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DISCRETE APPROXIMATION OF THE FREE FOCK SPACE
STEPHANE ATTAL AND ION NECHITA

ABSTRACT. We prove that the free Fock space F(R*;C), which is very commonly used
in Free Probability Theory, is the continuous free product of copies of the space C2.
We describe an explicit embedding and approximation of this continuous free product
structure by means of a discrete-time approximation: the free toy Fock space, a countable
free product of copies of C2. We show that the basic creation, annihilation and gauge
operators of the free Fock space are also limits of elementary operators on the free toy Fock
space. When applying these constructions and results to the probabilistic interpretations
of these spaces, we recover some discrete approximations of the semi-circular Brownian
motion and of the free Poisson process. All these results are also extended to the higher

multiplicity case, that is, F(RT;C") is the continuous free product of copies of the space
cV+L

1. INTRODUCTION

In [ it is shown that the symmetric Fock space I's(L*(R™; C)) is actually the continuous
tensor product ®;cp+C2. This result is obtained by means of an explicit embedding and
approximation of the space I's(L?(R*; C)) by countable tensor products ®,c,nyC2, when h
tends to 0. The result contains explicit approximation of the basic creation, annihilation
and second quantization operators by means of elementary tensor products of 2 by 2
matrices.

When applied to probabilistic interpretations of the corresponding spaces (e.g. Brownian
motion, Poisson processes, ...), one recovers well-known approximations of these processes
by random walks. This means that these different probabilistic situations and approxima-
tions are all encoded by the approximation of the three basic quantum noises: creation,
annihilation and second quantization operators.

These results have found many interesting applications and developments in quantum
statistical mechanics, for they furnished a way to obtain quantum Langevin equations
describing the dissipation of open quantum systems as a continuous-time limit of basic
Hamiltonian interactions of the system with the environment: repeated quantum interac-
tions (cf [{, [d, § for example).

When considering the fermionic Fock space, even if it has not been written anywhere,
it is easy to show that a similar structure holds, after a Jordan-Wigner transform on the
spin-chain.
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2 S. ATTAL AND I. NECHITA

It is thus natural to wonder if, in the case of the free Fock space, a similar struc-
ture, a similar approximation and similar probabilistic interpretations exist. Whereas the
continuous tensor product structure of the bosonic Fock space exhibit its natural “tensor-
independence” structure, it is natural to think that the free Fock space will exhibit a similar
property with respect to the so-called “free-independence”, as defined in Free Probability
Theory.

The key of our construction relies on the so-called “free products of Hilbert spaces”. We
needed to make explicit the constructions of countable free products, as a first step. Then,
by an approximation method, to define the structure of continuous free products of Hilbert
spaces. This structure appears to be exactly the natural one which describes the free Fock
space and its basic operators.

2. FREE PROBABILITY AND THE FREE FOCK SPACE

Let us start by recalling the general framework of non commutative probability theory.
A non commutative probability space is a couple (A, ¢), where A is a complex x—algebra
(in general non commutative) and ¢ is a faithful positive linear form such that ¢(1) = 1.
We shall call the elements of A non commutative random variables. The distribution of a
family (z;);es of self-adjoint random variables of A is the application which maps any non-
commutative polynomial P € C(X;|i € I) to its moment ¢(P((x;)ier)). Thus, the map ¢
should be considered as the analogue of the expectation from classical probability theory.
From this abstract framework, one can easily recover the setting of classical probability
theory by considering a commutative algebra A (see [Id, [T, [4]).

In order to have an interesting theory, one needs a notion of independence for non
commutative probability spaces. However, classical (or tensor) independence is not adapted
in this more general setting. Free independence was introduced by Voiculescu in the 1980’s
in order to tackle some problems in operator theory, and has found many applications since,
mainly in random matrix theory. Freeness provides rules for computing mixed moments of
random variables when only the marginal distributions are known. More precisely, unital
sub-algebras (A;);c; of A are called free (or freely independent) if p(aj ---ay) = 0 for all
n € Nand a; € Aj(i) whenever p(a;) = 0 for all 7 and neighboring a; do not come from the
same sub-algebra: j(1) # j(2) # -+ # j(n). This definition allows one to compute mixed
moments of elements coming from different algebras A;, when only the distributions inside
each algebra A; are known. Note that freeness is a highly non commutative property: two
free random variables commute if and only if they are constant.

A remarkable setting in which freeness appears naturally is provided by creation and
annihilation operators on the full Fock space. Let us now briefly describe this construction.
Consider a complex Hilbert space ‘H and define

F(H) = P H",
n=0

where H*®? is a one-dimensional Hilbert space we shall denote by CQ. Q € F(H) is
a distinguished norm one vector which is called the vacuum wvector and it will play an
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important role in what follows. For each f € H, we define the left creation operator ¢(f)
and the left annihilation operator £*(f) by

(H=f (flea® - Qe,=fRe1® R ep;

l*(f)QZO’ l*(f)€1®"'®€n = <f>€1>€2®"‘®en-

For every T € B(H), the gauge (or second quantization) operator A(T) € B(F(H)) is
defined by

AMT)Q=0, AT)e1®@ - ®ep=T(e1)Rea® - @ ep.
All these operators are bounded, with |[I(f)|| = [|I*(f)|| = || f]| and |A(T)| = ||T||- On the
space B(F(H)) of bounded operators on the full Fock space we consider the vector state
given by the vacuum vector

T(X)=(Q2,XQ), X € B(F(H)).
The usefulness of the preceding construction when dealing with freeness comes from the
following result ([LT]]).

Proposition 1. Let ‘H be a complex Hilbert space and consider the mon commutative
probability space (B(F(H)), 7). Let Hi,...,Hy be a family of orthogonal subspaces of H,
and, for each i, let A; be the unital x-algebra generated by the set of operators

{U(H|f € Hi} U{ATD)|T € B(H), T(H;) C H; and T vanishes on Hi }.
Then the algebras Ay, ..., Ay are free in (B(F(H)),T).

In the present note, we shall be concerned mostly with the case of H = L?(R,;C), the
complex Hilbert space of square integrable complex valued functions; in Section § we shall
consider the more general case of L2(R,;C"). Until then, we put ® = F(L?(R;C)), and
we call this space the free (or full) Fock space. An element f € ® admits a decomposition
f= f0§2+2n>1 fn, where fo € C and f,, € L? (R%). In this particular case we shall denote
the creation (resp. annihilation) operators by a™ (resp. a™):

(l+(h)Q:h, a+(h)fn:[(x1,x2, . :L‘naxn—i-l f-’h(ﬂfl)fn(ﬂfg, . axn-i-l)]v
o= ()2 =0, a(h)fn =2 .., H/h V(@@ .. 2n)da),

where h is an arbitrary function of L?(R.). For a bounded function b € L®(R ), let a°(b)
be the gauge operator associated to the operator of multiplication by b:

a’(b)Q =0, a°(b)fn =[(z1,22,...,2n) — blx1) fr(x1,...,20)],
and a*(b) the scalar multiplication by [ b:

a* (b)) = /b(m)dm Qa0 fn = [(x1,22,. .., 20) — </ b(a:)da:) Sz, xn)]

Finally, we note 1; = 1jg4) the indicator function of the interval [0,?) and, for all ¢ € Ry
and € € {+, —,0,x}, we put aj = a*(1y)). Obviously, a; =t -1d.
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3. THE FREE PRODUCT OF HILBERT SPACES

In the previous section we have seen that the algebras generated by creation, annihilation
and gauge operators acting on orthogonal subspaces of a Hilbert space H are free in the
algebra of bounded operators acting on the full Fock space F(H). However, one would like,
given a family of non commutative probability spaces, to construct a larger algebra which
contains the initial algebras as sub-algebras which are freely independent. In classical
probability (usual) independence is achieved by taking the tensor products of the original
probability spaces. This is the reason why classical independence is sometimes called tensor
independence. In the free probability theory, there is a corresponding construction called
the free product. Let us recall briefly this construction (see [, [[4] for further details).

Consider a family (H;,$2;);er where the H; are complex Hilbert spaces and ); is a
distinguished norm one vector of H;. Let K; be the orthocomplement of 2; in H; and
define the free product

(1) (H,Q) = % (H;, ) =Coadp P K, kK,
el n2liyFioFFin
where the direct sums are orthogonal and, as usual, ||| = 1. As in [[[4], we proceed with

the identification of the algebras of bounded operators B(H;) inside B(H). To this end,
we shall identify an operator T; € B(H;), with the operator T; € B(H) which acts in the
following way:

(2) Ti(Q) = T;()
(3) Ti(ki@@k:jl@ ®k;) =Ti(k) O kjy @ - O kj,
(4) Ti(kjy @ @ kj,) = () @ kjy @ - @ kj,,

where j; # i and we identify an element of H; with the corresponding element of H. The
main interest of this construction is the following straightforward result.

Proposition 2. The algebras {B(H;)}icr are free in (B(H), ).

Proof. Consider a sequence Tj(y), . . of elements of B(Hj1)), - - -, B(H;n)) respectively
such that i(1) # i(2) # --- # z(n) ,(k (t)ix)) = 0 for all k. By the definition

n)
(

of freeness, it sufﬁces to show that (Q T i) TZ(n)Q> = 0. Using the previously described
Si

embedding, we get (n)Q Ti(n)Qi(n)- Since i(n — 1) # i(n) and Ti(n)Q ¢ CQ, it follows
that Tl(n 1) Z(n)Q = [Tin-1)Qin-1)] @ [Tin)Qin)]- Continuing this way, it is easy to see

)
that T(l) Ti(n)Q = [T;1)Qi)] ® - - - @ [Tin)Qi(n)], and the conclusion follows. O

We look now at the free Fock space of a direct sum of Hilbert spaces. In the symmetric
case (see [[l]), it is known that one has to take the tensor product of the symmetric Fock
spaces in order to obtain the Fock space of the sum. The free setting admits an analogue
exponential property, where instead of the tensor product one has to use the free product
introduced earlier.
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Lemma 1. Consider a family of orthogonal Hilbert spaces (H;)icr. Then
(5) F(@ierHi) = kierF (Hi).

Proof. Fix for each H; an orthonormal basis (X7())jep(;)- Then, an orthonormal basis of
F(DH;) is given by {Q} U {X71(i1) ® -+ @ X" (i)}, where n > 1, ix € I and ji € B(iy)
for all 1 < k < n. One obtains a Hilbert space basis of %7 (H;) by grouping adjacent
elements of X71(i1) ® --- ® X/ (i,,) with the same i-index (i.e. belonging to the same ;).
Details are left to the reader. 0

4. THE FREE TOY FOCK SPACE

In this section we introduce the free toy Fock space, the main object of interest in our
paper. From a probabilistic point of view, it is the “smallest” non commutative proba-
bility space supporting a free identically distributed countable family of Bernoulli random
variables (see Section []).

The free toy Fock space is a countable free product of two-dimensional complex Hilbert
spaces: in equation ([]), take H; = C? for all 4. In order to keep track of which copy of C?
we are referring to, we shall label the i-th copy with (C?z.). Each copy is endowed with the
canonical basis {€Q; = (1,0)T,X; = (0,1)T}. Since the orthogonal space of C; is simply
CX;, we obtain the following simple definition of the free toy Fock space T®:

(T®,Q) := % (C}, %) =Cea P P CX;, - aCX,,
e i i

where, as usual, 2 is the identification of the vacuum reference vectors €; (/|2 = 1). Note
that the orthonormal basis of T® given by this construction is indexed by the set of all
finite (eventually empty) words with letters from N with the property that neighboring
letters are distinct. More formally, a word o = [i1,42,...,i,] € N" is called adapted if
i1 # i # -+ # i,. By convention, the empty word () is adapted. We shall denote by W,
(resp. W) the set of all words (resp. adapted words) of size n and by W (resp. W*) the
set of all words (resp. adapted words) of finite size (including the empty word). For a word
o = [i1,12,...,1y), let X; be the tensor X;, ® X;, ® ---® X;, and put Xy = Q. With this
notation, an orthonormal basis of T® is given by {X, }sem=.

We now turn to operators on (C%Z.) and their embedding into B(T®). We are interested

in the following four operators acting on C?:

a+—00 a_—01 aO_OO aX—lo

|1 o’ 10 0|’ |0 1y |0 Of°
For € € {+,—, 0, x}, we shall denote by a5 the image of a® acting on the i-th copy of
C2, viewed (by the identification described earlier in eq. (f) - ({l)) as an operator on T®.

The action of these operators on the orthonormal basis of T® is rather straightforward to
compute (o = [01,...,0y,] is an arbitrary non-empty adapted word and 1 is the indicator
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function):

(6) a; Q=X;, af X, = 15,2 X[i0);

(7) a; V=0, a; Xo =15,=iX[g,, . o}
(8) a; =0, a;X,=1s-iXs;

(9) aN=Q, a'Xy=152X,.

5. EMBEDDING OF THE TOY FOCK SPACE INTO THE FULL FOCK SPACE

Our aim is now to show that the free toy Fock space can be realized as a closed subspace
of the full (or free) Fock space ® = F(L?(R;C)) of square integrable functions. What is
more, to each partition of R, we shall associate such an embedding, and, as we shall see in
the next section, when the diameter of the partition becomes small, one can approximate
the full Fock space with the (much simpler) toy Fock space.

Let § = {0 =tp < t1 < --- < t, < ---} be a partition of Ry of diameter §(S) =
sup; |ti+1—t;|. The main idea of [fl] was to decompose the symmetric Fock space of L?(R )
along the partition S. In our free setting we have an analogue exponential property (see
ca. ()

d = * q>i7
€N
where ®; = F(L?[t;,t;11)), the countable free product being defined with respect to the
vacuum functions. Inside each Fock space ®;, we consider two distinguished functions: the
vacuum function ; and the normalized indicator function of the interval [t;,¢;11):

X; = 1[ti7ti+1) _ 1y, — 1t .
Vip =t Vi —t
These elements span a 2-dimensional vector space C(2; ® CX; inside each ®;. The toy Fock
space associated to the partition S is the free product of these two-dimensional vector
spaces:

i

TP®(S) = % (CQ; & CX;).
€N
T®(S) is a closed subspace of the full Fock space ® and it is naturally isomorphic (as a
countable free product of two-dimensional spaces) to the abstract free toy Fock space T®
defined in the previous section. It is spanned by the orthonormal family { X, },e)y+, where
Xy = X, (S) is defined by

- [l5=1 Vo, o) (25)
H?zl toj+1 — o

with ¢ = [01,...,0,]. We shall denote by Ps € B(®) the orthogonal projector on T®(S).
For a function f € ®, which admits a decomposition f = fy€2 + Zn>1 fn with fo € C and
fn € L*(R"), the action of Ps is straightforward to compute:

PSf:fOQ+Z Z (men>Xaa

nz2loceWy

Xoe=X5, X5, @@ Xp,, = | (21,...,20)



DISCRETE APPROXIMATION OF THE FREE FOCK SPACE 7

where the scalar products are taken in the corresponding L? spaces.

We ask now how the basic operators a5, € € {+,—,0, x}, t € RT of the free Fock space
relate to their discrete counterparts a;. In order to do this, we consider the following
rescaled restrictions of a;, a; and af on the toy Fock space T®(S):

ag,, — 1,4
a; = 5 S = Sa S5
(10) :—(8) P i+1 t; P P < iy z+1 > P
tz—i—l tz
_ atz+1 tl 1 tz tz+1
a,; = 5 s = Fsa S5
(11) ~(S) =P Ps = P, ’ P
tz—l—l tz—l—l t;
(12) (l,?(S) = PS(ati+1 - ati)PS - PS(I (l[ti7ti+1)) PS

The operators a5(S) € B(®) are such that a5(S)(T®(S)) € TP(S) and they vanish on
T®(S)*, so one can also see them as operators on T®(S). For € = x, one can not define
X

a’(8) from a; as it was done in eq. (I0) — ([J). Instead, we define it as the linear

extension of a (via the isomorphism T® ~ T®(S)) which vanishes on T®(S)*. Hence,
a(8) = Ps(Id — a3(S))Ps.

(2

Proposition 3. For ¢ € {+,—,0, x}, the operators a5(S), acting on the toy Fock space
T®(S), behave in the same way as their discrete counterparts as.

Proof. For each o = [01,09,...,0,] € W*, consider the corresponding basis function of
To(S):
1,(S)

H;'Lzl \/ t0'j+1 - taj ’

where 1,(S) is the indicator function of the rectangle x_[ty;,ts;+1). We have:

XU(S) =

at (1[ti,ti+1))

af (S)XU(S) = Ps XU(S) = PSX[Z',J] (‘S) = 101752'X[i,0} (8)’

! tit1 — T
_ a” (Lt ;1))
a; (8)Xo(S) = PS%XAS) = Pslo,=iX(my,..on(S) = Loy=iX(oy, .. (S),

CL?(S)XJ(S) = PSao(l[ti,tHl))Xa(S) = P8101:iXU(S) = 101:iXU(S)'

These relations are identical to the action of the corresponding operators a; on the abstract
toy Fock space T® ~ T®(S) (compare to eq. () — (§)). For a](S), the conclusion is
immediate from the last equation above and its definition:

0} (8) X, (8) = Ps[ld — af (S)]| X, (8) = Xo(S) — Loy i Xo(S) = Lo, 1 X (S).

2

6. APPROXIMATION RESULTS

This section contains the main result of this work, Theorem [ We show that the toy
Fock space T®(S) together with its operators a$ approach the full Fock space ® and its
operators a; when the diameter of the partition S approaches 0.
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Let us consider a sequence of partitions S, = {0 = t((]n) < tgn) << t,in) < ---} such
that 6(S,,) — 0. In order to lighten the notation, we put T®(n) = T®(S,), P, = Ps, and
a; (n) = a; (Sn)-

(]
Theorem 1. For a sequence of partitions S, of Ry such that §(S,) — 0, one has the
following approximation results:
(1) For every f € ®, P,f — f.
(2) For allt € Ry, the operators

af(n)= Y i~ (),

it <t

aj(n)= Y ai(n),
it <t

x _ (n) ()Y x

a; (n) = Z (ti+1 t; >ai (n)
it <t

converge strongly, when n — oo, to afc, aj and a; respectively.

Proof. For the fist part, consider a (not necessarily adapted) word o = [o1,...,0%] and
denote by 18" the indicator function of the rectangle xle[tg?),tgjll) of RE. Tt is a
classical result in integration theory that the simple functions {15,")}U€Wk,n>1 are dense in
L2(RY) for all k. It is obvious that the result still holds when replacing W), with the set

of adapted words W;.
As for the second statement of the theorem, let us start by treating the case of a;r . For

fixed n and ¢, let ¢ = +™ \where i is the last index appearing in the definition of aj' (n),

i+1
ie. tgn) <t < tgi)l. With this notation, we have a; (n) = D™ < tgi)l - tgn)aj(n) =
Pna:?n) P,,. Hence, for any function f € F, we obtain:
la (n)f = @t £ = | Pty Puf — ai £1] <

< HPna:En)Pnf - Pnazn)fH + HPna:En)f — Pua; fll + [|1Poai f —af f]| <

< N Paajon 1B = DF L+ [1Pna™ 1 o LI+ 1P = D) (@ -

By the first point, P,, — I strongly, hence the first and the third terms above converge to
0. The norm of the operator appearing in the second term is bounded by the L? norm of
1[t,t(”)) which is infinitely small when n — oco. Hence, the entire quantity converges to 0
and we obtained the announced strong convergence. The proof adapts easily to the cases
of a; and aj.

Finally, recall that o (n) = P,(Id — aj(n))P,. Hence, with the same notation as above,

S (H ) ar ) =P S (0 - €7 az(n).

it <t it <t
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The second term above converges to zero in the strong operator topology thanks to the

factor tl(-i)l - tl(") which is less than §(S,), and thus we are left only with +(® P, which
converges, by the first point, to t - Id. O

7. APPLICATIONS TO FREE PROBABILITY THEORY

This section is more probabilistic in nature. We use the previous approximation result to
show that the free Brownian motion and the free Poisson operators can be approached, in
the strong operator topology, by sums of free Bernoulli-distributed operators living on the
free toy Fock space. We obtain, as corollaries, already known free Donsker-like convergence
results.

Let us start by recalling some basic facts about free noises and their realization on the
free Fock space ®. The free Brownian motion W; and the free Poisson process IN; were
constructed in [[[J] as free analogues of the classical Brownian motion (or Wiener process)
and, respectively, classical Poisson jump processes. Recall that a process with stationary
and freely independent increments is a collection of non commutative self-adjoint random
variables (X;); with the following properties:

(1) For all s <t, X; — X, is free from the algebra generated by {X,,u < s};
(2) The distribution of X; — X depends only on t — s.

A free Brownian motion is a process with stationary and freely independent increments
(W) such that the distribution of W — Wy is a semi-circular random variable of mean 0
and variance t — s. Recall that a standard (i.e. mean zero and variance one) semicircular
random variable has distribution

1
du(z) = 5 V4 — 221 g(2)dz.

If X is a standard semicircular random variable, then (¢ — s)X is semicircular of variance
(t — s). In an analogue manner, a free Poisson process is a process with stationary and
freely independent increments (V;); such that the distribution of Ny — N is a free Poisson
random variable of parameter A =t — s. In general, the density of a free Poisson random
variable is given by

vy () W){(:ﬂ)d$ it A>1,
A pr—
(1= N)dp + YR )y i 0 < A < 1,

where y is the indicator function of the interval [(1 — v/A)%, (1 4+ vV/A)?Z.

The free Brownian motion and the free Poisson process can be realized on the full Fock
space ® as Wy = a + a; and, respectively, N; = a;” + a; + af +t - Id. Generalization of
these processes and stochastic calculus were considered in [f, f, 0]

For the sake of simplicity, throughout this section we shall consider the sequence of
partitions S, = {k/n;k € N}; obviously §(S,) = 2+ — 0. The following result is an easy
consequence of Theorem [l.

Proposition 4. On T®(n), consider the operator Xi(n) = a;-" +a; ,1€N. Then
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(1) For alln > 1, the family {Xi(n)}ieN s a free family of Bernoulli random variables
of distribution %5_1 + %51.
(2) For allt € Ry, the operator

nt|

L
W(n) 1 Z X(n)
= -— .
t \/ﬁizo g

converges in the strong operator topology, when n — oo, to the operator of free
Brownian motion Wy = a; + a; .

Let us show now that the strong operator convergence implies the convergence in distri-
bution of the corresponding processes. Let t1,...,t; € Ry and ky,..., ks € N. Since, by the
previous result, Wt(") — W, strongly, and multiplication is jointly strongly continuous on
bounded subsets, we get that (V[ft(ln))’l‘t1 ---(Wt("))ks — Wt'jl e Wt]zs strongly. Strong con-

S

vergence implies convergence of the inner products (€2, -Q2) and thus the following corollary
(which is a direct consequence of the Free Central Limit Theorem [T, [[3]) holds.

Corollary 1. The distribution of the family {Wt(n)}teR . converges, as n goes to infinity,
to the distribution of a free Brownian motion {W;}er, .

We move on to the free Poisson process N; and we state the analogue of Proposition J.

Proposition 5. On T®(n), consider the operator Yi(n) =a +a; +/nad + ﬁaix. Then

(1) For alln > 1, the family {Yi(n)}z‘eN s a free family of Bernoulli random variables
of distribution %Hé% + 74 %0-

(2) For allt € Ry, the operator

1 [nt]
(n) _ _+ (n)
N = NG Z i
=0
converges strongly, when n — 0o, to the operator of the free Poisson process Ny =
af +a; +af +a.

)

has the form

yw [ L]
(2 1 \/ﬁ

The k-th moment of Yi(") is easily seen to be given by the formula

@, (")) = —— ("jﬁl)k

Proof. As an operator on C?, Yi("
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which is the same as the k-th moment of the probability distribution —=

and the first part follows. For the second part, we have
[nt]
(n) _ Z 1 r - .1 B
N " E [%af + %ai +a; + E(IZX =

tgil tgn) (a (n) +a; Z a; + Z <2+1 t(n) a;

it <t it <t it <t

(n)

Using Theorem [ll, one obtains N;"’ — N; in the strong operator topology. ([l

Again, we obtain as a corollary the convergence in distribution of the process (Nt(n))t to
the free Poisson process, which is in fact a reformulation of the Free Poisson limit theorem

([}, pp. 203).

Corollary 2. The distribution of the family {Nt(n)}teR . converges, as n goes to infinity,
to the distribution of a free Poisson process {Ni}ier, -

8. HIGHER MULTIPLICITIES

We generalize now the previous construction of the free toy Fock space by replacing C2
with the N + 1-dimensional complex Hilbert space CV*t1. Much of what was done in the
C? extends easily to the generalized case, so we only sketch the construction, leaving the
details to the reader (for an analogue setup in the symmetric Fock space, see []]). In what
follows, N > 1 is a fixed integer, called the multiplicity of the Fock space.

Start with a countable family of copies of CV*!, each endowed with a fixed basis
(Q,X',...,XY). We shall sometimes note X° = . We introduce the free toy Fock
space of multiplicity N (see Section [):

T® = % CVTL(4),
€N
where the countable tensor product is defined with respect to the stabilizing sequence
of vectors (i) € CN*1(3). An orthonormal basis of this space is indexed by the set
WHN* of generalized adapted words o = [(i1, 1), (42, 42), - - ., (in, jn)], where n € N, i; #
i9 # -+ # iy and Jq,...,75, € {1,..., N}, the corresponding basis element being X, =
X0 (i1) ® X J2 (i0) @+ ® Xn (in).
On each copy of CN*! we introduce the matrix units a§- defined by

ai Xk =6 X7, i, k=0,1,....N.

We shall now show how the discrete structure of the free toy Fock space of multiplicity
N approximates the free Fock space ® = F(L?(R;C")). To this end, consider a partition
S={0=ty<t; < <typ<--} of Ry and recall the decomposition of the free Fock
space of multiplicity IV as a free product of “smaller” Fock spaces:

F(L*(R;CY)) = ,*Nf(ﬂ([ti,tiﬂ);(cjv))-
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In each factor of the free product we consider N + 1 distinguished functions: the constant
function €2; (sometimes denoted by X%(i)) and the normalized indicator functions

J J J
X](Z) _ 1[ti,ti+1) _ 1ti+1 -1
Vi =t Vi =t

where 1%(3:) = (0,...,0,1,0,...,0)" with the 1 in the j-th position if 2 € A and 0

1<j <N,

otherwise. For a generalized word o = [(i1,J1), (i2,52),- -, (in,jn)], define the element
X,(S) € by
[T 1{Zkvtik+1)(xk)

X, (S) = X' (i1) ® -+ @ X" (i) = [(21,. . .

—

@) [Tie1 Vi1 — i )

with o = [(i1, 1), (i2,72), - -, (in,jJn)]. The toy Fock space associated to S (denoted by
T®(S)) is the span of X,(S) for all generalized adapted words o € WN*. T®(S) is a
closed subspace of the full Fock space ® and it is naturally isomorphic to the abstract toy
Fock space of multiplicity N, T®. For a given sequence of refining partitions S,, whose
diameters converge to zero, the toy Fock spaces and the operators a’ approximate the Fock
space ® and its corresponding operators (compare with Theorem |[[f):

Theorem 2. Let ® be the free Fock space of multiplicity N and S,, a sequence of refining
partitions of Ry such that §(S,) — 0. Then one has the following approximation results:
(1) For every f e ®, P,f — f.
(2) Fori,j €{0,1,...,N}, definee;j = %(502-+50j). Then, for allt € Ry, the operators

S — )l (k)

kit (™ <t
converge strongly, when n — oo, to ag(t).

An example for N = 2. Let us end this section by constructing an approximation of
a two-dimensional free Brownian motion constructed on a free Fock space of multiplicity
N = 2. To this end, define the free Fock space ® = F(L?(R;C?)) and its discrete approx-
imation, the free toy Fock space T® = *keNC?k)- The simplest realization of two freely in-
dependent free Brownian motions on @ is the pair of operator processes Wi (-), Wa(-) € B(®)
defined by:
Wi(t) = ad(t) + ap(t) and Wa(t) = ad(t) + a(t).

First of all, it is obvious that both Wi (-) and Wa(+) are free Brownian motions (see Section
fl). Moreover, the families (W;(t)); and (Wa(t)); are freely independent since the functions
1! and 17 are orthogonal in F(L?(Ry;C?)) (see Proposition [l). We consider, as we did
in Section [}, the sequence of refining partitions S, = {k/n;k € N}. We introduce the
following two families of operators:

(k) + ag(k),
(k) + ag(k),

S
—~
N
~
Il
]
NO —RO
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and respectively
Zy(k) = af (k) + ag(k) — a3(k),
Za(k) = az(k) + ag(k) — [az(k) + ai (k) + a3 (k)]
for k € N. Tt follows from Theorem [ that for all ¢ € R, both families are approximations
of a two-dimensional Brownian motion:
1 [nt] [nt]
7n ;Yl(n)agyz(n) — (Wi(1), Wa(1))
and
nt| [nt]

!
T (2203 2m) | — 10, W),
i=0 i=0

where the limits hold in the strong operator topology. However, the building blocks of
these approximating processes have completely different behaviors at fixed k. To start,
note that the self-adjoint operators Y1 (k) and Y3(k), represented, in the basis (2, X1, X?),
by the hermitian matrices

do not commute. Hence, they do not admit a classical joint distribution, i.e. it does not
exist a probability measure p on R? such that

(13) [ ugdutin ) = (@ 7v70).
On the contrary, for each k, the operators Z; (k) and Zs(k), which act on C? as the matrices
01 0 0 0 1
Zy=110 0] andZy=1|0 0 -1},
0 0 -1 1 -1 -1

commute and they admit the following classical joint distribution (in the sense of equation
([£3)): X ) )
= =0 —0(_ —0(_1._9)-
1= 50010 F 3011 T 50(-1,-2)
More details on high multiplicity Fock spaces and the analogue construction in the com-
mutative case can be found in [B, fj].

REFERENCES

[1] Attal, S. Approzimating the Fock space with the toy Fock space. Séminaire de Probabilités, XXXVI,
477-491, Lecture Notes in Math., 1801, Springer, Berlin, 2003.

[2] Attal, S., Emery, M. Equations de structure pour des martingales vectorielles, Séminaire de Proba-
bilités, XXVIII, 256278, Lecture Notes in Math., 1583, Springer, Berlin, 1994.



14 S. ATTAL AND I. NECHITA

[3] Attal, S., Pautrat, Y. From (n + 1)-level atom chains to n-dimensional noises, Ann. Inst. H. Poincaré
Probab. Statist. 41 (2005), no. 3, 391-407.
[4] Attal, S., Pautrat, Y. From repeated to continuous quantum interactions, Ann. Henri Poincaré 7 (2006),
no. 1, 59-104.
[5] Biane, P., Speicher, R. Stochastic calculus with respect to free Brownian motion and analysis on Wigner
space, Probab. Theory Related Fields 112 (1998), no. 3, 373-409.
[6] Bozejko, M., Speicher, R. An ezample of a generalized Brownian motion, Comm. Math. Phys. 137
(1991), no. 3, 519-531.
[7] Bruneau, L., Joye, A., Merkli, M. Asymptotics of repeated interaction quantum systems, J. Funct. Anal.
239 (2006), no. 1, 310-344.
[8] Bruneau, L., Pillet, C.-A. Thermal relazation of a QED cavity, preprint available at
| archives-ouvertes.fr/hal-00325206/en/|
[9] Glockner, P.; Schiirmann, M., Speicher, R. Realization of free white noises, Arch. Math. (Basel) 58
(1992), no. 4, 407-416.
[10] Hiai, F., Petz, D. The semicircle law, free random variables and entropy Mathematical Surveys and
Monographs, 77. American Mathematical Society, Providence, RI, 2000.
[11] Nica, A., Speicher, R. Lectures on the combinatorics of free probability, Cambridge University Press,
2006.
[12] Speicher, R. A new example of “independence” and “white noise”, Probab. Theory Related Fields 84
(1990), no. 2, 141-1509.
[13] Voiculescu, D.V., Dykema, K., Nica, A. Free random variables, CRM Monograghs Series No.1, Amer.
Math. Soc., Providence, RI, 1992.
[14] Voiculescu, D.V. Lecture notes on free probability, Lecture Notes in Math., 1738, Springer, Berlin, 2000,
pp 279-349.

UNIVERSITE DE LyoN, UNIVERSITE DE LyoN 1, INSTITUT CAMILLE JORDAN, CNRS UMR 5208, 43,
BOULEVARD DU 11 NOVEMBRE 1918, 69622 VILLEURBANNE CEDEX, FRANCE
E-mail address: attal@math.univ-lyonl.fr, nechita@math.univ-lyonl.fr


http://hal.archives-ouvertes.fr/hal-00325206/en/
http://hal.archives-ouvertes.fr/hal-00325206/en/

