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On the rate of convergence in periodic homogenization of
scalar first-order ordinary differential equations

H. IBrAHIM *T, R. MONNEAU *

October 21, 2008

Abstract
In this paper, we study the rate of convergence in periodic homogenization of scalar ordinary differential equations. We
provide a quantitative error estimate between the solutions of a first-order ordinary differential equation with rapidly oscil-
lating coefficients and the limiting homogenized solution. As an application of our result, we obtain an error estimate for
the solution of some particular linear transport equations.

1 Introduction

1.1 Homogenization of an ODE

In this paper, we consider the solutions of the following first-order ordinary differential equation:

u t

uy = f (—,—,ué,t) , t>0,
€€

u®(0) = uy,

(1.1)

where € > 0, uy stands for dd—qf or equivalently d;u€, and ug is a real number. We are interested in the rate of
convergence of the solution u¢ to its limit in the framework of periodic homogenization. We employ the following

assumptions on the function f:

e (A1) Regularity: the function f : R* — R is a bounded Lipschitz continuous function with o = Lip(f) its
Lipschitz constant, and 8 = || f|| Lo r4);

e (A2) Periodicity: for any (v,7,u,t) € R?, we have:

flo+1,7+kut)= f(v,7,u,t) forany (I,k)cZ?%

e (A3) Monotonicity: for any (v,7,t) € R3,

the function u — f(v, T, u,t) is non-increasing.

Let us make short comments on these assumptions. Remark that assumption (Al) ensures the existence and
uniqueness of the solution u¢ of (1.1) via the Cauchy-Lipschitz theorem. Moreover, the assumed boundedness of f
is not a restrictive condition while we work on any finite time interval [0,7]. The monotonicity assumption (A3)
may seem unnecessary at a first glance, but will be indeed useful to guarantee the uniqueness of the solution to the
homogenized equation (see Proposition 1.4). Moreover, assumption (A3) will play a crucial role to establish the
rate of convergence of u¢ to its limit u° (see for instance Section 4).

In order to define the homogenized equation, we will use the following proposition:
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Proposition 1.1 (Definition and properties of the effective slope f). Fix (u,t) € R%. Then there exists
A € R such that for any initial data ug € R, the solution v € C1(]0,00);R) of the following ordinary differential
equation:

{'Uq-—f(U,T,U,t), T>Oa

v(0) = uo,
satisfies
@H)\ as T — 0. (1.2)
Let us set the effective slope: _
flu,t) =\ (1.3)

Then the following holds:

T :R? =R is continuous.
(1.4)

For any t > 0, the map u — f(u,t) is non-increasing.

Let us mention that, for some specific functions f, explicit formulas for f can be obtained (see for instance [23],
and the examples below).

_ -1
Example 1.2 For f(v,7,u,t) = —u + cos(2mv), we have f(u,t) = (fol #ﬁ(zm)) foru>1, and

flut) ~—cvu—1 as u— 1%,

for some constant ¢ > 0.

Example 1.3 For f(v,7,u,t) = —u+ |sin(27wv)|, we have, for some constant ¢ > 0:
- c
flu,t) m ——— as u—0". (1.5)
og |ul]

Example 1.2 shows in particular that even for analytic f, the function f could be non-Lipschitz. Example 1.3 shows
a case where f is not Holder continuous when f is Lipschitz continuous. The proof of Example 1.3 will be given in
the Appendix. At this stage, we can write the homogenized equation associated to equation (1.1) as follows:

ud = f(ul,t), t>0, (16)

u®(0) = up. '
Even if f may not be Lipschitz continuous in u, we can show the existence and uniqueness of the solution of (1.6),
taking advantage of the monotonicity of f(u°,t) in u". Indeed, we have:

Proposition 1.4 (Existence and uniqueness). Under assumption (1.4) on f, there ewists a unique solution
u® € C1([0,00);R) of (1.6).

It is worth noticing that assumption (1.4) satisfied by f in the homogenized equation is our motivation to make
assumption (A3) on f. We can now state our main result:

Theorem 1.5 (Error estimate for ODEs). Under assumptions (A1)-(A2)-(A3), if u® is the solution of (1.1),
and u® is the solution of the homogenized equation (1.6), then for every C >0, € > 0, and every T > Ce|loge|, we

have the following estimate:

€ 0 cr
— oo < — 1.7
flu ullg 0,7) = |loge|’ (1.7)

where ¢ > 0 is a positive constant only depending on C' and on «, B defined in assumption (Al).



Such a result for a general monotone system of ODEs seems to be completely open. The above estimate in m

is in fact related to the behavior of f in Example 1.3, which is the worst possible regularity of f. Moreover, it is
possible to show that under the condition T > Ce|log €|, inequality (1.7) is sharp, see the following example whose
proof will be given in the Appendix:

Example 1.6 Let f(v,7,u,t) = g(v+7) — 1 with a 1-periodic function g satisfying
glw) =|w—1/2| for we€][0,1]. (1.8)

In this case f(u,t) = —1. Let us choose the initial data ug = 0. Then for any § > 0, we have the following estimate
between the solution u® to (1.1) and u° to (1.6):

t
ut(t) —u’(t) ~ ooz e for t=delloge|.

Remark 1.7 [t is worth mentioning that assumption (A1) could be replaced by the weaker assumption:

e (A1)’ Regularity: the function f : R* — R is a bounded continuous function such that for every 7 € R, the
function f(.,7,.,.) is Lipschitz continuous.

1.2 Application to the homogenization of linear transport equations

For z = (z1,x2) € R?, let us consider a vector field a® = (a§, a$) defined as follows

1 T2
ai(l’l,l’g) = _f (?7 ?,$1,$2)

a$(xy,x2) =1,

(1.9)

with a function f satisfying (A1)-(A2)-(A3). We consider the viscosity solution V€(¢,z) of the following linear
transport equation:

VE+a - VVe=0 on (0,00) x R?
{t (0,00) (1.10)

Ve, z) = Vo(z) on R?
where V5 : R? — R is a Lipschitz continuous function. The existence and uniqueness of a viscosity solution V¢

of (1.10) is ensured since a® € WH*(R?) and Vp is Lipschitz continuous (see for instance [3]). The expected
homogenized equation associated to (1.10) is:

V2+a-vvl=0 on (0,00) x R? (1.11)
VO0,2) = Vo(x)  on R? '
with the vector field @ = (a1, a2) defined as:
@1 (71, 22) = — f(x1,22), with f given by (1.3). (1.12)
62(,@1,,@2) =1.

As a consequence of Theorem 1.5, we will show in Section 6 the following result:

Theorem 1.8 (Error estimate for linear transport equations). Under the previous assumptions, there exists
a Lipschitz continuous function VO which is a viscosity solution of (1.11), such that for any C > 0, € > 0, and
T > Celloge|, the solution V¢ of (1.10) satisfies:

. dT
Ve — VO||L°°(1R2x(0,T)) < Toge| (1.13)

where ¢ = cLip(Vp), and ¢ > 0 is the constant given in Theorem 1.5.



Choosing the initial condition Vo(x) = x1, we can easily deduce from Example 1.6 that inequality (1.13) is also
sharp for T' > Ce|loge|. Here, in this application, the vector field a€ is quite special. The interested reader could be
referred to [14] for some other examples of vector fields in 2D, where a homogenization result is presented without
any rate of convergence. In [27], the author gives some non-explicit error estimates for linear transport equations in
the particular case of periodic vector field a®. However, these error estimates obtained in [27] may depend strongly
on the irrationality of the rotation number wy associated to the vector field a® (where wy is nothing else than —f in
our application). On the contrary, estimate (1.13) only depends on some bounds of the data of the problem, and
are completely uniform with respect to the rotation number.
Remark that when f(v,7,u,t) is independent of u and ¢, we have a much better estimate:

Theorem 1.9 (Better error estimate). Under the assumptions of Theorem 1.8, if f(v,T,u,t) is independent
of u and t, then we have:
IV =V pe®ex(o,ry < e, VT >0,

where ¢’ = ELip(Vy), with € (given in Proposition 2.1) only depends on 8 defined in assumption (Al).

The proof of Theorem 1.9 will also be given in Section 6.

1.3 Brief review of the literature

The pioneering work (via the theory of viscosity solutions) to periodic homogenization was established in [17].
Starting from [17], the homogenization theory for Hamilton-Jacobi equations has received a considerable interest.
There is a huge literature that we cannot cite in details, but the interested reader can for instance see [1, 5, 4, 11,
18, 15, 16] and the references therein. Another aspect concerning homogenization of SDEs (stochastic differential
equations) has also been studied by several authors (see for instance [20, 13, 6, 25]). These problems are related to
our problem when the SDE reduces to an ODE.

To our knowledge, the question of estimating the rate of convergence in homogenization of PDEs has not been
widely tackled up elsewhere in the literature. We can cite [7] for several error estimates concerning the rate of
convergence of the approximation scheme to the effective Hamiltonian. We can also cite the work in [8] about the
rate of convergence in periodic homogenization of first-order stationary Hamilton-Jacobi equations, where an error
estimate in €!/3 is obtained for Hamilton-Jacobi equations with Lipschitz effective Hamiltonian.

For the problems of homogenization of ODEs, we refer the reader to [23, 24]. We also refer the reader to
(2,9, 10, 19, 21, 22, 26] for problems on homogenization of nonlinear first-order ODEs and/or the associated linear
transport equations. As mentioned above, we refer the reader to [27] for some other error estimates for linear
transport equations.

1.4 Organization of the paper

The paper is organized as follows. In Section 2, we present the proof of an ergodicity result (Proposition 2.1) that
defines f = A. We also present the proofs of Propositions 1.1 and 1.4. In Section 3, we give a result of stability of
A under additive perturbation (Proposition 3.1). A basic error estimate (Proposition 4.1) is presented in Section 4.
Section 5 is devoted to show our main result of estimating the rate of convergence (Theorem 1.5). In Section 6, we
give an application to the case of linear transport equations (Theorems 1.8 and 1.9). We end up in Section 7 with
an Appendix where we give the proof of Examples 1.3 and 1.6.

2 Ergodicity and preliminary facts

In this section we present the proof of Propositions 1.1 and 1.4. We first start with the following ergodicity result
which is a particular case of [12, Proposition 4.2]. However, we give the proof in our particular case for the sake of
completeness.

Proposition 2.1 (Ergodicity). Let g(v,7) : R? — R be a function satisfying:

e (H1) Regularity: g is Lipschitz continuous with ||g||p®2) < B;



e (H2) Periodicity: g(v+ 1,7+ k) = g(v,7) for any (I,k) € Z2, (v,7) € R2.

Let v be the solution of the following equation

UT:g(U,T), T>07 (21)
v(0) = vo,
then there exist a constant X € R (independent of the initial data vg) such that for every 7,7 > 0, we have:
[o(T) —v(T") = Nr =7 <& with £€=1+28. (2.2)

Remark 2.2 Under our assumptions, it is possible (see [12, Theorem 1.5]) to show the ezistence of a hull function
h:R xR — R satisfying:
h(r+1,2) = h(r,x)

hr,z+1)=h(r,z)+1
hey >0,

such that U(r,x) = h(r,z + A7), with X given in Proposition 2.1, is a viscosity solution of:

U, =9U,71)
U(r=0,z) =z

This function h may be discontinuous, but its existence suggests that
v(T) = h(7, A7) (2.3)

is formally a classical of (2.1). The expression (2.3) allows to understand estimate (2.2) and also suggests that
v(T) — AT could be quasi-periodic in some cases. We emphasize the fact that in the proof of Proposition 2.1, we do
not use any notion of hull function, but propose a completely independent proof.

Proof of Proposition 2.1. For any T > 0, define the two quantities:

A*(Tﬁ——ig%9£3j:%§:fifl and A*(jj::iggfﬁlii%gzjizl_

These quantities are finite since v, = g is bounded. The proof is divided into three steps.
Step 1: Estimate of AT — A\~ |.
Let § > 0 be an arbitrary constant. From the definition of A*(T), there always exists 7+ such that

o(tT +T) —v(rF) <5 (2.4)

NH(T) - ; <

Denote by |¢] and [¢] as the floor and the ceil integer parts of the real number ¢ respectively. We consider
k=|r"—7%], 7 =7"—k and I=[v(T)—v(r)], (2.5)

and consider w(7) = v(7 + k) 4+ {. Using (2.1) and (H2), we check that w is a solution of the following equation

wr =g(w,7), 7>0

ud l (2.6)
w(™ ) =v(r") + 1

We remark, from (2.5), that
ST <+, (2.7)



and
(7T ) <w@ ) <v(T )+ 1. (2.8)

From (2.1), (2.6) and (2.8), the comparison principle for ODEs gives in particular
(1) <w(r) forall 7>7". (2.9)
If we suppose T' > 1, we obtain from (2.7) that 77 + T > 7~ and hence (using (2.9)):
vt +T) <w(rtt +1T). (2.10)
Direct computations give

wrm +T)—v( ) = (ErT+T)—v() = (wF +7)—wErt +T)+ (7)) —w@F))
+wrt +T) —v(rt 4+ 1)) + (v(rh) —v(7)),

where, from (2.8) and (2.10), we deduce that (v(7— +7T) —v(r7)) — (v(v+ +T) —v(71)) > =1 — 2|g||cc- This
inequality, together with (2.4) show that 0 < AT (T) — A~ (T) < +2H l 4 96, and since this is true for any § > 0,
we obtain

1+2]/g]l

F(T) = A () £ =

However, in the case where T' < 1, we always have w < lglloo < % and therefore

0< )\+(T) _ )\_(T) < 2”?”007
then
INT(T) — A~ (T)] < % for every T > 0. (2.11)

Step 2: Existence of the limit of A*(T) as T — oo

First, if we compute A™(PT) for P € N\ {0}, we get:

1[& v(r+iT) —v(r+ (1 —1)T)
AT (PT) = sup ; T < AT(T).

Similarly, we get A= (PT) > A~ (T"). Counsider T1, T» > 0 such that T3 P = T>Q for some P,Q € N\ {0}. Using this
and (2.11), we have

)\Jr(Tg) > )\+(T2Q) = )\Jr(TlP) > )\7(T1P) >\ (Tl) > )\Jr(Tl) - i

T’
similarly we have AT (Ty) — A1 (T1) < T%, then
AT(T)) — AT (T3)| € max <£,i) . 2.12
X (1) = XH(T)| < max (-, (212)
By the same arguments as above we can get
AT (Th) — A7 (T2)| < max (fﬁ ;;2) (2.13)

Recall that (2.12) and (2.13) are true when T3 /T5 is rational. By an approximation argument, joint with the
continuity of A\*, it is easy to see that this is still true when 7} /T is any positive real number. Moreover, the
identities (2.12) and (2.13) give that the sequence (A*(T))r is a Cauchy sequence as T — 0o, and hence it has a
limit:

lim AE(T) = A, (2.14)

T—o00



which is the same limit because of (2.11). From (2.14), (2.12) and (2.13), inequality (2.2) directly follows.

Step 3: Independence of vg.

The fact that A is independent of vy follows directly from the comparison principle and inequality (2.2). O
We can now present the proof of Propositions 1.1 and 1.4.

Proof of Proposition 1.1. Using inequality (2.2) of Proposition 2.1, we can easily see that (1.2) directly follows.
It remains to show (1.4). We argue in two steps.

Step 1: Monotonicity of f.

Let u < 4. Call A = f(u,t) and A\ = f(@,t). Let v and @ be the solutions of:
{’UT = f(v,7,u,t), T>0,
v(0) = o,
and
o, = f(o,7,0,t), T>0,
{ 0(0) = uo,

respectively. Assume without loss of generality that ug = 0. Using (A3), we deduce that f(0,7,a,t) < f(0, T, u,t).
Hence, the comparison principle gives:

(1) <w(r) for every 7 >0. (2.15)
From inequality (2.2) of Proposition 2.1, we have:
lo(r) = Ar| <€ and |6(r) —Ar| <€ forall 7 >0. (2.16)
We then easily conclude that A < A as a consequence of (2.15) and (2.16).

Step 2: Continuity of f.

We refer the reader to Proposition 3.2 which implies in particular the continuity of f. The main idea of the proof
is to apply a perturbation argument using the inequality |A\*(T) — A| < % O

Proof of Proposition 1.4.

Global existence. This is a direct consequence of the Cauchy-Péano theorem, using in particular the continuity of
f (see 1.4).

Uniqueness. Assume that there exists u' € C1([0,00); R) another solution of (1.6). Define k(t) = |u®(t) — ul(t)],
we compute (with the sign function sgn(z) = z/|x| if  # 0):
Ri(t) = (u(t) —up () sen(u’(t) — ' (¢)
(f®(t),t) = fu' (t),1)) sgn(u’(t) — u' (1)) <0,
where for the last line we have used the monotonicity of f (see (1.4)). This immediately implies that u® = u!. O

3 A stability result for the effective slope f

In this section, we will show a stability result for the term A given by Proposition 2.1 under a perturbation of (2.1)
of the form:

{vt=9w(v7t)=9(vaf)i% t>0 (3.1)

v(0) = vo,



where v > 0 is a small real number. More precisely, we have the following proposition:

Proposition 3.1 (Stability result). Take 0 <y < 1. Let \, be the effective slope given by Proposition 2.1, which
is associated to equation (3.1), and let Ao be the one corresponds to v = 0 in (3.1). Then we have the following
estimate: _

€

|log |

Ay = Ao| < with € = (34 2¢)(1+ 2L), (3.2)

— || %9
andL—‘av

Loo(R2)

Proof. We assume, for the sake of simplicity, that g, = g + . In this case, it is easy to check that A\, > XAg. The
other case with g, = g — 7 is treated similarly. We first transform our ODE problem into a PDE one by setting v”
as the solution of the following equation:

{ v (t,x) = g(v7(t,x),t) +v, in (0,00) x R (3.3)

v7(0,z) =z, z€R.
The proof is divided into three steps.
Step 1: A control on v].

Using comparison principle arguments for (3.3), it is easily checked that v7(¢,.) is a non-decreasing function satis-
fying v7(t,xz +1) = v7(¢t,z) + 1. We want to control v (¢, .) for any ¢. For this reason, we proceed as follows. Define
for z > 0:

n(t,z) =0 (t,x+2) —zelt, t>0, z€R.

We compute
n(t,x) = v)(t,x+2)— zLe
gln(t,2) + 2 1) — 2LeM 44
g(n(t, ), t) + 7,

IN

which proves that 7 is a sub-solution of (3.3) with n(0,2) = v7(0,z + z) — z = v7(0,z), and therefore, by the
comparison principle, we obtain
n(t,z) =07 (t,z + 2) — ze"* <V (t, x)

hence for any ¢t > 0, we have 0 < v7(¢,2 + 2z) — v (¢,2) < zel!, then v7 (¢, x) is Lipschitz continuous in the variable
x, satistying:
0 <v)(t,x) <elt fort>0andae xcR. (3.4)

In a similar way, we can obtain a positive bound from below on v, and finally get
e It <wl(t,x) < ePt (3.5)
Step 2: An upper bound of v”.

We seek to find an upper bound of v7 by constructing an explicit super-solution of (3.3) with suitable initial data,
and comparing it with v”. For this purpose, let

w(t,r) =tz +cit), (t,z) € (0,00) x R, (3.6)
where vg is equal to v” for v = 0, and ¢; is positive constant to be precised later. We calculate:

wy (ta I) = ’Ui(f)(ta T+ leyt) + Cl”yvg (tv T+ Cl’Yt)
= g(w(t,x),t) + ciyog(t, @ + ),



where from (3.5), we deduce that
wy(t, ) > g(w(t, ), t) + crye . (3.7)

Take ¢; = elT for some fixed T > 0. Then using (3.7), we get wy(t,x) > g(w(t,z),t) +~ for any ¢ € [0,T]. Hence
w is a super-solution of (3.3) over [0, 7] whose initial condition w(0, z) = v7(0, ), which finally gives:

w(t,z) > v (t,x) Vte[0,T], x €R. (3.8)
Step 3: Conclusion.

We will now show the error estimate (3.2). To this end, we will estimate both sides of inequality (3.8) involving Ag
and \,. Firstly, using (2.2) and (3.5), we compute:

[00(t, x4+ e Tt) —0°(0,2)] < [0tz + el Tyt) — Ot )| + |[0°(t, x) — v°(0, z)|
< eltel Tyt 4+ N\t + €.
We take this inequality for t =T and x = 0, we get
w(T,0) = v°(T,e"TyT) < 4Te*ET + X\ T + €. (3.9)
Secondly, using similar arguments, and the fact that v < 1, we obtain |[v7(T,0) — v7(0,0) — A, T| < 2+ ¢, hence
v (T,0) > M\T — (24€). (3.10)

Combining (3.8), (3.9) and (3.10), it follows that

Ay = X0)T < ATe*ET 1 2(1 +€) (3.11)

Using (3.11), we deduce that:
Ay — Ao| < 7T 4 w (3.12)
Since the variable T was arbitrary chosen, let T satisfies yT'e?T = 1 and therefore T > %. From (3.12), the
result directly follows. O

An immediate consequence of Proposition 3.1 is the following;:

Proposition 3.2 (Modulus of continuity of f). The function f(u,t) given by (1.3) satisfies for any (u,t) € R?,
and for all |v| + |s| < L1:

|f(u+v,t+s)— f(u,t) &

< - > 3.13
AT e (3.13)

where « is given in assumption (Al).

Remark that estimate (3.13) is optimal in view of Example 1.3.

4 Basic error estimate

We start this section by considering a discrete scheme associated to the ODE (1.6). Namely, for a given v° (which
may be chosen equal to ug or may be different), and for a time step At > 0, we define the sequence (v¥)en as
follows:

VP =R L AL A = F(OF EAL), keN. (4.1)

In this section we give a local error estimate between the solution u¢ of (1.1) and the sequence v*. To be more

precise, we will show the following proposition:



Proposition 4.1 (Basic error estimate). Under assumptions (A1), (A2) and (A3) on the function f, let
At > 0 be small enough (depending only on « and 3), and take

= |[uf(iAt) — 2|, i=0,1.

Then we have:
cAt

_— 4.2
|log cAt|’ (42)

e < eg—+ ce+

where ¢ = ¢(a, B) > 0 is a positive constant.

The proof of the above proposition will be presented later in this section. In what follows in this section and in
Section 5, we will assume that the arguments of the various logarithms are all less than 1.

Lemma 4.2 (Refined basic error estimate). Under the same hypothesis of Proposition 4.1, let

ef = max(0,u(iAt) —v"), e; =min(0,u‘(iAt) —v"), i=0,1

and let df = sup (max(0,u(t) — %)), dy = inf (min(0,u(t) —v°)). Then we have:
te[0,At] te[0,At]
At
< 2+ 3 4.3
R A T Ee)] -
and FA
t
e] >eg —(2+¢&e— ¢ (4.4)

|log a(df + At)|’
with £ =14 20 and B defined in (Al).

Proof. In order to get estimates (4.3), (4.4), the main idea is to freeze the last two arguments of f, and to use
some comparison arguments. We start by estimating the term f (?, < uf t) from below. Since u¢(t) < v° + df‘ for
t € [0, At], we deduce, using (A3), that

<t €t <t
f(u 5_7u67t>_f(u ,—,’UO,O) >.f( - ’U +d ) f<u 7_51)070)5
€ € € € € €

and hence, from (A1), we get

<t €t
P Ee) 2 (. 5000) —atat + 80), (15)
e’e €€
Using similar arguments, we can also show
<t €t
f <”_ L oue t) f (“_,_,UO,()) +a(ldy | + At). (4.6)
e’ e €€

We know from the definition of ef and e, that:
v’ 4+ ey <uf(0) <0 +ef. (4.7
Let w® and w® be the solutions of the following ODEs:
wg_f<w£ z v° 0) —a(df +At), t>0
w(0) = 0" + ey
and

w® t _
w§ = —, —-,v,0) +a(ld |+ At), t>0
=1 (2 Ee0) +alar |+ a0 (19)

w(0) =" + e,
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respectively. From (4.5), (4.6) and (4.7), we deduce, using the comparison principle, that:
w <wuf<w® on [0,At]. (4.10)

Applying Proposition 2.1 to the functions w° and w®, we know that there exists two real numbers \g and ), such
that for t € [0, At] (assuming a(d] + At) < 1 and «o(|d;] | + At) < 1):

[T () — T (0) — Not] < (2+€)e and  [we(t) — w(0) — Agt] < (2 + E)e. (4.11)
Inequalities (4.10) and (4.11) give:
v’ +ey + Xt — (2+ e <u(t) < 4ef + At + (2+8)e, te€[0,Al. (4.12)

Using Proposition 3.1, we obtain, for Ay = f(v°,0), that

N £
0>X—HN>—-—7—o— 4.13
=00 = |log a(df + At)] (4.13)
and _
§
0<XAg— 2 < . 4.14
=200 S gy T+ M) 1
The above two inequalities, together with (4.7) and (4.12) give the result. O
Two immediate corollaries of the above lemma are the following:
Corollary 4.3 (Refined estimates involving ezi). Under the same hypothesis of Lemma 4.2, we have:
\;
ef <el+(248e+ 3 4.15
L O e 1+ A 19
and FA
t
e] >eg —(2+8&e— ¢ (4.16)

|log s (ed + At)|
where a1 = aq(a, B) > 0 is a positive constant.

Proof. We have di < ef + BAt and |d; | < |eg | + BAt (recall that 3 = || f||poc(r4)). Therefore, the result can be
deduced from (4.3) and (4.4). O

Corollary 4.4 (Refined estimates with continuous time). Under the same hypothesis of Proposition 4.1, for
every t € [0, At], define the continuous function € by:

e(t) = u(t) — (v° 4 Aot). (4.17)

Also define et (t) = max(0,é(t)) and e~ (t) = min(0, &(t)). Then we have for 0 < t; < to < At and ¢ = c(a, 3) > 0:

C(tQ — tl)
et (ty) <et(ty) + ce + Mogcle (L) + (b —t0))] (4.18)
and
e (t2) > e (t1) —ce et =) (4.19)

~ [logelet () + (b2 — )]

Proof. We apply the same proof (word by word) of Lemma 4.2 and Corollary 4.3, with the origin 0 shifted to ¢;
and the time step At replaced by to — t1. O

Now we are ready to prove Proposition 4.1.
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Proof of Proposition 4.1. From the definition (4.17) of &, we know that
eo = |€(0)] and ey = |e(At)].
The case where e; = (At) = 0 is obvious. Four cases could be considered.

Case 1. (¢(0) > 0 and &(At) > 0). In this case we have eg = ef, e; = e and e¢; = 0. Therefore (4.2) is an
immediate consequence of (4.15).

Case 2. (€(0) <0 and é(At) < 0). Similar to Case 1.

Case 8. (€(0) <0 and e(At) > 0). In this case e; = eT(At). Let the time ¢_, be defined as follows:
t_y = max{t € (0,At); e(t)=0}.
Using inequality (4.18) with t; =t_, to = At and At = At —t_; < At, we get:

cAt
<ey+ce+ ———

A
e1 < ce+ C;
| log cAt| |log cAt|

where we have used the fact that et (¢1) = e~ (1) = 0, and hence (4.2) follows.

Case 4. (€(0) > 0 and é(At) < 0). Similar to Case 3. O

5 Estimate of the rate of convergence
This section is entirely devoted to the proof of Theorem 1.5. Let 7' > 0 and let At > 0 be such that
nAt=T, neN, (5.1)

where n to be chosen large enough (the choice of At will be given later). In order to estimate [|[u® — u°(| Lo (0,7, We
add and subtract v, the continuous piecewise linear function passing through the points (kAt,v*), k =0---n. In
other words

v(t) =% + (t — kAN, kAt <t <(k+1)At, k=0---n—1,

where v* and )\ are defined in (4.1). We start by stating the following corollary that generalizes Proposition 4.1.

Corollary 5.1 (Basic error estimate in continuous time). Under assumptions (A1), (A2) and (A3), let
T >0, and At > 0 given by (5.1). Define the function e(t) by:

e(t) = |uf(t) —v(t)], te]l0,T]. (5.2)
Fork=0---n—1, call e, = e(kAt). Then for kAt <t < (k+ 1)At, we have:

cAt
t) < _ 5.3
e()_ek+ce+|logcAt|’ (5.3)

where ¢ = c¢(a, B) > 0 is a positive constant (the same given by Proposition 4.1).

Proof. We simply apply Proposition 4.1 with the origin 0 shifted to kAt and with the time step At replaced by
ot =t — kAt < At. O

At this stage, we can show an inequality similar to (5.3) with e(¢) and ey replaced respectively by the functions
(t) = [ul(t) —v(t)] and e = el(kAt), (5.4)

where u° is the solution of (1.6). Indeed, we have the following proposition:
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Proposition 5.2 (Basic error estimate for the homogenized ODE). Let f be the function given by (1.3),
and enjoying the properties given by Propositions 1.1 and 3.2. Let T > 0, and At > 0 given by (5.1). Then for
kAt <t < (k+1)At, k=0---n—1, we have:

eo(t) < ¢l cat

0

where €%, €% are given by (5.4), and ¢ = c(a, B) > 0 is a positive constant.

Sketch of the proof. Although the proof is an adaptation of the proof of inequality (5.3) (it suffices to deal with
f(u,t) instead of f(v,7,u,t), and to take ¢ = 0), we will indicate the main points where it slightly differs. The
crucial idea is that, on the one hand, the monotonicity of the function f(v,7,u,t) with respect to the variable u
(see assumption (A3)) is replaced by the monotonicity of f(u,t) with respect to u (see (1.4)). On the other hand,
the fact that f is Lipschitz continuous (see assumption (A1)) is replaced by the fact that f satisfies a modulus of
continuity (see Proposition 3.2), and the fact that f(u,t) = A(u,t).

Let us go into the details. In fact, the proof of Lemma 4.2 can be adapted where inequalities (4.5) and (4.6) are

replaced by

— — E . 0,+ 0 0

Fu®,t) > f(°,0) — , with d;y" = sup (max(0,u"(t) —wv 5.6

00,0) 2 F00,0) = g = sup (max(0.00) ~ %) (5.6
and _

FO,t) < F(0°,0) + 3 . with @ = inf (min(0,u°(t) —° 5.7

F0 ) S TO00) 4 o with 7=t (min(0.°() o) (5.7

respectively. Here we have used the monotonicity of f, and inequality (3.13) given by Proposition 3.2. Having (5.6)
and (5.7) in hands, the sub- and super-solution w*, w* defined by (4.8) and (4.9) are replaced by @°, w® solutions
of

o= F0%,0) loga(d;’Jr T+ A

w°(0) = v+ €% with €%~ = min(0,u"(0) — v°)
and _

wf = 70.0) :

+
|[log a(|d)"™ | + At)]
w?(0) = 0% + €% with €% = max(0,u°(0) — v°)
respectively, and we have
() —T°(0) — At =0 and w°(t) — w’(0) — A%t =0 (5.8)
with B
§
|log a(|dy™ | + A)|”

o 3
o = WY = Ao —
0T T oga(dP + A

and A =w? =X+ (5.9)

where we recall the reader that Ao = f(v°,0). Remark that (5.8) replaces (4.11), while (5.9) gives (as a replacement
of (4.13) and (4.14)):

3
|log a(|dy"™ | + At)|

3
|log 04(d(1)’Jr + At)]

0>N— Ao =— and 0<A0— )\ =

At this point, the rest of the proof proceeds in a very similar way as the proof of (5.3) with e = 0, and a possible
changing of the constants but always depending on « and S. O

Now we are ready to present the proof of our main result.
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Proof of Theorem 1.5. We first note that the constant ¢ > 0 may certainly differ from line to line in the proof.
We decompose the quantity |[uc(t) — u°(¢)| into two pieces:

e(t) (1)
uc(t) = u®(t)] < Ju(t) = o(®)[+ [u’(t) = v(t)]. (5.10)

In order to estimate e(t), we iterate inequality (5.3) and we finally obtain for u¢(0) = ug = v°, and ¢ € [0, T] with

T = nAt:
enAt ceT cT

t) < _mar el e
e(t) < eo+ ene+ |[logcAt| — At + |log cAt|

The above inequality gives:

€ 1
< — + — .
e(t) <cT <At + |10gAt|) ; (5.11)

and, from inequality (5.5) of Proposition 5.2, we can show in the same way as above that we also have:

0 cr

) < ——. 5.12
0 < (5.12)
Choosing particularly At = Ce|logel|, we deduce that e < At = Ce|loge| < T, and (from (5.11), (5.12)) that:

cT
| log €|

cT
|loge|”

e(t) < and €%(t) < (5.13)

with ¢ in (5.13) depending on the choice of C' > 0. finally, inequality (1.7) could now be easily deduced from (5.10)
and (5.13). O

6 Application: error estimate for linear transport equations

In this section, as an application of our previous results on ODEs, we give the proof of some error estimates for the
homogenization of linear transport equations. Namely, we prove Theorems 1.8 and 1.9. We start with Theorem 1.8
keeping the same notations of Subsection 1.2.

Proof of Theorem 1.8. The proof is divided into four steps. The first three steps are devoted to the definition
of the limit solution V°, and to prove that it is a viscosity solution. The proof of the error estimate is done in the
last step.

Step 1: Definition of V°.

Because the homogenized vector field @ is not Lipschitz, we define our solution V° to (1.11) in an indirect way using
the characteristics. Precisely, for (t,z) € (0,00) x R?, & = (21, x2), we define VO(¢,x) as follows:

VOt x) = Vo(X°(05¢,2)) (6.1)
where the curve X°(r;t,2) : 7 € R — XO(7;t,7) € R?,
XO(rit,x) = (X)(7;t,2), X3 (73, 7)) (6.2)
is the solution of the following ODE:

{ 2-X° =a(x% ©3)

XO(t) = .

We will see below that this solution is unique. For the sake of simplicity of notations, we will omit the dependence
of X° on (¢,7) and we will simply write
XO(rit,x) = XO(7).
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From (6.3) and (1.9), we can easily check that X(7) = 3 — t + 7, hence using (6.1), we get
VO(t,z) = Vo (X7(0),22 — t)

where XV satisfies:

0 X0 = —F (X0 g —t+7
X =7 (2247 o
Xl (t) =XT.
In order to show that X?(0) is uniquely defined, we solve (6.4) backwards, in other words, we let
0
X, (1) =Xt —1).
In this case: Y
Vo(tv'r) = ‘/O(Xl(t)v'rQ _t)a (65)
where 72 satisfies:
877(1) =f (Y(f, To — 7')
(6.6)

-0
Xl(O) =T1.

From Proposition 1.4, the solution 7(1) € C'([0,00); R) is unique and hence X?(0) = 7(1)(1%) is uniquely determined.
Consequently the function V? is well defined.

Step 2: V9 is Lipschitz continuous.

From Step 1, we know that
—0
Vo(t,xl,xg) = VQ(Xl(t),,TQ —t) (67)

with 72 given by (6.6) also depends on x; and m3. Let the function Y : R* — R be defined as follows (with
simplified notation showing the dependence on the variables (¢, z1,x2)):

Y (t, a1, 9) 1= X1 (£).
In order to show that V' is Lipschitz, it suffices (see (6.7)) to show that Y is Lipschitz. First, it is easily seen from
(6.6) that Y is Lipschitz in time ¢. The Lipschitz continuity with respect to the variable x; directly follows from
the monotonicity of f (see (1.4)), and the comparison principle. In order to show the Lipschitz continuity with
respect to xo, we first give a formal proof by assuming that f is smooth, and then we present the main idea that
permit to make the proof rigorous. Suppose that

feC®®R%R) with [f(y,s)] < [ flle-

Take R _
Y =0,Y and Y =4,Y,

then the above two functions satisfy:

{@Y = (0yf)Y +0sf (6.8)
Y(O,xl, IQ) = 07
and > I\ r
{@Y = @)Y - 0.7 (6.9)
Y(O,xl,xg) = f(xlny)v

respectively. Let Y =Y + Y, we get (from (6.8) and (6.9)):

6157 = (‘%7)?
?(O, I, IQ) = 7(171, .IQ),
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which gives, because of the monotonicity of f (see (1.4)), that the function ¢ — [Y(t,.,.)| is non-increasing. Hence
Y (t,21,22)] < |F(21,22)] < [[f]loo- (6.10)
Since Y = 8,Y, we know from (6.6) that |Y| < |[f|loc where we finally obtain (see (6.10)):
V] = 102, < 2/ Tl

which shows that Y is Lipschitz continuous in the xy variable. In order to make the proof rigorous, it suffices
to consider a regular approximation of the function f (as for example the convolution with a suitable mollifier
sequence) and then to pass to the limit.

Step 3: V' is a viscosity solution of (1.11).

For the definition and the study of the theory of viscosity solutions, we refer the reader to [3]. Let us take
o, 9 € C1(R3;R) such that V0 — ¢ (resp. V9 — ¢) has a local maximum (resp. local minimum) at some point
(£,7) € (0,00) x R? (resp. (t,z) € (0,00) x R?), with VO(£,7) = ¢(Z,T) and VO(t,z) = ¢(t,z). In order to show

z)
that VY is a viscosity solution of (1.11), we need to show the following two inequalities:
0ro(t,7) + (@- Vo) (t,7) <0 (6.11)
and
Oro(t,z) + (@ Vo)(t,z) > 0. (6.12)

We only show inequality (6.11). In fact, inequality (6.12) can be proved in exactly the same way. For any ¢ € [0, 7]
define the function ¢ by

¢t — ¢(t) = o(t, X" (1:1,7)),
where X is defined in (6.3). Let us show an inequality on ¢ in the interval [f —r,#] for 7 > 0 small enough. Remark
that XO(%;#,%) = 7. Hence, for t € [t —,7], (t, X°(¢;%,7)) is close to (,) and therefore (since V° — ¢ has a local
maximum at (7,7) with VO(,7) = ¢(Z,7)) we get:

¢() ot XO(t:1,7)) 2 VO, XO(t:8,7)) = Vo(X°(052, XO(t: 7, 7))
Vo(X°(0;2,7)) = VO(I,7) = ¢(1,7) = o, X°(5:1,7)) = 6(D),

where the passage from the first to the second line is due to the fact that the points (¢, X°(¢;7,7)) and (£, T) are on
the same characteristics. Finally, this implies

8t¢‘t:¥ <0
which directly gives (6.11).

Step 4: Proof of the error estimate (1.13).

The solution V¢ of (1.10) can be written (in analogue with (6.5) and (6.6)) as
VE(t,x) = Vo(Xy(t), z —t) (6.13)

where the characteristics 7; satisfies:

—€ 76 —€
8, X, = f (Tlf”e T Xl,x2—7'>

(6.14)

=<-€

Xl(O) = XT7.

We apply Theorem 1.5, namely inequality (1.7), with u¢ and u® replaced by 7: and 7(1) respectivly, we obtain:

T
e B
L=(0,1) ~ |loge]

for T > Celloge| with C > 0,e> 0. (6.15)
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Using (6.5), (6.13) and (6.15), we compute for (t,z) € (0,T) x R?:

Ve(t,z) = VOt )| = [Vo(Xy(t), 20 —t) — Vo(X1(t), w2 — 1)
< Lip(Vo)| X5 (t) — X1 (t)]

and inequality (1.13) directly follows.

Proof of Theorem 1.9. Application of Proposition 2.1, and same proof as Theorem 1.8.

7 Appendix: proof of Examples 1.3 and 1.6

Proof of Example 1.3. The function f can be expressed as (see for instance [23]):

= ! dv -
flu,t) = (/0 —u+|sin27rv|> '

1
d d
Let a = —u > 0, it is easy to check that / . 2/ @ Take
0 \

a + | sin 27| B vl<1/a @+ |sin2mu|”

d d
I :/ 71} and J4F :/ v
lv|<1/4 @ + |Sln2ﬂ-v| [v|<Ra a+ 27T|’U|

We are interested in the limit @ — 0 and R — oo with Ra — 0. We compute

A B

o TR dv 27 |v| — | sin 27v|
19— 19" = —+ - v,
Ra<|v|<1/4 @+ | sin 27| v|<Ra (a+ 27|v|)(a + | sin 27v|)
where we have:
B—0 as Ra—0
1 1

c
A<-—— o~ L eyN
~ 2sin(2rRa)  Ra ev[logal,

with ¢ = ﬁ, and we have chosen

R—_ 1
ay/|logal’

Now, let v = 2, we also compute:

dv 1 1 1
Ia,R: = —(1 1 27R)) ~ —log R ~ =|1 .
/0<U<R1+27TU —(log(1+2mR)) ~ —log R ~ —|logal

Since A < I»%, this shows that I¢ ~ I»® and then

— ™

Flu,t) ~ —
(1)~ SogTal

as u— 07,

which justifies (1.5).

Proof of Example 1.6. Since f(v, T,u,t) = g(v+ 7) — 1, then the function v¢ defined by:

ve(t) = u(t) +t
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satis

From the particular expression (1.8) of g with ¢ (%) = 0, we can check that 0 <

fies
,Uﬁ
vy = — ], t>0,
' g(f) (7.1)
v¢(0) = 0.

0!

< % for every t > 0, which

implies that

then

v* =0 in L

u® —u’in L with u0(t) = —t,

where

u = f(ul,t) = —1.

Moreover, equation (7.1) can be written:

Y with v¢(0) =0,
€

therefore (solving the above equation) we get for ¢ = de| log €|

w() — ') =o' (t) = S(1—e )
— %(1 _ 676|log5|)

€ 11+5 € t

2 2% 727 5lloge

which terminates the proof of Example 1.6. O
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