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Abstract. Nonlinear elastic response in rock is estab-
lished as a robust and representative characteristic in
rock rather than a curiosity. We show measurements
of this behavior from a variety of experiments on rock
taken over many orders of magnitude in strain and fre-
quency. The evidence leads to a pattern of unifying be-
havior in rock: (1) Nonlinear response in rock is ubig-
uitous. (2) The response takes place over a large fre-
quency interval (dc to 10% kHz at least). (3) The re-
sponse not only occurs, as is commonly appreciated, at
large strains but also at small strains where this be-
havior and the manifestations of this behavior are com-
monly disregarded.

1 Introduction

Studies of nonlinear response of rock show that in-con-
trast to most solids, the nonlinear response in rock is
strikingly large, orders of magnitude larger than most
solids (e.g., Birch, 1966; Bakulin and Protosenya, 1981,
Zinov'veva et al., 198%; Ostrovsky, 1981). The obser-
vations are robust in that they take place over many
orders of magnitude in both frequency and strain, as
will be illustrated here. Nonlinear response in the con-
text of static stress-strain measurements is neither new
nor novel; however, the realization that nonlinear be-
havior exists at even moderate strains is not commonly
appreciated.

Our intention is to describe several manifestations of
nonlinear behavior in rock. Nonlinear response may
manifest itself in a variety of manners, including a non-
linear stress strain relation, nonlinear attenuation, har-
monic generation and resonant peak shift, all of which
are related (e.g., Winkler et al., 1979; Bakulin and Pro-
tosenya, 1981; Johnson et al., 1987;1989; Nazarov et al.,
1988; Zinov'yeva et al., 1989; Ostrovsky, 1991; 1993;
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Beresnev and Nikolaev, 1988; Bonner and Wanamaker,
1991; Murphy, 1982; Liu, 1994; Johnson et al., 1996).
Figure 1 illustrates the frequency and strain intervals of
experiments described in this paper. The experiments
include: static stress-strain tests on rock that are con-
ducted over strain intervals of 10~ to 10~ and fre-
quencies of near de to 1 Hz where the modulus is ob-
tained from the stress-strain derivative (I in Figure 1);
torsional oscillator experiments that are conducted over
strain intervals from 1074 to 10~7 and frequencies of
0.1 to 100 Hz (II in Figure 1); resonant bar experiments
that take place over strain intervals of 10~ to 10~%
and intervals in frequency from 102 to 10* Hz (III in
Figure 1); and dynamie, propagating wave experiments
that are conducted at strain levels of 10~8 to 10°% and
frequencies of 10% to 10° (IV in Figure 1).

Each type of experiment is used to interrogate the non-
linear response of a sample in a different manner. The
static tests are whole-volume experiments in contrast to
the other experiments. The dynamic experiments pref-
erentially interrogate portions of the sample in different
manners. For example, the torsional experiments pref-
erentially sample the outer radial portion of the sample;
the resonance experiments preferentially sample the bar
center. However, we believe that the responsible mech-
anism for nonlinear response {to first order) is always
the same: the presence of compliant features and the
influence of Huid {e.g., see Gist, 1994). We define com-
pliant features as those features that are the weakest
in the rock, e.g., grain-to-grain contacts, low aspect ra-
tio cracks, joints, etc. In addition, there may be other
mechanisms responsible as vet unidentified.

The first portion of this paper briefly describes classical
theory. The second portion of the paper describes ex-
periments, apparati, and results. This second portion is
divided into sections describing the four types of exper-
iments mentioned above and the corresponding experi-
mental results. Section 3.1 describes static results; sec-
tion 3.2 describes torsional oscillator results; section 3.3
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Fig. 1. A graphic representation of the frequency and strain
intervals over which observation of nonlinear response in rock are
observed and described in this paper.

describes resonant bar studies; and section 3.4 describes
dynamic, pulse mode studies. Following this there will
be a brief discussion and conclusions. This paper is not
meant to be an exhaustive review of published exper-
imental results from all available sources. Rather, we
emphasize the robust nature of observations by illustrat-
ing several examples. In addition, we do not review the
related theoretical results. These can be found in Lan-
dau and Lifshitz (1986} and papers by Ostrovsky (1991);
McCall (1993); and Guyer et al. (1995a), among others.
Finally, we do not present nonlinear parameters derived
from these experiments as our purpose is to illustrate
rather than quantify nonlinear response.

2 Classical Theory

We describe the basic theory only so that an understand-
ing of what is meant by nonlinear elasticity is clear. It
is not cur intention to provide a review of companion
theory and therefore we only mention the classical de-
scription of nonlinear elasticity.

In the approach of Landau and Lifshitz, nonlinear elas-
ticity implies a perturbation expansion of the modulus
or velocity in terms of the strain (du/dz):
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where ¢ is the perturbed wave speed, ¢ is the unper-
turbed wave speed, and 3 and & are coefficients that
characterize the cubic and quartic anharmonicities (they
are the nonlinear moduli). Note that

ot = — {2)

where M is modulus and p is the density. The expansion
of velocity can be incorporated into the wave equation
to describe nonlinear effects such as harmonics. Because
the modulus is also the derivative of stress with respect
to strain in the static case, the stress-strain relation also
becomes nonlinear:

o = My(S2)1+ B(52) + 65 )? + -], 3)

with Mp = c2p. It is important to note that this model
has worked very well for ordinary materials that exhibit
small nonlinear response. Rocks are far more complex
and far more elastically nonlinear {(hysteresis and end
point memory— see below). A discontinuous model such
as that described by Guyer et al. {1995a; 1995b, 1996)
is an alternative and appears to be a more physically
realistic approach (also see Nazarov et al., 1988; Kadish
et al., 1996).

3 Experimental method, apparatus, and sam-
ple results

The following four sections illustrate experimental con-
figurations and sample results for various experiments.
Each type of experiment represents correspondingly de-
creasing strain intervals.

3.1 Static tests of stress-strain (strain range 107! to
104, frequency range near dc to 1 Hz)

We illustrate experiments conducted by Hilbert et al.
(1994). Many such data exist, but the experiments car-
ried out by these researchers carefully explore the points
we wish to emphasize here: nonlinearity in the stress-
strain curve, hysteresis, end point memory (EPM), and
nonlinearity in the modulus-stress curve from simulta-
neous time delay measurements. All are manifestations
of elastic nonlinearity and are intimately related. We il-
lustrate two experiments. The first experimental result
illustrates the nonlinear response from a static test {non-
linearity in the stress-strain curve) and the second result
illustrates velocity (modulus) versus stress obtained for
the same experiment.

3.1.1 Stress - strain apparatus

The experimental apparatus used by Hilbert et al. (1994)
is shown in Figure 2. In a typical experiment a rock sam-
ple is compressed uniaxially while radial strain is sup-
pressed. The rock sample in this experiment is Berea
sandstone with dimensions 42.4 mm long by 50.8 mm in
diameter. The sample is pressurized from ambient con-
ditions up to some predetermined maximum pressure
while sample strain, axial and radial stress, and axial
time delay are simultanecusly monitored. Strain € is

AL

T (4)
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Fig. 2. Experimental apparatus for stress-strain and modulus-
stress tests conducted by Hilbert et al. (1994).

where AL is the change in length of the sample and L is
the unperturbed length. In the experiment shown here,
the sample was subjected to a maximum stress of 25
MPa and strain gauges were mounted longitudinally and
radially around the entire diameter of the specimen for
measturement of strain. Measurements were also made
as stress was decreased in order to characterize the hys-
teresis of the material. The area within the hysteresis
Ioop is a direct measurement of the energy loss over a
cycle, and is aizo indicative of nonlinear response. By
definition, attenuation

1 AE 5

5% (5)
where AF is the energy loss per cycle and £ is the
average energy per cycle (e.g., Toks6z and Johnston,
1981). Smaller stress-strain excursions are also carried
out within the primary loop.

3.1.2 Experimental results

Figures 3 and 4 illustrate the stress time history (proto-
col) and the corresponding stress-strain response for the
Berea sandstone sample, respectively. The purpose of
the smaller excursions is to explore the effect of smaller
stregs-strain deviations at some ambient pressure. The
velocity (modulus) was measured under the same stress
conditions. The velocity result for the outer stress-strain
loop from Figure 4 is shown in Figure 5. Velocity data
were obtained from simultaneous measurement of pulse
time delay with the outer cycle stress-strain data shown
in Figure 4. Note that this plot illustrates that the ma-
terial displays hysteresis in the dynamic velocity (mod-
ulus) as well.

A final point about Figure 4 is the so-called end point
memory (EPM). EPM is illustrated by each of the small
stress excursions in the figure. As illustrated in this fig-
ure, when the sample is taken to a given stress state,
if the stress is slightly relieved but then is returned to
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Fig. 3. Stress history or "protocol ” for stress-strain data shown
in Figure 4.

the previous stress, the rock will return to the previous
strain level as well. In essence, the rock “remembers”
its previous maximum strain level. This is an impor-
tant property of rock related to the hysteresis and is
discussed at length by McCall and Guyer (1994), Guyer
et al. (1995a;1995b}, and Guyer and McCall (1995).
The significant points we note from these experiments
are, (1) the stress-strain relation and the modulus-stress
relation are nonlinear, and thus the static and dynamic/
static moduli are nonlinear; (2) hysteresis is character-
istic of rocks; (3) end point memory is a property of
rock; and (4) end point memory is a manifestation of
nonlinearity as well.

3.2 Torsional oscillator experiments: strain range 104
to 1077, frequency range 10! to 10? Hz

The torsional oscillator experiments described here
demonstrate the effects of elastic nonlinear behavior over
strain and frequency intervals of 10~ to 10~7 and 107!
to 102 Hz, respectively. The experiments differ from
those that follow in that the nonlinear response of the
sample in torsion is measured rather than the Young's
mode response. We believe that the manifestation of
nonlinear response is due to the same mechanism that
is responsible for nonlinear response at all scales and in
all of the experiments described in this paper. That is,
nonlinear response is due to the presence of compliant
features and the contained fluid. Both flexing of compli-
ant features and sliding at the grain-scale level are likely
respensible in torsion.

The examples chosen for display here are three separate
experiments. Experiment 1 shows the effects of increas-
ing stress on the shear modulus G, a similar result to



80

Static Test
Berea Sandstone

25
20 A3
g | Z/ ]
E 15+ Y :

_ /;

L 7
@ - /}
210_— . ]
b Ve

5 F / 3

L

s A

o L e reres urTNN I S A
010° 5 10* 1 10%15 10°% 2 10% 2510

|Strain|
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Fig. 5. Velocity (modulus) obtained while the rock is cycled
through the outer cycle shown in Figure {(4).
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Fig. 6. Torsional oscillator apparatus.

that shown in the static test above. Experiment 2 shows
the harmonic spectrum of the time series output from
a separate experiment. Experiment 3 shows that in-
troducing additional damage to a sample resuits in an
additional elastically nonlinear response. Additional de-
scriptions of these kinds of experiments can be found in
Bonner and Wanamaker (1990;1991).

3.2.1 Torsional oscillator apparatus

The torsional oscillator apparatus is shown in Figure
6. The apparatus can be considered a segmented tor-
sional spring with the drive end stationary. Torsion is
measured along arms extending from the apparatus by
use of eddy current proximity detectors configured to
measure differential torsional displacement in the sam-
ple. The reference torsien is measured on aluminum by
the proximity detector near the drive end (aluminum
can be regarded as linear compared to the rock sam-
ple}. The reference torque is compared to the torque
at the other end of the rock sample and is measured
with the second proximity detector. The shear modulus
(7 can be computed from the difference in phase angle
between the drive and the response of the sample using
the two proximity detectors. The time signal can also
be obtained at either end of the sample for harmonic
analysis. A uniaxial load can be simultaneously applied
for investigation of the effects of uniaxial stress.

In the following experiments, a 20 mm-long sample of
Sierra White granite is oscillated in torsion over the
range of strains from 10™* to 10~7 at a frequency of
1 Hz. As the shear strain increases linearly with ra-
dius the method preferentially measures the effect away
from the sample axis; however, for illustration torque
is assumed to be distributed uniformly over the entire
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Fig. 7. Shear modulus G as a function of uniaxial load for maxi-
mum applied shear stress 7 of 1 MPa in a sample of granite. G has
been normalized to the value of the unfractured sample, Gintact-
Measurements were made at 1 Hz.

sample for calculation of G. Nonlinear response is ob-
served in the relation of shear modulus with stress, in
harmonics, and in changes in the shear modulus when
additional damage (compliant features) are introduced.

3.2.2 Experimental results

Experiment 1. In the experiment measuring &G as a
function of stress, additional cracks and a complete frac-
ture were first induced in the sample by bending. This
was done in order to make the sample more elastically
nonlinear. The fractures were oriented perpendicular to
the core axis. They were “mated” to their best fit after
fracturing for the experiments. The sample was then
preloaded with a normal stress of 0.1 to 0.2 MPa in or-
der to hold the sample in place, and subsequently the
stress is increased.

Figure 7 shows the results of shear modulus as a function
of unjaxial stress for a maximum applied shear stress v
of 1 MPa. The modulus G has been normalized to the
value before fracturing. The most important aspect of
the result is that the behavior is similar to that of rock
under static compression: the response of the rock is
highly nonlinear, and becomes less so as the uniaxial
stress is increased because more and more compliant
features close. The result is similar for an unfractured
sample but the nonlinear response is less intense.
Experiment 2. Figure 8 shows the power spectrum
obtained from the time series output for several oscil-
lations of applied torque. The plot shows the ratio of
the power spectra for large to small levels of T at two
different applied uniaxial loads for an unfractured sam-
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different applied uniaxial loads. The data were obtained from
the time series of the sinusoidal output of the torsional oscillator
experiment. Applied loads were 3.0 and 0.5 MPa for the top and
bottom plots, respectively.
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Fig. 9. Shear modulus monitored as a function of time while the
sample was continually oscillated in the torsion apparatus.

ple of granite. The drive levels differ by approximately
a factor of ten. Because the spectral ratios are plotted,
the fundamental frequency at 1 Hz is very small. At
low r the harmonics are very small; however, at larger
7 large harmonics appear. This is particularly true at
small applied load (0.5 MPa). The second (2f), third
(3f) and fourth (4f) harmonies are clearly observed.
The effect becomes smaller for larger applied uniaxial
stress {3 MPa) because more of the compliant features
are locked.

Experiment 3. The final example from the torsional
oscillator experiments is shown in Figure 9. In this ex-
periment the shear modulus of an unfractured sample
was monitored over a long period of time as the sam-
ple was progressively damaged, i.e., as more compliant
features were induced by oscillation over a period of ap-
proximately 15 days. The experiment took place with
a sample of granite at 100% relative humidity and at
20 Hz. The important point to note from this experi-
ment is that as more damage is introduced, the modulus
drops markedly.

The important points we wish to emphasize from the
torsion experiments are as follows. (1) The modulus-
stress relation is nonlinear. (2) Harmonics generated
from the nonlinear response of the material are observed
in torsion. (3) Damage induces a larger nonlinear re-
sponse.

Source Accelerometer

|

Graphics Tablet

}

Oscilloscope

Function
Generator

Fig. 10. Experimental configuration for resonant bar experi-
ments.

3.3 Resonant bar experiments: strain range 10™% to
10~8, frequency range 10? to 10* Hz

The resonant bar experiments described here demon-
strate the effects of elastic nonlinear behavior over strain
and frequency intervals of 1074 to 108 and 102 to 10* Hz
respectively. The following describes comparative ex-
periments between the relatively linear elastic material
polyvinyl chloride (PVC) and a sample of Lavoux lime-
stone. In these experiments, nonlinear elastic behav-
ior is observed by measuring the response of the ma-
terial in Young’s mode resonance. Nonlinear behavior
is manifested by resonant peak shift corresponding to a
modulus shift, as a function of drive level. Independent
confirmation of nonlinear behavior is inferred from ob-
servation of harmonics . A complete description of these
and other results can be found in Johnson et al. (1996).

3.3.1 Resonant bar apparatus

The basic elements of the Young’s mode experimen-
tal configuration for obtaining acceleration versus fre-
quency measurements are shown in Figure 10. Measure-
ments are made of both upward and downward swept
frequency response over a chosen frequency interval. Typ-
ically, 5-20 frequency sweep experiments are repeated at
successively increasing drive voltages over the same fre-
quency interval in order to monitor resonant peak shifi
and harmonic generation. Acceleration is the parameter
that is actually measured, but strain is of interest and
can be directly calculated from the acceleration using
the bar length (Johnson et al., 1996).

3.3.2 Comparison of PVC and rock under Young’s mode
resonance

Figure 11 shows a sample sequence of resonance curves
for twelve different excitation levels in PVC, a material
that is relatively “linear” in comparison with most rocks,
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Fig. 11. Detected acceleration versus swept frequency for a se-
quence of resonance curves at twelve different excitation levels in
polyvinyl chloride (PVC). Both downward and upward frequency
sweeps are plotted. They are indistinguishable from each other.

but with a similar () to many rocks (@ = 59). The fig-
ure shows detected acceleration versus swept frequency.
Both downward and upward resonant sweeps were con-
ducted at each drive level but these are indistinguishable
from each other. Within this acceleration/strain range,
no harmonics are observed from the time signal.

Two observations from experiments with “linear” solids
can be regarded as representative. (1) In general, these
materials show no detectable change in resonance fre-
quency with drive level (i.e., resonant peak bending);
(2) If observed at all, higher harmonics are very weak
when present over the acceleration/strain intervals de-
tected (using a 12 bit digital oscilloscope and averaging
signals).

In Figure 12, a representative result for Young’s mode
resonant behavior in rock is shown. The material is
Lavoux limestone under ambient conditions. The solid
lines represent downward frequency sweeps and the
dashed lines represent upward frequency sweeps. Note
also that the linear resonant response has been expanded
vertically in Figure 12. Contrast this result to that of
PVC shown in Figure 11. The difference is astonishing.
Two observations are of note. First, the curve bending
is dramatic as a function of detected acceleration in the
rock. Second, the shape of the curve depends on the di-
rection of the sweep, upward or downward in frequency.
This second observation is typical of nonlinear oscilla-
tors in general (e.g., see Stoker, 1950). For a qualitative
description of this behavior see Johnson et al. (1996).
The corresponding frequency spectrum illustrates the
rich spectrum associated with large excitation level. Fig-
ure 13 shows two manifestations of nonlinear response
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Fig. 12. Acceleration versus frequency for increasing excitation
levels in Lavoux limestone at ambient conditions. The "lineat”
resonant peak is illustrated in the inset to show the character of
the linear behavior at low drive level.
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Fig. 13. Change in resonant frequency (Aw/wp) normed to its
minimum value Aw/wpmsn shown by the sclid bold line. wp is
the unperturbed (”linear”) resonant peak and Aw = w —wp. The
change is measured at the peak rescnance response for each fre-
quency sweep as illustrated in Figure 12. Harmonic ratios of the
second [2f;] and third harmonics [3f2] as a function of the de-
tected strain amplitude ¢ are shown by the dashed lines. The
harmonic ratios are normed to their minimum amplitudes (which
are virtually identical) at the strain amplitude where the harmon-
ics are first observed, i.e., € = 4.9x10~%7, The data are for dry
Lavoux limestone.
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under resonance conditions for dry Lavoux limestone.
The change in resonant frequency (Aw/wg) as a function
of the detected strain amplitude is shown by the solid
line. The harmonic ratios of the second (2 x fundamen-
tal {2f1]) and third harmonics (3 x fundamental [3f3]) as
a function of detected strain amplitude are shown by the
dashed lines. The harmonic ratios are normed to their
minimum values which are identical. The amplitude of
the third harmonic is clearly larger, and harmonics are
observed to appear before an observable resonant peak
shift is observed. In general, odd harmonics tend to
dominate in amplitude in rock and can be very large at
the strain levels studied.

We indicate three fundamental observations that can be
regarded as representative for rock. These materials:
(1) generally but not always show peak bending (see
Johnson et al. (1996); (2) show a rich spectrum of har-
monics at strain levels as low as 10~7; and, (3) show a
predilection for domination of odd harmonics over even
harmonics.

3.4 Dynamic studies of pulsed waves: strain range 109
to 1079, frequency range 10° to 10° Hz

In this set of experiments we illustrate the creation of
harmonics along the propagation path for pulse-mode
waves at strains ranging from 10~% to 10~? and fre-
quency ranging from 10% to 10% Hz. Experiment 1 shows
results of a single frequency drive for a wave propagating
in a bar. Experiment 2 shows results for waves propa-
gating from a broad band input in a similar bar. For
a complete description of these experiments see Meegan
et al. (1993} and Johnson and McCall (1994).

3.4.1 Pulse-mode apparatus and experimental proce-
dure

The experimental apparatus for pulse-mode measure-
ments is shown in Figure 14. A drive transducer com-
posed of a piezoelectric crystal with a backload was
bonded to a 2-m long rod of Berea sandstone. The
sotirce transducer was amplified and driven with the de-
sired drive at source displacements from 102 to 10~% m.
In the case of the monofrequency measurements, a single
frequency, amplitude modulated wave train was used.
Frequencies of 8 to 24 kHz were used for these experi-
ments, but frequencies of 10% to 10° Hz have been stud-
ied in a variety of pulse-node experiments {e.g., Johnson
and Shankland, 1989). Detectors were either embedded
in the sample or placed on the sample surface. Care was
taken to assure that the measured signals were not con-
taminated by reflections from the opposite end of the
sample. Detected signals were output to a 16 bit wave-
form analyzer. Experiments were conducted at ambient
conditions.

Arbitrary l\
Function
Generator I/ ?%unrggucer
- 5m - Accelerc-
meter
= 3
\—Detactor
Waveform
Analyzer

Fig. 14. Experimental apparatus for pulse mode experiments.
Either single frequency or arbitrary functions can be input. De-
tectors are either embedded in the sample or placed on the surface,
depending on the experiment.

3.4.2 Experimental observations

A typical experimental observation illustrating harmonic
generation for pulsed waves in the rock sample is shown
in Figures 15 and 16. Figure 15 shows the frequency
spectrum measured at the source for a drive frequency
f of 13.75 kHz. The five different curves correspond to
five amplitudes of the source transducer varying over a
factor of approximately 50. The source displacement
spectrum is relatively monochromatic. Figure 16 shows
the displacement frequency spectrum at 58 cm, also at
increasing drive level. For detected displacements as
small as 2 x 10~® m at the fundamental frequency, the
composition of the displacement frequency spectrum at
58 cmn is rich in harmonics which are not present at the
source. These higher harmonic displacement fields have
amplitudes that are a sensitive function of the drive am-
plitude.

According to classic perturbation theory, the amplitude
of the second harmeonic is proportional to the propaga-
tion distance z. The results in Figure 17 approximately
confirms this prediction. Figure 17 illustrates the rela-
tive amplitude R. of the 2f harmonic plotted as a func-
tion of distance from the source for a 13.75 kHz drive.
The amplitude of the displacement field at 2 f was found
to increase linearly with source - receiver distance z as
predicted. The two other predictions from classic the-
ory for 2f harmonic behavior in rock with cubic anhar-
monicity were also approximately confirmed: at fixed
x, uy scaled as frequency squared (f?) and as source
amplitude squared (U?2) (see Meegan et al., 1993).

The results in Figure 16 show spectral growth at har-
monics higher than 2w. This suggests that higher order
terms (i.e. quartic anharmonicity) in the stress strain
relationship may be necessary to give a complete de-
scription of nonlinear elastic behavior in rock, or that
the theory is not complete. In fact, McCall (1994) and
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Fig. 17. Dependence of the second harmonic amplitude R on
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Van den Abeele et al. (1995} and Van Den Abeele
and Johnson (1996} have included higher order terms
in the perturbative solution. In addition, Nazarov et al.
(1987) and Guyer et al. (1995a;1995b) and Kadish et al.
(1996), among others, have offered models that contain
discontinuities in the pressure-density relation. In view
of the hysteretic behavior shown in the previous exper-
iments, discontinuous models may ultimately prove to
be a more physically realistic approach for modeling of
rock.

Figures 18 and 19 show the results for a similar ex-
periment to the above but using a broad-band source.
Figure 18 shows the frequency spectrum measured at
the source for a drive frequency of 7-32 kHz with peak
amplitude at approximately 20 kHz. (The source is a
Blackman window). The seven different curves corre-
spond to progressively increasing drive amplitudes vary-
ing over a factor of approximately 10%. The source dis-
placement spectrumn contains only a small fraction of
harmonic and intermodulation effects and only at large
drive levels. Figure 19 shows the resulting displacement
frequency spectrum at 1 m. For detected displacements
at the fundamental frequency as small as 3x 108 m, the
composition of the displacement frequency spectrum at
1 m is extremely rich in frequencies not present at the
source. As drive amplitude is increased the spectrum
becomes progressively richer due to the nonlinear elas-
tic wave interaction in the material. Harmonic growth
is apparent at detector strain levels of less than 16~7 in
this experiment.

The broadening in the spectrum is due to the fact that
a source composed of two frequencies gives rise to waves
propagating at harmonics of both source frequencies in
addition to waves at the sum and difference frequencies
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Displacement,

Frequency, Hz

Fig. 18. Source displacement spectrum at increasing applied volt-
ages as shown by the different line types. Drive is a Blackman
window with peak at 20 kHz which begins and ends at 7 and 32
kHz, respectively.
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Fig. 19. Displacement spectrum 1 m from source at increasing
applied voltages corresponding to drive levels in Figure 18.
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Fig. 20. Model result showing linear response (dashed line) and
nonlinear response (golid line) at 1 meter for a drive signal iden-
tical to that input to the sample. The model result contains no
wave attenuation.

between the two source frequencies. In general, for a
source composed of n frequencies, n harmonics will be
created. Additionally, each individual frequency will in-
teract with all other frequencies present creating waves
at their respective sum and difference frequencies (Note
that this experiment is the analogue to that conducted
by Pestorious and Blackstock in gas in the early 1970s).
Figure 20 shows a theoretical result from classic pertur-
bation theory at one meter. Both the linear response
{(dashed line) and the "linear plus nonlinear” response
(solid line) are shown. In the model 2 = —10° and
contains no dissipation {see Eqs. 1 and 4) . There is
good qualitative agreement between the model and the
experimental results. The shape of the detected exper-
imental spectrum is influenced by the response of the
system including the response of transducers and elec-
tronics. This is not a large effect, however, and it is lin-
ear with drive amplitude. Again, the presence of higher
harmonics than 2f suggests that other sources of elastic
nonlinearity are important to a complete description of
nonlinear elastic behavior in rock.

4 Discussion
4.0.3 Harmonics and study of nonlinear elasticity

The examples from numerous laboratory experiments
shown in this paper indicate that nonlinear elastic re-
sponse is a pervasive characteristic of rock over orders
of magnitude in frequency and strain. In geoscience, the
nonlinear response of rock has been largely ignored in
the past, despite the evidence suggesting the effect is sig-



nificant, especially from numerous published static tests
of stress-strain. Ploneering experimental work such as
that by Holcomb (1981), Winkler et al. {1978), Murphy
{1982} and Bulau and Tittman (1984) and Nazarov et
al. (1988) have provided evidence suggesting this was
the case. In general, first order effects such as change in
modulus or velocity have been commonly employed by
numerous researchers at nearly all frequency and strain
intervals described here. We argue that in static tests,
end point memory and hysteresis should be monitored
for study of nonlinear response (not simply the upgo-
ing stress-strain response which is commonly the only
response measured). Guyer and McCall (1296), and
Guyer et al. (1995a;1995b) show that a complete de-
scription of the nonlinear response can be predicted from
static hysteresis tests.

In dynamic tests, the second order effects (harmonics)
are those that should be monitored. For example, the
pulse mode tests shown in Figures 15-20 suggest this:
no change in velocity was observed but harmonics were
clearly and abundantly generated along the wave prop-
agation path. In general, our experience shows us that
nonlinear effects may be observable from study of har-
monics before being observed using more established
methods.

4.0.4 Mechanism

The primary mechanisms that produce nonlinear re-
sponse in rock are due to the low-aspect ratio compliant
features (gracks, crain-to-grain contacts, etc.) fe.g., see
Gist, 1994] and the presence of fluids (see. e.g., Johnson

et al., 1996 and Zinszner et al., 1996}. Anharmonicity

in the solid matrix produces very small contributions.
Beyond the primary mechanisms, little work has been
conducted to see what the relative contributions are.
This work has been initiated by Zinszner et al. (1996).
Much more work needs to be done in this area if quan-
titative applications are to be developed.

4.0.5 Future Research

A fundamental question remains as to the value of mea-
suring and understanding nonlinear elasticity in rock
over and above academic interest. To first order, the
nonlinear elastic response is certainly related to the mi-
cro and macro structure of the material, the grain to
grain contacts, the microcracks, joints, etc. The con-
tained fluid also plays an important role based on our
experience, The sensitivity of the nonlinear response to
the structure and fluid content is far larger than that
of standard linear measurements of wave speed, mod-
ulus and attenuation. The problem is that these mea-
surements are difficult to make and great care must be
taken in separating the apparatus effects that can be
identical. These are problems that are surmountable.
Many questions remain in regards to additional non-

a7

linear mechanisms, strain rates, extracting results from
field data, etc. Ultimately, the rewards of research in
this area may be great. We believe that the work pre-
sented in this paper and work on nonlinear elasticity by
other groups will lead us to a new level of understanding
in regards to the makeup of materials.

5 Conclusions

We have demonstrated that nonlinear elasticity is a per-
vasive characteristic of rocks over strain intervals from
107! to 1072 and frequency intervals of near dc to the
MHz range from laboratory experiments. The ramifica-
tions of nonlinear response in rock may ultimately af-
fect many areas of research in Geoscience including seis-
mology, where the spectral distortion of seismic waves
during propagation must be considered (e.g., Johnson
and MecCall, 1994; Bulau et al., 1984). Other areas
of research include rock mechanics and materials sci-
ence where the nonlinear response of a material may be
used for characterization purposes. In addition, char-
acterization of material property change by monitoring
nonlinear response may be of value. For instance, these
changes include variations in water saturation for porous
media, change in response to variations in stress, change
induced by fatigue damage, etc.
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