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Abstract. We use a quasi-geostrophic numerical model toular wave motion, the so-called Rossby wavEsgenspan
study the turbulence of rotating flows in a sphere, with realis-1968. Actually, the 8-effect adds a vortex-stretching term
tic Ekman friction and bulk viscous dissipation. The forcing in the 2D Navier-Stokes equation, leading to a different dy-
is caused by the destabilization of an axisymmetric Stewartnamics §chaeffer and Cardjr2005. Rhines(1975 pro-
son shear layer, generated by differential rotation, resultingposed that the inverse cascade is blocked bystedfect at
in a forcing at rather large scales. the Rhines wave numbég=./8/2U, and he suggested that
The equilibrium regime is strongly anisotropic and inho- turbulence in equilibrium with Rossby waves may exhibit an
mogeneous but exhibits a steep > spectrum in the az- energy spectrunk (k)~482k—° (wherek is the wave num-
imuthal (periodic) direction, at scales smaller than the in-ber). One must consider two types of simplified models of
jection scale. This spectrum has been proposed by Rhinemtating flows in which Rossby waves may exist.
for a Rossby wave turbulence. For some parameter range, On the one hand, the shallow water model has been de-
we observe a turbulent flow dominated by a large scale vorvelopped to model the large scale flows in the Earth atmo-
tex located in the shear layer, reminding us of the Great Redphere or oceans (where tBeeffect comes from the vari-
Spot of Jupiter. ation of the projection of the rotation vector normal to the
layer). This model has already been used to study turbulence
using small scale forcingHuang et al.(2001) reportn—>
spectra in numerical simulations of two-dimensional turbu-
lence on the surface of a rotating sphere (wheigethe order

In many geophysical flows, global rotation deeply modifies of the spherical harmonic). Even though the spectrum shows

the nature of turbulence. This is the case for planetary ﬂows.the same exponent, this is not believed to be Rhines spectrum

at large scales, such as the Earth atmosphere, ocean or ﬂu{g‘alperln et al.2001). i i )
metallic core, but also the giant gaseous planets like Jupiter ©ON the other hand, the quasi-geostrophic (QG) approxi-
or Saturn. mation has been used to study deep flows in a rotating frame,

Because of the dominance of the Coriolis force (i.e. like the liquid metal mption in the Earth’s Core or the atmo-
Ro=U/LQ<1, Ek=v/L2Q<1, whereU is a typical ve- sphere dynaml'cs'of giant plangts (Whgre@qeﬁect comes
locity of the flow, L a typical length scaleg the rotation from depth vgrlatlons of tr_le_flwd). This kind of model has
rate of the system, andthe kinematic viscosity of the fluid), been used W|th_small var_latlons b.y many authors, to study
flow variations along the rotation axis are inhibited (Taylor- thermal convection of r_ap|dly_ rotating ;pher@@se 1970
Proudman constraint) resulting in a nearly two-dimensional~ubert et al, 2003, to investigate the mstabﬂmes of shear
turbulence Greenspanl1968. An inverse energy cascade Iayers_Busse 196§ Schaeffer apd Cardjr2009, to model
takes place, so that large scale structures build up with al¢€anc f'9W5 over t_opograthl(ss 2003 or to reproduce
most no bulk dissipation. In addition, when the Coriolis the zonal jets ngup|teNeno et al, 2003. )
parameter is not constant in the whole domain (owing to | n€S€ two kinds of models share the same governing equa-
the presence of g-effect due to either a varying angle be- tion, but have ghfferent boundary conditions. A; aresult, QG
tween the rotation vector and the thin layer or a height vari-models and thin shell models lead to flows which have many

ation as in Sect2), the incompressible flow obeys a partic- features in common but which are not identical. This paper
focuses on deep rotating turbulent flows filling a sphere, us-

Correspondence td?. Cardin ing a QG-model and large scale forcing. Recently, in (deep)
(philippe.cardin@uijf-grenoble.fr) rotating turbulence experimentBgroud et al.2002 2003,

1 Introduction
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Q+AQ Table 1. Most extreme computations for different Ekman numbers.
ﬁ\ Npg andmy,,, are the radial (physical) and azimuthal (spectral) res-
olution of the computation performed with time-stép(in rotation

periods units) at Rossby numbRp . The flow is then dominated
by wave number,. The Reynolds numbeRe, s is computed
from non-zonarms velocities. For comparison purposes the criti-
cal Rossby numbeRo . as well as the azimuthal wave number at
the onsein. are given.

id Ek Ng mmax dt Ro Ro. Rerms mg me

e6t 106400 128 01 004 0008 1851CG° 1 10
e6~ 105400 64 01 —0.08 -001 1851CG 8
e7t 1077500 170 005 0015 Q002 716 19
e8t 1078600 170 001 002 6104 601G 34
€8~ 1078600 170 005-0.02—-710"% 4016 31

G NN WPRE

the spherical container is thei(r)=+/1— r2. The quasi-
geostrophic model we use is derived by carefully averag-
ing along the rotation axis both the incompressible Navier-
Stokes equation and the mass conservation equaficima¢
effer, 2004 Schaeffer and Cardjr2005. With u the veloc-

ity field and w the vorticity along the rotation axiso(e;),

and under the assumption theke; is independent of, we
obtain

it has been shown that for Rossby number up.ig the ve- 4, < do  uy 3w>

Fig. 1. Schematic setup with an equatorial vorticity map obtained
from the numerical calculations.

locity fluctuations recorded by hot-film probes are strongly o +

correlated along the rotation axis direction, suggesting that a 5

QG-model may describe such turbulent flows quite well. 2+ w) <ﬁ> = Ek V3w Q)
Usually the QG approximation is restricted to asymptoti- dz

cally small slopes, but by averaging carefully the mass conwith (.) the z-averaging operator and

servation equation and the Navier-Stokes equation, it can be

“or T e

extended to slopes up to order one. In addition to the bulkur = }% )
viscous force, we derive the Ekman friction term from the r d¢
Greenspar{1968 formula, providing a quite realistic dissi- oy

pation at all scales. This improved QG-model is described in'* = " T By (3)
details in Sect2. 2 o v dp

We apply our QG-model to a fluid-filled sphere rotating “ = —VY - (E + 7) - 5‘” 4)
at an angular velocity2, while the polar caps rotate slightly . )
faster or slower (by an amouni<2) than the equatorial parts Wherey is a pseudo-stream function afids related to the
(Fig. 1). The differential rotation is controlled by the Rossby Slope of the container by
numberRo =AQ/ 2, while the importance of the viscous 1 dL
forces compared to the Coriolis force is given by the EkmanB = T ar
numberEk =v/R?SQ.

In a previous papeiSchaeffer and Cardj2009, we stud-  Using the Ekman pumping boundary condition given by
ied the instabilities of the Stewartson layer, summarized inGreenspar(1968, the vortex stretching term is also inde-
Sect.3. Here we increase the forcing (i.80) to study the  pendent ot and reads:
turbulence regime in such systems (Ségtkeeping in mind 12
that zonal movements and Ekman friction influence the shapé& = Bu, — Ek
of the spectrum@anilov and Gurarig2004). 3z 2(1—-r2)34

u, 1 5r
(w t (% - §”¢> Taa- r2>3/2“’) ©

This model is then implemented using a Fourier expansion
We want to describe the fluid dynamics of a rotating fluid (mmaxmodes) in the azimuthal, periodic direction and a finite
in a spherical container. We use the cylindrical coordinatedifference schemeNk grid points) in the radial direction.
system(e,, eg, €;), With e; parallel toS2. The half height of =~ See Tablel for typical values ofNz andmmax. Note that

—r

= ®)

Z:L_ 1—]’2

2 The quasi-geostrophic model
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Fig. 2. Total kinetic energy vs. Rossby number for different flows
far from the instability thresholdRedSpostands for the very sta-
tionary regime.

Fig. 3. Vorticity map (includingm=0) for Ek =106, Ro =0.04
(e6T run, RedSpotegime). This run showed no evolution for one

ither h h . . d v bulk vol million rotation periods. The radial profile of the mean azimuthal
neit er hyper- nor ypp'\_l'scos't'es are used, only bulk vo “velocity (x4, m=0) is given by the black line, and is normalized so
ume viscosity and realistic Ekman friction are implemented. 4,4+ 5 radial size corresponds t®a.

It can be shown that this model is self-consistent as long as
|| is not too large compared to 1. This is not true in the case

of the sphere studied here, leading to a strong amplificationyrea, whereas fato <0 they stay more localized neaerg.

of the vorticity near the equator (see F#). To avoid that A detailed study of the flow at the threshold can be found in
problem,Yano et al.(2003 truncated the sphere before the gchaeffer and Cardif2005.

equator, but we Checke_d that with or without such artifact, apgve the threshold, the dominant azimuthal wave num-
the flow and the dynamics stayed nearly the same. ber decreases when the Rossby number is increased. This
behavior has also been observedHnflerbach et al(2004).
Increasing the Rossby number further leads to periodic
regimes, with a few excited modes. At even largar,
The sphere is split at cylindrical radiug=0.35, and while  the behavior becomes chaotic, with the dominant mage
the outer part(>ro) is at rest in the rotating frame, the inner changing randomly, with large energy fluctuations, but still
part is rotating at an angular velocityS2. This differential @ quite narrow energy spectrum. Finally, for the strongest
rotation produces an axisymmetric shear layer located nealorcing compatible with the QG approach, one obtains a tur-
ro. This shear layer has been studiedStgwartsor(1966  bulentregime, that will be detailed in Seét.

3 Overview over results

and is independent of at leading order (Figl). At very The ev_olution of the total kine_tic energy o_f the flovy (in_—
small Rossby numbers, the Stewartson shear layer of widtiegrated in the whole 3D domain) with various forcing is
A~EVY4is stable. showed in Fig2. One may notice that regardless of the Ek-

For a small fixed Ekman numbefk, we increase the ~man number, the energy of the zonal mode-Q) lies close
Rossby numbeRo . The parameter range studied here spango a|Ro|'® line. The non-zonal energy, however, seems to
from Ek =10%to Ek =108, with | Ro | varying from the  follow different power laws, depending on the sign of the
onset of instabilityRo . up to values close to.0. This corre-  Rossby number|Ro|*8 for Ro<0 and|Ro|*® for Ro>0).
sponds toRo / Ro . up to about 30 and leads to rms values
of the Reynolds number up to 64.0We will focus on five
turbulent runs, which are presented in Tahlbut letus start 4 Rossby wave turbulence
with a brief overview over the behavior of the flow for in-
creasingRo . For very strong forcing, the energy spectrum becomes con-

At Ro . ~B(ro) Ek /2, the flow becomes unstable, and the tinuous, showing a significant inertial range. This is what we
instability is a single Rossby wave, with a well defined az- call a turbulent regime. The most extreme Rossby number for
imuthal wave-numbem~ Ek ~/4. Table1 gives the values which we were able to compute the flow using our numerical
of the critical Rossby numbeko . and azimuthal wave:.. model are given in Tablg, and all of these are turbulent, and
number at the onset of instability for different valuesiif. the spectra were checked for good convergence.

It has been noticed that the radial structure depends on the The total energy of the flow may be highly time depen-
sign of Ro : for Ro >0 the disturbances fill the whole-rg dent. However, in the parameter spaé# ( Ro) there are
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Fig. 4. Non-zonal vorticity maps (fom=0) for E=10~8 and Ro=0.02 (left, e81 run) andRo=—0.02 (right,e8~ run). The radial profile
of the mean azimuthal velocity.§, m=0) is given by the black line, and is normalized so that a radial size correspond&to 2

islands of very stationary flows, whose only time evolution the radial scale of the spiral arms is comparable to the Rhines
is an azimuthal drift. This kind of equilibrium reminds us of scalekg given in Table2.
the Great Red Spot of Jupiter, that has been observed since very thin vortex filaments can be seen near the split ra-

the seventeenth century, that's why we call thBedSpot  dius g (Fig. 4), sheared away from the large scale vortex by
regimes (Fig.2). Figure3 shows one of these flows with the strong zonal flow, and perhaps exciting Rossby waves
a single big vortex, located near the shear. The correspondgt these small scales. The large eddies seem to be more
ing run did not show any deviation after one million rotation staple and long-lasting faRo<0 than for Ro>0, which is
periods. This kind of behavior has been obtained by a stathe usual observation: anticyclones are more stable than cy-
tistical approach in the case of 2D turbulence with neitherciones. Furthermore, regardless of the sigrkof positive
p-effect nor dissipation§ommeria et al.1988 Robert and  yorticity seems to gather at the center (nea0), deform-

Sommerial997). ing the original differential rotation profile (see black lines in
Figs.3 and4).
4.1 \Vorticity maps From these vorticity maps, one may question the homo-

geneity of this turbulence, as some structures seem to be

Vorticity maps are represented in Figsand4, they showthe  linked with the shear layer. Figurg showing the evolu-
vorticity parallel to the rotation axis, in the equatorial plane. tion of the time-averaged velocity fluctuations with the ra-
Let us recall that in our model this vorticity is invariant along dius, proves that the turbulent flow generated by this shear
the rotation axis, so that these maps contain all the informalayer is far from homogeneous. In addition, the difference
tion on a snapshot of the QG-flow. between azimuthal and radial velocity fluctuations shows an

These flows are dominated by large scale structureé_‘”iso”c’py of the turbulgnce. Itis quite su_rprising that such
(ma=1 to my=>5) but we observe the same strong asymme_nme-averag_ed values still show strong rad_lal dependence far
try when changing the sign dto, as the one at the onset of from ro, as in ”_‘e”fb ﬂgctuatm_ns ofe8". This feature does
instability. Furthermore, the spiralization is also still present, 10t 100k like spiralization (which can be seen on a snapshot)
and both asymmetry and spiralization were features of the?Ut rather like zonation. However, why would some points
Rossby wave nature of the instabili§¢haeffer and Cardjn ~ €xhibit more fluctuations than others?
2005.

The spiralization may be compared to the zonation in thin-4-2  Spatial spectrum
shell turbulence Galperin et al. 2004 or deep convection
(Read et aJ.2004. Large scale flow features may not get Some energy spectra from our QG-flow runs are represented
larger than the Rhines scale in the direction of gheffect, in Fig. 6. These are instant spectra (not time-averaged),
but are free to grow in the perpendicular direction. Indeed,averaged over all radii, and showing a wide range where
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Table 2. Angular phase speadof the dominant mode:,; in the x 10"
turbulent runs (see Tablg, at a fixedr. 45
4 L
id Ro Ro/Ro. r c(r) Q) mg kg a5l
€6 004 42 044 0032 58104 1 6 I
e6- —0.08 73 0.44 —0.013-0.0026 3 4 ~ 3
e7t 0.015 65 040 0012 3610° 2 9 7 25}
e8T  0.02 317 038 002 00014 2 8 I
e8~ —-002 285 038-0.003-0.0037 5 7 N’:‘ 2y
Y15}
E~C m~>. Moreover, it seems that all curves converge to-
ward C~1.5 104 (within a factor 3). 0.5¢
It is also remarkable that the&' spectrum, which lies in 0
the RedSpotegime is very smooth compared to the other. 0 1
When time averaged, all these spectrum become smooth (see r

Fig. 7). . . . . . .
g.7) L. . . . .. Fig. 5. Velocity fluctuations as a function of the radius, showing the
Because our forcing is due to differential rotation, which i srong inhomogeneity and anisotropy of the turbulence. The dotted
axisymmetric 2=0), there is no small scale forcing. Hence, |ine stands for the split radius 25=0.35.

we can infer that the bump at large scales in the spectrum
(Fig. 6) corresponds to the injection scale. To ensure this
hypothesis, we computed the spectral energy transfer for our _,
runs and it appeared that the small scales £:4) do drain

energy from the large scale flow. -6

Them~° behavior of the spectra at scales smaller than the
injection scale seems to be a very robust feature. On the otherz ~
side of the injection scale, an inverse cascade transports eng _
ergy towards the largest scales, where it is dissipated through g
Ekman friction. Note that the injection scale is very close 2 _j,|
to kg, the blocking wave-number (Tab®), supporting the
Rossby-waven —° spectrum at smaller scales and an upward ~ -14}

energy cascade at larger scales.
The viscous cutoff at small scales may be observed on the log, , (m+1)

e6' spectrum (Fig6), but for performance issues the other

runs were computed with a spectral resolution that makes th€ig. 6. Instant energy spectrum in the azimuthal direction averaged

dissipative range invisible. One may also notice that there iver radius-, for different parameters (see Taldle

no visible bump in the6* spectrum, probably because the

dominant scale is1=1.

Phase speeds measured in our most turbulent runs, are
4.3 Rossby waves given in Table2. They are always lower thaRo, but of
the same order of magnitude. FRw >0, it is clear that phase

Many observed features suggest a Rossby wave turbulencP€€ds are greater than the local advecti@iv). ForRo<0

To perform another test, we computed the phase spedd it is not that clear,_but it seems (at qust for tte cas:_a) that

the dominant Fourier mode,. This angular phase speed is & Prograde wave is propagating against the advection.
computed in the rotating frame2j. Because of the strong

zonal flow (the Stewartson layer), all the structures are ad-

vected, so that£0 does not mean that there is propagation.5 Conclusions

Actually, c=0 means that there is a wave propagating at a

speed such that the advection is compensated. Furthermor&éhanks to our improved QG-model which includes the Ek-
if c does not depend on the radius, it means that the true phasean friction and the mass conservation, we are able to reach
speed depends on the radius in a way to compensate exactiiery turbulent flows Re,,,;>10% in our numerical runs at
the effect of advection. This is what is observed at the onsetow Ro and very low Ek, with neither hyper- nor hypo-

of instability, where the spiralization allows the phase speedviscosities. For some parameters, very steady regimes are
to adjust to the local mean velocity, so that the structures ar@bserved, reminiscent of the Jovian Great Red Spot, and ex-
not torn apart. tending previous theoretical results on rotating turbulence
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-4 injection scale and the Rhines blocking scale, in the opposite
Energy cascade direction. Are these just two different regimes due to a differ-
\ ent forcing scheme? Is it a geometrical effect? Is there a link

/ between them? How does spiralization relates to zonation?

Injection scale

Future studies should try to answer these open questions.
Rossby-wave
excited turbulence b
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Fig. 7. Typical spectrumd8~ run, space and time averaged) on
top of which we added some phenomenology, to summarize the
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