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THE HOMOTOPY OF THE K(2)-LOCAL MOORE SPECTRUM AT THE
PRIME 3 REVISITED

HANS-WERNER HENN, NASKO KARAMANOV AND MARK MAHOWALD

ABSTRACT. In this paper we use the approach introduced in [E] in order to analyze the
homotopy groups of Lk (2)V(0), the mod-3 Moore spectrum V' (0) localized with respect to
Morava K-theory K(2). These homotopy groups have already been calculated by Shimomura
[E] The results are very complicated so that an independent verification via an alternative
approach is of interest. In fact, we end up with a result which is more precise and also differs in
some of its details from that of [lJ]. An additional bonus of our approach is that it breaks up
the result into smaller and more digestible chunks which are related to the K (2)-localization
of the spectrum T'MF of topological modular forms and related spectra. Even more, the
Adams-Novikov differentials for L (2)V(0) can be read off from those for TMF.

1. INTRODUCTION

Let K (2) be the second Morava K-theory for the prime 3. For suitable spectra F', e.g. if F is
a finite spectrum, the homotopy groups of the Bousfield localization Ly (2)F' can be calculated
via the Adams-Novikov spectral sequence. By [E] this spectral sequence can be identified with
the descent spectral sequence

Ey' = H*(Ga, (B2)i F) = m—o(L (o) F)

for the action of the (extended) Morava stabilizer group G on E3 A F' where the action is via
the Goerss-Hopkins-Miller action on the Lubin-Tate spectrum Ey (see [{] for a summary of
the necessary background material). Here we just recall that the homotopy groups of E, are
non-canonically isomorphic to Wy, [[u1]][u*!] where Wy, denotes the ring of Witt vectors of Fo,
where u; is of degree 0 and u is of degree —2. We also recall that Gg is a profinite group and
its action on the profinite module (Es).F' is continuous; group cohomology is, throughout this
paper, taken in the continuous sense.

The cohomological dimension of Go is well-known to be infinite and therefore a finite pro-
jective resolution of the trivial profinite Go-module Zs cannot exist. However, in [H] a finite
resolution of the trivial module Zs was constructed in terms of permutation modules. More
precisely, the group G is isomorphic to the product G} x Zs of a central subgroup (isomorphic
to) Zs and a group G3 which is the kernel of a homomorphism G} — Zj, also called the reduced
norm. One of the main technical achievements of [H] was the construction of a permutation
resolution of the trivial module Zsz for the group G3. This resolution is self-dual in a suitable
sense (cf. section @) and has the form

(1) 0—-C3—Cy—Cy—Cy— Z3—0

with CO = Cg = Zg[[G%/GQ;;H and Cl = CQ = Zg[[@%“ ®Zs[SD1G] X- Here G24 is a certain
subgroup of G} of order 24, isomorphic to the semidirect product Z/3 x Qg of the cyclic group
of order 3 with a non-trivial action of the quaternion group Qs, and SD;¢ is another subgroup,
isomorphic to the semidihedral group of order 16 (see section ) Furthermore, x is a suitable
one-dimensional representation of SDjg, defined over Zg, and if S is a profinite Gi-set we denote
the corresponding profinite permutation module by Z3[[S]].
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For any Zs[[G3]]-module M the resolution ([l]) gives rise to a first quadrant cohomological
spectral sequence

(2) By = Exty 61 (Cs, M) = H*T(Gg, M)
refered to in the sequel as the algebraic spectral sequence. By Shapiro’s Lemma we have

H M) t=0
(3) B = B = HY(Gas, M), Byt = EY' = {0 Otz (5 D16 (X, M) o
>0.

The bulk of our work is the calculation of this spectral sequence if M = (E3).(V(0)). In this case
the Fi-term is well understood and can be interpreted in terms of modular forms in characteristic
3. In fact, it is determined by the following result which we include for the convenience of the
reader and in which v; denotes the well-known Go-invariant class u;u=2 € My. For the definition
of the other classes figuring in this result the reader is referred to section @

Theorem 1.1. Let M = (E3).(V(0)).

a) There are elements 3 € H?(Gay, M12), a € HY(Gay, My) and & € H'(Ga4, Mi2), an
invertible Gaog-invariant element A € Msy, and an isomorphism of graded algebras

H*(G247M) = Fg[[’U?A_l]HAiI,’Ul,6,0&,&]/(0&2,&2,’01@,1}1&, aa + ’Ulﬂ) .

b) The ring of SDig-invariants of M is given by the subalgebra MSPw = Fs[[uf]][v1, u™?]
and Homg,[sp,, (X, M) is a free MSPs _module of rank 1 with generator w?u*

HomZS[SDls] (Xv M) = w2u4F3[[u‘ﬂ] [vlv u:|:8] g

, €.

Remark We note that v$A™! is a Gas-invariant class in the maximal ideal of My and hence
a formal power series in ¥$A~! converges in M and is also invariant. Similarly with u}. Of
course, the name for A is chosen to emphasize the close relation with the theory of modular
forms. For example we note that M2* is isomorphic to the completion of M3 := F3[A*! ]
with respect to the ideal generated by v$A~! and Mj is isomorphic to the ring of modular
forms in characteristic 3 (cf. [B] and [f]]). Similarly, MSP1e is isomorphic to the completion of
F3[vy, ut®] with respect to the ideal generated by uj = viu®. The larger algebra F3[vy,u™] is
isomorphic to the ring M35(2) of modular forms of level 2 (in characteristic 3) (cf. ]) The
relation with modular forms could be made tight if in [[J] we had worked with a version of Ey
which uses a deformation of the formal group of a supersingular curve rather than that of the
Honda formal group.

As (E3).(V(0)) is a graded module, the spectral sequence is trigraded. The differentials in
this spectral sequence are wvi-linear and continuous. Therefore dy is completely described by
continuity and the following formulae in which we identify the F;-term via Theorem EI

Theorem 1.2. There are elements
0,0,24k 1,0,16k+8 T 2,0,16k+8 K 3,0,24k
Ay € El s b2k+1 S El + , bopg1 € El + , Ag € El
for each k € 7 satisfying
Ap = AF bopyy =T EFD by = w2 TEHD A = AR
4

(where the congruences are modulo the ideal (VSA™Y) resp. (viu®) and in the case of Ao we
even have equality Ag = A® = 1) such that

(71)m+1b2.(3m+1)+1 k=2m +1
dl(Ak) = (—1)m+1mv411'3 72b2_3n(3m,1)+1 k= 2m3”,m §é 0 (3)
0 k=0
(71)”’0?'gn+25§n+1(6m+1) k = 3"+1(3m =+ 1)
di(bar+1) = (=1)"01"% P ognagmr1n) k=3"(9m + 8)

0 else
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(_1)m+1U%Z2m 2k+1=6m+1
di(bapr1) = (1) 013" Agn (6m15) 2k +1=3"(18m + 17)
1\02k+1 (71)m+n+1,0411,3nz3n(6m+1) 2% + 1= 3n(18m + 5)
0 else .

It turns out that the ds-differential of this spectral sequence is determined by the following
principles: it is non-trivial if and only if v;-linearity and sparseness of the resulting Fs-term
permit it, and in this case it is determined up to sign by these two properties. The remaining
ds-differential turns out to be trivial. More precisely we have the following result.

Proposition 1.3.

a) The differential dy : Ey'"* — E2%* is determined by

(71)m+n+1’0?'3n+153n+1(6m+1) k= 23”(3771 + 1)
ntlq—
dg(Aka) = (fl)ern’U%O'g +1b3n+1(18m+11) k= 23”(9771 + 8)
else

dQ(Ak&) _ (71)m1)%1518m+11 k =6m + 5
0 else .
b) The ds-differential is trivial.

Remark 1 on notation Of course, the elements Axa and Aga are only names for elements in the
FEs-term which are represented in the E;-term as products, but which are no longer products in
the Ey-term. Similar abuse of notation will be used in Theorem [L.4, Proposition [L.4, Theorem
E and in section 6 and 8.

Next we use that the element § of Theorem lifts to an element with the same name in
H?(G}, My2) resp. in H?(Gg, My2). In fact this latter element detects the image of 31 € m10(S°)
in m10(Lk(2)V(0)). The previous results yield the following Eo.-term as a module over F3[3, v1].

Theorem 1.4. As an F3[3,v1]-module the E-term of the algebraic spectral sequence (E) for
M = (E3)./(3) is isomorphic to a direct sum of cyclic modules generated by the following
elements and with the following annihilator ideals:

a) For E%** we have the following generators with respective annihilator ideals
1= A (Bvt)
Amf3 m#0 (v1)
a (v1)
A2m+1a ( 1)
A2.3”(3m—1)a m#0 mod (3) (v1)
Aoy (v1)
A2m+1& m %L 2 mod (3) ( 1)
Az.sn(3m+1)aﬂ ( 1)
Az.sn(smq)aﬁ ( 1)
(v1)

0 mod (3)
A27n-i-1 &ﬁ 2

mod (3)

b) For EL** we have the following generators with respective annihilator ideals
by
4.3"—2
b2.3"(3m—1)+1 m %L 0 mod (3) (’Ul ,ﬂ) .

¢) For E%** we have the following generators with respective annihilator ideals

§3n+1(6m+1) (U?anliﬂ)
ban (6m-+5) m=1 mod (3) (v;***1,p).
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d) For E3** we have the following generators with respective annihilator ideals

§2m (U%
éB"(Gmil) (U% 3 ) 5”1)
Ao (v1)

Zm& (’Ul) O

To get at H*(G3, (E2)./(3)) we still need to know the extensions between the filtration
quotients. They are given by the following result.

Proposition 1.5. The F3[3, v1]-module generators of the Ex-term of Theorem can be lifted
to elements (with the same name) in H*(G3; (E2)«/(3)) such that the relations defining the
annihilator ideals of Theorem continue to hold with the following exceptions

b

(1) by 3ns1(9mi2)+1

v
U1 A2.3"(9m+2)a

V109 31 (9m45)

(*1>m+1b2.3"+1(9m+5)+1

V186410 = (=1)"by9m+2)+1
V1A 430 = (=)™ by(gm5)41
B§3"+1(6m+1) i@gn (6m+1)62
Bbznir(1gmr11) = FAzn(gmi1na
Bbigm+11 +Agmpaa .

Apart from the last group of B-extensions (which are simple consequences of the calculation
of H*(Ga, (Fs)+/(3,u1)), cf. [H]) one can summarize the result by saying that nontrivial v;-
extensions exist only between E%L* and EL%*+ and there is such an extension whenever
sparseness permits it, and then the corresponding relation is unique up to sign. Unfortunately
this is not clear a priori, but needs proof and the proof gives the exact value of the sign. In
contrast determining the sign for the S-relations would require an extra effort.

The main results can now be stated as follows.

Theorem 1.6. As an F3[3,vi]-module H*(G}, (E2)./(3)) is isomorphic to the direct sum of
the cyclic modules generated by the following elements and with the following annihilator ideals

1=A¢ (Bv7)
Apf3 m # 0 (v7)
o (Bv1)
ApEYe (v1

4.3" 11
A, 37 (3m—1)% m#0 mod (3) (v , Bur)
A2ma (vl)
Agp 1@ m#2 mod (3) (vf,0v1)
Ag 30 3my1)af (v1)
Agznim-—naf m=0 mod (3) (v1)
Agpmir1af3 m=2 mod (3) (v1)
§3n+1 (6m+1) (U?Bn:l, Bor)
bsn (6m+5) m=1 mod (3) (v;%* ™, Bu)
§2m (’U%) n
AB"’(Sm:I:l) (’Uzll.3 aﬁ’l}%)
§2m+104 (vl)
Aopa m#2 mod (3) (v1)
é2ma (vl)
Az (6m+45) 0 m#Z1 mod (3) (vi). O
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We emphasize that even though this result is involved the mechanism which produces is
quite transparent. The passage to the cohomology of Go results now from the decomposition
Ga = Z3 x G4 and the fact that the central factor Zg acts trivially on (Es2)./(3).

Theorem 1.7. There is a class ¢ € H'(Gz, (E2)o/(3)) and an isomorphism of graded algebras

H*(Ga; (B2)+/(3)) @z, Azs(C) = H (G, (E2)./(3)) . O

Remark We warn the reader that there is something subtle about this Kiinneth type isomor-
phism. In fact, the class  of Theorem [L.1 is defined via the Greek letter formalism in H'(Ga4, —)
as the Bockstein of the class v; with respect to the obvious short exact sequence

0= (B2)./(3) = (E2)+/(9) — (E2)./(3) — 0.

The same formalism allows to define classes a(F) € H(F, (FE3)4/(3)) for any closed subgroup
F of Gy and these classes are well compatible with respect to restrictions among different sub-
groups. However, with respect to the isomorphism of Theorem E the class a(Gz) corresponds
to a(G3) — v1¢ (cf. Corollary [.2). We will insist on the notation a(Gz) and a(G3) in order to
avoid possible confusion when we deal with H*(G2, —). Fortunately similar notation is unneces-
sary for the classes @ and 3 (cf. Corollary [[.9). The difference between a(Gz) and a(G3) turns
out to be important for studying the differentials in the Adams-Novikov spectral sequence for

In fact, these differentials can be derived from those of the Adams-Novikov spectral sequence
for 7. (Lk(2)V (1)) which have been determined in .

Remark 2 on notation In the following theorem we give the E.-term of the Adams-Novikov
spectral sequence for m. (L 2)V(0)) as a subquotient of its Fa-term which itself has been de-
scribed in Theorem [.§ and Theorem [ as a module over Fs[8,v1] ® A(¢) with generators
represented in the Ej-term of the algebraic spectral sequence () for M = (E»).V(0). As be-
fore, generators of F, which are represented by products in this Fj-term are not necessarily
products in FE.. In order to distinguish between module multiplication and the name of a
generator we write 4 and v; as right hand factors in such a product if they are only part of the
name of a generator, e.g. in the case of Agy,18v1. We have also renamed (for reasons which
will be explained below) generators involving Ay by S48 A, .

Theorem 1.8. As a module over Fs[,v1] ® A(() the Eo-term of the Adams-Novikov spectral
sequence for m.(Lx(2)V (0)) is the quotient of the direct sum of cyclic F3[3,v1] @ A(¢)-modules
with the following generators and annihilator ideals

1=12Ap (Bvi, B%v1, 3°)
Azm B, m #0 (v1, B%v1, B%)
Agm10v1 (v1,57)

Agm 4401 (v1, %)

a(G3) (Bv1, 3°)
Agpi10(Gl) m %2 mod (3) (v1,3?)
Dognm-na(Gh)  m#0 mod (3), =1 (uf* " Buy, )
Ag(gm,l)a(Gé) mZ0 mod (3) (vit, Bur, B4)
Agm (Ula 65)
ba(9m+2)+1 (’U%v B)
Agm+3a (v, Bu1, 6°)
Ag 3n3me1y(G)3 n>1 (v1,57)

As 50 (3m—1)(G} m=0 mod (3), n>1 (v1,5%)
Ag(gm,l)a(Gé)ﬁ m=0 mod (3) (v1, %)
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Esn+1(6m+1)vl n>0 (0", B)

b3n (6m+5)V1 m=1 mod (3), n#1 (013" B)
53(62+5) m=1 mod (3) (vit, Bu, B°)
248%3"(Sm-i-l)—?) n>1 (’U%, 621}17 65>

S Agn (6m+5)—3 m#1 mod (3), n>1 (v, B3v1, 3°)
S8 A0 (6mt5)—3 m=1 mod (3), n>1 (vi, Bv1, 3°)
SA (Gm41)—301 (v1, 5%)

S8 A0 (6mt1)—201 n>1 (01", By, B°)
E48§(f3m+1)—2?1% (v3,5)
248A(6’m-i-5)—2 (v%aﬁv%ﬂgvlaﬂs)
Y8 A9 1a(GY) m#0 mod (3) (v1,33)

54 Agn (m41)-32(GS) n >0 (v1,8%)
E48A3n(6m+5)—304((G'§) m#1 mod (3), n>1 (v1,6%)
S%Asn(6mi5)-3(G3) m=1 mod (3), n>1 (v1,8%)

S8 Agma (v1,3%)

L8 Agmisa m#1 mod (3) (v1,8%)

modulo the following relations (in which module generators are put into brackets in order to
distinguish between module multiplications and generators.)

BAra(G)] = [ [AgSBv1] k=2(3m-1) m#0 mod (3)

B2 [Ara(G3)p] = [%[AgSBuv1] k=2(3m-1) m=0 mod (3)

B ARG = BY[ALE k=6m+3

FPIEBALa(GY)] = PH[E®A]  k=6m+1

BEBALa(G))] = BPui([X*8A;] k=6m+3

FPEBALa(GY)] = FPouiC[E®Ay]  k=3"(6m+5) -3 m#1 mod (3), n>1
BAHEAL] = B([Z*ALA] k= 6m .

We remark that some but not all of the relations figuring in this result could have been
avoided by choosing different generators, e.g. if we had chosen, for k = 2(3m — 1) and m =0
mod (3), Aga(Gy)3 as a generator instead of Apa(G3)S.

Furthermore we remark that this description of the Fo-term as an F3[3,v1] ® A(¢)-module
does not lift to ﬂ*(LK(Q)V(O)). In fact, it is not hard to see that there are exotic relations like

v1Aa = (2@ which hold in 7, (E224 A V(0)), in particular v;[Aa(G})] # 0 in (L (2)V (0)).

As stated above this result is obtained without much trouble from the calculation of the
Adams-Novikov Es-term given in Theorem @ and Theorem B by using knowledge of the
Adams-Novikov differentials for Lg 2V (1). However, even if the rigorous proof proceeds this
way, we feel that the final result can be better appreciated from the following point of view.
In [[] the algebraic resolution (fil) for G1 resp. the companion resolution for Gy (obtained by
tensoring with a minimal resolution for Z3) was “realized” by resolutions of the homotopy fixed
point spectrum Eg = resp. of L K(Q)SO via homotopy fixed point spectra with respect to the
corresponding finite subgroups of Gs. In particular there is a resolution

(4) **)LK(Q)SOHXO*)X:[HXQ"XS*)X;;H*

with Xo = ERC2 x| = ERC2 y w8 EISPe x, — 58 phSDie 5340 phSDis - o — 5748 phtias
$A0EhSDis and X4 = R48ENC24 We note that the 48-fold suspension appearing in the definition
of X3 and X4 is the reason for the (abusive) change of notation from Ay in Theorem [L.§ to
4 Ag_o in Theorem [.§. Furthermore, the spectrum Bl can be identified with the K (2)-
localization of the spectrum T'MF of topological modular forms and ESSD 16 with “half” of
the K (2)-localization of the spectrum T'M Fy(2) of topological modular forms of level 2 (cf.
[]) These spectra are of considerable independent interest and their Adams-Novikov spectral
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sequences and their homotopy is well understood (cf. the appendix or [fl], [ﬁ]) The Adams-
Novikov differentials for L (2)V(0) can be completely understood by those for El25 AV (0) (cf.
the remarks following Lemma @ and Lemma @ for more precise statements). The complicated
final result described in Theorem E can thus be deduced, just as in the case of Theorem E,

from more basic structures by an essentially simple though elaborate mechanism.

We believe that our results have the following advantages over those by Shimomura [@] In
our approach the final result relates well to modular forms and the homotopy of the spectrum
TMF of topological modular forms; in particular the approach helps to understand how the
complicated structure of m. (L (2)V/(0)) is built from that of the comparatively simple homotopy
of TMF. This is also reflected in our notation which is very different from that in [EI] where
classical chromatic notation is used. Furthermore we determine Eo, as a module over F3[3, v1].
In contrast Theorem 2.8. in [ gives a direct sum decomposition as an F3[v;]-module (of
F and not as claimed in of T, (L (2)V(1))) and this decomposition only partially reflects
the F3[3, v1]-module structure. In fact, many non-trivial S-multiplications are not recorded in
[, for example those on the classes Ag 30(9m+2)(GY), Ag 3n(9m18)(GY), b3(1smt11)s - » DOT
are the additional (-relations of Theorem @ There are related discrepancies on the height
of (-torsion; for example, in [D] all elements in the same bidegree as the elements L*®Ag,,
appear to be already killed by 3. Finally the classes vy "2¢/v} of [@] which correspond to
V1 248Z(6m+1 _o in our notation and which support a non-trivial Adams-Novikov dg-differential
(cf. Lemma @) seem to be permanent cycles in [1J].

The paper is organized as follows. In section E we recall background material on the stabilizer
groups, we introduce important elements of G, and we recall the definition of its subgroups SDjg
and G4 as well as that of an important torsionfree subgroup K of finite index in G3. In section
B we study the maps in the permutation resolution (f]). In fact, in [[] the maps C3 — Cy and
Cy — (1 of the permutation resolution () were not described explicitly so that the resolution
was not ready yet to be used for detailed calculations. The subgroup K plays a crucial role in
finding an approximation to the map Co; — C;. We also show that the map C5 — (5 is in a
suitable sense dual to the map C; — Cp. In section@ we study the action of the stabilizer group
on (E2)./(3) and we derive formulae for the action of the elements of G2 introduced in section
2. In section ] we comment on Theorem [I.1] and we verify Theorem [L.g (cf. Proposition f.7,
Proposition and Proposition ) Most of the new results of these sections, in particular
the formulae for the action of the stabilizer group, the approximation of the map Cy — C; and
the evaluation of the induced map

EP™" = Ext) 61y(Ch, (Ba)./(3)) = Bxt) ey (Co, (B2)./(3) = BV

are taken from the second author’s thesis [§]. The evaluation of this map is by far the hardest
calculation in our approach. In section Hwe prove Proposition and Proposition [L.5. In a
short section ﬂ we discuss the subtleties of the Kiinneth isomorphism of Theorem B and section
E contains the discussion of the differentials in the Adams-Novikov spectral sequence and proves
Theorem E For the convenience of the reader we have collected the description of the related
Adams-Novikov spectral sequences for B2 AV (0), for E2924 A V(1) and for Lk V(1) in an
appendix.

2. BACKGROUND ON THE MORAVA STABILIZER GROUP

In the sequel we will recall some of the basic properties of the Morava stabilizer groups S,
resp. G,. The reader is refered to [[L]] for more details (see also [fi] and [{] for a summary of
what will be important in this paper).

2.1. Generalities. We recall that the Morava stabilizer group S,, is the group of automorphisms
of the p-typical formal group law I'), over the field F, (with ¢ = p™) whose [p]-series is given
by [plr, (z) = 2?". Because I',, is already defined over I, the Galois group Gal(F,/F,) of the
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finite field extension F,, C F, acts naturally on Aut(I',,) = S,, and G,, can be identified with the
semidirect product S,, x Gal(F,/F),).

The group S, is also equal to the group of units in the endomorphism ring of I';,, and this
endomorphism ring can be identified with the maximal order O,, of the division algebra D,
over Q, of dimension n? and Hasse invariant % In more concrete terms, O,, can be described
as follows: let W := Wy _ denote the Witt vectors over ;. Then O, is the non-commutative
ring extension of W generated by an element S which satisfies S™ = p and Sw = w?S, where
w € W and w? is the image of w with respect to the lift of the Frobenius automorphism of IF,.
The element S generates a two sided maximal ideal m in O,, with quotient O,,/m canonically
isomorphic to IFy. Inverting p in O,, yields the division algebra D,,, and O, is its maximal order.

Reduction modulo m induces an epimorphism O;f — Fx. Its kernel will be denoted by S,
and is also called the strict Morava stabilizer group. The group S, is equipped with a canonical
filtration by subgroups F;S,, ¢ = %, k=1,2,..., defined by

F;S,, :={g € Sulg =1 mod (S™)} .

The intersection of all these subgroups contains only the element 1 and S,, is complete with
respect to this filtration, i.e. we have S, = lim;S,/F;S,. Furthermore, we have canonical
isomorphisms

ES”/FH'%STL = Fq
induced by

r=1+aS"—a.
Here a is an element in Oy, i.e. € F;S, and a is the residue class of a in O,,/m = F,.

The associated graded object grS, with gr;S, := FiSn/FH%Sn, 1= %, %, ... becomes a
graded Lie algebra with Lie bracket [a,b] induced by the commutator [z,y] := zyz~'y~! in
Sp. Furthermore, if we define a function ¢ from the positive real numbers to itself by (i) :=
min{i+1,pi} then the p-th power map on S, induces maps P : gr;S,, — gr(;)Sn which define
on grS, the structure of a mixed Lie algebra in the sense of Lazard (cf. Chap. IL1. of [{]]). If
we identify the filtration quotients with F, as above then the Lie bracket and the map P are
explicitly given as follows (cf. Lemma 3.1.4 in [ﬁ])

Lemma 2.1. Let a € gr;S,, b € gr;Sn. Then

a)

[@,b) = ab”" —ba"" € griy;Sn

b)

Glp™ i ApP i< (p—1)"1
Pa={a+a+r" et (g 1)t
a i>(p-1)"t O

The right action of S,, on O, determines a group homomorphism S,, — GL,(W). The
resulting determinant homomorphism S,, — W* extends to a homomorphism
Gn — WX x Gal(Fpn /Fp)
which factors through Z x Gal(IF,» /Fp). By choosing a fixed isomorphism between the quotient
of Z; by its maximal finite subgroup with Z, we get the “reduced determinant” homomorphism
Gp — Zy .

We denote its kernel by G1 and the intersection of G. with S,, resp. S by S, resp. S.. The
center of G,, is equal to the center of S, and can be identified with Z; (if we identify S,, with
O)) and the composite

Z; - G, — Z;
sends z to z™. Thus if p does not divide n we get an isomorphism

Gn 27, x G .
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2.2. Important subgroups in the case n = 2 and p = 3. From now on we assume n = 2
and p = 3. Let w be a primitive eighth root of unity in W* := Wﬁ). Then

1
(5) a=—§(1+w5)
is an element of S} of order 3. (This element was denoted s in [[f] and [[J.) We can and will in

the sequel choose w such that we have the following relation in W/(3) = Fy
(6) Wtw—-1=0.

Next we let ¢ := w?. Then we have ta = a*t. Furthermore, if ¢ € Gal(Fg/F3) is the Frobenius
automorphism then the elements ¢ := w¢ and ¢ generate a subgroup (Js which normalizes the
subgroup generated by a so that 1, t and a generate a subgroup Gay of Si of order 24 which is
isomorphic to a semidirect product Z/3 x Qs.

The elements w and ¢ generate a subgroup SDjg of S} of order 16, isomorphic to the semidi-
hedral group of order 16.

Finally there is a torsionfree subgroup K of Si which has already played an important role in
[@. 1t is defined as follows: Lemma P.1] implies that an element 1+ 2.5 in Sy of order 3 satisfies
ZT#0and T4z =0, i.e. T = —1 where T is the class of z in gr%Sé =~ Fy. There are no
such elements = such that T € F3. Hence, if we define K to be the kernel of the homomorphism

Sy — gr1Sy = Fy — Fy/Fs
then K is torsion free, and we have a split short exact sequence
(7) 1—>K—>521—>Z/3—>1.

K inherits a complete filtration from S; by setting F’ & K=F & So N K and it is easy to check
that the associated graded is given as

Ker(Tr :Fg — F3) k>0 even
(8) griK = (F; k=1
Fy k> 1odd

where T'r denotes the trace from Fg to F3.

The following elements will play an important role in our later calculations.
9) b:=la,w], c:=][a,b], d:=]Ib].

In the next lemma we record approximations to these elements which we will use repeatedly.

Lemma 2.2.

T o
S N N
Lo o9
(T

[oFNe)

Proof. a) The approximation for a is immediate from its definition.
b) By explicit calculation in Oy we find
b= %(1 +wS)w(l —wS)w ! = %(1 +wS)(1 —wlS) = %(1 30 4 (0 + w)S)
and then we use that our choice of w yields w? +w = —1 and w? — 1 = —w in Fy.
¢) Similarly we get
= L (14 wS)(1 430 + (w +w?)S)(1 — wS)(1 — 32 — (w +w?)S) = %(1 +6w? — 3uS) .

64
d) Finally the formula for d can be obtained from Lemma .1 O
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The information in the following proposition will be important for a closer inspection of the
permutation resolution ()

Proposition 2.3.

a) H*(K;Fs) is a Poincaré duality algebra of dimension 3.

b) Hy(K;F3) = Hy(K;F3) = (F3)°.

c) Hi(K;Zs) 2 7Z/9®Z/3 where Z]9 resp. 7./3 is generated by b resp. by c.
d) HQ(K;Z3) =0.

e) Ho(K;Z3) = H3(K, Zg) = Z3

Proof. Parts (a) and (b) have already been shown in Proposition 4.4. of [f].

For part (c¢) we note that Hy(K;Zs) = K/[K, K| where [K, K] is the closure of the commu-
tator subgroup [K, K] of K. By Lemma @ the commutator map
grill x gri K — griy; K, (2,y) — [z,y]

is surjective when ¢ = % and j = % with k£ even, and also when ¢ = % and j = é with [ > 1 odd.
Thus FoK C [K,K]. Ifi= % and j = 1 then the image of the commutator map is the kernel

of the trace map. Together with part (b) of Lemma P.1] this shows that K/[K, K] = Z/9® Z/3
and it is easy to check that b and c generate Z/9 resp. Z/3.

The remaining parts (d) and (e) now follow from a simple Bockstein calculation. O

3. THE MAPS IN THE PERMUTATION RESOLUTION

3.1. Generalities. Let G be a profinite p-group. We say that G is finitely generated if H1 (G, Z,)
is finitely generated over Z,. The kernel of the augmentation Z,[[G]] — Z, is denoted by IG,
or simply by I. We say that a Z,[[G]]-module M is I-complete if the filtration by the submod-
ules I"M, n > 0, is complete. As in [E] we use a Nakayama type lemma to show that certain
homomorphisms are surjective. Its proof is the same as that of Lemma 4.3 of [E]

Lemma 3.1. Let G be a finitely generated profinite p-group and f: M — N a homomorphism
of IG-complete Z,[|G]]-modules. Suppose that Ho(f) : Ho(G,M) — Ho(G,N) is surjective.
Then f is surjective. (I

In [[f] we used the analogous Lemma 4.3 for G = S} in order to show that certain Zs[[S1]]-
linear maps are surjective. Here we use Lemma @ for G = K together with the action of the
element a on Hy(K, —) resulting from the exact sequence (i) in order to show that the same
maps are surjective. The advantage of working with K will become clear when we will discuss
the kernel of the map C; — Cy (see the remark after Proposition @ below). We begin the
construction of the permutation resolution exactly as in [ff].

3.2. The homomorphism 8. Let Cy = Z3[[G3]] ®@z,(c,,) Zs and eg = e ® 1 € Cp if e is the
unit in G. Let 0 : Cy — Z3 be the standard augmentation and let Ny be the kernel of 9y so
that we have a short exact sequence

(10) 00— Nyg—Cy—Z3z—0.

Proposition 3.2.

a) As Zs|[K]]-module Ny is generated by the elements fi1 := (e — w)eg, f2 := (e — b)eg
and f3 := (e — c)eg. If we denote the class of fi in Ho(K, No) by f; then we have an
isomorphism,

Ho(K; No) = Zs{f1} ® Z/9{f2} ®Z/3{[s} .

b) The action of a on Ho(K, Ny) is given by :

wfi=fi+tfh ah=h+tf  afs=f-3f.



The homotopy of the K (2)-local Moore spectrum at the prime 3 revisited 11
C) Hl(K;No) =0.

Proof. a) We consider the long exact sequence in H, (K, —) associated to the short exact sequence
(Ld). As Cy is free K-module we have Hy(K; Cy) = 0. Furthermore, Ho (I ; Cp) = 73, generated
by the classes of eg and weq so that the end of this long exact sequence has the following form

0—>H1(K;Z3) gZ/QGBZ/?)—>I{0(I(,]VQ) —>H0(K;Co) ng —>HQ(K;Z3) ng — 0.

Now (a) follows from Proposition .3 and the identification of H; (K, Z3) with IK/(IK)? which
sends z € K to the class of x — e in IK/(IK)?.

b) By definition we have aey = ¢p and thus
awey = awa " *w twaey = [a, w]wey = bweg .

Consequently
(11) ale —w)eg = (e — aw)eg = (e — bw)eg = be — w)eg + (e — b)eg
and we obtain the first formula by passing to K-coinvariants.

Similarly, ab = cba and aey = ey imply
(12) ale —b)eg = (e — ab)eg = (e — cba)eg = (e — cb)eg = c(e — b)eg + (e — ¢)ep
and by passing to K-coinvariants we get the second formula.

The third formula can now be deduced from the fact that a3 f, = f,.

c¢) This follows from the long exact sequence in Hy(K, —) associated to the exact sequence
(L) by using that H;(K,Co) =0 for i = 1,2 and Ho(K,Z3) = 0. O

Let C = Zs[[G3]] ®z,1sp,4) X Where x is the non trivial character of SDyg defined over Zsz on
which w and ¢ both act by multiplication by —1. Let e; be the generator of C; given by e ® 1
where e is as before the unit in GJ.

Corollary 3.3. There is a Z3[[G3]]-linear epimorphism 0y : C1 — No given by e1 — (e — w)eq.

Proof. The elements w?, ¢w and w™'¢ all belong to Go4 and hence they act trivially on eg.
Therefore we have
wle —w)eg = (w—w?)eg = —(e —w)eg
and
$le —w)eo = (¢ — dw)eo = (W™ '¢) —e)eo = —(e —w)eo -

This implies that there is a well defined homomorphism C; — Ny which sends e; to (e — w)eg.
To see that this homomorphism is surjective we note that Cy is free as Zs[[K]]-module of rank
3 with generators e, ae; and a%e1. Then we use Lemma @ and Proposition . O

3.3. The homomorphism 0. Now we turn towards the construction of the second homomor-
phism in our permutation resolution. This is substantially more intricate; in [ﬂ] its existence
was established but no explicit formula was given.

Let N7 be the kernel of 0; so that we have a short exact sequence

(13) 0— N —Ci— Nyg—0.

Proposition 3.4.
a) Ho(K;Ny) = Z3. The inclusion of Ny into Cy induces an injection Ho(K,Ni) —
Hy(K,C1) and identifies Ho(K, N1) with the submodule generated by the classes g,

i=1,2, of 1 = 3(a —e)%e; and go = 9(a — e)e;.
b) The action of a on Ho(K, N1) is determined by

axgy = —29; — g, axgs =391 +Gs -
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c) Ho(S3,N1) = Z/3 and if ny is any element of Ny which agrees in Ho(K,C1) with g,
then its class in Ho(S3, N1) is non-trivial.
d) The elements w and ¢ both act on Ho(Ss, N1) by multiplication by —1.

Proof. a) We observe that C is a free K-module of rank 3 generated by e, ae; and aea. Then
(a) follows from Proposition @ by using the long exact sequence in Hy(K, —) associated to the
short exact sequence ([L3) .

b) The formulae for the action of a already hold in Hy(K, Cy).
¢) This follows from part (b) by passing to coinvariants with respect to the action of a.

d) This has already been observed in Lemma 4.6. of [fJ. O

Remark We remark that working with Si-coinvariants only (as in [{]) does not give us a good
hold on a generator of Ny. The reason is that the map Ho (S, N1) 2 Z/3 — Ho(S3,C1) = Zs is
necessarily trivial and therefore such a generator cannot be easily associated with an element in
C1. Working with K-coinvariants gives us a starting point, namely the element g; € Cy, from
which we can try to construct an element n; of Ny whose class in Hy(K, C;) agrees with that of
g, and thus projects to a generator of Hy(S3, N1). A first step in the direction of finding such
a generator n; is taken in Lemma B.g below.

Corollary 3.5. Let Co = Z3[[G}]] ®z,(sD,6] X, let m1 € Ni be any element which projects
non-trivially to the coinvariants Ho(Sa; N1) and let

nj = % > x(gHgm) .

9g€SD1s

Then there is a Z3[[G}]]-linear epimorphism 02 : Ca — Na given by eg +— n/}.

Proof. By construction the group SDg acts on nf via the mod-3 reduction of the character x
and thus there is a homomorphism Js as claimed. Surjectivity of 9 follows from Lemma @ O

Lemma 3.6.

a) Letl; = (a —b)e1, la = (a — ¢)l1 and l3 = 3cls + (e — ¢)?la. Then
81(11) = (6 - b)eo, 81(12) = (6 - C)eo 5 81 (lg) = (6 - 63)60 .

b) There exist elements x,y € IK such that e — ¢ = x(e — b) + y(e — ¢).
¢) If v,y € IK satisfy e — ¢ = x(e — b) + y(e — c) then

ny = 13 — SCll — ’le

belongs to N1 and projects non-trivially to Ho(Sa, N1).

Proof. We start with the following two observations:

e Proposition B.d implies that 9, ((a — e)2e1) = (e — ¢)eg mod (IK)Np.
e In Z3[[K]] we have the relation 3c(e — ¢) + (e — ¢)® = e — 3.
a) By equations ([1]) and ([[) of the proof of Proposition B.9 we see that
O1(l1) = (e —b)eg and 91(l2) = (e — ¢)eg -
The result for 9;(I3) is now obvious.

b) By Proposition E.c we know that IK is generated by e — b and e — ¢. Furthermore c3

belongs to F5 K, hence it is trivial in H; (K, Z3) by Proposition @.c . Therefore e — ¢ belongs
to ITK? and we get the existence of z,y € IK as required in (b).

¢) By (a) and (b) n; belongs to Ny. Furthermore it is clear that ny and 3(a — e)?e; agree in
Hy(K,C1), hence ny projects non-trivially to Ho (S5, N1). O
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The question becomes now how we can determine x and y. In fact, we do not have explicit
formulae for x and y. However, in section E we will give approximations for them which are
sufficient for our homological calculations.

3.4. The homomorphism 0s. In [ﬂ] it was shown (by using that K is a Poincaré duality
group) that the kernel of 92 can be identified with Z3[[G3/Ga24]]. However, the identification
and thus the construction of J3 was not explicit. The following result shows that J3 can be
replaced by the dual of 0;, at least up to isomorphism.

If G is a profinite group and M a continuous left Z,[[G]]-module then we define its dual
M* by Homg, jjc1)(M, Zy[[G]]). This becomes a left Z,[[G]]-module via (g.¢)(m) = @(m)g~" if
g € G, ¢ € Homg, j1671(M, Zy[[G]]) and m € M. We observe that for a finite subgroup H there
is a canonical Z,[[G]]-linear isomorphism

(14)  2(G/H)) — Z,(G/H) 2 2, [[G)", g (975 (X g ™) = (X hg™t

heH heH

Proposition 3.7.

a) There is an exact complezx of Zg[[G%]]—modules

O—>CO—>Cl 02 Cg—>Z3—>O

in which 0f is the dual of 0; fori=1,2,3.
b) There is an isomorphism of complezes of Z3[|G1]]-modules
o7 a5 05 €
0o — ¢ — ¢ = 5 = O — Z3 — 0

1 f3 1 fe LA 1 fo 1=

such that f; induces the identity on Tor%sHSZH (Fs, C;) fori = 2,3 if we identify C; with
Cs_; via the isomorphism of @
¢) The homomorphism 0f : C§ — C5 is given by e}y — (e + a+ a®)e}

Proof. a) Each C; is free as a Z3[[K]]-module and therefore the complex
0—>Cgﬁ>02ﬁ>01i00;23—>0

is a free Zs[[K]]-resolution of Z3. Because K is of finite index in G} the coinduced module of
Z3[[K]] is isomorphic to Z3[[G3]]. Therefore there are natural isomorphisms

G} = Homg,iey))(Ci, Z3[[Ga]]) 2= Homg, | (Cs, Zs[[K]])

and the n-th cohomology of the complex Homz, 15 (Cy; Zs[[K]]) is H" (K; Z3[[K]]). Because K is
a Poincaré duality group this is zero except when n = 3 and then it is isomorphic to Z3. Finally,
one sees as in Proposition 5 of [LJ] that the Zs[[GL]]-module structure on H™(G}; Zs[[G3]]) =
H™(K;Z3[[K]]) is trivial.

b) The augmentation Z3[[G1]] — Z3 induces an isomorphism
Homg, 161 (Z3, Z3) = Homg, ¢ (Z3[[G3]], Zs) -

Thus the right hand square is commutative up to a unit in Z3 if we choose for fj the isomorphism
given in (E), and we can modify fy by a unit so that it commutes on the nose. Then fq induces
an isomorphism Kere & Kere and

* *

d a
Cy 25 01 25 Kere tesp. CF 2 0 -2 Kere
is the beginning of a resolution of Kere resp. Kere by projective Zs3[[G3]]-modules and the
isomorphism induced by fy lifts to a chain map f, between the projective resolutions. By

Lemma 4.5 of [E we have Tor HS2”(F3 Kere) 2 F3 if 4 = 0,1 and this implies that the maps

Zal[S31)

fi:C1 — C5 and fy : Cy — Cf induce isomorphisms on Tor 3, —) and hence they are
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themselves isomorphisms by Lemma 4.3 of [E] Finally, f3 is trivially an isomorphism because
f2 and f; are isomorphisms.

The isomorphism of chain complexes (considered as automomorphism via ([4)) induces an
automorphism of spectral sequences

TOI‘?S[[S%H (Fg, Cz) = Torii[j[S%H (Fg, ZB)

which converges towards the identity, and this easily implies the remaining part of (b).

¢) By ([4) we have for each § € G}

(e+ta+a®) (€)@ =g( >, x(hHr)e+a +a?)=7( > x(hHh)(e+a+ad®)

he€SDig heSDig
and
07 (e5)(@) = ep(@le—w)) =gle—w)( Y h)=gle—w)( Y_ h)(e+a+ad’) .
h€Gaa heQs
Then we conclude via the identity (e — w)(zhng h) =Y hespi, X(Bh. 0

4. ON THE ACTION OF THE STABILIZER GROUP

In this section we will produce formulae for the action of the elements a, b, ¢ and d of
the stabilizer group Gz on Fo[[u1]][u™!], at least modulo suitable powers of the invariant ideal
generated by u. It turns out that it is sufficient to have a formula for the action of a and b on
u modulo (u$), and for the action of ¢ and d on v modulo (ui?).

4.1. Generalities. We recall (cf. [[(]) that BP, = Zpy[v1,v2,...] where the Araki generators
v; satisfy the following equation (in BP. ® Q)

(15) PAp = Z )\ivz:i .
0<i<k

Here the A\; € BP. ® Q are the coefficients of the logarithm of the universal p-typical formal
group law F' on BP,,

logp(z) = Z NP
i>0
(with A\p = 1), and thus the [p]-series of F is given by
F

[p]r(z) = Z via? .
i>0
The homomorphism
uiulfpi 1< n
BP, — (En)* = W]Fpn [[ul, e ,’U,n_l]][’uil], V; ul_pn 1=n

0 i>n

defines a p-typical formal group law F, over (E,).. Then the formal group law G,, over (Ey,)o
defined by G, (z,y) = v 1F,(uz,uy) is a universal deformation of I';, and is p-typical with
p-series

(16) bla, (z) = pz +a, wa? +a, - +a, un-12” +g, @ .

Next we recall how one can get at the action of an element g € S,, on (E,,)o. For a given g
we choose a lift § € (E,)o[[z]] of g and let G be the formal group law defined by

G(‘Ta y) = .a_l(Gn(.a(x)ag(y))) :
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Then there is a unique ring homomorphism g, : (E,)o — (Fn)o and a unique *-isomorphism
from ¢.G,, to G such that the composition

hg:g*GnHéiGn

is an isomorphism of p-typical formal group laws and can therefore be written (cf. Appendix 2

of [I0]) as
x) = “rti(g)a”

i>0
for unique continuous functions

(17) t;:Sp — (En)o -
We note that

(18) ti(g) = g; mod (3,u1)

if g=>3,9:5" €S, with gfz = ¢g;. Then we have
(19) g+(u) = to(g)u
and the equation

(20) he([Plg.c. () = [Pla, (hy(2))

can be used to recursively find better and better approximations for to(g) as well as for the
action of g on the deformation parameters uy,...,U,_1.

4.2. A formula modulo (3) for the formal group law G5. From now on we restrict attention
to the case n =2 and p = 3.

Lemma 4.1. The logarithm and exponential of the formal group law Gy satisfy

4
logg,(z) = =— g2+ = (3 — )2’ mod  (z°7)
2 4
expe,(v) = o+ gad+ 3e’ + T - (e (b - )+ 3 )a®  mod (@)

Proof. From (@) we get \; = —g+ and A\p = — 38 (%2 — ) To obtain the result for logg, we

ﬁ
use the classifying homomorphlsm for F, and that logg, (z) = u™!logp, (ux). O
Corollary 4.2. The formal group law Go satisfies
rte,y = r+y—ulzy +2%y) +ui(zy + 2ty
—uf(zy® + 2°%) — ui(a’y* + 2y?)
—(@%y° +2%%) +ui(a'y® + 2°") mod (3, (z,y)") .
Proof. This follows directly from z +g, y = expg, (logg, () + logg, (¥))- O

4.3. Formulae for the action modulo (3). To simplify notation we will denote in the re-
mainder of this section the mod-3 reduction of the value of the function ¢; of (@) on an element
g again by t;(g), or even by t; if g is clear from the context.

Proposition 4.3. Let g € S,, and let uy be Araki’s uy. Then the following equations hold

a) (ul) = t0u1

b) 0+t6t1u1 t9+t1u1

c) t; —tdtyut = 1] + t3ug — t§8t3ul —t9t1u1 mod (u])
d) If g=1 mod (SQ) then to =1t5 + thuy mod (u?).
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Remark If we want to know g.(u1) modulo (u]) then (a) shows that it is enough to know tg
modulo (u$) and this can be calculated from (b) if we know to modulo (u;) and ¢; modulo (u?).
Furthermore, t; can be calculated modulo (u$) from (c) if we know tg, t; and t2 modulo (uy).
In the same manner we can even calculate g.(u1) modulo (u}).

Similarly, if we want to know g.(u;) modulo (ui!) then (a) shows that it is enough to know
to modulo (ui®) and this can be calculated from (b) if we know to modulo (u;) and ¢; modulo
(u]). Furthermore, t; can be calculated modulo (u!) from (c) if we know t, modulo (u}), t;
modulo (u1) and t3 modulo (u?). Finally (d) can be used to calculate to modulo (u?) if we know
to and t3 modulo (uq).

Proof. In this proof we abbreviate G2 simply by G. We consider equation (@)
hy([3]g.c) (@) = [Bla(hg(2))
over (E2)o/(3)[[z]] and compare coefficients of 23" for k=1,2,3,4. By (L) we have

3
hg(Blg.c)(@) = to (9*(“1)1'3 +g.G ng) +G9t1 (g* (u1)23 +4.6 J;g) .
+ata(ge(u1)z® +g.¢ 2%)" +a ts(ge(u1)a® +4.¢ 2°) mod (z52)
Bla(hg(x)) = wi(tox +at12® +¢ tax® + t32°7)°
+a(tor +¢ t123 +¢ taz?)? mod (2%2) .

a) For the coefficient of 23 we obviously get g.(u1)to = u1t3 which proves (a).
b) The coefficient of 2% in hy([3],.¢)(z) is equal to o + g«(u1)3t; which by (a) is equal to
to + u3tdt;. The coefficient of 2° in [3]g(hy(x)) is equal to the same coefficient in
uy(tox +g t12®)? +¢ (tox)°®
which is clearly equal to u1t} + t) and hence we get (b).

¢) The coefficient of 27 in hy([3],.c)(z) is equal to the coefficient of 27 in

to(g«(u1)a® +4.¢ 2°) +a t1 (g« (u1)2® +4.a $9)3 +a t2 (9*(U1)$3)9

and the latter coefficient is equal to
t1 + tag.(u1)® +c
where c is the coefficient of 227 in
to (g« (u1)a® +4.¢ 2°) +a tr1g.(u1)’2” .
Next we observe that Corollary @ yields
ge(u)a® +4.c 2% = gi(w)a® +2° — g.(u) 2"
()22 4 ()% — go(un)’2? mod (%) .
Applying Corollary [ once more and using (a) and calculating modulo (u]) we obtain
c = —urtitig.(ur)® = —ufthty mod (u!)
and hence modulo (u]) the coefficient of 27 in hy([3],.c)(z) is equal to
t — ufthty .
On the other hand the coefficient of 2%7 in [3]g(hy(x)) is equal to the same coefficient in
uy(tox +g t1x® +¢ t22”)? +¢ (tor +¢ t12°)°

and this coefficient is equal to
urts + 13 4+ d

where d is the coefficient of 227 in

ui (tor +¢ t12®)? +¢ tgxg .
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Next we observe that Corollary @ yields
(tox +c t12%)® = 32° + 6327 — utStd!®
—uitptSe?t +uStPe3 et — ulti¥tia?” mod (z2%) .

Applying Corollary [L.9 once more and using (a) and calculating modulo (u]) we obtain

ur(tor +¢ t12°)3 +a td2® = wi (2% + t32° — udtfiat® — uitdtSa?t) + t§a”
—uf (tha® + ta” — t0t3 Y —udtdtf )t
—U% tglﬂs + tling t0t3 15 3t3t6 21)t68$18
+ub (323 + 320 — udtit3xt® fultgtf" 4029 mod (2%8)
and hence
= ful(tG - 2u§t9t3)t9 —udt3t3 + 4uSt¥3 mod (u]) .
Therefore the coefficient of 227 in [3]g(hy(z)) is equal to
1)+ urts — udtddtd — udtgtS 4 2uSt3t3 + 4uStiPed mod (u!)

and (c) follows.
d) The coefficient of 2% in h,([3],.c)(z) is equal to the same coefficient in

to(g«(u1)z® +4.¢ %) +¢ t1(g+(w1)2® +4.¢ 369)3 +a ta(ge(u1)a® +4.¢ 559)9 +a ta(ge(ur)z®)?
which modulo (u}) is equal to the same coefficient in
to (9*(U1)$3 +g.G 969) +6 t12% +¢ taa®!
and by Corollary @ this is easily seen to be equal to ta modulo (u?).

On the other hand the coefficient of 28! in [3]g(hy()) is equal to the same coefficient in
ui(tox +¢ t17° +¢ taa® + t32°7)% +¢ (tox +¢ t12® + ta2”)?
and this coefficient is equal to
urts +15 + e
where e is the coefficient of 28! in the series
ui (tox +¢ t1x® +¢ t2x”)? +¢ (tor +¢ t12%)°

Now g = 1 mod (S?) implies t; = 0 mod (u1) and thus modulo (u?) we find that e is also the
coefficient of 28! in

uy (tox +¢g toa®)? 4+ tox®
and by Corollary [L.9 even of the coefficient of 8! in

Ul(tol' “+a t2£L‘9)3 .

Now Lemma [1.4 below shows that the coefficient of 227 in toz +¢ t2x? is trivial modulo (uq) (if
not, either the coefficient of x'%y or of 2%y? in x4+ y would have to be nontrivial modulo (u;)),
hence e is trivial modulo (u?) and the proof of (d) is complete.

Lemma 4.4.
ste,y=r+y+ Y Pyi(r,y) mod (3,u)
i>1
8i+1 8i+1

where Pg; 11 is a homogeneous polynomial of degree 8i + 1 without terms x and y

Proof. Tt is enough to show this for the graded formal group law Fy over (Esz).. This group law
is a homogeneous series of degree —2 if x and y are given degree —2 and thus, if we write

T+a, Y Eﬂ?+y+zpj($,y) mod (3, uy)
j=1
with homogeneous polynomials in = and y of degree —2j then the coefficients in P; have to be

in (E2)2;_2. Furthermore, this group law has its coefficients in the subring generated by uju=2
and u~8. However, (F2)./(3,u1) = Fo[[u™!]] and thus 2j — 2 has to be a multiple of 16. O
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Corollary 4.5. The following equations hold in (E2)o/(3).

a) Let g =1+ g1S + ¢25% mod (S%). Then we have

th = g1+ gjur — giui — gful mod  (uj)
to = 1+4giur—griuf + (92 — g3)ui + giul + (¢f + gf)uf  mod (uf) .

b) Let g =1+ g25% + g35° mod (S*). Then we have

to = g2+ giua mod (uf)
t1 = gyui+ gsul + (g5 — g2)ub mod  (u])
to = 1+ (92— g3)ui — gsul + (g2 — g3)u} mod (u1’) .

Proof. a) From Proposition [.3.c we obtain
ty =] + touy — tPtul — t9tSul  mod (uf)

and by using ([L§) we immediately get the formula for ¢; modulo (u?). Then Proposition [£.3d.b
and ([19) yield

to + (91 + g3ur — giui — giud)ui = 1+ (g7 + goui)ur  mod (u])
from which we easily get the formula for ¢y modulo (u]). The formula for g.(u;) follows now
from Proposition @.a .

b) From Proposition [t.d.d and ([[§) we immediately obtain the formula for ¢,. Substituting
the value for ¢, into the formula of Proposition [£.3.¢ and using (1) yields

t1 —totiu = (g5 + gsud)uy — t§¥t3u?  mod (ul) .
Substituting the values of ¢ty modulo (u]) and ¢; modulo (u}) from (a) into this yields
t1 — g3ul = (g3 + gsui)ur — gaui mod (uj)

from which we get the value of t; modulo (u]). Next we substitute this value of ¢; together with
the value of to modulo (u]) of (a) into the formula of Proposition [..3.b and obtain

6
to+ (1+ (92 — 92)ui) (g3ur + gaui + (95 — g2)ul)ui =1+ gouy mod (u;°)

from which we easily get the formula for ¢y modulo (ui?). O

The following calculation will be used repeatedly in later sections. The result is only given
to the precision needed later.

Lemma 4.6. Let g =1+ ¢15 + 25 mod (S®) and let k be an integer. Then we have
1+ giur + (K — Dgruf + (kg1 + g2 — g3)ui + giul mod (3,uf) k =3k +1

to(9)" =< 1— giur + gfui + (K + 1)grui+
(91 — K9t + 93 — g2)ut + (K9] — 8 — glg2 + gig3)uf  mod (3,uf) k=3K+2.

Proof. The result follows easily from Corollary Q and from

5

L _
o) = (14 (1) ~ 0)F = 3 (3 ) tle) - 17 mod - (3.a)
j=1
by using that (l;) =1L (l;) mod (p) if k =, kip* and j =, j;p" are the p-adic expansions
of k and j respectively. (I

Using Lemma we finally get the following information on the action of a, b, ¢ and d on
(E2)./(3). We use 1 and w? as a basis of Fg considered as an Fz-vector space (rather then 1
and w).
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Corollary 4.7. The action of the elements a, b, ¢ and d on (E2)./(3) satisfy the formulae

asu) = (1 +w )ul —w?ud + (1 —wuf —ud — (1 +w?)ul mod (u])

biuir = ug + u? +ud —uf + (1 + wHud + (1 — w?)ul mod (u])

cur = up —wiud + (=1 +wH)uf — (1 +w?H)uf mod (uil)

dui = up +w?u mod (uil)

au = (I+ 1 +wHu + (-1+wHud + (1+w?)ul)u mod (u$)

bou = (1- u1 + U1 —w?ui —ul)u mod (u$)

cu = (1+w? (1 —wHul + w?uf)u mod (ui?)

du = (1-w ul) mod (ui%) . O

5. THE E9-TERM OF THE ALGEBRAIC SPECTRAL SEQUENCE

5.1. The E;-term. We begin by giving some background on Theorem m, or equivalently, on
the Ej-term of the spectral sequence (B)

B = Ext, 61 (Cs, (B2)./(3) = H*™ (G, (E2)./(3)) -

We note that for s = 1,2 the module C; is projective as Z3[[G3]]-module and thus we have a
Shapiro isomorphism

Homgz,(sp,q (X, (B2)+/(3)) t=0

st t G ~
(21) By = Exty 63 (X TsDy,0 (B2)+/(3)) = {0 t>0.

The action of SD1g on (Ey). is known (cf. the proof of Lemma 22 of [[f] for an explicit reference)
to be given by

(22) wet] = wuy and weu = wu
and the Frobenius ¢ acts Zs-linearly by extending the action of Frobenius on W via
(23) dsu; =uy and ¢,u=u .

This implies immediately that (Fy)./(3)%P1 is isomorphic to F3[[ui]][v1, u*®] as a graded alge-
bra and that there is an isomorphism of (Fs)./(3)%P16-modules

(24) Ext7, (50,6 (X (B2)+/(3)) 2 w?u'Fs[[ui]][vr, u™®].

For s = 0,3 we have a Shapiro isomorphism
Erf = EXttZS[[G;]](ZB[[G%/GMH, (E2)./(3)) = H'(Gas, (E2)./(3)) -

Let G12 be the subgroup of Gs4 generated by the elements a and ¢. The calculation of the
cohomology algebra H*(G12, (E2)./(3)) was deduced from that of H*(G12, (E2).) in section 1.3
of [fl. In precisely the same way one deduces the calculation of H*(Gay, (F2)./(3)) from that
of H*(G12, (F2).) which was given in section 3 of [[]]. In particular there are classes

A € H(Gas, (E2)24/(3)), «€ H'(Ga4,(E2)4/(3))
a € H'(Gas, (E2)12/(3)), B € H*(Gas, (E2)12/(3))

and an isomorphism of algebras

(25) H*(Gay, (E2)./(3)) = F3[[vSA~][vr, A%, 8, o, @)/ (02, &%, via, v1@, ol + 11 ) .

In the sequel we need some control over the elements occuring in this isomorphism (cf. section
1.3 of [f]). First we recall that « is defined as §°(v;) where 6° is the Bockstein with respect to
the short exact sequence of continuous Zs[[G2]]-modules

(26) 0= (B)./(3) = (E2)./(9) — (E2)./(3) = 0 .

Similarly, ve := u~% determines an invariant in H°(Gs, (E2)16/(3,u1)) and & is defined as 6*(v2)
where 61 is the Bockstein with respect to the short exact sequence of continuous Z3[[Gs]]-modules

(27) 0 — SH(E2)./(3) = (B2)+/(3) = (B2)+/(3,u1) = 0 .
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Next 3 is defined to be the mod 3-reduction of 6°§(vg). These elements are thus defined as
elements in H*(Ga, (F2)+/(3)). We denote their restriction to H*(Ga4, (E2)«/(3)) by the same
name.

The relation between A (which lifts to an invariant of the same name in H°(Ga4, (F2)24))
and the classes u and u; is more subtle. Here we record the following result.

Proposition 5.1. A = (1 —w?u? + uf)w?u™12 mod (3,uf).

Proof. By (3.11) of [f] the integral lift of A is defined as

w2

- 4(z(a.z)(ax (a*w)))4

and by the proof of Lemma 3.1 of [[]] we know = = u mod (3, u;), hence A = w?u~'2 mod (3, uy).
Because A is invariant with respect to Gag, in particular with respect to Qs, we get from (@)
and (P3) that A is of the form

A = (14 dow?u? + Mu])w?u™1? mod (3,u$) with \; € F3 C Fy .

Because A is also invariant with respect to the action of a we get from )
A = a.(A) = to(a) (1 + Maw?as (u1)? + Max (ur)Hw?u™'?  mod (3,uS) .

The right hand side of this equation can be evaluated modulo (u$) by using Corollary [£.5.a
and Corollary @ By looking at the coefficients of u$ and uj in the right hand side we obtain
Ao = —1and \y = 1. O

5.2. The d;-differential. First of all we note that all differentials are v;-linear.
Lemma 5.2. Let k # 0 mod (3). Then the differential dy : EY° — E"° satisfies

di (A%) = (1) w?(1 + w12k mod (uf) b= om 41
' () mwuge mod (uf) k= 2m.

Proof. By Corollary @ the differential is induced by the homomorphism C; — Cy which sends
e1 to (e — w)eg. Furthermore Proposition and (RJ) give

AF = (1-kw?ui+ kuf - (g)u‘f)w%ufuk mod (uf)

we(AF) = (14 kw?uf + kuf — (5)uf)w?k 12k~ 12k mod (uf)

and the result follows easily. (Note that by (R4) the congruence for di(A?™+!) improves to a
congruence modulo (u§) rather than only modulo (u$).) O

Proposition 5.3. For each integer k # 0 there exists an element Ay € E?’O’Mk such that

a) A = AF mod (uf)
b) the differential dy : E?’O — Ell’o satisfies

(—1)mHlg2y 12k mod (uf) k=2m+1
di(Ap) =1{  (=1)"Himwuds"—2y 12k mod (ut®"*?) k=23"m, m#0 mod (3)
0 k=0.

Proof. For k =0, k odd or k = 2m with m # 0 mod (3) we define A to be equal to A*. The
formula for d; is then satisfied by the previous result.

If k = 2.3"m with n > 0 and m # 0 mod (3) we recursively define
(28) Agp s = Af — muf* 7P A28
The previous proposition gives

dl (ASk—2.3"+1) = (_1)mw2(1 + uzli)u—12(3k—2.3"+1) mod (ufli) )
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and by induction on n we have
di(Ag)? = ((71)m+1mw2u411.3"’72u712k)3 = (71)mmw2u411,3"’+176u712-3k mod (uzli.3"+1+6) .

Therefore v;-linearity of dy yields

di(Ase) = di(A}) - mvf@'g ’712)611 (Azk—2.3n+1) .
= (71)m+1w2mu411.3"+ —2,,12:3k mod (uzll.3"'+ +2>
and the induction step is established. (I
Corollary 5.4. There is an isomorphism of Fs[vi]-modules E° 2 Fy[vy]. O

Remark By (£3) the elements Ay form a topological basis of the continuous graded Fz[v]-
module E?’O (in fact, this has been implicitly used in the last corollary) and by (@) a topological
basis of the continuous graded Fs[v;]-module El1 ¥ can be given by any family of elements bok+1,
k € Z, such that bap1 = w?u"%* mod (u}). By Proposition p.J we know that there are such
elements by, (3,,41)+1 for m € Z and by 3n(3m—1)41 for n > 0, m # 0 mod (3), such that the first
formula of Theorem E holds. Because the Ej-term is torsion free as a Fs[v1]-module and the
dq-differential is Fs[vq]-linear it is clear that those baxi1’s are in the kernel of the differential
dy : E11 0, Ef’o. To complete this family to a topological basis we need to choose elements
bor+1 for k= 3" 1 (3m + 1) with n > 0, m € Z, for k = 3"(9m + 8) with n > 0, m € Z, and for
k = 0. Thus we are lead to concentrate on the differential on w?u~**+1) for such k. The crucial
step is given by Proposition @ below whose proof is quite elaborate and will be postponed to
section E The proof of Proposition @ will be given in section E

Proposition 5.5. There exists an element by € Ell’O such that by = w?u~* mod (u}) and
via = by in H*(G3; (E2)«/(3)). In particular, di(by) = 0.

Proposition 5.6. Let k be an integer such that 8k+4 is not divisible by 3. Then the differential
1,0 2,0 -
di: Ey” — By satisfies

di(W2ubk+Y) = —(K + K?)w?ui2u®** mod (ul®) 8k+4=3kK +1
dy (W) = (k' — k") wufusk+4 mod (ui?) 8k+4=3k +2.
Proof. This will be proved in section @ (I
Proposition 5.7. For each integer k there exists an element bagy1 € Ell’o’s(%H) such that
a) bopr1 = w?uF) mod (uf)
(*1)m+1b2(3mt1)+1 k=2m+1meZ
b) di(Ag) = (—1)m+1mvéf'3 _ngvgnr(3m71)+1 k=2m.3", m#£0 mod (3)
0 k=0
c) the differential dy : Ell’0 — E12’0 satisfies
(—1)w2uf-3" 2y, —4(2k+1) mod (u%'?’nﬂw) k=3""1(3m+1), meZ
di(bart1) = { (—1)"w2ul03"+2—4(2k+1) mod (ul®3"*6)  k=3"9m+8), meZ
0 otherwise .

Proof. For k = 3m~+1 with m € Z we define bag 11 to be (—1)™"d; (Agpi1). For k = 3"(3m—1)
with n > 0 and m # 0 mod (3) we note that Proposition @ shows that dij(Agy, 3n) is divisible
by v‘f'gn*? and we define bop11 to be (*1)m+1m’0;(4'3n72)d1(Avagn). For k = 0 we take the
element given in Proposition [5.§. With these definitions (b) holds as well as the last case of (c).

For k = 3" (3m+1) resp. k = 3"(9m +8), with n > 0 and m € Z, we define elements boy 1
by induction on n such that (a) and (c) are satisfied. In fact, for n = 0 we define

bopsr : = w2y~ A2k+1)

and then Proposition @ gives

2, 8, —4(18m+7)
1

dy (b1gm7) = w?u 2,12, —4(18m+17) 12) _

u mod (ui?), di(bigmi17) = w?ui?u mod (u
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Now suppose that bay+1 has already been defined for k& = 3"T!(3m+1) resp. k = 3"(9m+8) with
with n < N and m € Z so that (a) and (c) are satisfied. Then we observe that by Proposition
@ the elements

B3js1 + bagarsny 41 = Uit + (1) T di(Agpgr) = (00 + 0 (14 uf))u O mod (uf)
are divisible by v{ and thus we can define
(29) bek+1: = ’U;4 (bngrl + b2(3k+1)+1) .

Then it is clear that bgry1 = w?u™* %+ mod (u). Furthermore, did;(Azk+1) = 0 and
because d; commutes with taking third powers and is F3[v;]-linear we see that both (a) and (c)
are satisfied for k = 3"*1(3m + 1) resp. k = 3"(9m + 8) with n < N + 1 and m € Z and thus
the induction step is complete. O

Corollary 5.8. There is an isomorphism of F3[vi]-modules

Byl [ Fslo/ @ ) {base@m-1)1} x Fa[or]{bs} . O
n>0,meZ\37%

Proof. Because the elements Ay and by, form a topological basis of the graded continuous Fs[v1]-
modules E? ¥ and E11 0 this follows immediately from Proposition @ (]

Remark By inspection one sees that the infinite product is finite in each bidegree and therefore
it can also be identified with the direct sum.

To evaluate the homomorphism d; : Ef 0, Ef 0 we need the following result.

Lemma 5.9. Let k be any integer. Then
(e« +as+ (a®))(WF) = ((k—k)w?ud+ (k(5) +k—E)ui)u®  mod (3,uf) .

Proof. By ([19) we have a.(u¥) = uFto(a)* and (a?).(u*) = uFto(a)*ax.(to(a)*). Corollary [i.9
gives

2)uy + (=1 + w?)ud)”

to(a)* = (1+(1+4w
= 1+Ek(1+wHu + k(-1 +w?)ud
—(H)wu} — (g)(l +w?) (=1 + w?)ui + (g)(l +w?)Pud — (But
= 1+k(1+w?)u; — (g)uﬂu?
+((5) = k)1 —w?)ui = ((5) + (§))ud mod (3, uf)
and by Corollary Q we get
ai(to(@)®) = 14+EkQ1+w?)(ur — (1+wHui —w?ud + (1 —w?)ui)

—(5)w?(u} + (1 +w?)ud)

+((5) = W) (1 —w?)ui = ((5) + (§)ui

L+ k(1 +w?)us + (k— (5))w?u?

() + (G —wud = (k4 (5) + ()l mod (3, u3)

Finally an easy calculation (which only uses that (’;) = —k(k—1) mod (3) and k3 = k mod (3))
gives

to(a)*a.(to(a)®) = 1—k(1+w?)u + (K — k)w?u?
+(=() + k)1 - w?u
+((5) + (5) + k() +k—k)ut mod (3,u7)
and the result clearly follows. O
Proposition 5.10. For each integer k there exists an element 52k+1 S Ef’OA(%H) such that
a) bopy1 = w?u* ) mod (uf)

1) i gmany k=31 (3m + 1)
b) d (b :{( "o e ) "
) 1( 2 +1) (_1) U%o.s +253n(1sm+11) k=3 (9m—|—8)
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¢) the differential dy : E2° — E¥° satisfies

—y A2k mod (u}) 2k+1=6m+1
iy (Baresr) = w23y kD) mod (ut®"*2) 2k 4+1 = 3"(18m + 17)
PRk = —w?u 3 kD mod (u?®"*2) 2k 41 =3"(18m +5)
0 otherwise .

Proof. For 2k+1 = 3"*1(3m+1) resp. 2k+1 = 3"(9m~+8) Proposition [.q] shows that d; (bax+1)
is divisible by v‘f'gn” resp. v%o'gn'” and can thus be written as (71)"v?'3n+21_73n+1(6m+1) resp.

(_1)”?}}0.3n+253n(18m+11) for unique elements 53n+1(6m+1) resp. Egn(lngrll) which satisfy (a)
and (b).

So we still need to define Eng if 2k + 1 can be written as 2k + 1 = 6m + 1 with m € Z or
2k+1=3"(18m+11+6) with n > 0 and m € Z. In those cases we define bopt1 : = w2y 2R+
and note that —4(2k + 1) = 2 mod (3) if 2k + 1 = 6m + 1 and that —4(2k + 1) = 7 mod (9)
if 2k+1 = 18m + 5 resp. —4(2k + 1) = 4 mod (9) if 2k + 1 = 18m + 17. Then (c) holds by
Lemma @ and Proposition @.c, at least if we pretend that the differential is induced by the
map 0; : Cj — C7 after identification of Cs3 with Cj and of Cy with C} via the isomorphisms
given by (B) In reality the differential is induced by 0f only up to the automorphisms of
EMY i = 2,3, induced by the isomorphisms f; of Proposition B.7 and the isomorphisms of ([4).
However, by Proposition @ these automorphisms induce the identity on Tor%s[[sé]](Fg, C;) for
1 = 2,3. Then Corollary @ shows that they induce automorphisms of Ei’o as continuous
graded F3[v;]-modules which map w?u~4?*+1) to itself modulo (u}) respectively w?*u~'2* to
itself modulo (u?) and part (c) follows. O

Corollary 5.11. There is an isomorphism of Fs[v1]-modules

n+1 - n —
Ey° 2 T Fslod)/7®" ) {bgnsioman} x [] Falval/ (01" ) {Bsnasmirn} - O

n>0 n>0
MmEZ meZ

Remark By inspection one sees again that the infinite product is finite in each bidegree and
therefore it can also be identified with the direct sum.

Proposition 5.12. For each integer k there exists an element Ay € Ef’o such that

a) A = AF mod (u?)
b) The differential dy : Ef’o — Ef’o is given by

(1) iAoy, 2% +1=6m+1
(=)™ 01 Ayn(onrsy 2k +1=3"(18m +17)
(—1)m oyl 3" Ao gmr1y 2k + 1= 37(18m + 5)
0 otherwise .

dy (52k+1 ) =

Proof. Proposition shows that d; (52k+1) is divisible by the appropriate power of v;. The
sign is then determined by comparing the coefficients of the “leading term” u%u“l(%“) resp.
w2u‘11'3nu*42k+1 in dy (bag+1) on one hand and in v A?™ resp. U‘f'gnA3n(6m+3i2) on the other
hand. O

Corollary 5.13. There is an isomorphism of Fs[vi]-modules

By = I Falvr) /(o) {Bam} x [ Falvrl/ (0 ) {Bs0(6m+1) Ban(mis)} - O

meZ n>0,meZ

Remark By inspection one sees once again that the infinite product is finite in each bidegree
and it can therefore also be identified with the direct sum.
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5.3. The proof of Proposition @ By Corollary E the differential Ell’O — Ef’o is induced
by the homomorphism Cy — C1, es — n) where

= > X(gNglm) |

g€SDis

A
ny

and by Lemma @ we can take for n; any element of the form n; = fe; with
(30) 0 :=3cla—c)(a—0b)+ (e —c)*(a—c)(a—b)—x(a—b)—y(a——c)a—Db)

and z,y € IK satisfying e — ¢3 = z(e — b) + y(e — ¢). The next result gives approximations for
2 and y which are sufficient for our homological calculations.

Lemma 5.14. Let
T = bldle—d) —btd(e—bb e (e —c)
y = b ldle—bb e t(e—0b).

Then there exists z € IF% S3 + IK.IF,S3 such that the following identity holds in I K
e—ct=T(e—b)+yle—c)+z.
Proof. From Lemma @ and Lemma @ we deduce
A =[b"1d'] mod FsS;.
2

Thus by using the elementary formulae

(31) 1-[X,Y]=XY(1-Y Hal-Xx"H-1-Xx"Ha-Y™)
(32) 1-XY=X(1-Y)+(1-X)

which hold in any associative algebra we obtain

(33) e—c=b"1d (e —d)(e —b) — (e —b)(e — d)) mod [F5S; .

Using Lemma and Lemma E again we get
d=[b,c]=[""' ¢ mod F»S;
and hence we obtain from (B1)
e—d=b"c((e—c)(e—b) — (e—b)(e —c)) mod IF>S5; .
Substituting this into (BJ) gives the result. O

We will thus be interested in analyzing the action of

(34) 3c(a —c)(a—b) + (e — ¢)*(a — ¢)(a — b) — ZF(a — b) —y(a — ¢)(a —b)

—4k+2

as well as in the influence of the “error term” z on the elements w?u This analysis will

be simplified by the following result in which I denotes the ideal I531.

Lemma 5.15. Let r > 1 be an integer. Then we have the following inclusions of left ideals

a) IF.S} CI¥ ~M(e = b) + 12" V(e —c) + 31 C %% 431
b) IF;S3 CI¥ (e —b) + ¥ (e —c) + 31 C I*" +3I.

Proof. We note that for every integer » > 0 we have an isomorphism
IF; Sy = limgs, I(F555/Fy5;)

and it will therefore be enough to show the corresponding statements for the corresponding
ideals in the finite quotient groups F,.Ss/F,S3. Next we remark that for every finite p-group G
the ideal IG is a free Z,-module with basis e — g, g € G — {e}. Therefore it is enough to show
that

e—gel’He—b)+ 12'(3T71_1)(e —¢)+3I for every g € F.S4/F,S3
resp.

e—gel’ He—b)+I""2(e—c)+3I foreveryge FTJF%‘S’%/FQSQ1 .
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(By abuse of notation we do not distinguish between g € S3 and its image in the quotients
S3/F,S3.) Furthermore by (@) it is enough to show this for a system of multiplicative generators

of F.83/FyS3 vesp. F,,18;/F;S3. By Lemma B the element 3" forms a basis of the one

dimensional Fs-vector space F;,S3 /F, i S, and d3 " and b3 form a basis of the two dimensional
F3-vector space F 1 S3/F,+15% and therefore it is enough to consider those elements.

We have ¢ = [a,b] and d = [b, c], and thus (B1)) shows first
e—cel?

and then
e—del*(e—b)+I(e—c)CI®.
Furthermore e — g3 = (e — ¢)? mod (3) and hence, modulo (3), we obtain for any integer r > 1

e—c3 = (1-— c)3r7171(e —¢) C 12'(3T7171)(€ —c)
e—b3 = (e—b)3He—-b)CI¥ e—0)
e—d¥ = (e—d)¥ He—d)c ¥ Be—d) I He—b)+ I3 2(e—c)
and (a) and (b) follow. O

Remark The previous lemma can in principle also be used to get better explicit approximations
of the elements = and y of Lemma , at least modulo (3). For this one has to express the

element c*[b~",d~!]7" in F3 S5 /F,;S; as explicit product of the elements b a3 and &

for ¢ > r > 3 and then use (@) and the formulae in the proof of the previous lemma.

We will now give a qualitative description of the action of powers of I on (Es)./(3). The
following lemma is an immediate consequence of Lemma [i.§ and of the formula g.(u}u")

to(g)* 2 ufu® (cf. (19) and Lemma [.3.a).

Lemma 5.16.
a) 1S3 sends the Fo[[u1]]-submodule of Fo[[u1]Ju* generated by ulu® to the submodule gen-
erated by ullJrluk.
b) Ifk+2l = 1 mod (3) then IS} sends uiu to the additive subgroup of u*Fo[[u:]] generated

by ullJrluk and the ideal generated by u

¢) If k+ 21 = 0 mod (3) then IS sends the Fo[[u3]]-submodule generated by u'u* to the
Py [[u3]]-submodule generated by u'™3u®. O

+3, k
1 u.

Lemma 5.17.

a) Let k+20=3m+1 and r > 1 be an integer. Then (IS9)" sends ulu® to an element of
the form (aué+3(r71)+1 + Bu Mk modulo (U3 for suitable o, 3 € Fy.

b) Let k+ 2l =3m+2 and r > 2 be an integer. Then (I1S2)" sends uiu* to an element of

ul1+3(r_2)+2 + 5ull+3(T_2)+4) ll+3(T_2)+5) for suitable 7,6 € Fy.

the form (v u® modulo (u

Proof. a) This follows by an easy induction on r by using the previous lemma.

b) If k + 21 = 3m + 2, the previous lemmma shows that (1.55)2 sends u!u* to (Auit? + pud)ub
modulo (ul1+5) for suitable A\, u € Fg. Now the result follows again by an easy induction on r > 2
by using once more the previous lemma. (I

The following immediate corollary tells us that for the evaluation of the differential we should
concentrate on the coefficients of u$ and 1% in the case of u?* *2 resp. of u{® and ul? in the
case of u3* 1. It also gives us more flexibility for approximating 6.

Corollary 5.18. Let k' be an integer and ¥ € (3,1*). Then there exist o, 3,7,6 € Fg which
only depend on 9 modulo (3,1%) such that we have the following congruences.

a) O, (T = (aul® + Bul2)ud '+ mod (3,ul?) for suitable o, § € Fy.
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b) 9, (WP *2) = (yud + 6ul®u+2 mod (3,ull)  for a suitable v, € Fy. O

The next lemma gives a simplified approximation to # and hence to d;.

Proposition 5.19. Let
¥ =(e—d)—(e—b)(e—c) and y = (e —b)(e—1b)

and define
~ 1
0 = — Z X(gfl)g(iic(a —c)(a—b)+(e—c)*(a—c)(a—b)—z'(a—b)—y'(a—c)(a— b)) .
16
g€SD1s6
Then, the differential dy : By° — E*° satisfies
di (w?u™1CkD) = (@), (W2 D) mod (ul) —4(2k+1) = 3K + 1
dy(WPu™ D) = (), (WPt CRD) mod (ul?) —4(2k+1) =3k +2.

Proof. First we note that Lemma shows that the element z of Lemma belongs to
(I8(e —b) + I"(e — ¢)) + I.(I8(e — b) + I*.(e — ¢)) and therefore does not contribute to the
calculation of d; modulo the specified precision. Furthermore o' belongs to (3,1%). Now the
last corollary shows that we have equality modulo (u}?) resp. (ui!) if we replace Z and 4 from
Lemma p.14 by 2/ and ¢/, and then the following lemma implies equality even modulo (ui®)

resp. (uj?). O

Lemma 5.20. Let k and l > 0 be integers and A € Fyg. Then
1 -1 Uk %()\ —M)utuF k+2l=4 mod (8)
16 Z Xlg)g(hnu?) = { 0 else .

g€SDis

Proof. By (£9) and (3) we have

B . o
Eesiong Mo o) = 35_o(~1P(7). () + 3o(-1)7490). Qo
= (ijo(—l)JwJ(k“l)))\u (ijo(_ )T wdFF2D) A3k
Furthermore Z;ZO(—l)jwj(k*‘Ql) = 0 unless k 4+ 2] = 4 mod (8) in which case it is equal to 8.
The result follows. g

The previous result tells us how to get the “leading term” in the differential once we know
the coefficients «, 3, v and § of Corollary in the case of ¥ =6 := 221:1 0; with

01 :=3c(a—c)(a —b) + (e — ¢)*(a — ¢)(a — b)

0y :=—(e—d)(a—b)

05 := (e —b)(e — c)(a —b)

0,:=—(e—b)(e—b)(a—c)a—1b),
and in fact o and § will not even matter. The coefficients 3 and  of Corollary for the
action of each 671 are given in the following result.

Lemma 5.21. Let k be an integer not divisible by 3. For k = 3k’ + 1 there are elements
i, Bik € Fo, i =1,2,3,4, and for k = 3k’ + 2 there are elements ; i, 0; 1 € Fo, i = 1,2,3,4,
such that we have the following congruences
(5) ok = (i gui® + B pui?)u® mod (3,ui3) k =3k +1
Tl (e 4 6 pui®)u” mod (3,ui) k=3k+2.

Furthermore we have

Bir = 0 Vg = 0
Pog = —(I+w?) vk = —(1+w?)
Psn = (K —Dw? 7y = (K +1)w?
Bag = —(K?+K -1+ K +1Dw?)  qap = 14K —k?—Kuw?
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Proof. The first part of the lemma is clear by Corollary p.1§. Furthermore, the case of 3

and v;  follows immediately from Lemma because by Lemma ' we have 51 e IS +
31. The actual evaluation of the other 3;; and v; ) uses Lemma {.§ and is a lengthy but
straightforward calculation whose verification we leave to the reader. Here we just note that
Lemma guarantees that for this calculation it is enough to know the action of I on u!u*

modulo (u}*9). O

Proof of Proposition %This is an immediate consequence of the previous lemma, of Proposi-

tion and Lemma . O

6. HIGHER DIFFERENTIALS AND EXTENSIONS IN THE ALCGEBRAIC SPECTRAL SEQUENCE

In this section we will give a proof of Proposition @ and we will determine the extensions
and higher differentials in the algebraic spectral sequence () in the case of M, = (E2)./(3).
This spectral sequence allows for non-trivial do- and ds-differentials. Their evaluation will be
reduced to studying the long exact sequence in Extzg,[[%]](f7 M,) associated to the short exact
sequence ([LQ). In fact, we have the following more general lemma.

Lemma 6.1. Let R be a ring and n > 0 be an integer and let M be a left R-module. Suppose
that

On On o O

1s an exact complex of left R-modules such that C; is projective for each 0 < i <n+ 1.
a) Then there is a first quadrant cohomological spectral sequence E**, r > 1, converging
to Exty (L, M) with
E} = Extly(Cs, M) = Ext; (L, M)
in which By' =0 for0<s<n+1andt>0, and Ey* =0 fort >0 and s >n+ 1.
b) The higher differentials in this spectral sequence can be described as follows. Let Ny be

the kernel of 0y and let j : Ng — Cy denote the resulting inclusion. Then there are
isomorphisms which are natural in M

a0

) Ker: B;° = E}° t=0
Extp(No, M) =4 EIFO_ B0 1<ti<n
E;lill’tfn >n

such that the homomorphism Extl(Co, M) — Extl(No, M) induced by j identifies with
Ayt EYY — BTV if 1<t <nand with dY s Evt — EREPTift > n. (Note that
by (a) these are the only potentially non-trivial differentials in this spectral sequence.)

Proof. a) The spectral sequence can be obtained as the spectral sequence of an exact couple.
In fact, if IV; is the kernel of 9; then we have short exact sequences 0 — N; — C; — N;_1 — 0
for 0 < i < n (with N_; : = L) and the long exact sequences in Exty(—, M) combine to give
an exact couple from which the spectral sequence is derived. Projectivity of the modules C; for
1 <4 < n gives the vanishing results.

b) For the first statement we note that Ny admits a projective resolution Qe which is obtained
from splicing the exact complex

On41 On I3} bé)
0— Cpy1 — Cp = ... (01 — Ng — 0

with a projective resolution of C), 1. The second statement is easily seen by inspection of the
higher differentials in an exact couple. We leave the details to the reader. (I
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Remark The higher differentials can therefore be evaluated if we know projective resolutions
Qe of Ny and P, of Cy as well as a chain map ¢ : Q¢ — P, covering j. These data can also
be assembled in a double complex T4 with Tog = P, Te1 = Qe, vertical differentials §p and
0o and “horizontal differentials” (—1)"¢, : Qn — P,. The lemma implies that the filtration of
the spectral sequence of this double complex agrees (up to reindexing) with that of the spectral
sequence of the lemma. Hence extension problems in the spectral sequence of the lemma can
also be studied by using the double complex.

We apply this lemma and the remark to the algebraic spectral sequence associated to the
case of the exact complex . We will make use of explicit projective resolutions Qs of Ny and
P, of Cy and a suitable chain map ¢ : Q¢ — P, covering j. The essential step is given in the
following elementary result whose proof is left to the reader.

Lemma 6.2. Let ¥ be the Z3|Qs]-module whose underlying Zs-module is Zs and on which t
acts by multiplication by —1 and v by the identity. Then the trivial Z3[G24]-module Zs admits
a projective resolution P. of period 4 of the following form

2
o | TGQ4€+L+;1 1 T 24‘1 _a_T 246+L+>a —TG24U’ —99q TG24 Zs . O

In the sequel we work with the induced projective resolution P, := Z3[[G3]] ®z,(c,, Pi of
Co = Z3[[G3]] ®2,(G44] Zs and the resolution Qq of Ny which is obtained from splicing the exact
complex obtained from (]lf)

0—-C3—Cy —Cy— Ny—0
with a projective resolution of C'5 = Cy, i.e. by splicing it with P,. The next result records all
we need to know about the chain map ¢.

Lemma 6.3. There is a chain map ¢ : Qo — P covering the homomorphism j such that

Gl
P0:Qu=Cr—115.=1
sends ey to (e — w)eéy. (Here the generator ey € Py is given by e ® 1 € Py and we continue to
denote the generator of Cy introduced in section @, and also given by e® 1, by e;.)

Proof. In fact, as in the proof of Corollary E we see that SDig acts on (e — w)ép via the
character x. Hence ¢ is well defined and it is clear that ¢g covers j. (]

Proof of Proposition . From its definition it is clear that a € H'(Ga4, M,) is a perma-
nent cycle in the algebraic spectral sequence for M, = (F3)./(3) (the restriction of the class
with the same name in H'(Gj, My)), i.e. there are cochains ¢ € Homg, gy (P, Ms) and
d € Homg, g1y, (Qo, M) such that ¢+ d is a cocycle in the total complex of the double complex
Homgz, (1g17](Tes, M1) and such that c represents a € Ext%gHG%H(C’O,MQ = HY(Gaoy4, My). Fur-
thermore, the cocycle ¢ can be obtained as the mod-3 reduction of a cocycle representing §°(v;)
(cf. the discussion in section f.1]), i.e. we can take ¢ = 3(a.? — a.)v; and this is known to be
of the form wu=2 mod (u;) (cf. the proof of Lemma 1 in [[l]). Then vic is a cocycle represent-

ing vy. However, vi« is trivial in Extés[[(@%“ (Co, My) by Theorem , and hence there exists
h € Homg, (g1} (Po, Ma) such that
vic =6p(h) = a2h — a.h .

Because v;c is equal to wuyu™? mod (u?), h must have the form eu=* mod (u) for some unit
€ € Fg. Corollary @ shows that

(ax% — a)(u™) = —(1 + w?)uru™ mod (u;)

and hence € = w? by (). In the double complex Homy, (617 (Tee, M) the cochain vy c is therefore
cohomologous to

—¢5(h) = —(e —w)e(Wu™) = —wu ™ +wu"t = Wi mod (uq)

and hence vy (c+d) is cohomologous to w?u~*+wv;d mod (u7) and this implies the proposition. [

Now we turn towards the calculation of higher differentials and extensions.
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Proposition 6.4.

a) The differential dy : Eg’l — ES’O in the algebraic spectral sequence (E) for M =
(E2)./(3) is given by

(—1)m+"+1uff:’1“5_3n+1(6m+1) k= 2.3"(3m + 1)
do(Apa) = (=)o 1y k= 2.3"(9m + 8)
0 otherwise
- —1)™01b18m k=6m+5
do(Ar@) = { (() e b otherwise .
b) In H*(G;(E2)./(3)) we have the following relations
le2.3"(9m+2)a = (*1)m+1b2.3n+1(9m+2)+1
V1A gn(9mis)® = (=1)" by gn41(9mps)41
v Agpyia = 0
V186m 410 = (=1)"ba (9m+2)+1
v1A6m+30Q = (_1)m+1b2»(9m+5)+1
UlAQk& = 0.

Remark We repeat that after the fact one can check that the ds-differential is, up to sign,
determined by v;-linearity and the principle that it is non-trivial whenever it has a chance to
be so.

In the proof of the proposition we make repeated use of the following lemma.

Lemma 6.5. Let s > 0, x € H*(G21,M.) and ¢ € Homg, g (Ps, Ms) be a representing
cocycle. Suppose that vix = 0 € H®(Gay, M,) and suppose that h € HomZS[[Gé”(PS_l,M*)
satisfies 5p(h) = v¥c.

a) Then there are elements d,d’ € Homg,cy)(Qs—1, M) and d” € Homg, g1 (Qs, M)
such that ¢*_,(h) = d' +v¥d and 5o(d') = vid".
b) Ifd, d' and d" are as in (a) then

J(@) = (~1)°[d"] € Bxt* (No, M,)
c) Ifd, d and d’ are as in (a) and d’" = 0 then
vFa’ = (=1)*[d'] € H*(G}, M,)
for any =’ in H*(GY, M) which restricts to x. In particular, if d' =0, then vFa’ = 0.

Proof. We can write ¢*_,(h) € Hong[[(@;]](Qs—laM*) C M, as u'f for some t € Z and f a
power series in u;. Then we write f = fo+uf fi with fo a polynomial in u; of degree less than k
and f; a power series in u1. If we put d’ = u?fy and d = u?*** f; then the first part of (a) holds.
Next we use that the double complex Hong[[G;]](To-a M,) is a double complex of torsionfree
F3[[v1]]-modules and Fs[[v1]]-linear differentials. Then we get

dq(d') + vidq(d) = do(d' +vid) = dq(d:_1(h)) = ¢;(6p(h)) = ¢ (vic) = 0 mod (v})
and

vif*(e) = vf(=1)°¢i(c) = (=1)°} (vic) = (=1)°¢;(dp(h))
= (1)%0g¢i 1 (h) = (-1)*0q(d' +vid) = (=1)*v}d" + (—1)*vfdq(d) .

and thus the second part of (a) and (b) follow.
If d” = 0 then the equations
vre=0dp(h), (=1 terd+ (=) = (=) ()

show that v (c+(—1)*"1d) and (—1)*d’ are cohomologous in the double complex. Furthermore,
d' is a cycle by assumption and hence vf(c + (—1)*~1d) is a cycle. Because the double complex
is v1-torsion free, ¢ + (—1)*~1d is a cycle as well and (c) follows. (]
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Proof of Proposition . We begin with the case of Aya. As in the proof of Proposition @
let ¢ € Homg, g1y (Fo, Ma) be a cocycle representing a € EXt%S[[G%H(Co,MZl). Then Ay is
represented by the cocycle Agc. As Ay is Gog-invariant we have

Agviec = dp(Agh)

where % is as in the proof of Proposition [.§ above. In particular h = w?u~* and hence

G5 (Aph) = (€ — w), (W2F 201204y = (1 = (21)~3k—1) 242y ~126=4 1o () |
(We note that the congruence is modulo (u}) by (B4)!) In particular, if k is odd we see that

G5(Axh) = vt
for some z € Homg,jc1);(Qo, M) and if k is even, k = 2.3"(3m £ 1), we get
Go(Agh) = (=1)"bag+1 + U%Z

for some z € Homg, 1] (Qo, M.). Then Lemma @ and Theorem D give easily the differentials

and extensions on all elements Ao for k # 0.

In the case of Axa the definition of & (cf. section b.1)) shows that & can be represented by a
cocycle ¢ € Homyg, ey, (Py, Mi2) such that v1¢ = dp(v2). Because Ay is Gog-invariant we have
0p(Agva) = Agdp(v2). Furthermore,

Apvy = w1278 mod (u?)
and thus
b5 (ARv2) = (e — W) (W Fu™12878) = (1 — (=1) 73 2)w 412878 mod (uf) .
(Again we note that the congruence is modulo (u%) by (B4)!) In particular, if k is even we deduce
that
b5 (Apva) = viz
for some z € Homg,[j617;(Qo, M) and for k = 6m + j with j € {1,3,5} we have
95 (Akvz) = (=1)" WP 2bigy 435400 + 0] 2

for some z € Homy,[jg1];(Qo, M) and as before Lemma b.9 and Theorem give easily the
differentials and extensions on all elements Aja. O

The following result together with Proposition @ and Proposition @ finishes off the proof
of Proposition E and Proposition @

Proposition 6.6.

a) For i > 3 the differentials d; in the algebraic spectral sequence (@) for the mod-3 Moore
spectrum are all trivial.

b) For each integer k € Z and I > 0 we have ’U%Akﬂl = nApfla = viAgfla = 0 in
H*(Gy; (E2)+/(3))-

Proof. The differential is linear with respect to the natural Exty,c1)(Z3,Fz) = H*(G3,F3)-

module structure on its target and source. Hence it is enough show that the classes AgfBa,

AgBa and Ag S are ds-cycles and to prove (b) in the case [ = 1. In both cases we use Lemma
once again.

We begin with the case of AF3. Let ¢; be a cocycle in Homy, ey, (Py, My2) representing /3.
As v =0 in H?(Ga4, Mao) there exists hy € Homg, g1 (P1, Mao) such that
vicy = 6p(h1) = (e +a+a®)hy .
Next we use that Q1 = Cy = Z3[[G}]] ®z,1sp,4) X- Hence we have (cf. (B4))
Homgy (Q1, M.) 2 w?u'F[[ui]][vr, u™®]

and by degree reasons we need to have ¢%(hy) = vz for some z € HostHG%”(Ql,Mg), and
then Lemma @ shows that f is not only the restriction of a permanent cycle (which we knew
anyway), but also that v?3 = 0 in H?(G1, Myg). Furthermore, as Ay is Gas-invariant we have
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6p(Aghi) = Agvie; and in order to apply Lemma f.J in the case of Ay 3 we need to understand
@3 (Aghy). For this we recall that Q1 = Cy is a free Z3[[S3]]-module generated by ez. Hence we
can write ¢1(€1) = ey for (a unique) x € Zs3[[S3]] and thus ¢ (Axh1) = 2.(Agh). Furthermore,
because A = w?u~'? mod (u?) we have for any g € S5
9e(Akh1) = g2 (Ak)ge (1) = to(9)*F Akgu(h1) = Apge(h1) mod (uf)
thus
&1 (Aphy) = 2. (Arh1) = Agze(hy) = Ar¢i(h1) =0 mod (u?)

and then Lemma .5 shows that Ay 3 is a permanent cycle and in H?(G}; M) we have v} A3 = 0.

In the case of ApBa we choose a representing cocycle ¢y € Hong[[G;]](Psalei) for Sa.

Because v13a = 0 in H(Ga4, Mag) there exists hy € HOmZS[[G%H(PQ,MQO) such that vico =
(Sp(hg). Then

¢3(h2) € Homg, (1)) (Q2, Mao) = Homg(ig1) (Po, Mag) = (Mag)?®

is divisible by v1 by degree reasons (cf. (R2) or Remark 3.12.3 of [f) and then Lemma . shows
that AgBa is a permanent cycle and in H?(G1, M,) we have v1 AgBa = 0. The case of v13a is
completely analogous. (I

Proposition 6.7. If x € H(G3, M,) is represented in EL0* then Bx =0 in H3(G4, M,).

Proof. Tt is enough to show b1 = 0 and (b gn(3m—1)41 = 0 whenever m # 0 mod (3). By
Proposition @ we have by = via and thus Bb; = viBa = 0 by the previous proposition.
Similarly, by Proposition @ we have by gnt1(3m—1)41 = TV1A33n3m_1) and byzm_1)41 =
+v1 Az, —1a and using the previous proposition once more shows 3b3 3n (3141 = 0.

The following result finishes off the proof of Proposition E
Proposition 6.8. The following relations hold in H*(G3; M.)

Bbsntimer) = FAzn(emin@
Bbzn+1(1sm+11) = FTAzn(1gm+11)Q
Bbigm+11 = F£Agmia0 .

Proof. First we observe that & € H*(Ga4, (E2)./(3)) is non-divisible by v; and this implies that
the mod-u; reduction homomorphism H*(Gaq, (E2)./(3)) — H*(Ga4, (E2)./(3,u1)) must send
@ to +w?u—*a (cf. Theorem [A.3). Likewise, this map must send Agyyy to £w?v3f+1u~%, and
it clearly sends a to . Thus the proposition follows from Theorem @.c and naturality. (I

7. PASSING FROM G TO G,

Theorem m is a simple instance of a Kiinneth isomorphism: in fact, if we have an isomor-
phism of profinite 3-groups G = F' X Zs, and if Z3 acts trivially on a 3-profinite module M, then
the exterior product in cohomology induces an isomorphism
(35) H*(F, M) @z, Az, (C) = H*(F, M) ®z, H*(Zs3; Zs) — H* (G2, M) .

In particular this holds if G = G2, F = G} and M = (E»)./(3) or M = (E3)./(3,u1). We will
need to know how the Bockstein homomorphisms ¢! and 6° associated to the exact sequences
(d) and (R7) behave with respect to these isomorphisms.

The proof of the following lemma is a straightforward exercise with the double complex ob-
tained from tensoring a projective resolution of the trivial Zs[[F]]-module Zs with the projective
resolution of the trivial Z3[[Z3]]-module Z3 given by

0 — Zs([T)] = Zs[[T]] - Zs — 0

and is left to the reader. (Here we have identified Zs[[T]] with Zs3[[Zs]] via the continuous
isomorphism which sends 7" to ¢t — e if ¢ is a topological generator of Zs.)
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Lemma 7.1. Let G = F X Z3 and H be a closed subgroup of G, 0 — My, — Ms — M3 — 0 be a
short exact sequence of continuous G-modules and o be the associated Bockstein in H*(H, —).
If Z3 acts trivially on My and M3, and if we identify H*(G, M;) with H*(F, M;)® H*~*(F, M;)¢
fori=1,3 via @), M3 with H°(Zs3, M3) and My with H'(Z3, My), then

og(z) = dp(x) + (—1)"H™(F,dz,)(x)C x € H"(F, Ms)
da(yC) = or(y)¢ ye H"Y(F,M3) . O

Corollary 7.2. Let M = (E3)a/(3) resp. M = (E2)ax/(3,u1) and identify H*(Go, M) with
H*(GY, M) ® H* (G}, M)¢ via (33).

a) For x € H"(Gj, (E2)ar/(3,u1)) we have &, (x) = (%é ().
b) For x € H"(G}, (E2)ax/(3)) we have 62, (z) = 5(%% () + (=1)"ka(.

In particular, if we define

a(Gg) := 8¢, (v1)  a(Gz) =g, (v2) B(Ga) := 6¢,0¢, (v2)
a(G3) : —50 1(v1)  @(Gy) = 0gy (v2)  B(G3) := dg, 0y (v2)

then
a(Gy) = a(Gy) — ¢, &(G2) = a(G3), B(G2) = B(Gy) -

Proof. The central factor Zz of G is generated by the element ¢ := 1+ 3 € Z5. In this case
t acts trivially on (F2)p and on u via t.(u) = 4u. Therefore ¢t acts trivially on M and via
multiplication by (1 + 3)™2* = 1 — 6k on (E2)4/(9). Hence dz, is given by multiplication by
—2k = k mod (3) and the result follows. O

8. THE ADAMS-NOVIKOV SPECTRAL SEQUENCE FOR LK@)V(O)

As before we use the Ej-term of the algebraic spectral sequence (f) for M = (F»),V(0) to
represent elements in the Fa-term of the Adams-Novikov spectral sequence for . (L g (2)V(0)).
However, unlike in the introduction, we do not always insist on writing elements in terms of
the F3[8,v1] ® A({)-module generators of Theorem [1.4. This allows for simplified statements of
Lemma @, Corollary @, Lemma @ and Corollary below.

The E>-term satisfies E;t =0 unless t =0 mod (4), hence its differentials d, are trivial if
r Z 1 mod (4). Furthermore, the differentials are linear with respect to Fs[5,v1]® A(¢), and the
existence of the resolution ({]) of [ff] gives further restrictions on the behaviour of the Adams-
Novikov differentials. In fact, they have to preserve the filtration on its Es-term given by the
algebraic resolution for Gs, and modulo this filtration the differentials are easily determined by
the differentials in the Adams-Novikov spectral sequence for EX2* A V(0) (cf. Theorem [A.1]).
However, to settle the ambiguities coming from potential contributions of smaller filtration terms
we need to fall back on knowledge of the differentials in 7. (L g2V (1)) (cf. Theorem A4).

The following Lemma records some immediate consequences of the knowledge of the ds-
differential in the Adams-Novikov spectral sequence for m, (L 2)V (1))

Lemma 8.1.  The following identities hold in H*(Ga, (E2)./(3)) =2 Ey™ = E2"" of the Adams-
Novikov spectral sequence for m.(Lg 2V (0)).

a) Let k20 mod (3). Then there are constants ey, € {£1} such that

d5(Ak&5) = elAp1f'n
(AkﬁQ) = ekAk__la(Gg)ﬁ‘l

d5(248Ak04> = 6]6248Ak,163’01

d5(248Akﬁ = ek248Zk_1a(G2)ﬁ3
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b) Let k=0 mod (3). Then

(Akaﬁ
ds(Ar3?)
ds (
ds (

\
oo oo

248Ak04)
248Ak62 —

Remark By identifying vector space generators in the appropriate bidegrees it is easy to see
that there are unique elements \;, u;, v; € Fg such that

d5(Akaﬂ> = >\1Ak,154’l}1 + /L1248Zk,204((@%>52 + 1/1248Zk,252’l)1g
ds(Axf?) = MAp1a(GH)B* + palp_ 1 01¢ + e XA, 50 (G3)B%¢
d5(248Ak&) = )\3248Ak_1ﬁ3’01

d5(24gzkﬂ) = )\4248Zk,104((@%>53 + ,LL4E48Z]€,153’01< .

Naturality and the geometric boundary theorem (cf. Theorem 2.3.4 of ) applied to the reso-

lution () allow to determine the values of the \;, i.e. to show the lemma modulo elements of

lower filtration. The Lemma confirms these values and also determines u; and v;; formally u;

and v; can be deduced by simply replacing in the differentials for EQG“ AV (0) the elements «
Q(GQ).

Proof. We start with Aga(. This is in the kernel of vi-multiplication and must therefore (after
4-fold suspension) be in the image of the Bockstein homomorphism dg_ in H*(Gg, —) and 43,
2

in H*(G}, —) associated to the short exact sequence (7). Similarly with AgBv;. By Theorem
and by degree reasons we must therefore have

5é%((w2u74)3k+25) = £24A,a0, 5é%((w2u74)3k+2a((@%)) = +32*ABu;
and, by Corollary @, we even get
(36) 0, ((WPu)*M20) = £5'AG0, 0, (WPu)*2a(Gy)) = £51Axfur -

and by f-linearity 0'((w?u=4)%+2a33%) = £%4A;8%;. Then the geometric boundary theorem
and Theorem @.b show that Agraf and Agry3a are permanent cycles and the value of the
differential in the other cases is as stated (with a suitable constant ey).

The case of 48A a8 can be treated similarly but in this case it would also suffice to use the
strategy described in the remark above. The sign is clearly the same as in the previous case.

The remaining two cases are deduced from what has already been established by using the
Bockstein 5@ in H*(Gq,—) associated to the short exact sequence (E) and the geometric
boundary theorem. By Corollary [.q we have

82 (BBARa) = B18ALB
5(%2 (248Zkﬁ3’1}1) = 248Zka(62)63

08, (Arapf) = A2,
3¢, (Agfv1) = Ara(G2)BY,

In fact, by the Corollary we only need to determine 5(%1 and this is straightforward in the case of
2

Y48A A, and £*8Aa6%. In the other two cases it is straightforward modulo terms of lower
filtration and by degree reasons there are no error terms of lower filtration. (|

Corollary 8.2. The ds-differential in the Adams-Novikov spectral sequence for Ly (2)V (0) is
linear with respect to F3[B,v1] @ A(() and is trivial on all F3[B,v1] ® A({)-module generators of
H*(GL, (E3)./(3)) of Theorem [I.& except the following:
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3) -

d5 Agma) =

u

(A

(
ds(Agm+10) =
5(A6misaf) =

ds (b3n+1(6m+1)) =
ds(b3n (6m+5)) =

d5 248 Agm) =

QU QL

5(048

(
5(E A3n (6m+1)— 2) =
5(E A3>n(f3m+5) 2) =
(
(

2ma) =

d5 (S8 Agn 6m45)—20) =

Proof. Linearity with respect to F3[3,v1] ® A(C) is clear. The rest is an immediate consequence
of the previous lemma together with sparseness, Proposition @, Theorem E, and the fact that

iAmfla(GQ)ﬂg
+Aom—13%01
iA67nﬁg/ul
+Agm 4801

2'2248§3n(6m+1)—352v1

X Agn 1 (6mt5)—30°V1

+34 Ao 10(G2)F?

+3 8A3"(6m+1 _30(G2) 5
+34 AS"(GerS) 30(G2) 3

:l:248A2 ,15 V1
£ A50 (6mt5)

35 U1,

S-multiplication is injective above cohomological degree 3.

Corollary 8.3. Eg is the quotient of the direct sum of cyclic F3[8,v1] @ A()-modules with the

following generators and annihilating ideals

1=Ap

Anp
Agm+1001
Agm 44501

Ap By

a(G3)

A2m+104(
A2m+104(

Ao 3n(3m—1)0(
A2(3T—1)04(G5

1
2
1
2

Q\./\./

6mQ

b2(9m+2)+1
A6m+304

A2.3n(3m+1)a(G%)ﬁ
A2(3m+1)a(G%)ﬁ
A2.3"’(3m—1)a(G%)5
Ag3m-1)a(G3)8

§3n'+1(6m+1)vl
93"(6m+5)v1
b3n (6m+5)

¥4
¥4

248

¥4
¥4

X
¥4
»4

AS"(Gerl)

A3"(6m+5) 3
A3"(6m+5) 3
A(6m+1) 3U1
A(6m+5) 3U1

8A3" (6m41)—2V1
A(6m+1) 2U1
SA (6mt5)—2

0#m=0 mod (3)

m=2 mod (3)
mZ2 mod (3)

m=2 mod (3)
m=#Z0 mod (3), n>1
mZ0 mod (3)

n>1

m=0 mod (3)

n>1

m=0 mod (3)

n>0

m=1 mod (3), n>2
m=1 mod (3), n=0,1
n>1

m#1 mod (3), n>1
m=1 mod (3), n>1
n>1

m#0 mod (3)

mZ0 mod (3)

n>0

m=1 mod (3), n>2
m#0 mod (3)

n>0

n>1

m#0 mod (3)

m#1 mod (3), n>1.

(ﬂv%ﬂ 63'01)

(U%’ 521)1)
(’U%v 53’01)
(’va 52’01)
(Ula ﬁQ)
(v1)

1
(/sza B’Ul)
(Uila B’U%a BS’UI)
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Y8 A9, 1a(GY) m#0 mod (3) (v1,8%)
S¥Agm+50(G3) (v1)
by 8A3”(6m+1) 30(G}) n>0 (v1, 6%)
> A3n(6m+5) 5a(Gy) m#1 mod (3), n>1 (v1,0°)
¥4 é3n(6m+5) 30(GY) m=1 mod (3), n>1 (v1,0?)
Z48A67n62 (Ul)
S¥A 6m5)—20 m#1 mod (3) (v1)

modulo the following relations in which module generators are put into paranthesis (in order to
distinguish between module multiplications and generators)

B3 (Ara(Gl)) = [B2¢(ArBvy), kE=2Bm-1) m#0 mod (3)
2(Aka(GY)B) = [%(AkBv1), kE=2Bm-1) m=0 mod (3)

B(E8ALa(GY) = AuiC(X*AL), k=2m—1 m#0 mod (3)
22BAL(GY) = FPui¢(2*AR) kE=3"(6m+5) -3 m#1 mod (3), n>1.

Proof. In principle this is a straightforward consequence of the previous corollary and Theorem
E. Complications arise because some of the time integers are distinguished by their residue
class modulo (2), some of the time by their residue class modulo (3) and some of the time the
distinction is more involved.

The most complicated case is perhaps that of the classes X*®A,, for m even. There one uses
that an even integer can be uniquely written in the form k& — 3 with k& odd and an odd integer
k can be uniquely written either as 3"(6m £ 1) with n > 1. This together with the previous
corollary and Theorem E leads to the result for the first block of generators involving X4¥A,,
The other blocks can be treated similarly. (I

The following Lemma records immediate consequences of the knowledge of the dy-differential
in the Adams-Novikov spectral sequence for m. (L g 2)V (1))

Lemma 8.4. The following identities hold in the Eg-term of the Adams-Novikov spectral
sequence for T (Lg2)V(0)).

a) Let k=2 mod (3). Then there are constants €), € {£1} such that

do(Ara(G2)B%) = € A—207
9(Akﬁ_2v1) = e;Ak,_Q&BG
dg(2PAka(G2)B) = DA, of°
d9(248AkﬂU1) = 6%248Ak,2aﬂ5 .
b) Let k=0,1 mod (3). Then
dg(AkOZ(GQ)62) = 0
dg(Akﬁjvl) = 0
do(X¥ALa(G2)B) = 0
do (X4 Ay Buy) = 0.

Remark By identifying vector space generators in the appropriate bidegrees it is easy to see
that there are unique elements \;, u;, v; € Fs such that

do(Aka(G3)B%) = NsAp-af” + psAy—206°C + 15X A, _33%¢
do(ArBv1) = XeQAp—2af% + peS¥AL_38° + sX¥ A _3a6%¢
do(S18ALa(GL)B) =  MEBALB% + eS8 A, _sa 8¢
d9(248AkﬁU1) = )\8248Zk_2&ﬁ5 .

As before naturality and the geometric boundary theorem applied to the resolution (@) allow
to show the lemma modulo elements of lower filtration, i.e. to determine the values of the \;.
Again the Lemma confirms these values and also determines p; and v;, and formally p; and
v; can be deduced by simply replacing in the differentials for EQG“ A V(0) the elements a by
Oé(Gg).
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Proof. The proof resembles that of Lemma @ We start with the class Ap3?v;. From () and
[-linearity of 6((1;2 we get
5(1;2 ((w2u74)3k+2a(62)ﬁ) _ iZ4Ak52’U1, 5([1;2 ((w2u74)3k74ﬁ6) _ iE4Ak_2&ﬁ6

and as before the geometric boundary theorem and Theorem [A.4.c yield the value of the differ-
ential (with a suitable constant €}, ).

The case of X*8A,Bv; can be treated similarly but we can also use the strategy described in
the remark above. Again the sign is clearly the same as in the previous case.

The remaining two cases can once again be deduced by using the Bockstein 5%2 in H*(Gg, —)
associated to the short exact sequence (@) As in the proof of Lemma m we obtain
(5(%2 (Amﬁ2?}1) = Ama(Gg)ﬁQ, 6(%2 (248Zmﬁ’l)1) = 248Zma(62)ﬁ
5(([)}2 (Am&66) = Am67a 5(?;2 (248Zma65) = 248Zm66
and the geometric boundary theorem gives the result. ([

Corollary 8.5. The dy-differential in the Adams-Novikov spectral sequence for Ly 2V (0) is
linear with respect to F3[B,v1] @ A(() and is trivial on all F3[B,v1] ® A({)-module generators of
Eg™ given in Corollary except the following:

do (A, Bv1) = +A,, a3 m=2 mod (3)
do(Agm+5(G3)) = £(Aem+38° + Agm+3a3C)
d9(A2(3m+1)a( 5)8) = (A6 + AemaBC)
do(b 18m+11) = H(E¥Agn 0 + XA, a8%¢)
(Z A6m+2'Ul) = i248K6m&ﬂ4
(248A6 +5’U1) = i248Z6m+3&64 m ;:_é 1 rnod (3)
(E A6m+5'U1) = ib3(6m_+5)ﬁ5 . m=1 mod (3)
do(E8Agm450(Gh)) = £(E8Agn438° + ¥ Agn4306%)

Proof. Linearity with respect to Fs[3, v1]®A(() is clear. Then we note that the S-torsion classes
in the Eg-term are in too low a cohomological degree to interact via dg and hence dy is trivial on
them. The rest is an immediate consequence of Proposition @, Corollary and the previous
Lemma, and the fact that S-multipication is injective in the relevant bidegrees. (I

This finally allows us to calculate the homotopy of m.(Lg2)V (0)).

Proof of Theorem 1.8. By using the last corollary it is straightforward to verify that the E1o-
term has the structure described in Theorem [[.§. Then we see that Ej;" = 0 for s > 11 and
hence there is no room for higher differentials and we get F1p = Fo.

APPENDIX A. THE ADAMS-NOVIKOV SPECTRAL SEQUENCES CONVERGING TOWARDS
T By AV(0)), T (B9 AV (1)) AND 7. (Lg(2)V (1))

The behaviour of the spectral sequence for m,(E2¢2* A V(0)) can be deduced from that for
7. (E2G24) . We record this in the following result.

Theorem A.1.

a) The differentials in the Adams-Novikov spectral sequence
E;t = F3[[U?Ail]][vlﬂ Ailv 57 «, &]/(O‘25 a27 n @, vlav ao + ’Ulﬂ) - ﬁt*S(EgGM A V(()))

are linear with respect to F3[AT3 vy, B, a,a]. The only nontrivial differentials are ds
and dg. They are (redundantly) determined by

ds(A) = +af?, ds(Aa) = +aaB? = Fu,3°

and

do(A%0) = £6°, do(A%vy) = Fap?t .
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b) We have an inclusion of subalgebras
B = F3[[f A7 ][or, v A, AF

In positive filtration ES! has an Fs-vector space basis given by the 16 elements which
are represented on Ey by o, Ba, Ao, BAa, aa = Bui, Baa = Fv, Ada = BAv,
BAaa = 2Avy, 7, j =1,2,3,4, BFa, k = 0,1,2,3 and their multiples by powers of
AE3,

Proof. This is a consequence of the behaviour of the spectral sequence converging to m, (ESG“)
(cf. [, [B))- First one observes that every element in the transfer from 7. (F>) is a permanent
cycle. Together with the fact that vy is a permant cycle as well, this shows that the only classes
on the O-line which can carry non-trivial differentials are the classes AFv§ with k € Z and € = 0
or k # 0 and € = 1. Furthermore we recall that the elements « and [ are permanent cycles in
the Adams-Novikov spectral sequence converging to m, (ESG“) and & in that for V(0) detecting
homotopy classes fow which we use the same names.

Now the spectral sequence for 7, (EX924) shows d5(A) = +a? and from the fact that the
spectral sequence for m,(E292 A V(0)) is a module over that for , (E?92) we deduce

ds(AG) = +adB? = Fv16%, ds(AFv) =0, k=1,2 mod (3),
and ds happens to be a derivation. In particular we obtain an isomorphism of algebras
Egy* = F3[[U?A_1]][Ai3ﬂ U1, Avla AQUl] )

and in positive filtration Eg’t has an [F3-vector space basis given by the elements 8%, k > 0,
Bkvi, k=1,2, BFa, k=0,1, f%a, k>0, f¥Avy, k=1,2, BFAa, k=0,1, 35A2%v, k> 0 and
B¥A%q, k > 0 and their multiples by A%3,

Next the Adams-Novikov spectral sequence for 7, (E2924) implies dg ('A% +2q) = +31T5A3F
hence the module structure of the spectral sequence for , (E2¢2* AV (0)) with respect to that of
T (ERG2Y) gives do (BT AR 20)) = do (B A% +2q0) = 45 ARG and thus do(F A 20,) =
+3+1A%Fq. Furthermore sparseness shows that dg is trivial on all other classes of positive
cohomological degree. In the resulting Fjp-term we have E5™ = 0 for s > 8 and thus there is
no more room for higher differentials. Hence we get F1p = E, and the structure of F,, agrees
with the stated result. (|

The following result has already been proved in [H] for the subgroup G2 instead of Ga4. In
fact, part (a) is an immediate consequence of the formulae (P2) and (RJ) and the fact that the
action of Ga4 on (Fs)./(3,u1) factors through an action of the quotient G24/Z/3 = Qs C SDss.
The proof of part (b) and (c) is analogous to the case of G12. We leave the details to the reader.

Theorem A.2. (c¢f. Theorem 9 of [[])

a) The Ea-term of the Adams-Novikov spectral sequence converging to m, (EX92 AV (1)) is
given by

Ey” 2 H*(Gau, (B2)+/(3,w)) = Fslw®u™, 5,0]/(a?) .

b) The only non-trivial differentials in this Adams-Novikov spectral sequence are ds and dy.
They are determined by linearity with respect to Fslw?u®™, 3,a] and the formulae

U k=0,1,2 mod (9)
ds((wu™*) )—{ +(wut)F 3082 k=3,4,5,6,7,8 mod (9)
and
) i 0 k=0,1,2,3,4,5 mod (9)
i) ={ L apisgs boore mod (9)
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¢) There are elements in msi(EXC* A V(1)) represented by (w?u=*)*, k = 0,1,2, and in
7r8k+3(E§G24 AV (1)) represented by (w?u=*)*a, k =0,1,2,3,4,5, such that there is an
isomorphism of modules over Fo[AT3 3]

m(EROH AV(1) 2 Fo[A) @ (Fo[d)/(89){1,0%u ", (wPu?)}e
SR []/(B){a, -+, (wPu—t)a}) .

Next we turn towards the algebraic spectral sequence (f]) in the case of M = (Es)./(3,u1)
and the Adams-Novikov spectral sequence converging towards 7. (L 2)V (1)). This has already
been discussed in [[f] and [[L]. Here we merely translate those results into a form suitable for
our discussion. As before vy is defined to be u 8.

Theorem A.3. (cf. section 4 of [[])

a) As a module over F3[vyt, 3,a]/(a)? the Ey-term of the algebraic spectral sequence (3)
for (E2)«/(3,u1) is given as follows (with B and o acting trivially on E7™" if s = 1,2,

and the elements es, s =0,1,2,3, serving as module generators in tridegree (s,0,0). )
Fslw?u®][B,a]/(a?)es s=0,3
EPT" o2 8 Wt T3 [vi e, s=1,2

0 s>3.

b) The differentials in this spectral sequence are Fg[vfl,ﬁ,a]—linear. The only non-trivial
differential in this spectral sequence is di and is determined by

A0 (W %eg) = wPu 2ey, Ay’ =0, &0 =0.
c¢) The following B-extensions hold in H*(G}, (F2)./(3,u1))
ﬁw2u4v§eg = ivgaeg .

d) H*(G; (E2)./(3,u1)) is a free module over Fs[vE!, 5] on generators

€p, Qe€p, w2u74aeo, w2u74ﬁeo, w2u74eg, es, w2u7463, w2u74a63.

e) There is an isomorphism of Fs[vy?, 3] @ A(C)-modules (even of algebras)
H*(Ga, (B2)+/(3,u1)) = H*(Gy, (E2)+/(3,u1)) @ A(C) -

Proof. a) The action of G on (FE3)./(3,u1) is trivial on its Sylow-subgroup Si, and on the
quotient group G1/S =2 SDjg the action is given by the formulae in () and @) With this
information the calculation of the Fj-term is straightforward and is left to the reader.

b) As module over F3[vi!, 3,a] the Ej-term is generated by e, and w?u~'2e, for s = 0,3
and w?u"%e, for s = 1,2. The map of algebraic spectral sequences (E) induced by the canonical
homomorphism (E3)./(3) — (E2)«/(3,u1) of Z3[[Gi]]-modules sends Asy to v3Feg, bogi1 to
w2u_4v§el, Z;QkJrl to w2u_4v§eg and Agy to vgkeg. This and Theorem @ determine the d;-
differential and the Es-page. The abutment of the spectral sequence is known by Corollary 19
of [E] and comparing the Es-term with the abutment shows that the spectral sequence collapses
at its Fo-term.

c¢) From the same corollary we know that H*(Sq, (E2)./(3,u1)) is free as module over Fy[],
hence H*(Ga, (E2)./(3,u1)) and then also H*(G3, (E2)./(3,u1)) are free as modules over F3[3].
This requires nontrivial S-multiplications on ES’O and by degree reasons these multiplications
must be as claimed.

d) This is an immediate consequence of (a), (b) and (c).

e) This is an easy consequence of the isomorphism G, = G2 x Z3 and the fact that the central
factor Zs acts trivially on (E3)./(3,u1). O
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Next we note that as before the existence of the resolution (E) of [ﬂ] puts additional restrictions
on the Adams-Novikov differentials for L 2)V (1). In fact, again by naturality and the geometric
boundary theorem, these differentials can be easily read off from those for EQG“ AV (1), at least
modulo the filtration on H*(Ga, (E2)./(3,u1)) determined by the algebraic resolution (). Tt
turns out that the potential terms of lower filtration are always trivial although showing this
requires a non-trivial effort which has essentially been carried out in [E]

Theorem A.4. (cf. section 3 of [[i])

a) The only non-trivial differentials in the Adams-Novikov spectral sequence converging to
(L (2)V (1)) are ds and dg. They are both determined by the fact that they are linear
with respect to Fs[vy?, 3] @ A(C) and by the following formulae in which we identify
U§+363 with 2481) e3 etc. .

b) The differential ds is given by

ds(vhaeg) 0
ds (vEwlu=4aey) = 0
ds (vEw?u4ey) =0
ds(X*8vkw?u=tae;) = 0

for all k, and

ds (v eo) _ 0 k=0,1,5 mod (9)
51720 o +ui202u*a e k=2,3,4,6,7,8 mod (9)
=0,4,5 mod (9)

ds (v5w?u™*feo) k=1,2,3,6,7,8  mod (9)

Il
— — —
H— (e}
i~
N
L
o)
=<
G
®
o

0 k=0,1,5 mod (9)
48,k _ s 4y
ds (X v3es) o +380b 2021 B%es k=2,3,4,6,7,8 mod (9)
_ 0 k=0,4,5 mod (9)
48,k ,2 4 _ ) Xy
ds (X Fvywiutes) = { EX48pE 10324 k=1,2,3,6,7,8  mod (9) .

c) The differential dg is given by

do(vheo) =0 k=0,1,5 mod (9)
do(vEw?u=*Bey) =0 k=0,4,5 mod (9)
do(X48vkes) =0 k=0,1,5 mod (9)
do(X*8vEw?u=4Be3) = 0 k=0,4,5 mod (9)
0 k=0,1,2,5,6,7 mod (9)
dg(v3 cveo) R P =
vy~ %€ k=3,4,8 mod (9)

0 k=0,1,2,4,5,6 mod (9)
b 3wu—4 e k=3,7,8 mod (9)

do(vEw?u=*aey) =

v 3485 gl k=348 mod (9)

0 k=0,1,2,4,5,6 mod (9)

dy 2481) wu e =
( ) £33 3502 tes k=3,7,8 mod (9) .

0 k=0,1,2,5,6,7 d (9
dg( k+2 2 _462) _ { y Ly &y Yy Uy mo ()
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d) As a module over P = F3[vE?, 5] @ A(C) there is an isomorphism

T(Li2y)V(1) = P/(8%){vheo}r=0,15 ® P/(82){vEaeo}r=0,1,2567
® P/(BY){vhw?u=Beo k04,5 @ P/(52){U2W2u_4a€0}k:0,1,2,4,5,6
@ P/(BHY{XZ%v5es} =015 @ P/(6°){vhT2w?u 62}k 0,1,2,5,6,7
(&%) P/(B5){248v§w2u_463}k:074,5 & P/(ﬁ ){248’Ukw u- aeg}k 0,1,2,4,5,6 -

Proof. This is an immediate reformulation of the main theorem of [@] We just have to use the
following dictionary which translates between the Fg[ , 6] module generators used in Corollary
19 of [l and those of H*(S}, (E2)./(3,u1)) of Theorem A3

1 1 1
By degree reasons the generators 1, a, v5 a, v3 3, aass and v3 faass of [ff] must correspond

y 2 2 ) 35 2 35 p ,

up to a unit in Fg, to eg, aeg, w2u 40460 w?u4Bey, wu"tvies and XBw2u"4aes of Theorem

A.3. The generators [Sass and v2 2 Bags are not determined (not even up to a unit) by their
bidegree, but if one takes into account that they are in the kernel of the restriction map to

H*(G12;(E2)«/(3,u1)) then they are also determined up to a unit and they must therefore
agree, up to a unit, with the elements X48e3 and X*¥w?u"%es. ([
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IFor the translation we pass from H* (G3; (B2)+/(3,u1)) to H*(SL; (E2)«/(3,u1)) in Theorem @ and from
H*(S2; (E2)«/(3,u1)) to H*(S3; (E2)+/(3,u1)) in [{. This passage is straightforward and left to the reader.



