€:) = / <a2N 030, <am@€(8§@€)2+2N€8xN58§@€+(amNg)Q(?x@e)
5 3 g2
+ i(maNa(aa:@e) —"_Ng axe.e)) + M /Rr?:(Nm@e)a
(4.11)
with
) 2 2, 9 292 Me 5 5 2
r3(Ne, ©2) = —N.0,0.(920:)" + 20N (0,0:) 0,0, — —=(0.0.)" + N.(8:N:)" 0,0,
6 3 72 4dm,
5 2 N2 5 (2N)a.e. — D5 2 3 5 352
manNEBxNaam * o (07N.)"0,0. T (0:N:)" (020:) 18m2 (0:N:) 050,
25¢4 4
+ m(aﬂv&) 020,
(4.12)
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and

P4(N.,0.) f/ ( ! — =5 (2NOIN.020. + (92N.)*0,0. + m.0,0.(930.)%)

+2 <N2a N.020. + N (9, N.)°0,0. + 0,N- (8,0.) 026, + m.N.0,0. (926.)°)

7
1728

2
«8@)—Hmmmﬂ@&f+wﬁ@@g>+&;§AMU%@J
(4.13)

with
ri(N-,0.) = 7( 0 NL(02N.)%0,0. + —— N.0,N.02N.0%0, — —
[SB) - 12m€ £ T+ 'E Tr~e 6m5 eYrsvelYgptVeYpe 48m6
+ —agNeam@e (9%0.)% - 1—52N€8xN5 (0.0.)%%0. + %6%]\75 (0,0.)%0%6. —
1 1 )
+2m (0,:0.)° - 0.V (026.)° -

2 3
+ m(aﬂ\fe) (0:9:)

g2 < 245
432m?2

N2 (axNE)20$@€
3

a@)@@f_ﬁ%@mg@@
)

3
- (@CN) 0,0, +18m

3 5mz—: (

(9. N.) 626, )
B (2N (0,0.)°

36m,

(0.N.)40,0. — 2~ N2(8,0.)° -

1296 ¢ 1296
35

(0:0)°020. — 13 (0.N:)0,0.(0:0.)° + LamNg(aiNe)Qai@s

5(0:0.)" -

175

2 3
(aN)aNa@+ 363

- 5 g(aQN)a@a (azv)aea 10805]\7(0@))

O (0,N.)%(0,0.) 6.

+ 48(35 (0N 92N.020, — —— (9, N.)(9:0.)" —

72me 6mg
6

(0.N.)?02N.(2,0.)" + %(@Na)?(agjvg)?a C) ) + —( (a N.)*(9,0.)°

18 18m?2 768
252 49¢? 6
+ 5g (M) 050: = 55 (0.1V:) 0,0. ).

(4.14)

4.2 Relating the (GD)) invariants to the (KdV]) invariants

Recall that the Korteweg-de Vries equation is integrable, and admits an infinite number of
invariants (see [[d]). The first four invariants for (KdV) are given by

1
EEV (y) == / v?, (4.15)
2 Jr
1 1
EEAV () E—/ ((9961))2 - — / w3, (4.16)
2 Jr 6 Jr
Kdv  y _ 1 2 \2 9O 2 5 4
B} (v)=z | (05v)" — = [ v(00)" + = [ v, (4.17)
2 Jr 6 Jr 72 Jr
and 1 7 35 7
KAV E_/ 3 2__/ 2. \2 _/2 3 2 0 5 41
3 (v) 5 /. (03v) G Rv(a v)” + %6 (020) 16 Rv (4.18)
Notice that the invariants Ej, are bounded in terms of the H*-norm, since we have
BEY ()] < K (ol e ) 02 (4.19)
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where K ([v]| gre—1()) is some constant depending only on the H* 1 norm of v.

Another important observation concerning the (KdV]) invariants is that, given any function
v € H¥(R), the H*-norm of v is controlled by the first k*-invariants of (KdV]). This claim is
straightforward for k£ = 0, whereas for k > 1, we have

Lemma 4.3. Let 1 < k < 3 be given. Given any function v € H¥(R), there exists some positive
constant K = K(H’UHHk—l(R)), depending only on the H* '-norm of v, such that
k d
1050132y < K (ol gy + [BEY (0)]). (4.20)

Proof. For k =2 and k = 3, the proof of ({.20) is a direct application of the Sobolev embedding
theorem to formulae ([.17) and ({.1§). For k = 1, we have in view of ({.14),

1
10001 amy < 3l etllze) + 21 BEY ()],
so that by the inequality 2ab < a® + b2,
[0:0]3azy < gl + 4 EEY )] < K (lolldagey + [EEY )],
where K = max { § HUHLQ(R 4}. O

We complete the subsection showing that the (KdV]) invariant Ef4V is related to the (GI)
invariant quantities &, + v/2P,. For that purpose, assume that

N. — Ny in H(R), and 0,0, — 00 in L*(R), as ¢ — 0.

For k = 1, we notice in view of expansions (R§) and (BJ), that

Ny £ 0,0

1
gl(N&‘a@&‘) + \/57)1(]\75,@5) - g/ (NO iax@0)2 = E(?dv< 9
R

>, ase — 0. (4.21)

Similarly, it follows from Lemmas [[.T] and [£.3 that

Proposition 4.1. Let 1 <k <4 and ¥ in X*(R) which satisfies [B:27). Denoting N. and O,
the variables defined by ([4), and assuming that

N. — Ny in H*(R), and 8,0, — 0,00 in H*"1(R), as ¢ — 0,

we have

Ny + 0,0
gk(Nsa @s) + \/ipk(Nsa @E) - Elﬁ(—dlv (M

2

Remark 4.1. We believe that Proposition [E1] might be extended to higher order (GP) and
(KdV)) invariants, provided one was first able to compute some expressions for them.

), as € — 0.

Proof. Combining the expansions of Lemmas [I.]] and with ([.16), {17) and (E1§), and
using the Sobolev embedding theorem, the proof reduces to a direct computation similar to the

proof of (f21)). O
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4.3 HP'-estimates for N. and 0,0.

In the same spirit as Lemma [£.3 which allows to bound the H k_norms by the (KdV]) invariants,
we next show that the H*-norms of N, and 9,0, are controlled by the quantities £ (N., ©.) in
the limit ¢ — 0. More precisely, we have

Lemma 4.4. Let 1 < k < 4 be given, and assume that there exists some positive constant K
such that
Ei(N:,0.) <A, (4.22)

for any 1 < 5 < k. Then, there exists some positive numbers €4 and K 4, possibly depending on
A, such that
IN || i1y + €NOE N 2Ry + 11020 -1 (my < Ka, (4.23)

forany 0 <e <ey.

Remark 4.2. We again believe that Lemma [£.4 might be extended to higher order (GP)) and
(KdV)) invariants, which will provide bounds for higher Sobolev norms of N, and 9,0..

Proof. We split the proof in four steps according to the value of k.
Step 1. £ =1.

In view of (2§), assumption (f.:29) may be written as

9z Ne)®

/ (mg(aggeg)2 LNz 2 ) < 84, (4.24)
R

2my

so that ([.23) follows once some lower and upper uniform bounds on m, are established. Indeed,
if we can choose 4 so that

<me <2, (4.25)

DN | =

for any 0 < & < e4, then (f:23) follows from ([[.24) with K4 = 24/ A. Hence, the proof reduces
to show ([.25) for some suitable choice of € 4.

In order to prove (f.2§), we apply the Holder inequality and assumption ([.22) to obtain

VA s
g2

N

U (z) — W(wo)| < V2|z — 202 E(W)? < —&(N.,0,)? <

)

w

for any point g € R and any zg — 1 < o < zg + 1, so that

VA < |1 = ().

1= W0l - %

Setting e4 = (16A)_%, and assuming by contradiction that ({.25) does not hold at the point zy,
we obtain that

1= 12eo)l| = 1~ Vime(mo)| 21— — > = =

e3, (4.26)

for any 0 < € < €4, so that

xo+1 3
(11 - (e - Y2:4) < [ - wpya < ao.e) <

0o—1
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and

1

11— [ (xo)|| < VA2 < it
It follows that 9 95
16 < me(xo) = [¥(z0)]* < 16’

which gives a contradiction with the fact that (.2§) does not hold at the point zo. This
completes the proof of ({.25), and of Step .

Step 2. k= 2.

Notice first that in view of the inductive nature of assumption (4.29), and of Step [, we
have already established ({.23) for £ = 1. Combining this estimate with the Sobolev embedding

theorem, bounds ([:25) and formulae (f.3) and (£.4), assumption (.23) may be written as

[ (00 + (0.~ om0 st + B0+ 1o 0vr)’)

< K (14 Ny (1N By + 10002 32 my + €200 Ve |32 my) ) < K (14 INellinngey )

This first gives that
/ (0.N.)? < Ka, (4.28)
R
so that by ({.27) and the Sobolev embedding theorem,
1026l 12z < K<1 + 2|0 N0, 0| 12w ) < KA<1 +52||ax@€\|H1(R)).
Hence, we obtain
| @6 < K,
R

setting €4 sufficiently small. In view of ({.27), (2§) and the Sobolev embedding theorem, it
follows that

G2 Nel 2y < 5 (1€l Oel3aqey + <10 Nell o ey 10 Nell ) < Ko (142 10:Nellin ey ).
which completes the proof of (f.23) choosing €4 sufficiently small.
Step 3. £ =3.

Notice again that in view of the inductive nature of assumption ), and of Step [, we
have already established ({.23) for k = 2. Combining this estimate with the Sobolev embedding

theorem, bounds ([:25) and formulae (f£.5) and ([.4), assumption (.23) may be written as
2 2 Y 2 2 2N ., 4 . N, 2 - 2
/ ((aiNe)2 + (930 - 5 (0:02)° - = OcNe0,0c _ £70;Ne0:0 _ 7 (Bl¥e) 2 %)
R

4dm, 4dm, 48m?
e? 2 . m et 3\ 2
(0N, - L0 (0,0.)° + E0,0.0%0. + oz @)Y) )

24
< Ka(1+ 110:Nellm1 ) + 1020212y + euaiNeuLQ(R)).

Invoking once again estimates (f.23) (for & = 2) and ({£.25) to bound the remainder terms in
the above integral, we are led to

/R ((agNe)Q + (920.)" + & (521\75)2) < Ka (1 + 10 Nell i ) + 1020 11 m) + 5“8£N6“L2(R))7

which provides the proof of Step fj.
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Step 4. k= 4.

Notice once last time that, in view of the inductive nature of assumption ([.29), and of Step
f, we have already established (f.2d) for & = 3. Combining this estimate with the Sobolev
embedding theorem, bounds ([£2§) and formulae (f.7) and (f.§), assumption ({23) may be

written as

/ <(a§§N6) (910 -5 62N 020, —
R
= (0,6.)%0% 64 6N282® 8N82N6® 48N 2,0.)"
_E(ms)mzs_m(ms)xe + (:1:6)
&6 2
= T2z (0=N?) '0,0.) +e / (02N + == (32@) +§mgaxegageg+3g—waxzv€a§]vg
+ a (aQN)Q—iaZN(a@)  N.0,0.0%6. — (0,0.)"
4m6x€ 12356:1:6 61515355432515
gt 2 2 gt 9 5e6 4\ 2
~ T (9:N2)* (2:6:) +8—mg(6xN) RN: + 3(0 N.) )

< K, (1 1Nl + |!3§95HH1(R)>7

so that we similarly obtain
/ ((a:,?;z\re)2 + (a§@)2> < Ka,
R
then, combining with the Sobolev embedding theorem, we also have
el 0 Nel 2y < Ka.

This completes the proofs of Step | and Lemma [.4. U

An important consequence of Lemma .4 which refines the result of Lemma is

Proposition 4.2. Let 1 < k < 3. Given some positive constant A, consider some functions N
and 0,0, which satisfy (£.29) for any 1 < j < k+ 1. Then, there exists some positive numbers
ea and K4, possibly depending on A, such that

(Na%ax@eﬂ < K42, (4.29)

‘5k(N€, 0.) + V2Py(N.,0.) — EEY

forany 0 <e <ey.

Remark 4.3. Similarly to Lemma [I.4, we believe that Proposition .3 might be extended to
higher order ([GH) and (KdV]) invariants.

Proof. Let k= 1. In view of (B§), (B2) and ({.1§), we have

2

N.+0,0 0,N.)? 1
£1(N.,0.) = V2P (N.,0.) — E({(dv(%> - %/ (% - gNg(aggeg)?).
R

Inequality (f.29) follows for 4 sufficiently small, invoking ({.23) (for & = 2) and ([£.29).
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For k = 2, we deduce from ([.3), (-4) and (f£1G) that

N. +0,0
E(N.,0.) £ V2P,(N.,0,) — EFdV (%)

N (0:N)?
dme

€ 3

A 35 V= (2:6:)" -
9:N.)29,0.  €2(0:N.)?(9,0.)>

- (0:Ne) 4 E(0:N-)"(0:0c)

Am, 36m.

so that (f.29) follows again from ({.23) (for k£ = 3) and ([£.27).
Similarly, the proof of (f.29) for k = 3 reduces to estimate the remainder terms in (f.5§) and
(E.9) using (£29) (for k = 4) and ({.25). O

2
T R
2

1 9 € 2\ 2
+ o (92N + =2(8:0.)" + To— (2:M2)°) >

€

5 Time-independent estimates

In this section, we use the above conservation laws to derive time-independent estimates of the
functions U, and V, together with the consistency of the solutions to (GP)) with the (KdV])
equation in the limit ¢ — 0. This yields the proofs of Proposition f| and Theorem [.

5.1 Proof of Proposition P

Given any functions N? and ©Y such that ([[§) holds, it follows from the formulae of Lemmas
[.1] and [.9 that there exists some positive constant Ag, which does not depend on ¢, such that

E(NY, 62) < Ay, (5.1)

for any 1 < k < 4. In view of Theorem B.3 and definition ({.1)), we deduce that the solution
(N:(+,7),0¢(+, 7)) to system (£3)-(B4) with initial datum (N2, 0Y) satisfies

gk(NE("T)’ @E("T)) < Ay,

for any time 7 € R. In particular, inequality (Bf) is a direct consequence of Lemma [l.4, whereas
in view of Proposition .9, we have

+0,0(,7
2

(KN, 7), 0:(,7)) & VPN (- 7), Oc (-, 7)) - EKdV(N( ) )>‘§KA052,

for any time 7 € R. Using again the conservation of Ej and pj provided by Theorem and
Corollary B.1], and definitions (f.1) and ({.9), we are led to

(V0. 00) £ vaPL (N0, 0f) - mfy (N T EOOLTY e oo

invoking (F.1]), we apply once more Proposition .2 to obtain

ey (M£000) _ proay (M) £UOLTY) e, 2 62

For k = 1, we then deduce from ({.17) that

IN:(,7) £ 820 )| 2y < INE £ 0:02| 2() + K aoe, (5:3)
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so that in particular, we have by ([[J) for e sufficiently small,
[INe(,7) £ 020 (-, 7)l| 2 () < Ko,

where K 4, denotes some further constant depending only on Ay. Hence, for k£ = 2, we may

write using ([£20), that

EKdV(N( T)iaxee("T))‘—|—HNg(-,T)iamge(‘,T)HLQ)’

Ha:vNE('7T):tag@E('?T)HLQ < KAO( 9

so that by (.19), (B2 and (B.3),
HaacNa( )i82 ( )HL2(R)<KA0(”NOi8® HHI(R)+€>

Using repetitively this argument to estimate the L2-norms of the functions 2N, (-, 7) £930.(-,T)
and O3N.(-,7) £ 920.(-,7), we are led to (B]), which completes the proof of Proposition [2.

5.2 Proof of Theorem

Theorem [ is a consequence of Proposition f. Applying estimates (B7) to the right-hand side of
(BH), together with the Sobolev embedding theorem, we obtain estimate (RZ).

6 Energy methods

This section is devoted to the proofs of Theoremsf] and [, which both rely on applying standard
energy methods to equations (RF) and (26).

6.1 Proof of Theorem

In order to estimate the L2-norm of V(-,7), we multiply equation (Rf) by V.(-,7) and integrate

by parts. In order to simplify the presentation, we recast equation (Rf) as

8 1
67"/6 + 6_2(91‘/5 = _58:13(‘/52) + amfs + 52R€a (6'1)

where 1 1
fe=02N. + EUS - 3UVz,

and R, is defined in (R7). We are led to

&(/RV >:—2/f68 Vo(oy7) + 262 /R (L WVale 7).

We now integrate with respect to the time variable to obtain

/R(Ve('ﬁ))z:A{(%O)Q—Z/OT/RfﬁxV;Jrzf:Q /OT/RR,;V@ (6.2)

Combining inequalities (Bf]) with definition (7) and bound (B() and using the Sobolev embed-
ding theorem, we next have

1O lmsy + IVECom)las gy + 1BCo )l 2y + 120y < K, (6.3)
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for any 7 € R and some positive constant K not depending on €. In particular,

2 [ [ Rv.

where C = C(K) does not depend on ¢. In order to bound the second term in the right-hand
side of (.9), we replace the quantity 9, V- in (6.9) according to (6.1), so that

//feav_ //f av—— (V2)+6f€+52R>

=i+ o+ J3+ Js

<cg/ Vet )l 2 (6.4)

We bound each of the terms J; separately. First note that the integrand being a differential,
Js = 0. Next, it follows from (f.3) that

| J4| < Ce'r. (6.5)
Concerning Jo, we have

%/OT/RfE(—%ax(s ' 16//6]”5{/2

For Ji, we perform an integration by parts with respect to the time variable, so that

hz—éliéaﬁn—é{éﬁwl. (6.7)
Note that by (£3), 3), B4) and (p.3),
1

1 1
Orfe = 0;0-Ne + U0, Ue — 20, UVe — SU0, Ve

|Jo| =

<cg/|yv ie@ds.  (6.6)

4 1
— 5 0Ve = 3U:0:Ve + O(1)
uniformly in L?(R), so that

5l Lo <[5 [ fvocn

A further integration by parts in time leads to

i/T/Ua(V)Q——i/T/(aUﬂﬂ%—i/UVQT (6.9)
48 0 R eYT 13 - 48 0 R TYE 15 48 R Ve 03 N

and since 0, U; is uniformly bounded in L*(R) by (25), (Bd) and (b.3), we obtain, combining

). B3) and 63,
Ji < C€2<||Ve(',0)HL2 IVl + [ I8 ) (6.10)
Finally, combining (.2), (6-4), (6.5), (6.6) and (f.10), we obtain

IVl < Ve O + O (2 + Ve, 0z + IV Dlaz + [ IVC3)lzads)

—i—Ca/ Vel )2y (6.8)

The proof of Theorem [ then follows by the Gronwall lemma.
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6.2 Proof of Theorem
We first recall the equation (PF) satisfied by U, namely

1 V2
O-U + 02U + U.0,U. = ~03Vz = 50, <U€V;- n 75) _ 2R,

and take the difference with the (KdV]) equation
aq—./\/g + ai./\/’g +Ngax./\/’€ == 0,

so that Z. = U. — N satisfies the equation

1 V2
OrZe + 032 + 2.0,U. + N, Ze = =0Ve = 20, (Uavg + 7) — 2R, (6.11)

We multiply (F.1T) by Z., integrate on R and perform an integration by parts to obtain
3T|’26H%2(R) < K(”axUEHLW(R) + HaarNE|’L°°(R))HZEH%P(R)
+K || Ze|| 2 (w) <||V2-||H3(R) + Vel ey WUl i my + Vel my) + €2||Re||L2(R))-

Using bounds (B.3) for U., V. and R., and the bound of A in H3(R) which follows from the
integrability theory of (KdV]), we are led to

8T”Ze€”%2(]R) < K”Ze”%m@) + K| Ze |l r2my (€2 + Vel s wy) -
Finally, we invoke Proposition P to assert
O\ Zel 2y < Kl ZellT2my + K1 Zell 2y (& + V(0 a3 my)
so that by the Gronwall lemma,
1Ze (D)l 2ry < 112 (0l L2y + K (e + [IV(, 0)ll s () ) exp(KT). (6.12)
On the other hand, at time 7 = 0, since N.(-,0) = N(-,0), we have
126 (- 0) [ L2y = NUE(,0) = Ne(, 0)ll 2y = [IVe (5 0)l L2 () (6.13)

whereas at positive time, by definition of V., we have

IN=(o ) = NeCo ey < 2oz ey + 1IV20 Tl 2wy

) (6.14)
< NZe(o )z @) + IV=(5 0) |2 my + Ke7I71,

where we have used Theorem fl. The conclusion for N, — N then follows from (6.12), (f.13)
and () The proof is similar for 9,0, — M, considering the function Y; = U, — M, instead
of Z., so that we omit it.
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