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Clifford algebras bundles to multidimensional
image segmentation

Thomas Batard and Michel Berthier

Abstract. We present a new theoretical framework for multidimensional image
processing using Clifford algebras. The aim of the paper is to detect edges by
computing the first fundamental form of a surface associated to an image.
We propose to construct this metric in the Clifford bundles setting. A nD
image, i.e. an image of dimension n, is considered as a section of a trivial
Clifford bundle (CT(D), 7, D) over the domain D of the image and with fiber
CI(R™,]||l2)- Due to the triviality, any connection V1 on the given bundle is
the sum of the trivial connection Vo with w, a 1-form on D with values in
End(CT(D)). We show that varying w and derivating well-chosen sections
with respect to Vi provides all the information needed to perform various
kind of segmentation. We present several illustrations of our results, dealing
with color (n=3) and color/infrared (n=4) images. As an example, let us
mention the problem of detecting regions of a given color with constraints
on temperature; the segmentation results from the computation of Vi (I) =
Vo(I) + (dx+ dy) ® p1I, where I is the image section and p is a vector section
coding the given color.

Mathematics Subject Classification (2000). 68U10, 55R10, 15A66, 53C05.

Keywords. Image processing, Clifford bundles, Covariant derivatives, Geomet-
ric algebra.

1. Introduction

Clifford (Kéhler-Atiyah [6]) algebras are widely used in computer sciences for sev-
eral reasons (see [13] for examples of applications). In this paper, we will take
advantage of the following two facts:

1. As it is well known, Clifford algebras provide a particulary efficient framework
to make computations without coordinates [7]. We use in the sequel inner, wedge
and geometric products as well as the related geometric interpretations of these
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operations. More precisely, the acquisition space of the image, i.e. the space where
the image gets its values, is embedded into a Clifford algebra. We measure the
local variations of the values of the pixels, seen as integer coordinates points of the
domain D of the image, using geometric information and transformations. We get
in this way the metric data of the image surface needed for the edge detection. It
appears to be an asset that we can take into account variations of the metric by
introducing Clifford bundles.

2. A Clifford algebra contains elements of different degrees (scalar, vectors, bivec-
tors, ..., pseudoscalar). This allows to combine information of different nature
in a single multivector to have a global and concise treatment of the used data.
For example, when computing the covariant derivative V1(S), for S a section of
a Clifford bundle over D, we obtain a 1-form on D that may be decomposed as a
sum of 1-forms with values in the parts of degree k, for k = 1,--- ,n, of the total
space of the bundle, each part coding a particular information.

The aim of the paper is to generalize a method of edge detection based on the
definition of an image as 2-dimensional surface, in the Clifford bundles framework.
As we will see Section 2.1, edges detected by such a method depend completely
on the first fundamental form of the surface, i.e the metric induced by the metric
of the ambient space. Let us cite some works where images are defined as sur-
faces with the metric of the ambient space varying with the point. [8] and [1] both
propose application to color edge detection. The first deals with hyperbolic coordi-
nates and a corresponding metric, whereas we deal in the second with luminance,
saturation and hue components (see Section 2.2). In [8], edge detection arises from
a diffusion process whereas in [1], edge detection arises from a local definition of
edges [11]. Note that in [1], we already proposed to detect only specific edges,
and to construct first fundamental forms using Clifford bundles formalism with
applications to color and color/infrared images. We also mentioned extensions to
nD images, but did not propose there explicit methods.

All the applications we present in this paper follow the same schema: First, we
consider appropriate connection Vi and section S relative to a trivial Clifford
bundle over D. A metric generating a new Clifford bundle over D is constructed
using the parts of degree # 1 of V1(S). Roughly speaking, this metric corresponds
to the metric of the ambient space of the surface. Then, a 1-form with values in
this new bundle is built from the part of degree 1 of V1(5). At last, by a tensor
product over a well-chosen ring, we associate to this 1-form a symmetric tensor of
rank 2 with values in the scalar part of the bundle. It measures variations of S with
respect to the metric of the new bundle. Identifying the ring R and its injection
into Clifford algebras, this tensor can be assimilated as the first fundamental form
of a surface.

The paper is organized as follows. Section 2 is devoted to first, remind the method
of edge detection on color images we propose to extend, then to give some basic
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results on color and color/infrared spaces when embedded into Clifford algebras.
In Section 3, we detail the global framework we propose for nD image edge detec-
tion. It contains the construction of the trivial Clifford bundle wherein a multidi-
mensional image is represented as a section and the construction of a connection
compatible with the Clifford product. Moreover, we develop a general method to
construct first fundamental forms of 2-dimensional surfaces from the information
given by V1(S). In Section 4, we apply the method of Section 3 to color and
color/infrared images. We present several illustrations due to particular choices of
the connection V4 and the section S.

2. Preliminaries

2.1. Multidimensional image edge detection using metrics of surfaces

A usual method of edge detection on color images is to consider a color image, of
components (7, g, b) (see Section 2.2) defined on a subset D of R? as a 2-dimensional
surface S parametrized by

o (z,y) = (z,y,7(2,9),9(x, y), b(x,y))

embedded into (R, ||||2). The euclidean metric of the embedding space R® induces
a metric on S called the first fundamental form of S, which takes the following
form

dS? = dx® + dy* + dr? + dg® + db* (1)

Then, color variations on the image are assimilated to tangent vectors of S and a
measure of these variations is given by dS2. The rest of the method is devoted to
select the strongest local variations, called edges.

More precisely, let I(q) be the matrix representation of the metric dS? at ¢ = ¢(p)
in the coordinates system given by (d,¢(1,0),d,¢(0,1)). Let 64 (¢) and 6_(q),
0+(q) > 0_(q), be the two eigenvalues of I(¢q) and O (q), ©_(q) the corresponding
eigenvectors. The edge measure is then given by

@(q) = 0+(q) —0-(q) (2)

and we say that p € D is an edge point if the function w has a local maximum at
©(p) in the direction given by ©4 (¢(p)).

We propose to generalize this method in two-folds. First, by considering images of
higher dimension, that are represented in this context by 2-dimensional surfaces
embedded in higher dimensional spaces. For example, a color/infrared image is
represented by a 2-dimensional surface embedded into R®. Secondly, by consider-
ing embedding spaces equipped with metrics varying with the point, so that to
detect only specific edges on the image.
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2.2. Color and color/infrared spaces as subsets of Clifford algebras

There are many ways to represent the set of colors i.e. there are many color spaces.
The standard color space, based on the physical properties of the human vision is
RGB (red, green, blue). Each color is identified by its red, green and blue levels,
which are generally encoded by integers from 0 to 255. The RG B space is geomet-
rically represented by a cube.

In the seminal papers [9] and [10], Sangwine & al. propose to embed RGB into
the space of imaginary quaternions Hjy by

(r,g,b) — ri+ gj + bk

so that to compute geometric transformations on colors, as rotations, using only
the addition and product laws of the algebra of quaternions H. As a consequence,
applying such transformations on some pixels of a color image, seen as a H-valued
function
D — H
foo(zy) — r(zy)i+gz,y)j+bzyk

the authors define new kinds of color image segmentation, as chrominance (see
later) edge detection.

Such results may be recovered by embedding RGB into the vector part of the
Clifford algebra CI(R?, Q) associated to R? equipped with an euclidean quadratic
form Q.

(rvgv b) — rep + ge2 + b63

Using this last framework presents two assets comparing to quaternions. First,
as CI(R3,Q) is of dimension 8 and H is of dimension 4, the former may carry
more information about colors. Moreover, as one can associate a Clifford algebra
to a vector space of any dimension, it is possible to deal with nD images: The
acquisition space of a nD image is embedded, as before, into the vector part of
CIl(R™, Q) where @ is an euclidean quadratic form. In particular, for color/infrared
images, we embed RGBT into CI(R*, Q), where T stands for temperature, by the
following map

(r,g,b,t) = re1 + gea + bes + tey

There exist other color spaces based on the perceptual properties of the human
vision and parametrized by luminance (or intensity), saturation and hue. Let us
mention the HSL color spaces represented by a double cone. Such color spaces are
called perceptual since effects of variations of each one of the components can be
interpreted. In particular, the hue corresponds to the usual notion of color, i.e. we
distinguish red, yellow, green, blue, purple...hues. We refer to [3] for more details.

Beside RGB color space we consider the HSL color space defined as follows.
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We set first
Y 1/3 1/3 1/3 r
C1 = 1 -1/2  =1/2 g
Cs 0 —V3/2 V3/2 b

Then the luminance [, the saturation s and the hue h are respectively given by

=Y

s=1/C?+C3

b arccos(Ca/s) if Cy >0
| 2w — arccos(Cz/s) otherwise

Note that the hue is an angular information. At the end of this part, we will see
another representation of hues.

We can compute h from r,¢g and b in the setting of the Clifford algebra Rz
as follows. Let a = re; + gea + beg € R3 o be a color, and let h(a) denote its hue.
The vector a may be decomposed into its projection on the achromatic axis, gen-
erated by the unit vector (e; + ez +e3)/3 and its rejection v(a), which corresponds
obviously to the projection on the plane generated by the dual of (e; +e2 +e3)/3,
called the chrominance plane. The vector v(a) is called the chrominance vector of
the color a. Simple computations show that

h(a) = 27 + sign(g(a) — b(a)) arccos (% . p(a))

with p(a) the unit chrominance vector corresponding to colors colinear to e; and
h(a) defined modulo 27. In other words, h(a) is the oriented angle from p(a) to
v(a). To conclude this part, let us explain how to define the hue using bivectors.

Proposition Let T" be the set of bivectors
T={(es+e+e3) Na, « € RGB}
with the following equivalence relation:
B~(C <= B=XC forA>0

Then, there is a bijection between T/ ~ and the set of hues.

Proof. We have
(e1 +ea+e3) ANa=(e1 +e2+e3)v,

where v, is the projection of a on the chrominance. Then, there is a bijection
between T'/ ~ and the set (e; + e2 + e3) v for v a unit vector in the chrominance
plane. This latter being in bijection with the set of different hues, we conclude
that there exists a bijection between T/ ~ and the set of hues. g
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As complementary hues are given by opposite chrominance axis, they generate
opposite bivectors.

Figure 1.! shows the representation of the set of colors having the same hue in
RGB color space, for h = 330°,0°, 30°.

Hue = 330 degrees Hue = 0 degrees

FIGURE 1. (a) colors of hue 330°- (b) colors of hue 0°- (c) colors
of hue 30°

3. A general method to multidimensional image edge detection

3.1. A family § = {G,,n € N} of Clifford bundles

The aim of this subsection is to describe the family of Clifford bundles we consider
to perform the edge detection. As before D denotes the domain of the image. To
each point p € D, we associate a vector space E, of dimension n endowed with a
definite positive quadratic form g(p) such that in the basis (e1(p), e2(p), - - ., en(p))

I This picture was found at the address http://gug.sunsite.dk.
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of E,, g(p) takes the following form

gi(p) 0 0 eeeen. 0

0 ga(p) 0 eeee.. 0

gp)=1| 0 0 :
0 0 e 0 gn.(p)

Let E be the disjoint union of E, for pin D, and 7 : E — D that maps v € E, to
p. We construct a trivial Riemannian vector bundle of rank n (E,w, D) as follows.
Let ¢ be the bijection

x (R™, [ l2) — E
e e1(p) e2(p) en(p)
(p ) (u1;u27 7un)) — \/g ® +u \/ ) +. +Unm

where for a fixed p, ¢ : (R™,|||l2) — Ep is an isometry from the euclidean space
R" to E,. We define a topology on E by stating that U € E is open iff o= 1(U) is
open in D x (R™, || ||2). This topology makes ¢ an homeomorphism and E a man-
ifold with o~ ! as global chart. Consequently, ¢ is a diffeomorphism and therefore
(E,m, D) is a trivial Riemannian vector bundle of rank n having ¢ as global trivi-
alization. We denote F,, the family of bundles (E,w, D) of rank n obtained in this
way.

In the trivialization ¢, any section S can be written:

. e1(p) . e2(p) < en(p)
S =)y Ty T e

Each fiber E, endowed with the quadratic form g(p) generates a Clifford alge-
bra Cl(E), ( )). In particular, the basis (e1(p), e2(p),. .., en(p)) of E, generates
a basis of Cl(Ep, g(p)):

{1(p), e1(p), e2(p), ..., en(p),e1(p)e2(p), ..., e1(p)e2(p) - - -en(p)}

Let us denote CT(D) the disjoint union of CI(E,,g(p)) for p € D, and 7 that
maps v € Cl(E,,g(p)) to p. Then, from (E,, D), we construct a trivial Clifford
bundle (CT'(D),w, D) as follows. Let ¢ be the bijection

D x CIR™, | ]|2) — CT(D)

_ei(p) e1(p)...en(p)

e u, 1 .
(p ) (Uo,ul, y Uy 71)) = o ( )+u /1(p) + + Uyn_,y /g1(p)---gn(p)

where for a fixed p, ¢ : CI(R™, || ||2) — Cl(E,, gp) is an algebra isomorphism. As
previously done, we endow CT'(D) with a topology by stating that U € CT(D) is
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open iff ~1(U) is open in D x CI(R™, || ||2). Then, the bijection @ is an homeomor-
phism, and CT'(D) is a manifold having $~! as global chart. Consequently, @ is a
diffeomorphism. We conclude that (CT'(D),w, D) is a trivial Clifford bundle having
@ as global trivialization. We denote G,, the family of those bundles (CT(D), 7, D).

In the trivialization @, any section S may be written:

(p) e1(p)

S(p) = so(p) L(p) + s1(p Yty () ei(plea(p) - - en(p)

91(p) Va1 ()g2(p) - - gn(p)

Let us mention that (CT(D), 7, D) is, in particular, a trivial vector bundle.

3.2. Algebra connection on (CT(D),7, D)

In what follows, I'(H) denotes the space of C* sections, k > 1, of a vector bundle
of total space H. Let us recall that any connection V on a trivial vector bundle
(H,m, M) takes the form

V=d+w (3)
for some w € T'(T*M ® End(H)) and d being the usual differentiation of functions.
More precisely, let fi, fa, -+, fn be a basis of the fiber of (H, 71, M), and ® be a
global trivialization. Then (®(., f1), ®(., f2), -+, ®(., f»)) defines a global frame,
i.e. for each p € M, (®(p, f1), ®(p, f2), -, ®(p, frn)) is a basis of Hp.
Then, any section u € I'(H) may be written

u="> w®(,fi)
i=1
and

Vu = Zduz (., fi) +uiw(®(., fi))

On a vector bundle (E,w, D) € F, of metric g, we denote Vg the connection where
w = 0 in the trivialization ¢. For s € I'(E), we have therefore

Vo(s) = Z ds;
i=1

€4
Vi
Proposition

Let (CT(D),7, D) € G, generated by (E, 7, D) € &F,,. The connection Vg induces
an algebra connection on (CT(D),7, D), i.e. a connection Vj satisfying

Vo(MN) = Vo(M)N + MV,(N)
for all M and N in I'(CT(D)).
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Proof. First, let us remark that Vg is compatible with the fiber metric, i.e
ng(S, Sl) = g(VOst Sl) + g(s, vOXS/)
for s,s' € I'(E) and X € T'(TD).

Indeed, in the global frame (;;T’ \2%, cee \;;7) induced by ¢, the metric g takes
the form
1 0 0  eee-- 0
0 1 0  eee-- 0
g=1 0 0
0 0 «oven- 0 1
Then, if s =37 | s = and s=3", s \F’ we have

ngss Zd s; 8, +s7ds

=1

and
9(Voys,8") Zd S; S (s,Voys Zszd s

Secondly, the condition for a connection V on a vector bundle equipped with a
metric to be compatible with the fiber metric is in fact a sufficient condition to
construct an algebra connection on the induced Clifford bundle. Indeed, V can be
extended in a unique way to the corresponding tensor algebra bundle by linearity
and Leibniz’s rule, and stating that V(f) = df for f € C*(M) where M is the base
manifold. Then, the compatibility with the fiber metric ensures that V preserves
the ideal genenerated by (x@x—g(x, a:)) [2]. Consequently, V defines a connection
on the quotient that preserves the product in the quotient algebra bundle which

is a Clifford bundle. In our case, this means that Vg induces a connection 60 on
(CT(D),7, D) that satisfies

Voy (MN) = Vo, (M)N + MV, (N)
for all M, N in I'(CT(D)) and X € I'(T'D).

At last, from the fact that I'(T*D @ CT'(D)) may be endowed with a I'(CT(D))-
bimodule structure by the two following maps

D(CTy(D)) x (T D & CTy(D)) — T(T"D & CTy(D))

(4)
b,E®c) — £®be
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I(T*D ® CT»(D)) xI'(CT3(D)) — TI(T*D ® CT>(D))
(5)
®c,b) — £@ch
we have

Vo(MN) = Vo(M)N + MV, (N) O
Let us verify that the algebra connection Vo we have defined on (CT(D),7, D)
corresponds to the connection on (CT'(D), 7, D) with w = 0. For this, we just need
to verify that
60 (Si1i2...ik eil 67;2 LY eik ) = d(si1i2"'ik) ( eil 67;2 e eil"’ )
VYi1 \/Yia v Gix Vi1 v/ Giz v Y

By compatibility of %0 with the Clifford product, the expression
60 (siliz---ik

6i2 €;

€iy L. k )
V gil V gi2 V g7k

can be decomposed into
= € € e e \a ( € Ciy
oo 1) () ¢ s ) )
e Gis Gia Gir. e Gis Gis Gir

67; — 67; ei 67;
= (d(si1i2"-ik:)\/7; + Siyinip Vol gl, ))( gz, gkv )
“ Vv Ju V Yiz2 V' YGiy,

sy (e )
- 21221k
pe Vi1 \/Yio VYix

Therefore, any connection Vy on (CT (D), 7, D) may be written

V1 = %0 +w (6)
for some w € I‘(T*D ® End(CT(D))).

As it is written in the Introduction, an image I is considered as a section of a bun-
dle (CT(D), 7, D) € G,, where n = 3 for color images, and n = 4 for color/infrared
images.

Let I be a color/infrared image. Then, in the global frame induced by the global
trivialization ¢, we have

1) = r(p) 22 oy 2By @) ea(p)

") %) oo P Jaw

where r, g, b, t are respectively red, green, blue and temperature components in the
RGBT color/infrared space.
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3.3. Computing first fundamental forms from connections on Clifford bundles

This is the main part of the paper. We propose a general method to construct first
fundamental forms of 2-dimensional surfaces representing nD images in the setting
of Clifford algebras bundles. This is done in such a way that all the applications
we present in this paper appear as particular cases, the embedding spaces being
RS for color/infrared images and R® for color images.

Let (Ey,m,D) € F, of metric g, and (Fy, 71, D) a subbundle ? of rank m with
global frame (ej,,ej,,...,¢€;,). Following the construction of the previous part,
(E1,7m1, D) generates a Clifford bundle (CTy(D),71,D) € G,. Let V1 and S be
respectively a connection and a section of (CTy(D), 7, D). The 1-form V1(S5)
defined on D with values in CTy (D) may be written

Vi(S) = (Vi(S))o + (V1(9))1 + (Vi(S)a + - -+ (V1(S))an_1

where (V1(5))x denotes the part of V1 (S) of degree k. Strictly speaking, (V1(5))x
is a 1-form on D with values in the part of CTy (D) of degree k.

Next we construct a vector bundle (Ez,me, D) € F,, (m is the rank of the sub-
bundle F7) whose metric h arises from the information given by all the parts of
V1(S) except the one of degree 1. Roughly speaking, this metric corresponds to the
metric of the ambient space of the surface. Then using a vector bundle morphism
and a tensor product over a well-chosen ring, the vector part of V1(S) provides a
way to measure variations of .S with respect to the metric h, which corresponds to
the metric of the surface induced by the metric of its ambient space, i.e. its first
fundamental form.

We now detail the last part of the construction. Let us denote (CTs(D), 72, D)
the Clifford bundle of G, generated by (Fs,ms, D). We define a vector bundle
morphism ¢ from (Eq, 71, D) to (Eq, w2, D) by

A <@L if ei(p) = ej,(p) € Filp)
() ( ei(p) ): Vhi(p)

gi(p)

0 otherwise

This morphism induces a vector bundle morphism ¢ from (CTy(D),7,D) to
(CTy(D), 72, D) defined by

¢ (p) = ¢€ja, (P)

eay (P)eay (P) - eay (P) iz (P) = €5, (P)

it €iq (p)elé (p) T €y (p) ) _ \/hﬂl (P has (P) - hay, (P)

v Vi, ()9i5 (p) -~ 9 (p)

e (P) - €je, (D)

0 otherwise

2The reason why to consider such subbundles will be clarify in Sec. 4 devoted to applications
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From 1;, we construct a vector bundle morphism ¥ from (T*D ® CTy(D), p1, D)
to (T*D @ CT»(D), p2, D) that maps

( €iy (p)elé (p) " Ciy, (p)
\/gn p)Gi>(P) - - 9i\, (p)
to
€iy (p) = o, (p)

€ay (p)eaz (p)---eak (p) if Ciz (p) - Jaz (p)
\/hal(p)hQQ (p)"'hak. () .

n(p) ®

eiy (p) - €ja, (P)

0 otherwise

Let m1 be the vector part of Vi(S). It is important to notice that for all the
applications to be treated in Sec. 4, we may suppose that

n
e
m = Z mi ®
i=1

where for each i, the 1-form 7; is exact, i.e. may be written as the differential df;
of fi € C*(D). We have therefore

- ei(p)
=N "df;
> ) © V) (25)
N el(p)
=2 e ()
Let 12 be the section of (T*D @ CT5(D), p2, D) given by the set U(p)(n:(p)), for

p € D:
Ne = df. ® i
2 ; Ju <\/h_l)

From 79, we aim at constructing a symmetric tensor of rank 2 with values in
CT»(D) that could be interpreted as the first fundamental form of a 2-dimensional
surface embedded into R™*2 equipped with a Riemannian metric.

From the bimodule structure of T'(T*D ® CT,(D)) over I'(CT3(D)) given by iso-
morphisms (4) and (5), we have

> 5 (et m e dem e ®)

=1
If we denote B the ring I'(CT5(D)), then we may show that

I(T*D © CTy(D)) @5 T(T*D ® CTo(D)) = T(T*D @ T*D © CTy(D))
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the isomorphism being given by the two following morphisms
v (w1 ®s1) ® (we ® s2) — (W1 @ wa) ® 5182
0: (W RQwa®s)— (w1 ®s)® (we®1)
From this tensor product, we define a symmetrized tensor product by
1
(@1 @ 1)(w2 © 2) 1= 5 | (@1 @ 1) © (w2 © 52) F (2@ 51) ® (11 @ 52)]

Applying this latter to (8) with itself gives

m

(idsz ® el) (idfjl ® el) = 2:(dfjl)2 ® h (9)
=1 =1

=1
Then we can consider the following CT5(D)-valued symmetric tensor of rank 2
do® ©1+dy* ® 1+ (dfj,)* @ ha + (df3,)* @ ho + -+ + (df;,)* © hm

Identifying R and its injection into each fiber, this CT5(D)-valued tensor may be
viewed as the first fundamental form of the surface S parametrized by

P (xvy) | ({E, Y, fj1 (xa y)7 sz (xa y)7 to 7fjm (xa y))
embedded into R™*2 equipped with the metric

hi 0 0 cee--- 0
0 ho 0 cee--- 0
10
(10Ye] 0 g
0 0 «ove-- 0 hon

Indeed, the first fundamental form of S is the symmetric tensor of rank 2

dS? = da® + dy? + ha(df;,)? + ha(dfy,)” + - + han(dfy,, )

4. Applications

The aim of this part is to show that by the choices of the vector subspaces Fi(p)
(of dimension m), the 1-form w and the section we derive with the connection
V1 = Vo + w, we may perform several kinds of edge detection.

Let us remark that the vector spaces E;(p) (of dimension n) are fixed in the sense
that they are acquisition spaces of the images. Moreover, we have seen that the
first fundamental form we construct is independant of the metric g of (Ey, 7y, D).

In what follows, we denote by ||| the function mapping a blade z to \/zt(x),
where ¢ is the main anti-automorphism of the corresponding Clifford algebra.
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4.1. The usual color edge detection: n=3

In this part, we show that we may obtain the metric (1) of the usual method
of color edge detection following the Clifford bundles framework described above.
However, in this very particular case, the general method of the previous section
may be simplified to compute (1) since this one does not depend on any informa-
tion on the image that needs to be computed.

Let (Eq,m1, D) € F5 of metric

1
g=10

0
0
0 0 1

Let I be the considered color image, seen as a section of the Clifford bundle
(CTy(D), 71, D) generated by (Ey, 71, D), i.e.

I(p) =r(p)ei(p) + g(p) e2(p) + b(p) e3(p)
where e1(p)? = ea(p)? = e3(p)? = 1.

Let V4 be the connection on (CTi(D), 71, D) defined by Vi = 60. In other words,
we choose w = 0. Then,

Vill)=dr®e +dgQes+ db® e

We apply (9) to V1(I) to get the following CT;(D)-valued symmetric tensor of
rank 2

drl@14+dg? @1+db* ®1

At last, we have only to remark that
d* @1+ dy* @1+ dr* @1+dg*> @1 +dh* @1

may indeed be viewed as the first fundamental form of the surface parametrized
by
embedded into (R5, ||||2)-

Figure 2. shows the result of such an edge detection. We see that it consists in
detecting the strongest color variations of the image.

4.2. Color edge detection with respect to a given hue: n=3, m=3

The aim of this application is to detect edges on a color image without taking into
account those located in a region of hue similar to a given hue hy.

Let us first mention how to proceed with the method based on a surfacic approach.
We consider a color image as a 2-dimensional surface S parametrized by

¢ (2,y) — (2,y,r(z,9),9(2,9),b(z,y))
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(a) (b)

FIGURE 2. a. original image b. Color edge detection

embedded into R® equipped with the metric
A0 O
g = ( (1) (1) ) &l 0 A O
0 0 A
where we define )\ as follows. We consider the domain

Qp) = {(z. ), (z,y) = pllc <1}
We set

Mp) =1 i max d(ho,hir(@,y).g(e,y) b)) >do (10)
(z,y)€Q(p)

where dy is a threshold that determines if there is similarity or not, and d is

the angular distance on S'. Then, we extend ) into a derivable strictly positive

function on [0, 7] such that A is negligible on [0, dy — €], where € << 1 is fixed,

the aim being to not take into account color variations in the domain of similarity

B(hg,dp) of the hue hg. Then, from the first fundamental form of S:
dS? = da® + dy? + \dr® + \dg? + \db?

we derive the "edge detector” of Section 2.1.

Let us now explain how to construct such a metric in the Clifford bundles frame-
work. We take (Fy,m,D) = (E1,m,D) € F5 as subbundle of (Eq,m,D). Let T
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be the section of (CTy(D), 71, D) representing the considered color image, i.e.

_ ei(p) ea(p) o esp)
=) 91(p) 92(p) o) 93(p)
For each p € D, we denote A(p) the endomorphism

1 (p) e2(p) es(p) B £ s
Alp)(z) = { <<\/g1(p) * V92(p) + \/g3(p)) /\a:) (p) if x is a vector
0

otherwise

where B(p) is the bivector

Bp) = ( eilp) | _ea(p) (p)

es
Va1(p) " V92(p) " \/93(10)) A ule)

and
e1(p) e2(p) e3(p)

_ 1
wlp) = i Vg1(p) e vV 92(p) e vV 93(p)

is a vector of hue hg. Remark that A(p) makes the geometric product between a
representant of the current hue and a representant of the hue hg.

Let Vi be the connection on (CTy (D), 71, D) defined by
Vi=Vo+ (dz+dy) ® A
Then,

=~ €1 €9 €3
Vo(I) = Vo(I) + (dz + dy ®((—+—+—)AI)B
(1) () +( ) NN AN
We see that the vector part, the scalar part and the bivector part of V1(I) are
respectively given by

Vo(I)
€1 €9 es
(dz + dy) ® ((ﬁﬂ‘z‘f’z) /\I) -B
€1 €9 €3

(dx + dy) ® ((— +

N E—FE)AI)/\B

Denoting by A(h) the function measuring for each p the hue difference between
I(p) and p, we have the following result:

Proposition
Let X be the constant vector field on D of coordinates (1,0), then

971 (e

[tan(A(h))| = ‘<V ) ‘
1x 0
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Proof. We have

iD= (=t =+ TE)nI)nD

ViD= (= + =+ ) n 1)

The proof is trivial once the expression of

and

€1 €2 €3
L+ 2 ) A)B
((\/ﬁ Va2 o /93
is simplified.
For this, we orthogonalize each one of the two bivectors (strictly speaking, they
are bivector-valued sections). Let us treat the example of B. We have

( €1 €2 €3 ) ( ( €1 €2 €3 ))
NN RN - NN RN -

for any k£ € R. Then, we search kg such that

€1 €2 €3

(o G G ) G v ) (G v )

A simple computation leads to

w1+ po + ps

ko = 3

Therefore, B may be written
€1 €2 €3 -
——l———i——)u
(\/ﬁ V92 /93
where 1 =
[(M ,U1—|-,u2+,u3) €1 +(N M1+M2+M3) €2 +(N M1+M2+M3) 63}
- | —F= o | —F— 3 | ——
3 Va1 3 V92 3 V93

We see that i is in fact the chrominance vector v, of p.
In the same way, we show that

el €2 es €1 €2
(o ) nr= (S 2+ 2Pl
V9L V92 Vs NN RN
where Pgp, denotes the orthogonal projection on the chrominance plane.
Consequently,
(G + ) n0)E = (Gt v+ ) oD (G + e+ )

-3 (PCh(I) vu)
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At last, let us remark that the (non-oriented) angle between Pcy, (1) and v, is in
fact Ah. Then we have

Vi Dell _ [{(Pon() vu)2
[(Vix Dol [(Pen(l) vu)o

| 1 PonDlllvalsin(=Ah)
- = |[tan(£Ah
| = [Por@Toglcos(zan)] — lanEAR

O

From the sign of the scalar part —3 (PCh(I) . vﬂ) of Vi, I, we know if +Ah is

in [-F, %] or not. Moreover, as the tangent map is odd, we have [tan(£Ah)| =
[tan(Ah)|. Therefore, if the scalar part is negativ, we obtain

Ah = arctan(|tan(E£AR)|)

T T

In a similar way, we may obtain Ah when the sign of the scalar part is positiv.

We construct the function A mentioned above from Ah, just replacing (10) by

Ap) =1 if max Ah(z,y) > d
(p) Lmaz (2,y) > do

Then, we apply the rest of the method described in Section 3.3, i.e. (Fy, 71, D)
generates a vector bundle (Es, o, D) of rank 3 equipped with a metric h given by

A0 0
h = 0 X 0
0 0 X

and a Clifford bundle (CT»(D), T2, D). Then, we construct a 1-form 7 with values
in CT2 (D)
2

() es
@ ——=
Vi

N =dr®

+dg ®
from the 1-form

€1 €9 €3
Vill)=dr@ —=+dg®@ —+db®@ —
) V91 V92 V33

Applying formulas (8) and (9) to 12, we get the symmetric tensor of rank 2
dr* @1 +dy* @1+ dr* @ A +dg?> @ A+ db*> @ A

which can be assimilated to the metric of S.

Figure 3. shows an example of such an application. We aim at not detecting edges
corresponding to the ornaments of the hat. The picture (c¢) is the result of the
computations detailled above for hg = %’T( the magenta hue) and dy = 0.43. We
observe that almost all the color variations inside this region are not detected, and
the frontier of the region is globally well-detected (in particular transitions with
the background and with the hat). It is more difficult to detect transitions with
the hair since their hue is close to the magenta hue.
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FIGURE 3. a. original image b. usual color edge detection c. color
edge detection with respect to the magenta hue

4.3. Color edge classification: n=3, m; = 3
Let I be the section of (CT1(D), T, D) € G representing a color image

7= _+ €2 =N

Vi e e

4.3.1. Measure of variations with respect to a hue. We say that [ is varying at a
given point in the direction X with respect to the hue hg if its usual derivative in
the direction X, Vo, (I), or in the direction —X, —Vo, (I) belongs to RGB and if
the corresponding hue is hg. We aim at characterizing such vectors in the Clifford
algebras (bundles) framework. Let B be a bivector-valued section coding the hue
ho.

First, we suppose that
Vo (1)(p) A B(p)|B(p) ™! =0
i.e. Vo, (I)(p) belongs to the plane generated by B(p). We distinguish four cases:

(a) Neither Vo, (I)(p) nor —Vo, (I)(p) belongs to RGB.

(b) Vox (I)(p) or —Vo, (I)(p) is along the grey axis.

(¢) Voy (I)(p) or =V, (I)(p) belongs to RGB and the corresponding hue is the
complementary of hg.

(d) Vo, (I)(p) or =V, (I)(p) belongs to RGB and the corresponding hue is hy.

The following result gives a necessary and sufficient condition for the case (d)
to occur. We set by convention sign(0) = +. Let us denote

%, = (%X (I) - \;g_)
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fori=1,2,3, and

2= (S + L4 2 T (1) 5]

Let also oy, for i = 1,2,3, and o be defined by o; = sign(%;) and o = sign(X).

Proposition

With the previous notations, I is varying at p in the direction X with respect to
the hue hg if and only if the following conditions are fullfilled:

(i) The derivative Vo, (I)(p) is not zero;

(11) 01 =02 = 03;

(iii) ¥ is not null and —o is equal to the sign of one of the non zero %;.

Proof. Let us first remark that (i) ensures that one of the ¥; is not zero. The
second assertion means that one of two vectors Vo, (I)(p) or —Voy (I)(p) belongs
to RGB. As ¥ # 0, the case (b) does not occur.

If Vo, (I)(p) € RGB, then the sign of one of the non zero ¥; is 4, and we know

from (11) that o is negative if and only if h(%ox (I (p)) = hyg.

If —Vo, (I)(p) € RGB, then the sign of one of the non zero %; is —, and the
orthogonal projection of Vo (I)(p) onto the chrominance plane (see (11)) belongs
to the axis generated by the chrominance vector of the complementary hue of the
hue of —Vo, (I)(p). Therefore o is positive if and only if the hue of —Vg, (I)(p)

From this proposition we deduce the following corollary: [ is varying at p in the
direction X with respect to the complementary hue of hg if and only if the three
conditions (i), (ii) and (iv) are fullfilled, where the condition (iv) is obtained by
replacing —o by o in (iii).

We now suppose that Vo, (I)(p) does not necessary belong to the plane gener-
ated by B(p). The derivative Vo, (I)(p) is said to be measurable with respect to
hy if the conditions (i), (ii) and (iii) of the preceding propsition hold. Such a defi-
nition makes sense since we deduce from these relations that Vo, (I)(p) is varying
with respect to a hue that is closer of hy than of its complementary. In the same
way, we can say if Vo +« (I)(p) is measurable with respect to the complementary of
hg or not. We then measure this variation by the expression

IVox (D)(p) - B(p) B(p) ™|

4.3.2. Application to shadows and highlights detection. The aim of this appli-
cation is to analyse the nature of the edges of a color image in function of the
variation of the light. We refer to [4] and [5] for the corresponding classification
in shadows, highlights and material edges. The segmentation we deduce from the
general framework described before requires the hypothesis of white illumination
and neutral interface reflection (see [4],[5]).
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Let ¢ be the parametrization of the surface S representing a color image em-
bedded into (R®, ||||2). The analysis of edges we propose relies on the study of the
derivative Vi, (I) where X is such that do(X) is an eigenvector associated to the
highest eigenvalue of the first fundamental form of S.

Before detailling the parameters of (3.3) we use for such an application, let us
make the following crucial remark. Due to the nature of the objects we use to deal
with an image (surfaces or fiber bundles), we only have to consider, in practice,
points of D with integer coordinates. Therefore, there exists a certain freedom in
the way to compute derivatives of functions defined on D. In particular, derivatives
of the components red, green, blue and temperature at such points are given by
discrete approximations (Sobel, Canny-Deriche, etc).

Let

(el 62—1— )/\(u a +u © +u 63)

11— tus—— t+us——
VL Vo2 Vos Var Ve e
be a bivector-valued section of (CTy (D), 71, D) such that h(u1(p), u2(p), us(p)) =
h(I(p)) and dpur = dpus = dpuz = 0 for p with integer coordinates. In other
words, B is a section coding the current hue and satisfying

Vo(B) =V ( 52_+\;3_)(u1%+u2;—2_+u3%)

(S S ol wen o)
—_ —_— —_— —_— _— 3— =
g1 92 93

on integer coordinates points.

Let V4 be the connection with w =0, i.e. Vi = %0. We have at such points

v1[1+((\j—1_ TJFT)AI)-B] =v1(1)+[(\jl_+52_+ )/\Vl( )}

We obtain a CT}(D)-valued 1-form on D, which may be decomposed into a scalar
and a vector part.

From this 1-form, we may perform 6 edge detections: usual edge detection (see
Section 4.1), material edge detection, non material edge detection, this latter be-
ing divided into shadows detection, highlights detection, and others. Therefore, we
need to construct 6 vector bundles of rank 3 (Ey,, m2,, D) equipped with metrics
hi, i =1...6. The metrics h;, i = 2...6 are given by the geometry of V1, (I) for
dp(X) be an eigenvector associated to the highest eigenvalue of the first funda-
mental form of S.

Let us first compute the metric of S by considering the vector bundle (Es, , w2, , D)
of metric hy = I3. This allows us to perform the edge detection of Figure 4.b. and
to obtain for each p the vector Vi, (I) that maximizes the norm of Vy, (I) for
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(a) (b) ()

FIGURE 4. a. original image b. global segmentation c. material edges

|IX|| = 1in T,D. Following the arguments of [4], material edge detection arises
from rejections of directional derivatives of the image on the planes generated by
the light source direction (achromatic axis) and the current colors, which are the
planes of the current hues. We now detail how to perform material and non mate-
rial edge detection using (3.3).

We can decompose V1(I) into
Vi(I)=ViIABB ') +Vi(I-BB™)
This leads in particular for p with integer coordinates to

Vi(I)(p) = Vi(I)(p) A B(p) B(p)~" + V1(I)(p) - B(p) B(p) ™"

Let Ay defined as follows. We set Ao (p) = 1 if ||V1,. (I)(p) A B(p) B(p)~!|| > N for
N a threshold to be determined, and we extend A5 into a derivable strictly positive
function such that Az is negligible on [0, N —¢], where e << 1 is fixed. We also define
a function \3 by stating that A\3(p) is negligible if | V1, (I)(p) AB(p) B(p)~!|| > N,
and extending A3 into a derivable strictly positive function such that A3 = 1 on
[0, N —¢€].

From A2, we consider the metric ho = Aol3 generating a vector bundle (Es,, ma,, D)
and a Clifford bundle (C'T5,, 72,, D). From the vector-valued 1-form V; (IAB B~1),
we construct a vector-valued 1-form in (CTy,, 72, , D) by (7). Following the process
gives rise to a symmetric tensor of rank 2 that can be assimilated to the metric of
a surface Sy embedded into R® equipped with the metric

A 0 0
0 0 Ao
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In particular, for p with interger coordinates and Az(p) = 1, we have

(dS2)*(Z1, Z2)(p) = da @ d (Z1, Zs)(p) + dy ® dy (Z1, Z2)(p)

+(Viz, (D) A BR) BE)™) - (Vi (D) A BE) Bo) ™)
by the identification of R with its injection into each fiber.

Replacing Ay by A3 and V(I A BB™!) by V(I - BB™!), the edge detection
of Figure 4.c. is replaced by the edge detection of Figure 5.a.

Then, we aim at characterizing shadows and highlights. We say that variations
of an image at p are measurable with respect to a hue hg if V1, (I)(p) is measur-
able with respect to hg for Y be the tangent vector field mentioned above. We then
distinguish variations measurable with respect to the current hue and variations
measurable with respect to its complementary, the information being given by

el () €3
=+ 2 )AL, () - B

(&) A0

or equivalently
€1 €9 €3
Vi [((C=+ =+ -2) A1) - B
PAE T Ve T Ve

This is precisely the scalar part of the 1-form applied to the tangent vector field Y.

We construct three functions A\;,7 = 4...6, each one of them generating a Clifford
bundle (CTy, (D), 7s,, D) associated to the metric h; = \;I3. Then, mapping the
I-form V(I - BB™') into each one of these Clifford bundles allows to perform
different edge detections. Let us now explicit these functions.

We set \y(p) equals 1 if [|[V1, (I)(p) A B(p) B(p)~!|| < N and variations of I
at p with respect to the hue given by B(p), i.e. the current hue, are measurable.
We set A5(p) equals 1 if |V, (I)(p) A B(p) B(p)~!|| < N and variations of I at
p with respect to the complementary hue of B(p) are measurable. At last, we set
Xe(p) equals 1 if ||V1, (I)(p) A B(p) B(p)~!|| < N and variations of I at p are
neither measurable with respect to the current hue nor to its complementary. As
usual, we extend these functions to strictly positive derivable functions that are
negligible where the conditions are not respected.

Figure 5.a. shows edges of the image of Figure 4.a. which are non material edges
(see Figure 4.c.). These edges are decomposed in function of the position of V1, (I)
in the cube RGB. We can see on Figure 5.b. the edges due to shadows. They cor-
respond to high variations with respect to the current hue under the constraint
V1, (I)(p) A B(p) B(p)~!|| < N . Highlights are given by Figure 5.c., they cor-
respond to high variations with respect to the complementary of the current hue
under the previous constraint. We do not represent edges corresponding to the
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(a) (b) (c)

FIGURE 5. a. non material edges . b. edges arising from the mea-
sure of variations with respect to the current hue . c. edges arising
from the measure of variations with respect to the complementary
of the current hue

metric hg, since they do not represent significative edges.

4.4. Edge detection in the color domain with constraints on the temperature:
n=4, m=3

The aim of this application is to detect hot objects in a room. We need both color

and temperature information (see Figure 6.a. and 6.b.). Therefore we consider the

color/infrared image associated to the scene.

Let A be the function defined as follows. We set A(p) equals 1 if ¢(p) > to for
to a given temperature, and we extend it to a derivable strictly positive function
such that X is negligible on [0,to — €], for € << 1 fixed. The role of X is to not take
into account color variations where t < t.

To perform the edge detection, we can either deal with the surface represent-
ing the color/infrared image or with the surface representing the color image. In
the first case, we consider the surface parametrized by

¢ (2,y) — (2,9, 7(2,9), 9(z, y), b(z, y), t(z,y))
embedded into R® equipped with the metric

A
10
(01)e

o O O

o O > O
o > O O
o o oo
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In the second case, we consider the surface parametrized by
embedded into R® equipped with the metric
A0 O
(10)(b 5
0 0 X

In both cases, the first fundamental form of the surface is
dz? + dy? + Adr? + Mdg? + \db?

We detail now how to proceed to compute the metric corresponding to the second
case. Let (E1,m1, D) € Fy of metric g and let (Fy, 71, D) be the subbundle of
global frame

(7 v5)
VI VG2 G
We counsider the section I of (CTy(D), 7, D) € Ga generated by (Ey, w1, D) repre-

senting the considered color/infrared image, i.e.

_ () L) e2(p) es(p) ea(p)
W Y Ve 2w P Vo
The chosen connection V; on (CTy(D), 7, D) is

Vi=Vo+ (dz+dy)® A
where for p € D, A(p) is the endomorphism

Alp)(a) = - A

Then, we have

€1 €2 €3 €4
Vi) =dr® —— +dg® — +db® — + dt ® —— + (dz + dy) @ ¢
1) N V92 V93 V94 ( )

Here, V1 (I) contains only a scalar and a vector part. From the scalar part, we get
the temperature component of the image and thus the function A defined above.
This one generates a metric h = Al of a vector bundle (E2, w2, D) € Fs.

From (7), we construct the following element of I'(CT2(D))
o 2 L e B

vhi Vhe Vs

As before we obtain from ne a CTy(D)-valued symmetric tensor of rank 2, namely
d* @1 +dy* @1+ dr* @ A +dg?> @ A+ db*> @ A

This tensor corresponds to the first fundamental form we aimed at computing.

N =dr® +dg ®

Figure 6.c. shows the result of such an edge detection on a scene representing
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(b)

FIGURE 6. a. color information of the scene b. temperature in-
formation of the scene c. color edge detection with respect to
temperature constraint.

a man standing in front of a wall and holding a cup of hot coffee. By a well-chosen
to, we may detect only the man and the cup.

4.5. Color/infrared edge detection with constraints on color and temperature:
n=4,m, =4

The main goal of this application is to rewrite the color/infrared edge detection of

[1] with the method described in (3.3). Note that they are not completely similar

since in this paper we measure color variations in the RG B space, whereas we deal

with the HSL color space defined in Section 2.2 in [1].

Let p represent the skin color of the man (see Figure 7.a.) with (u1, po, pg) as
RGB coordinates. From p we construct a section
e1(p) ) e2(p) , es(p)

91(p) 92(p) 93(p)
of (CTy(D), 7, D) € G4 generated by (Ey1, 71, D) € F4 of metric g. For this appli-
cation, we choose (E1, 71, D) itself as the subbundle (F1, 7, D). We consider the
color/infrared image I representing the scene as a section of this fiber bundle

1) = () elp) ) e2(p) () es(p) () es(p)

91(p) 92(p) 93(p) 94(p)
Then, we consider also the following connection
Vi =Vo+ (dz+dy)® A
where A € T'(End(CT1(D))) is defined for each p by
A(p)(z) = p(p)x

u(p) =

Therefore, we have N
Vl(I) = VO(I) + (d.]? + dy) ® ,MI

Let « denote the function measuring for each p the oriented angle between p(p)
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and the color part of I(p). We have the following result.

Lemma
Let X be the constant vector field on D of coordinates (1,0), then

H<V1X(I)>2 - (e1e2e3) (616263)_1“
(V2D

tan(a)| =

and
(Vi (D)2 = (Vi (D)2 - (ereaes) (ereaes)”! |

t=
el

Proof. We have

(Vix(D)a = u AT = (WAT) - (ereses)(ereses) ™" +wt%

e
= AL (erezes)(ereses) ™ + p A t—e

V94

and
(Vi (D)o =p-I=p-[I-(erezes)(ereaes)” ]
Therefore,
H<V1x(1)>2 - (e1e2e3) (616263)71" _ il - (erees)(ereses) [ sin(e)]
’<V1X(I)>o‘ (1[I - (erezes)(erezes) =t ||[cos(a)]
and

(71 (D)2 = (T (D) - (erezes) (ereaes) |l

[l el

O

From [tan(a)| we may directly determine |af since —F < o < § (u and the color
part of I are vectors in the cube RGB).

We set A(p) =1 if

min |a(z,y)| < ag and max t(z,y) >t

ey |2 )] < 0 ey ) 2 10
where g and ty are two thresholds that determine regions of interest. Then, we
extend M into a derivable strictly positive function on [0, 7/2] x [0,255] such that A
is negligible on [ag + €, /2] % [0, 255] |J [0, 7/2] % [0,to — €] where € << 1 is fixed.
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(a)

FIGURE 7. a. regions of interest b. edge detection for k =1 c.
edge detection for k = 25

From )\, we derive a family of vector bundles (Es, 72, D) € F; indexed by v € N
and equipped with the metric

0
0
h, = 0

S O O >
S O > O
S > O O

VA

The role of v is to control the weight of temperature variations in the image. Each
one of these vector bundles generates a Clifford bundle (CT»(D), w3, D) € G4.
Following (3.3), for a given v we construct

€1 €9 €3 €q
e = dr +db +dt
Vhi Vha Vhs Vha

from which we derive a CT,(D)-valued symmetric tensor of rank 2:

+ dg

d? @1+ dy* @1 +dr? @ A +dg? @ A +db*> @ X\ + dt? @ v\

This tensor can be assimilated to the first fundamental form of the 2-dimensional
surface parametrized by

o (z,y) — (v, y,7(z,9),9(z,y),b(z,y), t(z,y))

embedded into R® equipped with the metric

(01)e

Figure 7. shows results of edge detections for different values of v. We refer to ([1])
for detailled comments.

0

0

0
VA

S O O >
o O > O
O > O O
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5. Conclusion

Defining an image as a section of a trivial Clifford bundle over its domain, we have
developed in this paper a general method to construct first fundamental forms of
surfaces whose characteristics (parametrization, metric of the ambient space) arise
from the choices of the connection, the section to derive with this connection and
the subbundle (F}, 71, D). To construct such metrics, we take advantage of Clifford
algebras framework by the efficiency of computations and their high dimensions.
Applying the method of Section 2.1 to the metrics constructed, we perform edge
detections on color and color/infrared images. By the genericity of the method we
have presented, it could be applied to images of higher dimensions.

Such a formalism could appear superficial to detect edges, and in particular in
the definitions of the coefficients of metrics. However, we refer the reader to some
works on image smoothing which are entierely based on the metric of the surface
representing the image. Indeed, in [12], the authors solve the heat equation associ-
ated to the Laplace-Beltrami operator on each component to denoise color images,
the metric of the surface being the first fundamental form arising from the stan-
dard euclidean norm of the ambient space. The metrics we define and construct in
this paper make possible for example to smooth only the regions of a color image
that correspond to a given hue.
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