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Abstract

WKB p-forms are constructed as approximate solutions to bound-
ary value problems associated with semi-classical Witten Laplacians.
Naturally distorted Neumann or Dirichlet boundary conditions are
considered.
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1 Introduction

1.1 Motivations
In order to compute accurately the small eigenvalues (i.e. of order O(e_%)
with C' > 0) of a self adjoint Witten Laplacian acting on 0-forms,

AD) = —h2A + |V f(2)] - hAf(z) |

as the small parameter h > 0 goes to 0 (where the function f is assumed to
be a Morse function on some bounded domain € with or without boundary),
we need WKB a%)]i)roximations of the 1-eigenforms associated with the small
. 1 . . .

eigenvalues of A%; . the Witten Laplacian acting on 1-forms.

In the article of B. Helffer, M. Klein and F. Nier [HKN], the authors worked
and constructed local WKB approximations of 1-eigenforms in the case of a
manifold without boundary.



According to [ChLi], [HeNil], and [Lep|, the p-eigenforms corresponding to
the small eigenvalues of Agfj ,)1, the self adjoint Witten Laplacian acting on
p-forms, concentrate around some generalized critical points of f with index
p which can belong to the boundary when we consider a self adjoint Witten
Laplacian with Neumann or Dirichlet type boundary conditions (in the case
of a manifold with boundary).

Hence, in the case with boundary, we need local WKB approximations of
1-eigenforms which concentrate near these generalized critical points like it
was done in [HeNil] for Dirichlet type boundary conditions. Nevertheless,
the construction done in [HeNil] relied on some specific trick which cannot
be extended to the construction of local WKB forms in the Neumann case.
To treat this last case (see [Lep]), a finer treatment of the three geometries
involved in the boundary problem (boundary, metric, Morse function) is car-
ried out.

Moreover, this treatment immediately extends to the construction of local
WKB p-forms (for the Neumann case) and it can be extended to the con-
struction of local WKB p-forms for the Dirichlet case by "dual computations”.
However, only the construction of local WKB p-forms is considered here and

the comparison with the corresponding p-eigenforms has only be treated in
the case p =1 (in [HeNil] and [Lep]).

1.2 Main notations

Let 2 be a C*® connected compact oriented Riemannian manifold with bound-
ary 02 and dimension n € N*. We will denote by gy the given Riemannian
metric on Q ; Q and 9 will denote respectively its interior and its boundary.
The cotangent (resp. tangent) bundle on €2 is denoted by T2 (resp. T2) and
the exterior fiber bundle by AT*Q = ©p_(APT*() (resp. ATQ = ©)_,APT(Q).
The fiber bundles AT0Q2 = @Z;(%APT(?Q and AT*0Q) = @Z;&APT*(?Q are
defined similarly. The space of C*®, C3°, L?, H® , etc. sections in any of
these fiber bundles, E, on O = € or O = 0f2, will be denoted respectively by
C*(0;E), C(O; E), L*(O; E), H*(O; E), etc.

When no confusion is possible we will simply use the short notations APC*,
APCSe, APL? and APH® for E = APT*Q or E = APT*0).

Note that the L? spaces are those associated with the unit volume form for
the Riemannian structure on € or 02 (2 and 9 are oriented).

The notation C*(2; F) is used for the set of C* sections up to the boundary.

Let d be the exterior differential on C§°(2; AT*Q),
d® ;. C(Q; APT*Q) — C(Q; APTIT*QY)
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and d* its formal adjoint with respect to the L?-scalar product inherited from
the Riemannian structure,

AP} C3(Q; APTIT*Q) — C5o (4 APT™Q)
Remark 1.2.1. Note that d and d* are both well defined on C>=(Q; AT*Y) .

Set, for a function f € C>(Q;R) and h > 0, the distorted operators defined
on C>®(Q; AT*Q2):

dyj, = e 1@/ (hd) f @/ and ;) = ef @/ (hd*) =@/

The Witten Laplacian is the differential operator defined on C>(Q2; AT*Q)
by:
App=djpdpy + dpndsy, = (e + djp)7 (1.2.1)

Remark 1.2.2. The last equality becomes from the property dd = d*d* = 0
which implies:
dﬁhdf,h - d},hd?,h - O (122)
It means, by restriction to the p-forms in C>(Q; APT*Q):
(p) * (p) —1) ;(p—1),%
AP = dfy g +df g

Note that (1.2.2) implies that, for all u in C*(Q; APT*(Q),

+1
APAD u = dP) Ay (1.2.3)
and
APVl = dl AR (1.2.4)

We end up this section by a few relations with exterior and interior prod-
ucts (respectively denoted by A and i), gradients (denoted by V) and Lie
derivatives (denoted by £) which will be very useful:

(dfA)" = iy (in L*(QAPTQ)) (1.2.5)

drp = hd+dfn, (1.2.6)

d;, = hd' +ivy, (1.2.7)

doixy +ixod = Lx, ( )
App = WA+d)+|VP+h(Los+ L) . (1.2.9)

where X denotes a vector field on Q or Q.



Remark 1.2.3. The operators introduced depend on the Riemannian metric
go but we omit this dependence for conciseness.

Definition 1.2.4. We denote by 1, the outgoing normal at o € OS2 and by
ny the 1-form dual to i, for the Riemannian scalar product.

For any w € C®(Q; APT*Q), the form tw is the element of C>(9Q; APT*Q)
defined by:

(tw)o(X1,..., X)) =wo(XT, ..., X)), Vo €09,

with the decomposition into the tangential and normal components to 0€) at
o X; = X! @ xii,.
Moreover,

(tw)e = 17, (72 A w,) .

The projected form tw, which depends on the choice of 77, (i.e. on go), can be
compared with the canonical pull-back j*w associated with the embedding
J 100 — Q. Actually the exact relationship is j*w = j*(tw).

The normal part of w on 0f2 is defined by:

nw =wlgg —tw € C(00; APT*Q2).
Definition 1.2.5. We denote by g—i(a) or O f(o) the normal derivative of
fato:
of

O (5) = 0uf(0) o= (Vf(e) | )

Assumption 1.2.6. The functions f € C>*(Q,R) and f‘m € C* (00, R) are
Morse functions. Moreover, the function f has no critical points on 0S2.

According to [ChLi], [HeNil], and [Lep|, the Neumann realization (resp. the
Dirichlet realization) of the Witten Laplacian, denoted by Aﬁc\f , (resp. Aﬁc\f )5
is the self adjoint realization of Ay whose domain is
D(AY,) ={w e AH*(Q), nw =0, ndyyw = 0}
(resp. D(AR,) = {we AH*(Q), tw=0, td} w = 0} ).

Definition 1.2.7. A point U € Q is called a generalized critical point of f
with index p in the Neumann case (resp. in the Dirichlet case) if:

o cither U € Q and U 1is a critical point of f with index p,

e or U € 09 and U is a critical point with index p of flsoq such that
g—i(U) <0 (resp. U € 022 and U is a critical point with index p — 1 of
flaa such that %(U) >0).



Remark 1.2.8. This convention implies, in the Neumann case (resp. in the
Dirichlet case), that for a generalized critical point U with indez p,

pe{0,....n—1} (resp. p€{1,...,n}).

Moreover, according to these references extending to the boundary case the
analysis by Witten in [Wit], we know that the dimension of the spectral

subspace associated with the small eigenvalues (i.e. smaller than h) of A;{) ,)1’N

(resp. Agfj %’D) is my,(f), the number of generalized critical points of f with
index p, and that the corresponding eigenvectors concentrate around these
generalized critical points.

The construction of WKB approximations of these eigenvectors already exists
in the case of a manifold without boundary (see [Wit][HeSj4|[HKN][Hel2]).
We want here to obtain similar results around the generalized critical points
on the boundary for the Neumann and Dirichlet cases.

1.3 A few preliminary results

In the sequel, we will work with different coordinate systems and we will
often refer to the next definition.

Definition 1.3.1. Let o be a point on the boundary 02. A local adapted

coordinate system around o is a local coordinate system (z*, ..., 2") = (z/, z")

centered at o satisfying the following properties:
i) dxt,.... dx" is an orthonormal basis of T}(Q) positively oriented.

ii) The boundary 0 corresponds locally to x™ = 0 and the interior S to
x™ < 0.

i) &%bg = 1, the outgoing normal at the boundary. Moreover, % is
unitary and normal to {x"™ = Constant}.

Such a coordinate system is more specific that the one provided by the col-
lar theorem in [Sch], [Duf], and [DuSp]. Moreover, the analysis done in
[Pet] pp. 117-122 leads to the next proposition:

Proposition 1.3.2. A local coordinate system satisfying Definition 1.3.1
always exists.

Proof. Consider indeed (see [Pet] pp. 119-120)

TN ={veT,Q:0edve (T,00)" CT,0},



where (T,0Q)* is the orthogonal complement of 79 in T, (so for each
o €00, T,Q =T,00 @+ (T,00)%). Then, the map exp* introduced in [Pet]
is a diffeomorphism from an open neighborhood of the zero section in 700+
onto its image in ). It means, choosing a point ¢ near the boundary 9, that
there exists an unique geodesic v joining ¢ to a point o, on the boundary
which satisfies ©(0,) € TOO. Tt is equivalent to say that there exists an
unique geodesic v joining o to o, with v(0y) = 7, .

Set now —z™ the geodesic distance to 02 and take x’ such that z’ oo 18 &
coordinate system on the boundary and z’ is constant along the geodesics
parametrized by x". The second point of the definition is then satisfied and
8% is unitary. Moreover, the choice of z’ | aq 18 arbitrary and we can choose
it centered at U such that dz!,...,dz™ is an orthonormal basis of T} ()
positively oriented. Then the first point of the definition is also satisfied.

Verify now that the third point of the definition is fulfilled. Write

e 5 3 = (Vs e * (| ¥ i)
- 0+<ain’vazzaii>a
B ia%nwafﬂa%%
= 395 gl ggte =0

where we used the fact that V is the Levi-Civita connexion and V o % =0
BPra
since x™ is a geodesic curve. Hence,

o 0 o 0 9.
<(9x” | 8xi>" = <% axi%b = (7o, | %)Ub =0,

which gives the third point of the definition.

Remark 1.3.3. In a local adapted coordinate system (x',x™) around o, re-
mark that the metric gy writes

go(z) = d(z")* + Z gij(x)dx'dz? .

1<ij<n

Moreover, it can be convenient to work with matrices and we note
Go(x) = (9;(2))ij, Go'(x) = (97 (x))i; (remember that g; = (5=

57 )




g9 = (da' |da?), and da'(5%) = ;).
Hence, GZ*(x) has the form, in the coordinate system (z',3"):

0
+1/

with GEH(0) = I,,.
Lemma 1.3.4. 1) Let be f; € C*(,R) and U € 9 a critical point of f1an
with %(U) # 0. Assume furthermore o € C*(9, R) be a local solution to

\Vra|® = |Vofil? around U. B
Then there ezists a neighborhood V of U in Q) such that the eikonal equation

VoL = [Vl (1.3.1)

(on the boundary, it means |V i[> = |0,0.)? + |[Vr®L|* ; see the details in
the proof)
with the boundary conditions

of
Piloory =a , On®Piloony = ia—l o0nY
n
admits a unique local smooth real-valued solution.
2) There ezist local coordinates (Z',...,7") = (T, ") in a neighborhood of

U in Q with (7', 7")(U) = 0 where the function ®1 and the metric gy have
the form.:

n—1

ij=1
Moreover, the boundary 02 is locally defined by {T" = 0} and Q corresponds
to {sgn (%(U))) "> 0}.
Proof. 1) Take a local adapted coordinate system (z’,2™) around U in order
to write (1.3.1):

O @5+ [V @ * = |00 fof* + [V fi]

(see Appendix A.1 for the exact meaning of V in the interior). We obtain
in particular on the boundary;,

|8n<I>i]2 + |VTq):|:|2 = |8nf1|2 + |VTO./’2 .
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The first point is then a direct consequence of the Hamilton-Jacobi theorem,
due to the condition %(U) #0.
2) Like in [HeSj4], set:

f+:®+—®, and f7:®++(b,,

and note the relations:

1 1 1 1
‘D———§f++§f— ; q)+—§f++§f— : (1.3.2)
VI Vi =0, (1.3.3)

Af+ dfr
— — 9 1.3.4
f+loorny =0, n loary n loary # 0, (1.3.4)
of.

d _ =2 - =0. 1.3.5
an f-laony o, amn |oary ( )
Let (Z',...,2"') = 7’ denote a set of coordinates on 2 in a neighborhood

of U (then contained in V) and such that 7/(U) = 0. We extend them in
a neighborhood of U in Q as constant along the integral curve of the vector
field V f4. Then we take T" = —3 f4 (2) for the last coordinate.

In these coordinates, the functions ®, and the metric gy have the forms an-
nounced in the lemma.

We remark furthermore, by (1.3.4) and % (U) # 0, that the boundary 0
is locally defined by {z" = 0} and § corresponds to {sgn (%(U)) " >0} 1

In the sequel, we will apply the first result of this lemma in the Neumann
case (resp. in the Dirichlet case) in order to introduce the Agmon distance
(associated with the function f) to a generalized critical point U with index
p on the boundary.

Then, using the second result of this lemma and Proposition 3.2.11 of [Lep]

(resp. Proposition 3.3.9 of [HeNil]), A%L’N (resp. A;’?,)L’D) can be viewed
locally in V around U € 012 as Aﬁ@’)|v (resp. as A%)’V) where AE\];) (resp.

Ag)) is a self adjoint Witten Laplacian on R" = R""! x (—00,0) (ever if it
means choosing —z" instead of ") whose domain is

D(Ay) = {w € AH*(R"), nw = ndy,w = 0}
(resp. D(Ap) = {w € AH*(R"), tw = tdj,w =0} ),
and which satisfies
dim Ker AY =1 and o(A%)\ {0} C [ChY®, +o0) (1.3.6)
(resp. dim Ker Ag) =1 and U(Ag)) \ {0} C [Ch6/57+oo)). (1.3.7)



2 WKB construction near the boundary for

A%, with p in {0,...,n}

2.1 Local WKB construction in the Neumann case

Let U be a critical point with index p € {0,...,n — 1} of f‘aﬂ satisfying
%(U ) < 0 and take a local adapted coordinate system (z,2") around U.

Let ¢ be the Agmon distance to U on the boundary (i.e. associated with the
metric |V f(2/,0)[> dz'®). We recall that, on the boundary,

[V fl? =[Vel*

and that ¢ is smooth near U (see [HeSjl]).

We now use the first result of Lemma 1.3.4 with f; = f and a = ¢ and we
denote by ® the function ®, of the lemma (® is consequently the Agmon
distance to U i.e. associated with the metric |V f(z)|*> dz?). Hence we have
locally:

10,02+ |V, O° = |V = |Vf|, (2.1.1)
of

= . 1.

On®|s0 5y, 109 (2.1.3)

Moreover, the next relation is valid:

Ongn (f = @)(0) = 05, (f — ©)(0) = 0. (2.1.4)
Write indeed in the coordinates (z’, 2™), for the metric go:

00" + V7@, = |0cn f* + [V ],

where |VT<I>|§0 = O(|z]*) and |VTf|£270 = O(]z|?) because 0 is a critical point
of f ‘ o 0 the coordinates (z/,2") (see indeed for example Appendix A.1).
Apply then 0, to the last equation:

o [0z @ + O(|2]) = 8 |0 |* + O(J2])
i.e., using (2.1.3),
2030 (f = @) [ = O(J2])

which yields the result.
According to [HeSj4] pp. 279-280, there exist local coordinates (', Z") cen-

tered at U, where @ = (z',...,7"!) are Morse coordinates for f | a0 around
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U, such that dz',...,dz" !, da"™ is orthonormal at U, and

_ AL, An— _—
f@,0)= 71(561)2 + Tl( DP+fU) (2:15)
A A
and  p(T') = %(fl)Q + - l ) 1 (@2 (2.1.6)
with \; <O fori e {l,...,p}and \; >0fori e {p+1,...,n—1}.
Furthermore, the coordinates (2, z™) can be chosen such that dz', ... dz"!
and dz',...,dz""" coincide at U, and even such that 2| bg = T | o Since
x } oo can be chosen freely.

Theorem 2.1.1. Consider around U a local adapted coordinate system x =
(2, 2™) such that dz' = dx' at U (for i in {1,...,n—1}). There exists

locally, in a neighborhood of x =0, a C* solution uwkb to
APkt = =R O(h™) (2.1.7)
Faly = 1.
nu;”kb = 0 on 092 (2.1.8)
ndy, hu“’kb = 0 on 09, (2.1.9)
where u;j’kb has the form:
u = a(z, h)e*% )
with a(z,h) ~ Z a®(x)h* and a®(0) = daz' A - A da®.
k

2.2 First boundary conditions in the Neumann case

Let us first write, in our coordinate system,
a(z, h) = ar(z, h) di’ = ap(z, h)da" + ag, (@, h)dz"™ (2.2.1)

where I € T := {(i1,...,1p) € {1,...,n}", i1 < -+ <ip},

I'eZ ={(ir,...,ip) €{1,...,n}", iy < -+ <i, <n},

L,eZ, ={(ir,...,1p) €{1,...,n}" iy <--- <i, =n},

and dx(-w) = dx A ... A da’. Remark that the Einstein summation
convention where repeated indices implies addition has been employed in
formula (2.2.1) and, in the sequel, we shall adhere to this notation.

The first boundary condition says only that:

VI, €ZL,, ap((«,0), ZCLI Z,0)h" =0 (2.2.2)

10



which is equivalent to
Vk €N, VI, €T,, af (2/,0)=0. (2.2.3)
This paragraph specifies some consequences of these conditions.

Proposition 2.2.1. Using the notations of Appendices A.1 and A.2, the next
relations are satisfied for k in N, when (2.2.3) is fulfilled:

{ t((2Lve + R1)a*) = (2L ® [d+RY,,)apde” + 2551 » da*

1-"

n ((2£vq> + Rl)ak) = 2 (?;;If 88;31 + f (CC ,O)) dSCI" s

where the {;, ’s are algebraically COO((?Q) linear combinations of the a%’s (for
I' in I') which do not depend on the af ’s (for I, in I,) and R, is a 0-th
order differential operator given on the boundary by the next matriz, in the
coordinates (', x™):

0 (»)
Ria(a0) = | Rhal) (') 1d,
0 0 B(2')
where (3(0) =
7¥(0) = Tr (Hess (f|,5, — #)(0))
and

Riveu(0) = 2 (Hess (£],4)(0))
Proposition 2.2.2. Assume (2.2.3) for k in N. The p-form
8(19
&f” gem

15 then tangential and the next equivalence is locally valid on the boundary
08

o da”

q)
0 s da* =0 ndd* =0.
8x” o
Proof. Write indeed on the boundary 0f2:
8<I> 0P 0P
895" o o da® = pr %nda +(‘)71(m tda”
d
= 0+ a—1 » nda”
oxn a7
8(19 /
= 81‘" 2 o (da®);, dx
)
= (=17 gn(da )1, dg\nt

11



Moreover, using

af 0P
L) =2 0) <0,
aaq; is locally negative on the boundary which leads to the result.

Lemma 2.2.3. Under (2.2.3), the next relations are satisfied for k in N:

t ((ﬁv@ — Evé)ak) = ((»CVT(P Evé)ak) = ({;9(1;1 aldak,
n ((cvq) — Evé)ak) = <%ilﬁ 863 + €1n(a: 0)) dx' ,

where the EI ’s are algebraically Coo(aﬁ) linear combinations of the a%’s (for
I' inT') which do not depend on the af ’s (for I, in T,,).

Proof. On the boundary 02, write the next decomposition:
(ﬁvq> — ,qu,) a = ,C 64) by O i) CL + (‘CVT<1> EV&)) ak . (2.2.4)

oz

Owing to the Cartan formula (1.2.8), rewrite (2.2.4):
(ﬁv@ — 'Cv&)) a® = i(ai%)a%ndak + d(l(

+ i(vTé—vé)dak + d(i(vTcp—vé)ak) . (2.2.5)

Using Proposition 2.2.2; the first term

BlI)) o ak)
ox™ /) dx™

i}
0 o da”

i( <I>) 8 dCL axnlazn

oz

of the r.h.s. of (2.2.5) is tangential.

Moreover, since Vy® = V& on the boundary (see Appendix A.1), the term
i(vT(bfvé)dak of the r.h.s. equals 0 on 0f).

Hence, write on 0€:

(EV@ — EV@) CLk = l(a

Study in a first time the term d(i (222, a®). Writing

ox™

o da® +d(i o0, o d*) +d(ig,e_vs)a") . (2.2.6)

6

o = abda’ = ok da” + af da™

we deduce (in §):

(g5 = Onign T
0P

= (=1 ek —— dxt MY
In 9m



and, applying d to this last relation, we obtain on 92 (remember that a’}n =0
on 0N)

digon, o ) = (=13 L (ah I2y40 g g\

Bz ) D™ i1 axl In ax”
dak 9P
= (=11t dz™ A dp'»\{n}
(=1) ox™ Oz A dx +0
dak Od

Look now at the third term of the r.h.s. of (2.2.6) and write (remember that
Z>51=(i1,...,1) with 1 <4; <..- <4, <n and denote by ind(i) the
integer k):

iy o viyarde’ = dida! (V@ — V)
af Y (=)™ (V0 - V) dr\O)

jel J

ai}?Z(_ md(J ozdxl\{]}
jel

where, due to (A.1.2)(A.1.3), for all j in {1,...,n},

- P
ij /
(qu> V(I)) Z g ( ()= = ,0)) .
Moreover, due to the block diagonal form of Gy*, for all j in {1,...,n}, a;
satisfies (again by (A.1.2)(A.1.3)):
an(r) =0and Vj € {1,...,n— 1} ,;(2,0) = 0.

Hence, we obtain on 0f2,

ln a
d(iv,0-va) ajdz ZZ i)+ l(a’}oz])(:v 0)daz! A dx' M}
=1 jel
0 .
=0+ Z )ind(s 8—(alfaj)(x', 0)dz" A da' U}
jel
8
= Z 1)ndO)+ (a]}/aj)(:c 0)da™ A dz" M}
Jer
9,
+ Z 1)indG)+ 8 n(a];nozj)(x 0)dz" A da!»\7}
JjEI\{n}

= Z 1) ind@)+ 8 (a];/ozj)(x 0)dz"™ A dz" Y|

jer
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where we used a;(2',0) = 0 at the second line and a,,(z) = 0 at the second
to last line.
Using again a;(2’,0) = 0 allows us to write on 0€2:

0
(i, o vaarde’)(@',0) = CLI/Z ) ind()H a] —(a',0)dz" A dx!\UY

Jjer
+p0
= af, Z ) ind( oz] (2, 0)da" U} A da™
jer
= 0, (2, 0)da"™ (2.2.8)

where the £}, ’s are algebraically C”(@Q) hnear combinations of the af,’s (for
I" in 7') which do not depend on the af ’s (for I, in Z,,).

Combining (2.2.6), (2.2.7), and (2.2.8) leads to the result announced in
Lemma 2.2.3.

Proof of Proposition 2.2.1.
Remember first the next relation (see indeed Subsection A.2.2):
£V<I) - /C*vq) _I_ Evf + /C*vf == 2£V<I> + R]_ y

where R is a 0-th order differential operator Writing Ry = RT + RY, we
deduce from Remark A.2.1 (since a¥dz’ = a¥dz" on the boundary)

{ t (Ri(akdz")) = af(2, O)RlT(de//) ~
n (Ri(ajdz’)) = afi(a’,0)RY (dz") = ) (2, 0)da"

where the g}n’s are algebraically C”(@Q) linear combinations of the a¥,’s (for
I' in 7') which do not depend on the af ’s (for I, in Z,,).

Moreover, f — @ satisfies the assumptions of Corollary A.2.5 (from (2.1.1)-
(2.1.4)), then RT is given on the boundary, in the coordinates (2, z"), by:

0 (p)

RI(«!,0) = R (@) : — () Id,
0 - 0 B

where (3, v are C* functions which satisfy 5(0) = 0,
v(0) = T'r (Hess <f‘8Q —)(0)), and

RY'(0) = 2 (Hess (f] 5, — £)(0))

14



Having in mind Lemma 2.2.3, look now at the term 2Ly4 + R.
From Proposition A.2.3, write:

2Lgs = 2Lgs @ Id+R3

where Ry = RY +RY is a 0-th order differential operator such that (since ®
satisfies the assumptions of Corollary A.2.5),

t (Ra(ajda’)) = afi(2/, 0)RY (da")
n (Rs(akdz?)) = ab(a/,0)RY (dz!) = 0] (2/,0)dz™,
(where the g’l’n’s are algebraically C*°(9Q)-linear combinations of the a¥’s (for

I" in 7') which do not depend on the af ’s)
and RY is given on the boundary, in the coordinates (z/,2™), by:

0 (»)

T/
RY(2',0) = R (+')

with
RY'(0) = 2 (Hess (@\Em)(())) — 2 (Hess ()(0))

(note, according to Remark A.2.4, that the term of index (n,n) of the matrix

is indeed 0 since % =0).

Set Ryeu = R1 + R3 and ggi) = g}n + g’l'n for I,, in Z,,. Ryeu is a 0-th order
differential operator which satisfies

2Lgs+Ri =2Lgs ® Id+Rueu s (2.2.9)

and

{ t (RNeu(al}:d‘rI)) - CL];/ (‘7;/? O)Rgeu(dl’ﬂ)

, ~ 2.2.10
n (Ruwldide!)) = ab(a!, R (de") = B9 (!, 0)date,  \2210)

where the gﬁ)’s are algebraically C*°(9€)-linear combinations of the a¥,’s (for
I" in 7') which do not depend on the af ’s (for I, in Z,,).
Moreover, R%,, is given on the boundary, in the coordinates (2, ™), by:

0 (p)

REu(a,0) = R0 +RS(0) — (o) Id,
0 . 0 ﬁ(fL’/)
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where 3(0) = 0,
¥(0) = Tr (Hess (f,, — #)(0))

and

RY(0) +RE'(0) = 2 (Hess (f],,)(0)) -
Look now at the term 2Ly5 ® Id. By the Cartan formula (1.2.8),

(2Lyy @ Id)a* = dak(V®)da! + daf (VO)da'

and, using the boundary condition satisfied by the a’}n’s (for I, in Z,,) and
the fact that V& is a tangential vector field, we obtain:

—

-
dak,

- ox’
2Los @ Id)akda! . (2.2.11)

(2Lgs @ Id)a* = (V®);dz"

(]

—~ .

Set 0;, = (;, + %Eﬁf’} for I,, in Z,,. Writing
(2£vq> + Rl) ak =2 (Ev@ — EV@) ak + (QEV&) —+ R1> ak ,

and using (2.2.9), (2.2.10), and (2.2.11), we obtain Proposition 2.2.1 after
the application of Lemma 2.2.3.

|
2.3 Proof of Theorem 2.1.1
We shall first consider a WKB-approximation for
(AP} — B(h)yu = e~ O(h™) (2.3.1)

with E(h) = O(h?) and the boundary conditions (2.1.8)(2.1.9) and then
check E(h) = O(h*).
Writing

VEEN, dpy(ena") = e 7 [hda" 4+ d(f — @) Aa"]

where a* and d(f — ®) are tangential forms (due to (2.1.8) and (2.1.3)), the
second boundary condition corresponds to

n(da*) =0 (2.3.2)

16



(and more precisely it says:
VkeN, d¥(z)=db () da” + df (2) da'

satisfies : VI'eZ', ———(2/,0) =0).

Let us now recall the following relation which will be very useful (see [HeSj4]
for a complete proof:

=

e%Aﬁhe* = hQ(d + d*>2 + h(ﬁvq) — ‘C*V<I> + Evf + ‘C*Vf) , (233)
and write, with the notations of Appendix A.2.2,
Lyvo — Lo + Lys + Ly =2Lvs + R1 = 2Lve @ [d+R,

where R and R; are 0-th differential operators defined in Appendix A.2.2.
By looking for E(h) ~ >°7° h**1Ey, the interior equation (2.3.1) reads

B

e (App — E(h))e = h2[(d+ d*)® — h 2E(h)] + h [2Lve ® Id +R]

We now verity that it is possible to construct a solution ug’kb to (2.3.1) in Q2

which can be extended to Q and satisfying the boundary conditions (2.1.8)
and (2.1.9).

The construction of an interior WKB solution in €2 is standard as an inductive
Cauchy problem, once the a*’s are known on 99 (see [DiSj],[Hel2]). Actually
the non characteristic Cauchy problems

k
2Lve ® Id+R]a* = —(d+d*)’a" ' + > Eua*™* in Q. (2.3.4)
/=1

are solved by induction with the convention a_; = 0.

Hence the problem is reduced to the solving of the system made of the
boundary conditions (2.2.3), (2.3.2) and of the compatibility equation on
the boundary (see Appendix A.2.2 for the meaning of the notations):

k
[2Lve + Ri|a* = —(d+ d*)2a" + Z Eid"* on 09. (2.3.5)
=1

Owing to Propositions 2.2.1 and 2.2.2 (with the notations of Section 2.2) and
to (2.1.3), the system (2.3.5), (2.2.3), (2.3.2) is equivalent to the differential

17



system on 0f):

(
—t(d + d*)%a" ! + Z Bt = (2Lyg ® Id+RE,)akde (2.3.6)
/=1

da
—n(d + d*)*a" — 20, (2, 0)dx™ = 2%—”% In (2.3.7)

on Ox™
((2.2.3) + (2.32),

where the /;, ’s are algebraically Coo(ﬁQ) hnear combinations of the af,’s (for
I' in 7') which do not depend on the af ’s (for I, in Z,,).

Moreover, since dx’ = dz’ (for i € {1,...,n — 1}) at the point U, thanks
to Corollary A.2.5, (2.1.5)-(2.1.6), and according to [HeSj4] pp. 271-274,
RE..(0) restricted to tangential forms is symmetric with the one dimensional
kernel Rdx! A -+ A daP.

Since a’}',dxp is tangential and 2Ly; ® Id only differentiates tangentially
the af’s

n—1
dak,

( since (2Lyg ® Id)ak,dz" = —L(V®)da" ),

=1

(2.3.6) can be rewritten as a tangential system which can be solved according
to the analysis of the boundaryless case done in [HeSj4].

Here are the details:

Owing to Proposition 2.2.2, the complete system becomes equivalent to

(2Lys ® Id —|—RNeu)a1,dx = —t(d + d*)2a* -3 Bya* ' 4 Era® on 09
(2Lye ® Id+R)a* = —(d + d*)?a*! on Q
‘v’[nel'n, a1n|@QEO.

Note that the first line is a degenerate matricial transport equation which
can be solved according to [HeSj4][Hel2]:

For k = 0, take a®(0) = dz' A---AdaP € Ker (R, (0)) and for & > 0 choose
E}. so that the compatibility condition

—t(d + d*)2ar +2Em’“ £(0) + Exa®(0) € ( Ker (RE.(0)))"

is satisfied. Thus, at every step & € N, the first and the third line of the
previous system fully determine the Cauchy data a*(2’,0) and the number
E). The second line solves the interior problem with these Cauchy data and

18



contains, with the two other lines, thanks to Proposition 2.2.2, the second
trace condition (2.3.2).

Let us check now E(h) = O(h*). We prove this by comparing with the half-
space problem, for which we know by (1.3.6) that the first eigenvalue is 0 with
multiplicity one and that the second one is larger than Ch%°. Take a cut-off
function y € C3°(Q2), x = 1 in a neighborhood of U such that g—ﬂ 0 = 0 and

set
K

K_ -2 kpk _ . —2 AK
up—xehE a"h® = xe n Ay .
k=0

From %}89 =0 and
dpp(XAR) = (hd + df N) XA = hdx AN A + xdynAf

the form uf € A'H?(R™) belongs to the domain of A% and the approxima-
tions wX and EX(h) = 37, Eph** satisty

[Ag\’?) — EX(W)Juk = hE2pK =3 — h2[A, ¥ ulf = O(h%*?) in R™
nuX =0 on R*~ x {0}
ndf,huff =0 on R* 1 x {O} ,

for some C* 1-form p¥ defined in a neighborhood of U and independent of
h.
From [[u**|| ~ ch™1 (from a direct Laplace method),

n+1
[} ~ ™

and the spectral theorem then implies that there exists an eigenvalue A(h) of
A%) such that:
(B (h) = A(h)| = O(R!F275)

Choosing the integer number K large enough, the inclusion
o (AF)\ {0} € [ChYF?, +00)

combined with the estimate EX(h) = O(h?) implies A(h) = 0. The number
K being arbitrary, the construction of the previous quasimode is then possible
only if

Vke N, E,=0.
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2.4 Local WKB construction in the Dirichlet case

Let here U be a critical point with index p—1 € {0,...,n—1} (ie. p €
{1,...,n}) of flsa satistying g—fl(U) > 0 and take again a local adapted
coordinate system (2, 2") around U like in Section 2.1.

Let ¢ be the Agmon distance to U on the boundary and use the first result
of Lemma 1.3.4 with f; = f and a = ¢. Denoting by ® the function ®_ of
the lemma (® is the Agmon distance to U i.e. associated with the metric
IV f(z)]* dz?), we have locally:

0,0 + [Vr@* = Vo' = |Vf[*, (24.1)
Plon = o, (2.4.2)

%,
On®loa = —a—;}; 20 - (2.4.3)

Moreover, the next relation is satisfied (see indeed the proof of (2.1.4) and
replace 0,@|on = On floo by 0,Plon = —0nf|on):

Bngn (f + @)(0) = 02, (f + ®)(0) = 0. (2.4.4)
Like in Section 2.1, there exist other local coordinates (', Z") centered at U,
with 7 = (z!,...,2"!) and dx',...,dz""! da™ is orthonormal at U, such

that (2.1.5) and (2.1.6) are satisfied with \; < 0 for ¢ € {1,...,p— 1} and
Ai>0forie{p,...,n—1}.

Furthermore, the coordinates (2, ™) can be chosen such that daz', ... dx
and dz',...,dz" ! coincide at U and even such that :1:"6Q =

n—1
—/
x |asz'

Theorem 2.4.1. Consider around U a local adapted coordinate system x =
(2, 2™) such that dz' = dz' at U (for i in {1,...,n—1}). There exists
locally, in a neighborhood of x =0, a C* solution u;jfkb to

AP ut = e HO(h™) (2.4.5)
tu™ = 0 on 9Q (2.4.6)
td} ud™ = 0 on 09, (2.4.7)
where u;j’kb has the form:
ut = a(:r;,h)e*%,

with a(z,h) ~ Z a*(x)h* and a°(0) = dax* A - A daP™t A da™ .
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2.5 First boundary conditions in the Dirichlet case
Writing
a(z,h) = ar(x, h) de’ = ap(z, h)de" + ap, (x, h)dz™
the first boundary condition is equivalent to:
VkeN,VI' € T', a¥(2/,0) = 0. (2.5.1)

This paragraph specifies some consequences of these conditions.

2.5.1 About £+ L*

The next relation is obviously satisfied

Lyve — Lyg + Lyy+ Ly = —2Lge + Lyr+a) + L(110)
and using again Proposition A.2.3, write:
LG pre) + Lysre) = Ra,
where R4 is a 0-th order differential operator.

Writing Ry = R +RY, we deduce from Remark A.2.2 (since afda’ = af dz'
on the boundary),

t (Ra(akda")) = af (2/,0)RY (da’) = ¢, (2, 0)dz"”
n(Ri(ahde’)) = o (' O)R(da™),

where the £/,’s are algebraically C>(92)-linear combinations of the af s (for

I, in Z,,) which do not depend on the a¥,’s (for I’ in 7).

Moreover, f+® satisfies here the assumptions of Corollary A.2.5 (from (2.4.1)-
(2.4.4)), then R is given on the boundary, in the coordinates (2, z"), by:

0 (p)

Ri(e',0) = R (@) 0 — k(') Id,
0 0 o)

where §, k are C* functions which satisfy §(0) = 0,
r(0) = Tr (Hess (f‘aﬂ +¢)(0)), and

RY(0) = 2 (Hess (f|pq +©)(0)) .
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2.5.2 Expression of the codifferential d*

In order to make a study similar to the one done in Section 2.2 for the Neu-
mann case, we need to work with d* and then, to have a handy expression of
this operator.

Set, for a differential form w, in the coordinate system (z’,z™)
Vi=V,, ajw= dr* Aw, and aw = iy,iw .

Then d and d* write (see [CFKS]| pp. 238-247):

n

d = iafvi:—Z(Vi)*af, (2.5.2)
=1

i=1
&= =) aV;. (2.5.3)
i=1
Recall the characteristic relations:
Vi,j€{l,...,n}, ajaj+aja; = 0, (2.5.4)
a;a; + a;a; = 0, (255)
aja; +aa; = ¢". (2.5.6)

Denoting by 0; the operator defined by components with differentiation in a
fixed coordinate system,

awI
& d I = —d I
(wrdzx') 5t
V,; writes (see [CFKS] pp. 238-247)
Vi=0;—> Tgimaja,, (2.5.7)

j?l7m

where the F{, are the Christoffel symbols.
Then d* writes:

d" = — E a;0; + g I gimasara,
7 3,5,L,m
— E E J * * E J *
= — az-(()i + Filgjm (aial + ey az-) A, — I‘Z.lgjmal Q; Ay,
i i7j7l7m i7j7l7m
= - § :aiai + E : Lagimg” am — § Lhgimay aian, . (2.5.8)
i i7j7l7m i7j7l7m
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2.5.3 Results

Proposition 2.5.1. Using the notations of Appendix A.1 and Section 2.5.1,
the next relations are satisfied for all k in N, when (2.5.1) is fulfilled:

ak !
6((-2L50 + Ra)a") = 2 (GHL% + (u(',0)) da
n ((—2L% + Ra)a*) = (2Lgg ® Id+RE,,)a} da'™ — 222 da™ A d*a®

where the (s are algebraically C>(0Q)-linear combinations of the af ’s (for
I, in I,,) which do not depend on the a¥,’s (for I' in I') and RY,, is a 0-th
order differential operator given on the boundary by the next matriz, in the
coordinates (z',z"):

0 (p)
T’ :
Rbil(a',0) = Rei() 0 — ko) Id,
0 0 &)

where §(0) = 0,
Ko(0) =Tr (Hess (f‘asz — go)(O)) ,

and

R (0) = 2 (Hess (f,,)(0)) -
Proposition 2.5.2. Assume (2.5.1) for k in N. The p-form

0o

Eyn dax" A d*a”

is then mormal and the next equivalence is locally valid on the boundary 0S):

od
—dx" ANd*d* =0 td*d" =0.
ox™

Proof. Write indeed on the boundary 0f2:

P lii} P
8—dx” ANda® = 8—dx” And‘a® + 8—dx" A td*a*
ox™ oz ox™
P
= 0+ a—dm" A td*a
oz
0D ,
= daz"™ A (d*a®)pda’
0D ,
= (—1)1’_1%(d*ak)pdxl Adz" .
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Moreover, using

of 0P
a—n(U) = —%(U) >0,
% is locally negative on the boundary which leads to the result.

Lemma 2.5.3. Under (2.5.1), the next relations are satisfied for k in N:

n((Lyg — Log)a) = 2da™ AdrdF,
ak re !
6((Los = Log)dt) = (~5HE% +0n(.0)) o’

where the {1 ’s are algebraically C*(O)-linear combinations of the ak s (for
I, in I,,) which do not depend on the a¥,’s (for I' in T,,).

Proof. Owing to (1.2.5) and to the Cartan formula (1.2.8), write in the co-
ordinates (z,2") (the function ® is defined in Appendix A.1):

(Lop — L) a" = d*(d® A a") +dD A diab + d*(dD A d¥) + dP A d*a
0P 0o

= d(5da" A a*) + S A d*a"

+ d*((dr® — d®) A a¥) + (dr® — dD) Ad*a®.  (2.5.9)
The second term g%dx” Ad*a® of the r.h.s. of (2.5.9) is normal according to
Proposition 2.5.2. 5 .
Moreover, since dr® = d® on the boundary, the term (dr® — d®) A d*a* of
the r.h.s. also equals 0 on 0f2.
Hence, write on 0€:

0P
* * k n * _k
(qu:, - LV‘E) a - _@xn d:E /\ d a

+ d*(%dm“ A ") + d*((dp® — dd) A a¥)(2.5.10)

Study in a first time the term d*(2%da™ A o). Writing
af = abdx! = ok da” + al;ndxln )

we deduce (in Q):

0P /
—da" Na* = ——adfda" A da”

oz ox™
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and, applying d* to this last relation (see (2.5.8)), we obtain on df) (remember
that a¥ = 0 on 09)

0P
d(%dx Aab) = —z:aZ ; al,d:v Adz!)

+ Z I, 9img lam(%al}, dz" Az ) — Z I, gima; aiam(%a'}dx A da™)

i7,l,m ijlm
= —g a,;0; al,dx Adz") +0

—i aq) @all
V;L’"a 8 n
0P dak,

= s dz” (2.5.11)

da" A dx”

(we used at the last line the fact that G is block diagonal with g™ = 1).
Look now at the third term of the r.h.s. of (2.5.10) and write:

Ox! Ox!
n—1

= : Z aiakdx’ A dx’
i=1

where, for ¢ in {1,...,n — 1},

n—1
(dp® — dd) A abdz! = Z (8(1) (x) 0(? (o, 0)) akdz® A da’
=1

. — —_ /

0% ori (l’) oxt (:C 7()) :

Hence, for j in {1,...,n — 1}, a; satisfies (see (A.1.5)):
Vie{l,...,n—1} ,a;(z',0) = 0.

We obtain consequently on 0{)(see again (2.5.8)),
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d*((dr® — dP) A abda’)( = —Zaza Zaj e A da!

< Z legjmg Ay — Z legjmal azam> Z ajar dl‘j A dxl

i,5,0,m i,4,l,m
n—1
= — g a;0; E aja];dx]/\dxl
i j=1

n—1

0 .
= —a, Z %(aja’})dxj A da”
=1

where we used «a;(2’,0) = 0 at the two last lines.
Now, since g™ = ¢ =0 for ¢ in {1,...,n — 1}, write for all I’ € 7"

! . !
a,dr’ =igmdz! =0.

It implies:

d*((dp® — d®) A abdz!)(2/,0) = Z a]al )dz? A da’
= Z ajal Yda? A da'™

oz]al )da? A da M

g

= (-1
7=1
= = l(2,0)da", (2.5.12)

p O
ar,

a—(x 0)dz? A da™\t

where the £;’s are algebraically C°(9Q)-linear combinations of the af s (for
I, in Z,,) which do not depend on the a¥’s (for I’ in Z).

Combining (2.5.10), (2.5.11), and (2.5.12) leads to the result announced in
Lemma 2.5.3.
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Proof of Proposition 2.5.1.
Having in mind Lemma 2.5.3, look at the term —2L0 - + Ra.
Again by Proposition A.2.3, write:

2L = 2Lgs + Ry
— 2Lys ® [d+Rs + Re

where R = RE+RY and Rg = RI+RY are 0-th order differential operators
which satisfy, for i € {5,6} (since afda’ = af dz' on the boundary):

t(Ri(a’}de)) = a]fn(x’,O)RfV(de") :l@/,(x/,O)dxF
n (Ri(ajdz’)) = af («/,0)RT (dz™),

where the £, (2, 0)’s are algebraically C>(9€2)-linear combinations of the af s
(for I,, in Z,,) which do not depend on the a%’s (for I’ in Z').

Moreover, since ® satisfies the assumptions of Corollary A.2.5, RE and RY
are given on the boundary, in the coordinates (2’, z™), by:

(p) (p)

0 0
T : T :

RY = Koo S 1d and R = A
0 00 0 00

where
c(0) = —27T7 (Hess (&)\m)(())) — 277 (Hess ()(0))

and RI", RE write at 0:
RY'(0) = —4 (Hess (¢)(0)) and R (0) = 2 (Hess () (0))

Set Rpir = R4+ Rs + R and Zﬁ,”) = [7’1, + Z?ﬁ + !7?: for I’ in 7'. Rp;, is a 0-th
order differential operator which satisfies

and

{ t (Row(ajdz")) = af (¢/,0)Rpy;, (do') = [79)(95’, 0)dz" (2.5.14)

n (Roi(ajda’)) = af (2/,0)Rp; (dx')
where the gg:/z),s are algebraically C*°(0€2)-linear combinations of the af ’s (for

I, in Z,,) which do not depend on the a¥,’s (for I’ in 7).
Moreover, RE. is given on the boundary, in the coordinates (2, 2"), by:
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RE (+/,0) = R (', 0) : ———s
0 .0 &)
where §(0) = 0,
k2(0) = £(0) +¢(0) = Tr (Hess (f,, +¢)(0)) — 2Tr (Hess (¢)(0))
= Tr (Hess (f|,, — ©)(0)) ,

and

Rbx(0) = RI(0)+RE(0) + Re(0)
= 2 (Hess (f],, +¢)(0)) — 2 (Hess ()(0))
= 2(Hess (f‘(.m)(O)) )

Look now at the term 2Ly4 ® Id. By the Cartan formula (1.2.8),
(2Loy @ Id)a* = daki(V®)da! + daf (VO)da'

and, using the boundary conditions satisfied by the a¥’s (for I in Z) and the
fact that V@ is a tangential vector field, we obtain:

k - aal;n = I
(2Lgs ® Id)a" = Y o (V®)ida"

=1
= 2Ly ® Ida} dz™. (2.5.15)
Set {p = —g]/ + %Eﬁf’) and write
(—2Lg + Rs) " = =2 (Lyq — L) a + (—2LL5 + Rs) d*.

Using (2.5.13), (2.5.14), (2.5.15), Proposition 2.5.1 is then a direct conse-
quence of Lemma 2.5.3.

28



2.6 Proof of Theorem 2.4.1

Although the calculations are different, the scheme of the proof is the same
as for Theorem 2.1.1. Consider first a WKB-approximation for

(AP} — B(h)yu™ = e~ O(h™) (2.6.1)

p

with E(h) = O(h?) and the boundary conditions (2.4.6)(2.4.7).

From . .
VkEN, dj,(enad") =en [hd*d" +iv(prea’] ,

where a* is a normal form and V(f + ®) is a tangential vectorfield (due to

(2.4.6) and (2.4.3)), the second boundary condition corresponds to
t(d*a®) =0. (2.6.2)

Recall now, using the notations of Appendix A.2.2 and Section 2.5.1, the
next relation,

= R*(d+d)* + h(2Lye ® [d+R)
R*(d + d*)* + h(—2L%4 + Ry) .

By looking for E(h) ~ Y72 h*"1E}, the interior equation (2.6.1) reads, like
in Section 2.3,

hid
h

e (Agp — E(h))e % = h2[(d + d*)? — h 2E(R)] + h [2Lve ® Id+R)] .

Hence, like in Section 2.3, the construction of an interior WKB solution in €2
is standard as an inductive Cauchy problem, once the a*’s are known on 052
(since the non characteristic Cauchy problems

k
2Lve ® Id+R]a* = —(d+d*)’a* ' + > Eua*™ in Q. (2.6.3)
/=1

are solved by induction with the convention a_; = 0)

and the problem is reduced to the solving of the system made of the boundary
conditions (2.5.1), (2.6.2) and of the compatibility equation (see Section 2.5.1
for the meaning of the notations):

k
[—2L%4 + Rala* = —(d + d*)’a*" + > Ea"™" on 0Q. (2.6.4)

(=1
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Owing to Propositions 2.5.1 and 2.5.2 (with the notations of Section 2.5.3)
and to (2.4.3), the system (2.6.4), (2.5.1), (2.6.2) is equivalent to the differ-
ential system on 0€:

—n(d + d*)?d" ! + Z B = (2Log ® Id+RY,)ak dz' (2.6.5)
/=1

Of ddf,

on Oz

—t(d + d*)%a" — 200 (2, 0)da’
(25.1) + (2.6.2),

dz!’ (2.6.6)

where the (;/’s are algebraically Coo((?Q) linear combinations of the af ’s (for
I, in Z,,) which do not depend on the a’s (for I' in T').

Moreover, since dz' = dx* (for i € {1,...,n —1}) at the point U, thanks
to Corollary A.2.5, (2.1.5)-(2.1.6), and according to [HeSj4] pp. 271-274,
RE. (0) restricted to normal forms is symmetric with the one dimensional
kernel Rdz! A - -+ A daP™ A da”™.

Since a% ¥ da' is normal and 2Ly ® Id only differentiates tangentially the
af s
n—1 aa]; ~
ince (2Lgg ® [d)al de™ = 2 (V®),da’ ),
(since (2Lgs & T do' = 3 G (VE)da™ )
(2.6.5) can be rewritten as a tangential system which can be solved according
to the analysis of the boundaryless case done in [HeSj4].
Here are the details:

Owing to Proposition 2.5.2, the complete system becomes equivalent to

(2Lye ® Id +RDH>aI da'=—n(d + d*)?a*" + 32,7 Ewa"~*+ Era® on 90
(2Lye ® Id+R)a* = —(d + d*)?a*? on Q
VI/EI/, a[/|aQEO.

The first line is again a degenerate matricial transport equation which can
be solved according to [HeSj4][Hel2]:

For k = 0, take a°(0) = dz' A---AdzP~t Ada™ € Ker (RL, (0)) and for k > 0
choose FEj, so that the compatibility condition

—n(d + d*)%d"Y( —i—ZEgak £(0) + Exa®(0) € ( Ker (R5,(0)))"

is satisfied. Thus, at every step & € N, the first and the third line of the
previous system fully determine the Cauchy data a*(2’,0) and the number
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E).. The second line solves the interior problem with these Cauchy data and
contains, with the two other lines, thanks to Proposition 2.5.2, the second
trace condition (2.6.2).

Checking E(h) = O(h*) is then identical to the end of the proof of Theorem
2.1.1 done in Section 2.3 after choosing a cut-off function y which satisfies
Vx = Vrx on the boundary 0f2. ]

A Computations in local adapted coordinate
systems

We work here in a local adapted coordinate system (z/,2") around U € 95}
in order to apply indifferently the results of this section to the Neumann and
Dirichlet cases.

A.1 A modified Agmon distance

Define ® around U in the coordinates (', ™) by

Vo = (2 2"), (2!, 2") = ®(a',0), (A.1.1)

and note the next relation satisfied for all x around U, in the coordinates
(z',2™), due to the form of GZ' (see Remark 1.3.3):

{ dd(x) = dpd(v) + 22 (2)da" = drd(x)
Vo(z) = Vrd(z) + 22 (2);% = Vrd(z)

For a vector (or a vector field) X = 7" | X;5%, making the identification
Xy

X = ;

Xn

the tangential part X7 (resp. the normal part Xy ) of X is defined as:

X, 0
X7 = : resp. Xy = : .
T X, . ( p N 0 )
0 X,
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define Ap(z) and Ay(z) by:

Similarly, for a (n, n)-matrix A(z) = (a;;(x)):;,
0 Q1n
Ar = A : and Ay = [0]
0 An—1n
ap1 "+ OGpp-1 0

0 --- 0 ay,
Recall moreover that, for a vector (or a vector field) X and a C* function 1,

the identification (V| X) = dy(X) leads to:

Vi = Gy

Hence, due to the form of Gy' (see Remark 1.3.3), the next relations are

indeed satisfied:
o
Ox!
(Ve)r = V¢ =Gg' o
Ozn—1
0
and
0
o0 :
(Vi) = 8x"8x”_GO 0
oY
oz

In the Neumann case, we are going to compare Ly¢ and Ly and the next

relations could be convenient:

5 (x) — 55(2',0)
Ve -Vd = G : (A.1.2)
’ aifil(x)'_’aifgl(lyvo)
2 (x)
and
9 () — 2% («,0)
Vid -V = Gp : (A.1.3)
aifil(x)'_ 3£§il<1¥70)
0



At least, we are going to compare Lgq and L3 ; in the Dirichlet case and the
next relations could also be convenient:

n—1
- od od . 0D
¢ —dd = . — — (2 e — "(A.14
dd —d ;:1 (axZ (x) e (x ,0)) dz' + pp (x)dz" ( )
and
n—1
~ ) d .
dr® —dd = E (gxl (x) — gxl (2, O)) dx". (A.1.5)

=1

A.2 About L+ L*
A.2.1 For a general C* function h

In this subsection, we give similar results to those done in [HeSj4] Ap-
pendix A.

Take h a C* function from  on R and write:
Vh = Zn:(Vh)zi .
— oz’

According to [HeSj4], give the next algebraic definition:

Definition A.2.1. For a Euclidean space (E,{-|-)) and A € L(E), AP
and T'P)(A) denote respectively the linear application A®) € L(APE) and the
application TP (A) = A® - ® A:

AP (W A Awp) = (A A= Awp) + -+ (Wi A--- A Awy)
and
TO(A) (Wi A Awy) = (Aw) A A (Awy) .

(with the obvious convention A®) =0 and IO (A) =1).

Remark A.2.2. Under the canonical identification A'E = E, note that
AW = A. Moreover, if A* denotes the adjoint of A according to the scalar
product on E, the adjoint of AP is simply (AP)* = (A*)®) =: AP)* (recall
that APE is a Euclidean space with the scalar product (-|-),:

(Wi A Ay L A A )y = det (gl 1)), ).
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Remark that for a p-form afda! = a%dz” + af dz', with the notations of
Appendix A.1, AP = Ag?) + A%) and:

¢ (A(p)(all;‘dxl)) _ alf,(x',O)Ag?)(de/) + a’[fn(l'/’ O)A%)(dxln)
n (AP (ahdal)) = db (2/,0)AP (dz) + (', 0) A (da).

Moreover, for any 0-th order differential operator A on the form A = A® 4
W Id, where 1) is a C* function, we will denote by A" and A" the next 0-th
order differential operators:

AT = AP 4 pId and AN =AY

(notice that A” (resp. AY) coincides with Ag? ) (resp. Ag\’;)) if » = 0).
Furthermore, our aim is to work with tangential forms in the Neumann case
(i.e. akdr! = a¥dz! on 0Q) and with normal forms in the Dirichlet case (i.e.
afde’ = af dz' on 0%). Hence, for any tangential form in the Neumann
case (resp. for any normal form in the Dirichlet case), write:

t (A(akdz’)) = af (2, 0) AP (dz"") + (2, 0)ak, (2, 0)da”
= t (A" (afdz"))

(A.2.1)
n (A(akde’)) = k(2,008 (da’) = n (AN (ahdz"))
(resp.
t (A(akda?)) = af (f,0)AY (dz") = t (AN (akda"))
).(A.2.2)

n (A(afdz’)) = af (¢, O)Ag,?)(dxln) + (a’,0)af («/,0)dz"™
= n (A" (dkdz’))

The end of this section is devoted to the proof of the next proposition:

Proposition A.2.3. In the coordinates (x',z"), the next equalities are sat-
isfied:

Ly = Ly, ® Id+Ry,
Lyn + ‘C*Vh =Rp+ RZ - (Z?:l (a(avm}ib)i + %(Vmi%)) Id
~ T (VR)(Co "),
where (Lyy, @ Id)akdz’ = (Lyn(ak))dx!, Ry, is the 0-th differential operator

given by the matrix:
avh;\"Y
Ru(x) = S = AP
h(x) ( Oxt )ijj h >
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ozt ox?

) -1 _

and <M>‘ S GOB[GO L are viewed as endomorphisms of TxC). Moreover,
7/7]

R, s giwen by the matrix:

P = AP = (GG H®)

Remark A.2.4. From the computations done in Appendiz A.1, write
(Vh), = 2 Moreover, due to the form of G&*, note that

 Oxn

. alG; "
Ry + R — Z(Vh)i(Go%

i=1

)(p)

15 given by the matriz:

(»)

) 71/ .
A+ GGt = XL (VR)iGy 8[221' ] (8312&1)1 1 TG <8(;Z)Z)i 1
B(Vh),; 2h v O2h
( 8xn]>1j + (6x”61j>1j GO a(x)?

Corollary A.2.5. In the coordinates (x',z"), assume that the function h
admits a critical point at 0, that % = 0 on the boundary 0X), and that
9%h
8(33”)2

(0) = 0. Then the next relations are true:

(»)

Ri(0) = RL(0) = Hess (h]0)(0)

and

(Lvon + LG,) (0) = 2R, (0) — Tr (Hess (h,,)(0)) Id .

Proof. Since (2/,z™) are local adapted coordinates around U = 0 and 0 is a
critical point of h, note first that for all 4 in {1,... ,n},

“. . Oh  Oh
A O(Jz[*).

j=1

(Vh); =

This implies

= (Hess (h))? + O(|z|)

o(h), ) ®)
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and in particular at 0, since 2% = 0 on the boundary and %(0) = 0:

=
0 (p)
Ru(0) = Hess (h‘ag)(())
0 . 0
Moreover, we deduce from G§'(0) = [, and the symmetry of Hess (h| 20)(0),
R;(0) = Rn(0) .

At least, we obtain from %(O) =0,

— (Z 8(;?)2) Id=—-Tr (Hess (h’aQ)(O)) at 0,

i=1

which leads to the end of the proof, using that for all 7 in {1,...,n},

(Vh);(0) = 2£(0) = 0. 1

Proof of Proposition A.2.3.

The first equality is proved in [HeSj4] pp. 334-336. There is also a proof of
the second equality in [HeSj4] but we need to be more precise here.

From the first equality, deduce:

vn = (Lvn @ 1d)" + R, .
Remarking that the scalar product of two p-forms w and 7 is given by
W[ Mg = (@|TP(Gy ). ,
where g, is the Euclidean metric Y | d(z*)?, we obtain
Rj, = TP (Go)(An) TP (G ) = (GodnGy )P

Look now at the term (Lyy, ® Id)*.

Take first two p-forms aw and n where «, 5 are C3°(Q2, R) functions, and w,
n are two p-forms dz! and dz”/. Denoting by V, (dz) the normalized volume
form, Vi, (dx) satisfies:

Vo (dx) = (det Go(x))%dxl A ANda" = v(x)dzt Ao Ada
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Hence we deduce:
<va | (’CVh (%9 [d)*ﬁn>go = <£Vh<a)w | 77>90

— [ (Con@)B )i det Go(w)
Using now the Cartan formula (1.2.8), Lyi(a) = da(Vh)

8), Lyn(a) = = 21 5 (Vh);
and we obtain:

1 - Oa
J(Een@)3ew (et Go(o) s = [ (Z axxwm) (@ | Moy d

n

_ /az ai F((VR)iB{w [m)goayv) da

=1

Moreover, write:

ai ai((Vh)iﬁ<w|77>go(:ﬁ)V)dx =— Oézn: Mﬁ(ﬂmgo(zw dx
/ Ox / ( Ox
/ Z(Vh 50t @ Moy )dx —/ai(w (W MoV )da;

[ o3 (13 o)
- f o3 (2 )t

- [ atCan @) v —/ai(w )i
-/ o> (Wfl)zﬂ(w | 77>go(x)%)dx

Noting that for all ¢ in {1,...,n},

0 oGyt oGyt
oG- = (Y50 e N (O 20 G 0
e (Gyh) (axz RGy ® -Gy )+ +(Gy @ -0G;, ® ax%)

_ 80_1
= F(p)(Gol)(Go [ﬁxl ])(p)
we deduce for all 7 in {1,...,n},

|Gyt
A0 Ly e

0
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Consequently,

(Lyp®Id)" = —Lyp®@Id— (i (8<Vh>i + (Vh); ov >) 1d

: oxt v Oxt
=1

- S 2w,

which leads to the second result of Proposition A.2.3.

A.2.2  Application to Lye — Lyg + Lvy + LG,
Write first

Ly — Ly + Lyy + L*Vf = 2Lve + Ly(f-a) + E*V(f—cb) .
By Proposition A.2.3, we deduce the next relation:
LY(r—a) + Lv(s-2) = R1,

where R is a 0-th order differential operator.
Furthermore, using now the first equality of Proposition A.2.3,

2Lye = 2Ly ® Id+Ry,

where R, is a 0-th differential operator too.

Consequently, setting R = R1 + R, we obtain the following relation:
Lyvo — Lyo + Lys + Ly =2Lve @ Id+R,

where R is a 0-th order differential operator.

Acknowledgement: The author would like to thank F. Nier and T. Jecko
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