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Abstract

We analyse a concept of generalized Bose-Einstein condensation (g-BEC) for the perfect Bose
gas (PBG) in Casimir boxes via relation between concepts of long cycles and Off-Diagonal-Long-
Range-Order (ODLRO) usually considered as an adequate way to describe the standard BEC in the
fundamental state of the cubic box. We revise definitions of theses concepts, called scaled Bose-
Einstein condensation (s-BEC), scaled short/long cycles (s-short/long cycles) and scaled ODLRO
(s-ODLRO) which are based on some scaling arguments.

The principle result is that the classification of the g-BEC in three types (I,ILIII) implies a
hierarchy of long cycles (depending of their size) and a hierarchy of ODLRO (depending of the size
of spatial delocalization of the condensate).
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1 Introduction: BEC in Casimir boxes

In this section we give a list of the different concepts concerning the BEC such as generalized BEC, cycles,
ODLRO permit to understand the original Bose-Einstein condensation phenomenon via those different
complementary points of view.

1.1 About the concept of generalized Bose-Einstein condensation and ODLRO

The history of the generalized Bose-Einstein condensation (g-BEC) began with H.Casimir in 1968 who
studied the ideal Bose gas in an anisotropic boxes. He showed that condensation may come from infinite
number of levels macroscopically occupied. Later in 1982 M.van den Berg, J.Lewis [vdB-L] and in 1986
M.van den Berg, J.Lewis and J.Pulé [vdB-L-P] gave a definition of the concept of the generalized Bose-
Einstein condensation.

Consider the grand-canonical (3, 1) perfect Bose gas (PBG) in Casimir boxes A = Ly x Lo x Lz € R4=3,
of volume |A| =V with sides length L, =V v =1,2,3 where a1 > as > a3 >0, a; + as + a3 = 1.
For the single-particle hamiltonian H/(\Nzl) = T/(\l) := —(h?/2m)A with periodic boundary conditions, we
get the dual vector-spaces A* defined by:

2mny 2mng 27ng

VOtl ’ VOtQ ’ VO(g

A*{keR3:k( ); nyezl}. (1.1)

In the grand-canonical ensemble, the mean values of the k-mode particle densities {pa (k) }rea~ are:

pa(k) = %<NA(/€)>A(@ ) = %W{H)—l’ (1.2)

where e (k) = h2k?/2m, k € A* are the eigenvalue of the Laplacian with periodic boundary conditions,
(Na(E))A(B, 1) is the Gibbs expectation of the particles number operator Ny (k) in the mode k. The

total density of particles is pa (8, 1) := >, cp- PA(K)



Recall that the eigenfunctions {\Ilf\zykzl)(x)} kea+ of the single particle hamiltonian Tj(\l) are:

My L ika
U (x) = —=e . 1.3
A,k( ) \/V ( )
We consider now the fixed density of particles. The chemical potential is then a unique solution of
the equation p = pa (0, 1), which we denote by Tz, := iy (5, p).
The van den Berg-Lewis-Pulé formulation of the concept of g-BEC in Casimir boxes is:

Definition 1.1 We say that for the grand-canonical PBG there is g-BEC with a fized total density of
particle p, if we have:
po(B,p) :=lim lim > pa(k) >0, (1.4)
{keA:||k[<e}

where pp(k) are defined by (1.2) for p =T, (8, p).

This criterion of condensation means that all single particle states \115\1)16 € H&l) in the vicinity of the
ground state form a macroscopic ”atom”.
This motivate the following classification:

Definition 1.2 e One gets g-BEC of type I if a finite number of single particle states are macroscopically
occupied.

e There is g-BEC' of type II imply that an infinite number of single particle states are macroscopically
occupied.

e The g-BEC is called type III, if all single particle states are microscopically occupied, although
po(B, p) > 0.

This concept allows the study PBG in Casimir boxes and to give an illustration of the different types
of g-BEC.
As usually one introduces for the PBG the critical density, p.(3) defined by:

pe(B) :=sup lim pa(B, 1) = g3/2(1)/A}, (1.5)
u<0 V1o

where gy(z) := 3777, 27/j° is related to the Riemann zeta-function ((s) := g(1). Here \g = hy/273/m
is the thermal De Broglie length.

Due to [vdB-L-P] to we have the following proposition:

Proposition 1.1 If one consider the PBG in Casimir boxes with 1/2 > «y, then for a fized particles
density p > p.(B) the chemical potential is iy = —A/BV + o(1/V), with A > 0 and there is g-BEC of
the type I in the zero mode k = 0. Here A is the solution of the equation :

p—peB) =% . (1.6)

If 1/2 = a3, then the chemical potential is iy = —B/BV 4+ o(1/V'), with B > 0 and there is g-BEC
of the type II in the infinite number of modes:

1
li k) = ———, fork=(2 Ve 0,0), ny € Z',
m pa (k) Bz (2mn1/ ), m

= 0, for k # (2701 /V*1,0,0), ny € Z' .

Here B is the solution of the equation:

p—pe(B) =Y S (1.7)

p)
et B+ /\ﬁn1



If 1/2 < au, then the chemical potential Tiy = —C/BV? 4+ o(1/V9), with § = 2(1 — a1) and C > 0.
The corresponding g-BEC is the type III: for all k € A* we have limy 1o pa(k) = 0 although po(5,p) >0
and C' is the solution of the equation:

™

W . (1.8)

p—pe(B) =

In 1951 O.Penrose and later in 1956 O.Penrose and L.Onsager [P-O] proposed a criterion of BEC well
adapted to both ideal or interacting gases: there is Bose-Einstein condensation if and only if there is Off-
Diagonal Long-Range Order (ODLRO) for the reduce statistical operator. Here we recall the definition
for the two-point correlation function of ODLRO for particular case of the PBG with periodic boundary
conditions:

Definition 1.3 We say that for the PBG there is an ODLRO for a fixed total density of particles p if
we have:

a(8,p) = | hnlll Jim oa(B,p;x,2") >0, (1.9)
z—x'||Too oo

where o (B, p;x, x') = limyje oA (8, p;x, &) is the two-correlation function, defined by:

oa(B,praa’) ==Y (NA(R)A(B, p) U, ()0 (2) = > palk)e (=, (1.10)

keA* kEA*
for periodic boundary conditions. Here pa(k) is defined by (1.2).

The interpretation of this criterion is very intuitive. Since ODLRO measures the correlation between
two points at the infinity after thermodynamical limit. Recall that according to Definition 1.1 for non-zero
BEC we catch in thermodynamical limit the density of particles in the modes null i.e. with de Broglie
wave-length of those particles equals infinity. This allows communication in the condensate through
the whole space (in R?). The heuristic arguments can be rigorous by checked showing that g-BEC and
ODLRO are equivalent for the PBG in Casimir boxes:

Theorem 1.1 Consider a PBG in Casimir boxes A. Then we have the following result:

a(B,p) = 0, for p < pe,
p = pe(3), for p > pe, (1.11)

therefore ODLRO is non-zero if and only if there is g-BEC.
Proof

We split the correlation function in two part, the first one is the correlation due to the condensate
and the second one correspond to the particles outside the condensate:

. / R : : ik.(x—z") : : ik.(x—z")
oa(Bpiw,al) = dmlm o 3 palk)e Flmlim Y palk)e
ke{A}:lkll<e} ke{A%:|k|>e}

lim lim E (k) o dk S
= i i pA + 3 / i ﬁ h2k2/2m— ’
€l0 Voo heTASTRI<E) (27m)3 Jpers  €B( / m —1

since Vk € {A} : ||k|| < €}, k.(x —2’) — 0 when € — 0. Here p := limy oo iy
Then by virtue of Proposition 1.1 and by the Riemann-Lebesgue Theorem we obtain the result. O

1.2 Feynman theory of cycles (loops)

Here we would like to recall the Feynman concept of cycles introduced in 1953 [F]. It is related to the
Bose statistic and Feynman-Kac representation for the partition function.



Recall that for the PBG in boxes A = L; x Ly x L3 C R3 with periodic boundary conditions, (i.e.
with the dual vector-spaces A* = {k € R®: k = (2mn1/L1,2mn2/Ly,21n3/Ls), ny, € Z'} , see(1.1)) the
grand-canonical pressure can be represented in the form:

= — _ -1 1 > 1 . _ p(D)
pa(By 1) = ﬂHAH log (23.(5, 1)) M S n [( — e Bet-) } — S Lo ()|
keA~* j=1
(1.12)
where Z{ (3, ) is the grand-canonical partition function and we used that Try, , (e’jﬁT/(\l)) = rens €0 R,
The Feynman-Kac representation naturally appears from (1.12) if we consider the representation of

the trace of the Gibbs semigroup {e‘ﬁT/(\l) }B via its kernel K (8;z,2') = (e‘BTf(\l)) (x,2"):
>0

e
Tr,}_{E\l) (e BTy ):/Adq:KA(ﬁ;x,x). (1.13)

It is known [G] that the kernel Kx(3;x,2’) can be represented as an integral over Wiener trajectories
starting at point « and finishing at point /. Thus K (0; x, z) can be represent as a Wiener integral over
close trajectories (loops) starting and finishing at the same point. The order of the size of the trajectories
coincide with the size of the quantum fluctuations \g, known as the thermal De Broglie length [M].

By virtue of the Gibbs semigroup properties, and by expressions (1.12), (1.13), for the grand-canonical
pressure we get:

oo

A(ﬁ,u) :Z %ejﬁ“/j\dxl/j\da:g.../j\dxj KA(ﬁ;xl,xg)KA(ﬁ;acg,acg)...KA(ﬁ;xj,xl), (1.14)

Jj=1

In (1.14) each integral over (z1,...,x;) € AJ correspond to the impact of the Wiener’s loops of the
length jAg [G], [M].

Notice that the total density of particles in this ensemble is given by:

pa (B, ) = M = 8 (B, 1) = ;Zem Tr, e n (1.15)

7j=1

One can use this representation to identify the repartition of the total density (1.15) over densities of
particles involved into loops of the length jAg:

1 . am(D)
P (B: 1) i= 7 €% Tryye ™A (1.16)

The j-loops particles density (1.16) and representation (1.14) are the keys to the concept of the
short /long cycles. In fact after thermodynamical limit one can obtain loops of finite sizes or infinite sizes.
Using this point of view one can relate BEC to appearance of loops of infinite size as an explanation of
the long range order and the macroscopic size of the quantum fluctuations [F], [P-O], [U].

1.3 Bose statistic and cycles

To develop the mathematical approach of Feynman cycles, we introduce the permutation group via Bose
statistics is related to the permutation group.
Consider a system of N identical bosons enclose in a region A € R3. Let they be in the thermal

equilibrium at inverse temperature 3. The Hamiltonian of the system in general is given by Hj(\N) =

Tj(\N) + Uj(\N), where T/(\N) is the usual kinetic-energy operator and U/(\N) is the interacting-operator term

. " Ny,
with the condition that of the trace of the operator e PHY" exist.
Let us introduce the symmetrization projector Py := % >on esy Un, where Ur = HSXN) — HE\N) is the

unitary representation of the permutation group Sy defined by Uz V(z1,...,2N) = Y (Zr(1), s T(n))-



Then the grand-canonical partition function is equal to:

= e _ =1 ()
1) = NZ_OTrH;N,SW (e PUY “N)) = NZ_Ome“NZTTH;m (Uwe BH ) (1.17)

To make a contact with Feynman’s idea of cycles, we recall the relation between Bose statistics and
cycles [D-M-PJ:

e Fach permutation m € Sy can be decomposed into a number of cyclic permutations of sizes
q1, G2, g with 7 < N and > ¢; = N. We consider the set Q = J, oy of unordered r-tuples of
natural numbers ¢ = (¢1,¢2,...¢r) € Q, for r = 0,1,2,... and let |¢| = >.;_, ¢; for ¢ € Q. Then a
decomposition of m € Sy into cycles is labeled by ¢ €  with |¢] = N

e The decomposition into cycles leads to a partition of Sy into equivalence classes of permutations
Cy gl = N

e Two permutations 7’ and 7 belong to the same class if and only if they are conjugate in Sy i.e.
there exists m € Sy such that 77 = 7~ 17/7.

e The number of permutations belonging to the class Cy, noted |C,| is N!/[],_; nplgy, where n, is
the number of cycles of size p in q.

o If [HI(\N)7 Uzl =0V7 € Sy, for n',n” € C, one has:

(N) (N) (N)
Tryon (Une P87 ) = Try o (U7 U Ure™ P8 ) = Ty o (U U e P80 ) = Ty o

(Uﬂ'“e_BH/(\N)) )
(N) ..
consequently Ter) (Uwe’BHAN ) depend only on the cycle decomposition g of 7
A

Under those assumptions we obtain the magic formula [M], [M-B]:
1
ABop) =1+ Z 3 H —eﬁ#‘hTr e (U e*ﬁH(N)) (1.18)
r=1 " geNri= 1

For the PBG in Casimir boxes A we have HE\N) = ®i]\;1H§\1), where H} is the single particle Hilbert
space Hi = £%(A). Consequently we have:

_T{N) _ Q0 W ™M g Q0
Tryen (Upe PN ) = 30 (0, 2 eel) e Ul o oul)))
ki,..,knNEA*

r (@)
[ 5 (ofh oo, oot oo o, oof)
p=1k1,.. kg, €A*

K
(1)
— _‘Z'LBTA
= HTTHE\I) (6 ) y

i=1

since U, = [[;_, U, act on independent parts of the state \Ilf\l)k ® .0 \Iff\l)kN , where U,, is the
unitary representation of the cyclic permutation 7y, € Sy, defined by Uy, \Ils\l)k ®.Q ‘I’Exl)kq.,l ® \115\1)]% =

\Ilg\l),€2 ®..® \Ilg\l)kq ® \Ils\l)k and because the single particles states are orthogonal.

Inserting this equation into (1.18) we obtain for the PBG grand canonical partition function Q% (8, )
c.f. (1.12) in Casimir boxes:

1 .
=0 *”Z 3 H MLQZTTHE\I) (e—qm;)) , (1.19)

qENT i= 1

We can establish the contact with (1.12) rewriting the precedent formula:



N s
- 1 1 . (D g
=B = D > — 1] <—.eﬁ‘”TTH<1) (e IPTN ))
N>0 nJ'j:l ] A

{n; 3} gni=N
a 1 o
- H Exp (_'eﬁﬂjTrH(l) (e—JBTA )) )
L J A
=

One can use this representation to identify the repartition of the total density over mean densities of
particles involved into cycles of the size j:

1 — . 1 . _ig(D)
prg(Bot) = (D j0ia)a(B) = 57 &% Trpe 91X (1:20)
i=1

The j-cycles particle density (1.20) is the keys to the concept of the short/long cycles.

Definition 1.4 We say that the representation (1.19) for the grand-canonical PBG contains only short
cycles if the limit:

M

pshort(ﬂa,u) = ]\411—r>noo &,ITIEOleA,j(ﬂvﬂ) = p(ﬂvﬂ) = ‘}.l%gopl\(ﬂvﬂ) ) (121)
‘7:

i.e. it coincides with limit of the total particle density. Since in general the limits in (1.21) are not

interchangeable, we say that the representation (1.19) for the grand-canonical PBG contains macroscopic

number of long cycles for a total density of particles p, if we have p > pshort (B, p), or equivalently if:

Prong(F,p) = lim q lim > pai(B.p)p >0, (1.22)
j=M+1

Since Feynman [F] the presence of the non-zero density of the long cycles is usually connected with
the existence of zero-mode BEC, but a rigorous proof of this conjecture for a certain class of models has
been obtained only recently. There we noticed that even for the PBG type I BEC the mathematical proof
of this connection was not straightforward and appealed to a non-trivial analysis, see [S], [D-M-P],[U].

Theorem 1.2 Consider a PBG in Casimir boxes A. Then we have:

93/2(€ﬂ“)

Pshort (65 ,LL) = )\?} < pc(ﬂ) 5 (123)

where p.(B) is the critical density defined by (1.5). Therefore, for p > p.(3) the grand-canonical repre-
sentation of the partition function (1.19) for the PBG contains a macroscopic number of particles in long
cycles.

Proof

By virtue of (1.20) and (1.21) we have:

M

3
. . ; H 1 Z B2 avy2
pshort(ﬂvﬂ) - ]\41{»1})0 élTI?o ejﬁ# Va,, € jﬁﬂ/\ﬂ(n'//v )
j=1 v=1 ny, €L

— EOO e 1] / o—iBTAEER _ SO: e gapa(e)
= = 7 = 3 ;
£,€R = A%]B/Q )\B

j=1 v=1

c.f. definition of gs(z).



1.4 What is the problem ?

In fact it was F.London [L] who for the first time used implicitly the scaling approach to solve the
controversy between the G.Uhlenbeck mathematical arguments against condensation of the perfect Bose-
gas for hight densities and Einstein’s intuitive reasoning in favor of this phenomenon. Recall that his
line of reasoning was based on the following observations: since the explicit formula for the total particle
density pa(8, 1) in the box A is known only in grand-canonical ensemble (3, i), to ensure fixed density p
in this box one has first to solve equation p = px (5, 1) which determine the corresponding value of the
chemical potential fi, := T, (5, p).

Concept of the g-BEC does not show up explicitly. The natural question: is the scaling approach
relevant for the analysis of the long cycles? There is the same question for concept of ODLRO.

In the next section we propose to revisit the concept of g-BEC and to introduce a concept of scaled
BEC. The concept of scaled long cycles and the concept of scaled ODLRO are considered in section 3
and 4.

2 Generalized BEC concept: revisited

In this section we propose a new concept of generalized BEC which we call scaled BEC (noted s-BEC).
This imply the corresponding concept for cycles (scaled short/long cycles noted s-short/long cycles) via
similar scaling arguments. Moreover we introduce a classification of the s-BEC (type I, II, III) and the
hierarchy of the s-long cycles (long-microscopic/macroscopic-cycles). We illustrate our concepts by some
remarks and propositions.

2.1 Generalized condensation and scaled condensation

The original van den Berg-Lewis-Pulé concept of the g-BEC [vdB-L-P] has not been explicitly addressed
to detect a fine structure of the condensate: a priori it does not distinguish between generalized BEC of
types 1, II or III. In fact one can do this analysis, as it was done for the first time in [vdB-L] for the case
of the Casimir boxes. To make this facet more evident we introduce here a new definition of generalized
BEC, a scaled BEC (s-BEC). Take for simplicity the PBG in Casimir boxes A with periodic boundary
conditions, i.e. with the dual vector-spaces A* defined by (1.1), and with the k-modes mean particle
densities {pa(k)}rea defined by (1.2).

Definition 2.1 We say that the perfect Bose gas manifests a s-BEC in boxes A, for a fixed total density
p if there exists a positive decreasing function n:V — Ry, such that limy1 n(V) = 0 and we have:

po(B. p) = lim inf > pa(k) > 0. (2.24)
{keAR:IIklI<n(V)}

Remark 2.1 Recall that the van den Berg-Lewis-Pulé definition of g-BEC'is formulated for this case as:

po(B. p) = lim lim > palk)>0, (2.25)
{keALIlkl<e}

for the total particle densities p. Hence the two Definitions 1.1 and 2.1 are evidently not equivalent.
Moreover, we shall show that it allows also to connect this fine mode-structure of the condensate the type
I, II or IIT with the long-cycles hierarchy, and to show that there exist a relation between the structure of
the condensate and the size of cycles.

The following statement is an evident consequence of Definitions 1.1 and 2.1:

Lemma 2.1 For any function n(V') we have:

0< py(B,p) < po(B,p) - (2.26)



This lemma means that s-BEC imply g-BEC and that the contraposition is true (i.e. that if there is
no g-BEC, then there is no s-BEC).

A simple example of application of the s-BEC approach is the possibility to distinguish the type I, IT
or IIT condensations of the PBG in Casimir boxes A with periodic boundary conditions.

Proposition 2.1 If the function n(V') decreases for V. — oo faster than 1/V7 for any power v > 0, then
for p > pc(B) one obtains the limits:

pn(Bsp) = po(Bip) =p—pe(B), for ay <1/2,
pn(B.p) = é <po(B,p), foran=1/2,
pn(Bsp) = 0<po(B,p) , for an > 1/2,

related correspondingly to the g-BEC of types I, II and III. Recall that B is the unique solution of equation

(1.7).

Proof: The proof follows straightforwardly from Definition 2.1 and the explicit form of the mean value
particle density pa (k) asymptotics for the three values of the exponent a1, see [vdB-L] and Introduction.
O

Proposition 2.2 The rate n(V) = O(1/V'/2) is an important threshold to refine a discrimination be-
tween different types of g-BEC. If for example, one takes ns(V) = O(1/V1/2=9)) such that § > 0, then
the first and second equations of the Proposition 2.1 rest unchangeable, but for the type III condensation
we obtain:

pns(Bip) = 0, foran >1/2+446 ,
pus(B:p) = po(B,p) for 1/2+6>a1>1/2.

On the other hand, for a; = 1/2 and nr(V) := T'/V'/2 one gets a modification of the density of the
type Il condensation:

1
P (B, p) = Z m < po(B;p) -
[n1|<T'/2m B

For a; > 1/2 and nr (V) := I /V1=21 one gets a modification of the density of the type III conden-
sation:

e C

¢
Pnp/ (ﬁ) p) = /< . merf(rl)\QC/\/E) < po(ﬁa p) 5
ceR+

where erf(.) stands for error function and where C' is the unique solution of equation (1.8).

Proof
By virtue of the proof of the Theorems 3.1, 3.2 and 3.3, with the different choices of n(V'), we can
obtain the results.
O

2.2 Classification of s-BEC versus g-BEC

Introduced by van der Berg and Lewis [vdB-L] as a geometric effect due to anisotropy of A, the g-BEC
is was discoverd then as the result of an interparticle interaction [Br-Z].

Here we want to justify formally the classification of g-BEC via our concept of s-BEC. It is important
for our future theorems related to s-BEC.

By Definition 2.1 the value of s-BEC for a function n(V) is given by 2.24.

A question is what is the structure of p, (3, p) versus the structure of po(8, p) imposed by Definition
1.2 7 We introduce a possible classification:



Definition 2.2 If for any functions n(V') such that p,(5,p) > 0, only a finite number of modes in
Ay i={k e A" [[k]| <n(V)} are macroscopically occupied then the PBG manifests the s-BEC of type 1.

If there exist a function n(V) such that p,(B,p) > 0 and an infinite number of modes in Ay are
macroscopically occupied then the PBG manifests the s-BEC of type I1.

If for any a function (V') no modes in A* are macroscopically occupied, lout there exist n(V') such
that p,(B, p) > 0 then the PBG manifests the s-BEC of type III.

It is clear that classification due to Definition 2.2 is more refined than those of Definition 1.2 show
clearly that the first imply the second. Consequently to study the classification of the g-BEC we can use
below the Definition 2.2.

2.3 Concept of the short/long cycles

One of the aim of this note is to generalize the concept of cycles to be able to control the size of short
and long cycles keeping the trace thermodynamic limit scaling. Why do we want to do this? It is for two
reasons: first to adapt the concepts of short and long cycles to the new definition of g-BEC via s-BEC,
and second to find the typical size of long cycles responsible for the g-BEC condensate: i.e. the hierarchy
of long cycles.

Let us first introduce concepts of scaled short/long cycles (s-short/long cycles):

Definition 2.3 We say that a Bose gas manifests s-long cycles if there exists a positive increasing func-
tion of the volume X : R™ — N1 such that limy oo A(V) = 00 and:

Prong A(B, p) = lim > pag(Bip) >0, (2.27)
PZAV)

where pa_; (3, p) is given by (1.20).
The following statement is an evident consequence of Definitions 1.4 and 2.3:

Lemma 2.2 In the particular case of PBG in Casimir bozes we have:

0< Plong,A(ﬂa p) < plong(ﬂa p)a (2-28)
for any function \(V'). Here piong(8, p) is given by (1.22).

This lemma imply that the presence of s-long cycles imply the presence of the long cycles (c.f. Defi-
nition 1.4) and that the contraposition is true.

A simple example of application of the s-long cycles approach is a possibility to distinguish the type
I, IT or IIT condensations of the PBG in Casimir boxes A with periodic boundary conditions.

Proposition 2.3 If \(V) = V? then for p > p.(3) we obtain:

Plong.A (5, p) 0, for § > 1,

Plong A (Bsp) = po(B,p), for a; <1/2, 0<6 <1,
Pong A (B:p) = po(B,p), for a1 >1/2, 0 <6 <2(1 —a),
PlongA(B,p) = 0, for ag >1/2, 2(1 — ) < 0.

Proof: Adapting the proof of the Theorems 3.1, 3.2 and 3.3 with the different choices of ¢ fot
A(V) = V? we can obtain the results.
O

We propose two definitions:

Definition 2.4 Ifj: Rt — N7 is a bounded positive increasing function of the volume, i.e. limy 1o j(V) <
oo, then pa jvy (B, p) is the density of particles in the s-short-cycles of size j(V').
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Definition 2.5 If j : Rt — NT is a positive increasing function of the volume such that limy o, j(V) =
00, then py jvy (B, p) is the density of particles in the s-long-cycles of size j(V).

There is a natural classification of s-long-cycles:

o iflimy1oo (§(V)/V) = 0, we say that py vy (B, p) is the density of particles in the microscopic-long-
cycles of size j(V),

o if 0 < limy 1o (j(V)/V) < 00, we say that pa vy (B, p) is the density of particles in the macroscopic-
cycles of size j(V)

o if limy1oo (j(V)/V) = 00, we say that pa jivy (B, p) is the density of particles in the large-cycles of
size j(V).

To understand the Definition 2.5, we make the following remark:

Remark 2.2 We say that if j(V) in (1.20) is of the order V* if 0 < limy1o0(j(V)/ V) < o0, for
example (V) = zV*, x > 0. If a < 1, we are in the first case of the classification in Definition 2.5.
This case is important because there is a question: can be have a macroscopic quantity of particles in the
microscopic-long-cycles? If o = 1 we are in the second case of the classification of s-long-cycles and if
a > 1 we are in the third case. Of course, one can take above any increasing function j(V) including e.g.

In(V).

2.4 Hierarchy of s-long cycles

The Definitions 2.4, 2.5 and the Remark 2.2 allow to give a natural classification of scaled-long (s-long)
cycles. We call this classification a hierarchy of cycles, depending on their size.

Definition 2.6 We say that a Bose gas manifests long-microscopic-cycles if there exists two non-negative
increasing functions of the volume Ay : Rt — NT and Ao : Rt — NT with limyj. A\ (V) = oo and
A2 (V) > A (V), with the property:

li =
lim Oa(V)/V) =0,
such that the density:
A2(V)
Prong (3, plmicro) := lim - ;(V) pA,; (B, p) > 0.
J=A1

Definition 2.7 We say that a Bose gas manifests macroscopic-cycles if there exists two non-negative
increasing functions of the volume Ay : RT — Nt and Ay : RT — Nt with limy 1o (A (V) = oo and
A2 (V) > A (V') with the properties:

0< ‘%m M(V)/V) < o0,

0< ‘%m (A(V)/V) < o0,

such that the density:

A2 (V)
Plong (3, plmacro) := Jim > pai(Bip) >0
J=A1(V)

In general there are long cycles of any size:

Definition 2.8 We say that a Bose gas manifests the s-long cycles of the order g(V') where g : Rt — NT
is a positive increasing function of the volume, if there exists two non-negative increasing functions of
the volume A\ : RT — Nt and XAy : Rt — NT such that limy oo A\1(V) = 00, limy 10 A1 (V) = 00 and
A2 (V) > A (V), with the properties:

0 < lim (\(V)/g(V) < o0,
0 < lim (\a(V)/g(V) < o0,
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and the s-long cycles particle density:

A2 (V)
prong(B,plO(8)) 1= lim > pai(B.p) > 0.
J=x (V)

For the suitable it is important to establish this lemma:

Lemma 2.3 Consider g : RT™ — N*t. If for any non-negative increasing functions of the volume \p :
RT — Nt and X2 : Rt — NT such that limy oo M (V) = 00, limyqee M1 (V) = 00 and X2(V) > A (V),
with the properties:

lim (M (V)/g(V)) = 0,
lim (3a(V)/g(V)) = .

and the s-long cycles particle density:
A2(V)

hj{n Z pA,j(ﬁ, p) = plong(ﬁap)a

j= (V)
then the Bose gas manifest the s-long cycles only of the order g(V').
Proof -

By our assumptions, for any function f : RT™ — N¥ such that limy e (f(V)/g(V)) = 0, taking any
functions with the hypothesis of Definition 2.8 one gets:

plong(ﬁa plO(f)) = Oa

moreover for any function h : RT™ — NT such that limyje(f(V)/g(V)) = 0, taking any functions
with the hypothesis of Definition 2.8 one gets:

Plong (B, plO(h)) =0,
this conclude the proof. O
In the next section we shall see that in the particular case of the PBG in Casimir boxes, the classifi-

cation of s-BEC induces a hierarchy in classification of s-long cycles. By virtue of Theorem 3.1, 3.2 and
3.3 we obtain:

Proposition 2.4 If \{ (V) =2V?% 2 >0, 6 >0 and \o(V) = yV?, y > x, then we have:
plong(ﬂ; p|macro) = (esz - eiyA)pO(Ba p)a for a; < 1/25 §= 1,
Plong(B; plmacro) = (e7*F —e7¥F)po(8, p), for a1 =1/2, 6 =1,
Plong (B, plmicro) = (e7*¢ — 7YY po(B, p) for ay > 1/2, § = 2(1 — ay).

where A is the unique solution of the equation (1.6), B is the unique solution of the equation (1.7) and
C' is the unique solution of the equation (1.8).

The proof of this statement follows straightforwardly from (3.35), (3.42) and (3.49).
This proposition gives an illustration of the hierarchy of cycles, that we are going to discuss in details
in the next Section 3.

3 Does generalized BEC of the types I, II, 111 imply a hierarchy
of long cycles?

In this section we apply our concept of s-BEC and the notion of the s-long cycles to study the Bose gas
in Casimir boxes. This allows to relate the fine structure of g-BEC and s-BEC (type I, IT or III) with
hierarchy of long cycles. Recall that we are dealing with Casimir boxes A = V* x V2 x V3 q; >
as =2 a3 >0, ag +as+az =1, |A| =V.
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3.1 Generalized BEC in the case : a; < 1/2

In this case the geometry is close to the usual cubic box. Our main result here is that the g-BEC of type

I implies the macroscopic-cycles in the fundamental state.

Theorem 3.1 If one takes the Casimir boxes A with 1/2 > a1, then for a fixed density of particles
p > pe(B) the chemical potential is iy = —A/BV +0(1/V), with A > 0. This implies the s-BEC of type 1
as well as the g-BEC' in the zero mode (ground state) together only with macroscopic-cycles in this mode.

Here A is the unique solution of equation (1.6).

Proof -

Taking into account (1.1) we denote the family of Casimir boxes by A; with the corresponding dual space:

2mn, 2mne 2mng
Val ’ Vaz ’ Vag

A}::{I{:GR3:I€:( ); n, € ZY 1/2>a1}.

Let A ; be a subset of A7 define by:
Agr =A{k € A Ikl < (V)
where 17 (V) = 1/V. Then we have Aj ; = {k = 0}.
Consider the total density of particles:

‘}ITI?O pA(ﬂ ,LLA) = pshort(ﬂ P) + plong(ﬂ p)

cf. (1.21), (1.22).

We can decompose the density of particles in long-cycles into two parts defined by:

Plong (B, p) = Plong (A;\AS,I) + Plong (AS,I)a

where piong(A7\A ;) is the limiting density of particles in long-cycles outside Ag ;:

plong(A}\AaI) = lim lim ( Z Z oa,;(k

M — o0 VToo
EEAT\A I] M

where the spectral repartition of particles density in j-cycles is:
L 67 g—iBenth)
pa.i(k) = 7 re ,

and Tz, is the solution of equation p = pa (5, ).

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

First we shall estimate the density of particles in long-cycles of A}\Aa ; by (3.33) and asymptotic for

[ty We get:

Prong(AT\AG ) = Mhinoo ‘}1%{)10 Z Z eJB”Ae_JﬁﬁA(k))
kEAT\AG ;7= M

|
lim o3 / dk@ijﬂpA?ij )
M—o0 fayy: (27‘() R3

= 0.

Consequently there is no long cycles in AF\A 1 and since our last estimate is valid for any M — oo

we conclude that there are no s-long cycles in A} \A (see Definition 2.3).
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Now consider the modes in Ag ;, we would like to apply Lemma 2.3 to prove that the PBG manifests
s-long cycles of the order O(V), i.e. macroscopic-cycles (see Definition 2.7).

For any positive increasing functions Ay : Rt — NT and Ay : RT™ — NT such that limy . A (V)/V =0
and limy 1 A2(V)/V = o0, since iy = —A/BV + 0o(1/V), with A > 0 we have:

A2 (V)
Plong (AS,] |ma,CI'O) = élm _ ejﬁﬁ/\
1% =)
(eﬁkl(v)ﬁ/\ — eBAZ(V)ﬁA)
= lim _
V9o e—Bran — 1
. 1 , )
= lm o = lim pa(A5 ), (3.35)

where pa(Af 1) == > rea, , PA(K) is the density of particles in Ag ;.
We can easily calculate pj(Ag ;)

1 1 1 1 1 1

A )= =—== == =— —). .
pa(Ag 1) VePin—1  Vopfrrod) 1 A+0(V) (3.36)
So by virtue of (3.32), (3.35) and (3.36):
% 1
Plong (Ag, r|macro) = piong (B, p) = 1 (3.37)

We know by Theorem 1.2 that the density of particles in short-cycles is equal to the critical density.
Consequently by virtue of (3.31), (3.37) and by Lemma 2.3 we can conclude the proof of the theorem.
O

3.2 Generalized BEC in the case : a; =1/2

In this particular case of geometry the boxes are anisotropic with a; = 1/2. Our main result is the
theorem about generalized Bose-Einstein condensation of type II due to presence of macroscopic-cycles
in an infinite (in thermodynamical limit) number of modes.

Theorem 3.2 If one takes the Casimir boxes with 1/2 = an, then for a fized density of particles p > p.(5)
the chemical potential is iy = —B/BV + o(1/V'), with B > 0. This implies the s-BEC of type II as well
as the g-BEC in an infinite (in thermodynamical limit) number of modes together only with macroscopic-
cycles in these modes. Here B is the unique solution of equation (1.7).

Proof

Taking into account (1.1) we denote the family of Casimir boxes by A;; and the dual space is:

» 2mn, 27mne 2mng
A = {k ER®: k= Ver’ Vas ) Vs ); ny €ZY 1/2= al}, (3.38)
Let A ;7 be a subset of A},
Ao rr =1k € Mgy - [|B < nir(V)} (3.39)
where: 2V
%
(V) = T 0<e< 1/2, c € R"\{0}, (3.40)

here [X] denotes an integer part of X. We introduce ¢ in (3.40) to make combination in numerator
dimensionless (e.g. ¢ = 1/\¥).

We show that this set contains the whole value of the condensate as well as particles involved in the
long-cycles. With the definition of 7;;(V) we see that the number of modes in this set is of the order
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O(V¢) that goes to infinity, with increasing volume.

Again we decompose the density of particles in long cycles into two parts:

Plong (B, p) = Plong (A?I\AS,H) + Plong (AS,H)- (3.41)

By the same argument as in the proof of Theorem 3.1, one find that there are no long-cycles out of
AG 11

Now consider the modes in AS, 17- We would like to apply the same strategy than the proof of the
Theorem 3.1: we use Lemma 2.3 to prove that the PBG manifests s-long cycles of the order O(V), i.e.
macroscopic-cycles (see Definition 2.7).

For any positive increasing functions Ay : R* — NT and Ay : R — N* such that limy 10 A1 (V)/V =0
and limy 1o A2(V)/V = o0, since iy, = —B/BV +0(1/V), with B > 0 we have:

A2(V)
Plong (Ap fr|macro) = él%?ov Z Z pa(k
keAG 11 7= (V)
' (eﬁ/\l(v)ﬁA — PP (V)iin)
= A=) —1
keAS,II
= lim +
VTook = eBlea(k)=my) — 1

0,IT

= dim (Y pak) = p(Aj 1), (3.42)

KEA 1,
We can easily calculate p(Ag ;7):
V]
" . 1 1
p(Aorr) = &I%EO _Z V BT [VEB/VLO(/V)) _ 1
1
=t B+ )‘5”1
So by virtue of (3.41), (3.42) and (3.43):
Prong (A5 7macro) = prong(8,) = D 5 /\2 5 (3.44)

ni€ZL Bnl

We know by Theorem 1.2 that the density of particles in short-cycles is equal to the critical density.
Consequently by virtue of (3.31), (3.44) and by Lemma 2.3 we can conclude the proof of the theorem.
0

3.3 Generalized BEC in the case : a; > 1/2

We study the anisotropic boxes with a3 > 1/2. Our main result is the theorem about generalized
Bose-Einstein condensation of type III due to presence of long-microscopic-cycles in an infinite (in ther-
modynamical limit) number of modes.

Theorem 3.3 If one takes the Casimir bozes A = V& x V2 x V* with 1/2 > oy, then for a fized
density of particles p > pe(B) the chemical potential is iy = —C/BV°® 4+ 0(1/V?), with § = 2(1 — ay) and
C > 0. This implies the s-BEC of type III as well as the g-BEC' in an infinite (in thermodynamical limit)
number of modes together only with long-microscopic-cycles of the order VO in these modes. Here C is
the unique solution of equation (1.8).
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Proof -

Taking into account (1.1) we denote the family of Casimir boxes A;y; and the dual spaces are defined by:

2 2 2
Aipp = {k ER®: k= ( ‘7;:1 J;” J:j); ni € Z'; oy > 1/2} . (3.45)
Let Ag ;7 be a subset of A7
NS rrr =1k € Agpp 2 KBl < nrrr (V) (3.46)
where: e 14
2mle/ V2o~ 1+ Ve
(V) = mle o I _ Olyrz), 0 <e</2, ¢ €RMY, (3.47)

here 6 = 2(1 — 1) < 1 and [X] denotes an integer part of X. We introduce ¢’ in (3.47) to make
combination in numerator dimensionless (e.g. ¢/ =1/ )\E(MPHC)).

We show that Ag ;;; contains whole value of the condensate as well as the particles involved into long
cycles. Before to start the formal proof let us make a remark about qualitative difference between the
cases a1 > 1/2 and ay < 1/2. With the definition of 177 (V) (3.47), we see that the number of states
in Af ;77 is of the order O(V?* =€) that goes to infinity, with increasing volume but there are much
more states in the condensate than in Ag ;; (defined by 3.39). Heuristically one can say that we have
long-cycles of size of the order O(V?) in a number of modes of the order O(V?*1~1). Indeed the number
of particles in those s-long cycles is of the order O(V®)O(V?2*1=1) = O(V), which is macroscopic. For
this reason there is a macroscopic condensate ( for which order of particles is O(V')) because there is
accumulation of microscopic condensates (for which order of particles is smaller that O(V'), precisely here
of the order O(V?*1~1)) as well as accumulation of long-microscopic-cycles in Aj ;;; (on each modes of
the condensate).

Again we decompose the density of particles in long cycles into two parts:

Prong(B, p) = Prong(A711\AG,111) + Prong(AG 111)- (3.48)

By the same argument as in the proof of Theorem 3.1, one find that there are no particles involved
in long cycles out of Ag ;;;.

Now consider the modes in AS’ 777- In this case, we would like to apply Lemma 2.3 to prove that the
PBG manifests s-long cycles of the order O(V?), § = 2(1—a1) < 1, i.e. microscopic-cycles (see Definition
2.6 and 2.8).

For any positive increasing functions A; : R* — NT and Ay : RT — N¥ such that limy oo (M (V) /V?) =
0 and limy 100 (A2 (V) /V?) = 00, since iy = —C/BV? + 0(1/V?) with § = 2(1 — a1) and C > 0 we have:

A2 (V)

. . o1
Prons (i prylmicro) = Jim - 35 D7 pas(h)
kEAS,UIj:)\l(V)

(eﬁ)\l(v)ﬁA _ eﬁ/\Z(V)ﬁA)

= éi%EokeAg’m AT — 1
= &1%20( Z pa(k)) =: p(Ag r11)- (3.49)
KEAS ;1
We can easily calculate p(Af ;7;):
11 v
p(Ao.111) = &1%(1)10 76 V2T Zle—(j/V‘s)C [ Z ) ]@_Tfkfa(J‘/V‘S)("1/V2“11)2 . (3.50)
= ny=—[c/V2e1-1+e

16



The precedent expression is the limit of double Darboux-Riemann sums. So in thermodynamical limit
we obtain a double integral:

2 42 e —¢C T
P(Aa]]]) = /R+ dCe—CC/RdEe—ﬁﬂz\gﬁ = \/_)\ﬁ m (3.51)
Hence: -
Prong (A, 171|micro) = piong (B3, p) = m7 (3.52)

by virtue of (3.48), (3.49) and (3.51).
We know by Theorem 1.2 that the density of particles in short-cycles is equal to the critical density.
Consequently by virtue of (3.31), (3.52) and by Lemma 2.3 we can conclude the proof of the theorem.
O

4 Does generalized BEC I, I1, 1II imply a hierarchy of ODLRO?

In the Introduction we presented three concepts related to the BEC: g-BEC, long cycles and ODLRO. We
present in Sections 2 and 3 two new concepts: scaled BEC (s-BEC) and scaled short/long cycles (s-long
cycles) associated with g-BEC and short/long cycles. Thus it seems consistent to introduce a concept of
scaled ODLRO (s-ODLRO) via scaling argument to study the hierarchy of ODLRO.

4.1 Definition of ODLRO via scaling argument

Recall that the generalized criterion of ODLRO is that it exists ODLRO if and only if there is g-BEC,
see Theorem 1.1. The standard definition of ODLRO is formulated in Definition 1.3:

o(B,p) == lim o(f piz,a’),
lz—a’||Too

where o (3, p;x,2’) is the two-point correlation function between two points x and 2’ after thermody-
namical limit. Notice that this definition can be not satisfactory when we use the definition of s-BEC,
because we do not precise what are the scaling size of the long correlation. It seems to be interesting
to take thermodynamical limit at the same time as we take the two point x and 2’ at infinite disctance.
This is analogous to the scaling approach to long cycles.

A natural question is whether we are able to detect different types of s-BEC (as well as g-BEC) with
the help of a generalized criterion of ODLRO based on the scaling argument? We call it a scaled ODLRO
(s-ODLRO).

Definition 4.1 The PBG manifests a s-ODLRO if there exist a vector-valued function of volume X :
V= X (V) € A such that limy 1o | X, (V)| = 00, v =1,2,3 and:

ox(B,p) = ‘}iglo(UA,X)(V) >0, (4.53)

where (oa,x ) (V) is the scaled two-point correlation function (s-two-point correlation function) for x(V'), 2 (V) €
A, see (1.10):

(oax)(V):i=0oa(B,p;2(V) —2'(V)) = Z pa(k)er XV, (4.54)
keA*

here X(V) = (x —a")(V) € A.
Remark 4.1 By (1.1) and (1.2) one can write (1.10) like:

3 22

o(8, p; 2,7') Zem I e (= 3,), ) (4.55)

where 03(u,q) ==, g% €% s the Elliptic Theta function.
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This imply the following proposition:

Proposition 4.1 The two-point correlation function as well as the s-two-point correlation function by
(4.54) (see Definition 4.1) is a non-negative symmetric and L, -periodic function of x, — x,,, v =1,2,3

on R, decreasing/increasing on [nL,,nL, + L,/2] C RT, n € N, respectively on [nL, + L,/2,nL,] C
RT, n € N (monotone on the semi-periods).

Proof:
Those different properties become by the properties of the Elliptic Theta function [A-S]. O

The following statement is an evident consequence of Definitions 1.3 and 4.1:

Lemma 4.1 For any vector-valued X (V') we have:

0<ox(B,p) <a(B,p) . (4.56)

This Lemma means that the s-ODLRO implies standard ODLRO and that the contraposition is true.

4.2 Hierarchy and anisotropy of ODLRO, delocalization of the condensate

Here we use Definition 4.1 to analysis the s-BEC and the s-long cycles in the Casimir boxes. Notice that
the usual criterion of ODLRO is such that we have no indication of the scale of long correlations because
we study them correlation after thermodynamical limit.

We introduce a classification of the s-OLDRO which is formally defined by:

Definition 4.2 The PBG manifests the macroscopic-ODLRO in the direction x,, if there exist a vector
X(V)=(X1(V),X2(V), X3(V)) € A such that: limy e | X, (V)|/V* >0 and ox (5, p) > 0.

Definition 4.3 If the PBG don’t manifests the macroscopic-ODLRO in the direction x, although the
PBG manifests the s-ODLRO, then it manifests the microscopic-ODLRO in the direction x,,.

With the periodic boundary conditions the system is homogeneous and so there is no localization of
the condensate in the space contrary to the Dirichlet boundary conditions case. However there is the
delocalization concept that appears naturally. To this end we study the correlations between a fixed
point and an other moving to infinity at the same time as the volume (when we take thermodynamical
limit). By virtue of the precedent Definitions 4.2 and 4.3 the knowledge of the vector X (V') € A such that
ox(8,p) > 0 (4.53) give a geometric view of the condensate which can be associated with an ellipsoid
cloud in three dimension.

The next theorem gives the decreasing laws of the correlation function on the pseudo-frontiers of the
condensate cloud:

Theorem 4.1 Consider the grand-canonical PBG in Casimir boxes A = VO x V2 x V and the fixed
density of particles p. Let X : V € RT — X(V) = (X1(V), X2(V), X35(V)) € A, limyjee X, (V) =
oo, 0 < X, (V)< V*/2, v=1,2,3. Then we have the following results concerning the s-ODLRO, see
(4.53):

ox(B,p) = 0, for p < pe(B), (4.57)
Whereas for p > p.(8) we get:
foraq < 1/2:
ox(B,p) = po(B), (4.58)
for ay = 1/2:
ox(8.0) = po(B). for lim (X;(V)/aVh) =0, (4.59)
- n% % < po(B), for X (V) =aV®/2, 0<z <1, , (4.60)

18



fora; >1/2:

x(B.p) = po(B), for lim (Xy(V)/xV?) =0, § =2(1 - a1) (4.61)
= )\ﬁ—c\,/Ee_””‘/E/\/;)‘ﬁ < po(B), for X, (V) =2V?2 2>0, (4.62)
= 0, for ‘;iTm (X (V) V% =0. (4.63)

Proof

To ensure that the correlation function be monotonously decreasing for periodic boundary conditions,
we suppose that the arguments 0 < X, < %VO‘V, v =1,2 3, see Proposition 4.1.

The first step of the proof is to study the case p < p.(3):
Since o(5,p) = 0 (Theorem 1.1), by Lemma 4.1 we get ox (53, p) = 0 for any vector X (V') € A.

The second step is to study the case p > p.(3):

For a; < 1/2 by Definition 4.1 we have:

x(B,p) = ‘%m Z pA(k)eik.X(V) —i—éi%n Z pA(k)eik.X(V)
T \keAi, = \keap\ag,
= I Ly —Aj/V ; ik.X(V)
= &1%{)10 v Z e + ‘}1%20 Z pa(k)e (4.64)

keAT \AS,I

where A7 is the dual vector space given by equation (3.29) and Ag = = {k = 0} is the subset corresponding
to the condensate defined by (3.30). The first term of (4.64) is equal to po(f3, p) by virtue of Theorem
3.1, so given that o(53, p) = po(B, p) (Theorem 1.1) and by Lemma 4.1 the second term of (4.64) is null
and we get the result.

For oy = 1/2 by Definition 4.1 we obtain:

= lim A (ke + lim A(k)e™
ﬂ p ‘; p k ik. X (V) &' P k k.X(V)
feo k€A 11 oo KEATN\AS
1 & , 2 20 _
= &1& VZS*BJ/V Z e~ TAENI(I/V) giX1 (V) (n1/V) +&1TI}>10 Z pa(k)e™ X V) (1.65)
J=1 ny €L KEATA\AS 11

where A7; is the dual vector space given by equation (3.38) and Af ;; is the subset corresponding to the
condensate defined by (3.39).

If limy oo (X1(V)/V*) = 0, the first term in the right-hand side of (4.65) is equal to po(3, p) by
virtue of Theorem 3.2. So given that (8, p) = po(5,p) (Theorem 1.1) and by Lemma 4.1 the second
term in (4.65) is null and we get the result.

Let limy 100 (X1(V)/V*) = 2, 0 < & < 1/2. Since the sum inside the limit in the first term of the
right-hand side of (4.65) is a Darboux-Riemann sum, one get:
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One can verify that the precedent expression is a decreasing function of z for 0 < z < 1/2 and so that
the first part of (4.65) is a decreasing function of X,, v = 1,2,3 on [0,L,/2]. Since the s-two-point
correlation function is a decreasing function of X,, v = 1,2,3 the second part of (4.65) is too. The
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fist term of (4.65) is decreasing and the s-two point correlation function is a decreasing function, so
the second term of (4.65) is decreasing too. Moreover, we have shown that for limy o (X1(V)/V*) =0
the second part of (4.65) is null consequently by the precedent arguments the second part of (4.65) is null.

For ay > 1/2 by Definition 4.1 and by virtue of (3.50) we have:
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where A7, is the dual vector space given by equation (3.45) and A ;;; is the subset corresponding to
the condensate defined by (3.46).

If limy 100 (X1 (V) /V/2) = 0, the right-hand side of (4.66) is equal to po(3, p) by virtue of Theorem
3.3. Since o (3, p) = po(3,p) (Theorem 1.1), by Lemma 4.1 the second term of (4.66) is null and we get
the result.

Let limy oo (X1 (V)/V%?) =, 2 >0, § = 2(1 — a1). Then the sum inside the limit in the first term
of (4.66) is a double Darboux-Riemann sum, which implies:
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By the same argument as in the case a3 = 1/2 the second part of (4.66) is null (the precedent expression
is a decreasing function of x for 2 > 0) and thus we obtain the result.

Let limy oo (X1(V)/V%/?) = co. since the correlation function is decreasing function for 0 < X, <
Vv /2 (see Proposition 4.1), it is uniformly bounded by the precedent estimate with X (V) = zV?, z > 0:
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When 2 tends to infinity, the first part goes to zero (By Riemann-Lesbegue theorem) then and the prece-
dent arguments show that the second part is also null. This conclude the proof. 0

We give here the classification of the s-ODLRO free three cases of Casimir boxes:

Theorem 4.2 If one takes the Casimir bozes with o < 1/2 then for a fized density p > p.(5) the PBG
manifests macroscopic-ODLRO in the three directions. If a > 1/2 then for a fized density p > p.(3) the
PBG manifests microscopic-ODLRO in direction x, and macroscopic-ODLRO in the other directions.

Proof
By Definitions 4.2, 4.3, and Theorem 4.1, we obtain the proof of the theorem. O

It is remarkable that for type I and II of g-BEC in Casimir boxes corresponding to cases a; < 1/2 the
condensate is spatially macroscopic whereas for the case a; > 1/2 the condensate is spatially macroscopic
in two directions but microscopic in the most anisotropic direction z1. It is naturally to guess that there
is a link between the size of s-long cycles and the size of the spatial delocalization of the condensate. We
can see this explicitly in [U] where the competition between the delocalization X and the size of cycle j
indicate that the maximal size of the delocalizations is of the order of the square root of the size of the
s-long cycles (e.g. V92, § =2(1 — ;) in the case of the PBG in Casimir boxes with a; > 1/2).
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5 Concluding remarks

In this paper we introduce a new concept of BEC which is called the scaled BEC (s-BEC) to adapt
the London scaling approach to the problem of g-BEC, which introduce the van den Berg-Lewis-Pulé
classification of BEC in three types (IILIII) illustrated in the particular case of the PBG in Casimir
boxes. This is a first formal step necessarily to study with more finely the different case of g-BEC for the
PBG in Casimir boxes, we can see this by virtue of Propositions 2.1 and 2.2.

The fundamental question that we put in this paper is: what is the relation of different types of g-BEC
(LITL,IIT) with the long cycles and with the ODLRO ?

We give the following answers concerning the PBG in Casimir boxes:

- we introduced new concepts of short/long cycles called scaled short/long cycles (s-short/long cycles,
see Definition 2.3) to distinguish the different types of g-BEC, see Theorems 3.1, 3.2 3.3 and Remark 2.2
and Proposition 2.4. This paper is based on the estimation of the size of s-long cycles in the condensate,
see Definitions 2.4 at 2.8. If the size of s-long cycles is macroscopic, then the g-BEC is of type I or IT and
if the s-long cycles are microscopic, then the g-BEC is of type III.

- we introduced new concept of ODLRO called scaled ODLRO (s-ODLRO, see Definition 4.1), to
distinguish the different types of g-BEC, see Theorems 4.1, 4.2. Our arguments are based on the estimate
of the delocalization of the condensate, see Definitions 4.2, 4.3. If the delocalization is macroscopic in the
three directions, then the g-BEC is of type I or II, and if in one of the three dimension the delocalization
is microscopic, then the g-BEC is of type III.

Some technical remarks. For simplicity we consider here the PBG with periodic boundary conditions
for simplicity but one can adapt present paper to Dirichlet or Newman boundary conditions. It does not
change the concept and the results. However if one take attractive boundary conditions, see [V-V-Z],
we can suppose that the result should be different, since in this case the condensate is localized on two
modes and it is not homogeneous. One can suppose that the s-long cycles are macroscopic but the most
interesting is the delocalization of the condensate.

We see that the s-long cycles are more fine and more adapted to BEC classification than the s-ODLRO
and s-BEC since by virtue of Proposition 2.2, Proposition 2.4 and Theorem 4.1, only s-long cycles can
identify the condensate of type I on the zero mode because it can decompose the sum over cycles with
a function well selected. However only the s-BEC can discriminate evidently type I and II since type II
provide by an infinite number of modes. One can see that the proof of the Theorem I, IT and III result of
an analysis of geometric series easily done via s-long cycles, for this reason we can say that s-long cycles
is a well adapt technic to study classification of BEC. Another reason is that the concept of cycles is
independant of the representation of the gas (Feynman-Kac versus spectral representation). Besides we
studied s-ODLRO with spectral approach but it is important to remark that we can do this analysis in
the Feynman-Kac representation of partition function. In this framework it is the relation between s-long
cycles and the delocalization of the condensate which appeared, see formula (A10) in [U], we have a com-
petition between long cycles and spatial delocalization (K (j3;z,2') = Wg/z > ens e~ (@=a'+L2)* /2355
where K (f) is the kernel of the Gibbs semigroup e—IBTY :1, for the PBG with periodic boundary con-
ditions in the cubic case A = L?).

Why this approach is interesting 7 Omne can see that the concept of g-BEC is well formulated for
the PBG but not for the interacting Bose gas. Then how to study the classification of BEC for the
interacting Bose gas if we have no more indications about the spectral properties of the gas? (Take e.g.
an interaction U = ), . gNZ/2V, g > 0, see [Br-Z]). This problem can be solved using the approach
developed in this paper. Thus the next step will be the application of these new methods for some models
of interacting Bose gas.

We took here Casimir boxes to illustrate our concepts. But we can use van den Berg boxes which is a
generalization of Casimir boxes (Aj, = L1 (L) x Lo(L) X L3(L) with Vi, := |Ap| = L1(L)L2(L)L3(L) where
L;(L) are functions of a parameter L such that limy_,. L;(L) = oc). These boxes are very interesting
because with particular choice of the functions L;(L), e.g. (see[vdB]) Li(L) = Lo(L) = el L3(L) = L
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with Diriclet boundary conditions, for p.(8) < p < pm(5) the g-BEC is of type III and for p > p,,, () it
seems to have the coezistence of g-BEC of type I and type III, where p.(f3) is the critical density defined
by (1.5) and p,, () is a critical density defined in this particular case by p,,,(3) = p.(8) + 1/87. In fact
pe(B) divided regimes condensate - non condensate and p,, () divided the different types of generalized
BEC. It is natural now to study this curious phenomena using our approach, which will be a subject of
another paper.

An interesting perspective is the study of the finite-size scaling effect in the Bose gas via this scaling
approach [B-D-T]. Indeed, we can estimate the impact of the s-long cycles to the finite-size corrections
to the grand canonical pressure. An application is the calculation of the impact of the s-long cycles
(s-BEC) for the Casimir effect in the perfect Bose gas between two slabs [M-Z]. An other application
is the study of the scaling formation of the condensate around the critical point where the quantity of
particles in s-long cycles are not visible in thermodynamical limit but the number is infinite (e.g. of the
order O(V?/3) which is microscopic but large).

The concept of s-ODLRO can be interesting to study of the correlation function of the condensate for
the Bose gas in weak harmonic trap (which corresponding to the experimental situation for cold atoms
confined in magnetic trap). In fact the scaling laws (size of the spatial delocalization X (V) and energetic
delocalization 1n(V')) could give us a scaling characterization of the geometry of the condensate cloud in
this system. In another paper we will adapt the scaling approach to this system.
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