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ABEL-JACOBI MAPS FOR HYPERSURFACES
AND NON COMMUTATIVE CALABI-YAU’S

A. KUZNETSOV, L. MANIVEL, AND D. MARKUSHEVICH

ABSTRACT. It is well known that the Fano scheme of lines on a cubic 4-fold is a symplectic
variety. We generalize this fact by constructing a closed (2n — 4)-form on the Fano scheme of
lines on a (2n — 2)-dimensional hypersurface Y;, of degree n. We provide several definitions of
this form — via the Abel-Jacobi map, via Hochschild homology, and via the linkage class —
and compute it explicitly for n = 4. In the special case of a Pfaffian hypersurface Y,, we show
that the Fano scheme is birational to a certain moduli space of sheaves of a (2n—4)-dimensional
Calabi—Yau variety X arising naturally in the context of homological projective duality, and
that the constructed form is induced by the holomorphic volume form on X. This remains true
for a general non Pfaffian hypersurface but the dual Calabi-Yau becomes non commutative.

INTRODUCTION

Let Y be a projective or compact Kahler manifold and p : 7 — B a family of k-cycles on Y,
parameterized by a smooth base B. The Abel-Jacobi map of the family p : Z — B is the
homomorphism
AJ: H'(Y,Z)—H'"*(B,Z) , AJ(c) = p.q*(c),

where ¢ : Z — Y is the natural projection. The cohomology classes on Y can be represented
by closed forms, and AJ can be interpreted on the level of de Rham or Dolbeault cohomology
via the map of integration over the fibers Z, = p~1(b) of p : for a closed (i, j)-form w on Y,
representing a class [w] € H* (Y, C), the formula b — be w defines the closed (i —k, j — k)-form
AJ(w) on B.

If Y is a nonsingular hypersurface in P, then the only interesting piece of the cohomology
of Y is the primitive part of H" (V). Clemens and Griffiths [[CG] studied the Abel-Jacobi
map when Y is a cubic threefold in P* and B = F(Y) is the Fano surface of Y, that is the
base of the family of lines on it. They showed that AJ is an isomorphism between the Hodge
structures on H3(Y) and H'(F(Y')), and deduced the nonrationality of Y. Beauville and Donagi
[BD] considered the case of a smooth cubic fourfold in P°. They proved that AJ provides an
isomorphism of polarized Hodge structures between the primitive cohomologies H*(Y"),i,, and
H*(F(Y))prim- In particular, H>'(Y) ~ H?%(F(Y)) is 1-dimensional, that is F(Y') carries a
holomorphic 2-form a € H*(F(Y')), unique up to proportionality. Looking at a special cubic
Y, whose equation is the Pfaffian of a 6-by-6 matrix of linear forms, they identified F'(Y") with
the Hilbert square X of the “orthogonal” K3 surface X = Y, which is a transversal linear
section of G(2,6). They deduced from this that « is nondegenerate, hence symplectic, and
moreover, that for any smooth cubic Y, the Fano scheme F(Y') is an irreducible symplectic
fourfold, obtained by deformation of the complex structure on X[,

We partly generalize the work of Beauville-Donagi to higher dimensions, in replacing the
cubic Y in P° by a hypersurface Y, of degree n in P?"~!. Its index, that is the maxi-
mal integer dividing the canonical class Ky, is also n. We consider the scheme of lines on
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Y, (denoted by F(Y,) and called the Fano scheme of Y;,) and investigate the Abel-Jacobi
map AJ : H*(Y,,Z)—H"*(F(Y,),Z), the only nontrivial part of which is the restriction to
H*2(Y,,, Z) prim- We show that

AJ: H*" (Y, L) prim—H*" " (F(Y,,), Z)

is compatible with natural polarizations on both sides. One would expect then that AJ induces
an isomorphism of polarized lattices H*" (Y, Z)prim and H*“4(F(Y,,), Z)prim, similarly to
the case n = 3. However, it turns out that this is not true in general. Firstly, we do not
know whether the cohomology of F(Y},) is torsion-free. Secondly, it follows from the results of
Shimada that the image of the Abel-Jacobi map coincides, modulo torsion, with the saturated
sublattice H*""4(F(Y,.), Z)van C H*"4(F(Y,,),Z)prim of vanishing cohomology, defined as the
kernel of the Gysin map associated to the embedding F(Y,,) — G(2,2n). We verify that in
the case n = 4 the rank of the Gysin map is 2 and hence H***(F(Y,,), Z)yan is of corank 1 in
H>*™ Y F(Y,), Z)prim.-

The above results have the following interesting consequence. Using the Griffiths residue
isomorphism one can easily see that h*"~*1(Y,) = 1. So, Shimada’s result implies that
h*=40(F(Y,)) = 1. The image « of a generator w € H**!(Y,) under the Abel-Jacobi
map is a nonzero holomorphic form a,, € H*""4°(F(Y,)) = H(F(Y,), QZFTE;S)) As we men-
tioned above, for n = 3, it is symplectic. Moreover, when Y3 is specialized into a Pfaffian
cubic, F(Y3) becomes the Hilbert scheme X of a K3 surface X, and a, is induced by the
holomorphic volume element of X.

We show that for n > 4 the situation is pretty similar. First of all, to each Pfaffian hypersurface
Y,, we associate an “orthogonal” Calabi—Yau manifold X, of dimension 2n — 4 and show that
F(Y,,) is birational to a certain subvariety H(X,) of the Hilbert scheme X,[@C"’ﬂ, where C,,_; is
a Catalan number. Further, we explain that for arbitrary (non-Pfaffian) degree n hypersurface
in P?"~! the orthogonal Calabi—Yau variety exists on a categorical (or noncommutative) level.
This means that for any Y,, there exists a triangulated category C,,, which is a (2n — 4)-Calabi—
Yau category, and for Y,, Pfaffian this category is expected to be equivalent to D°(X,,). Actually,
a generic Pfaffian hypersurface Y,, is singular in codimension 5 (a phenomenon which does not
occur in the case of a cubic fourfold), so we have to replace Y,, by a noncommutative crepant
resolution Y, and C, is defined as the orthogonal complement to the exceptional collection O,
O(1), ..., O(n — 1) in the bounded derived category of coherent sheaves on Y,, so that there
is a semiorthogonal decomposition

DY(Y,) = (Cn, ©,0(1),...,0(n —1)).

We show that the Fano scheme F'(Y;,) parameterizes certain objects in the triangulated category
Cn, so it can be considered as a moduli space of coherent sheaves (or of complexes) on the
corresponding non-commutative Calabi—Yau variety. We show that the form «,, constructed on
F(Y,,) via the Abel-Jacobi map coincides with the form naturally arising on F'(Y,,) considered
as a moduli space of complexes on a Calabi—Yau variety.

For this we use a homological interpretation of the Abel-Jacobi map. Since we want this
interpretation to have a sense in a noncommutative setup, we have to use a version of homology
defined for noncommutative varieties as well as for commutative ones. So, we use the Hochschild
(or cyclic) homology.

The Hochschild homology HH(Y") of a smooth projective variety Y was introduced by Markarian
in [Md]. The exponential of the universal Atiyah class of Y provides an isomorphism

expy : HH(Y) — H* (Y, Q) = H*(Y,C).

On the other hand, Hochschild homology is functorial with respect to functors between derived

categories. In particular, any object £ on the product Y x M of two smooth projective varieties
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Y and M induces a kernel functor ®¢ : D*(Y) — Db(M) and a map of Hochschild homology
¢e : HH(Y) — HH(M). This map is compatible with the isomorphisms expy and exp,, and
the modified Abel-Jacobi map:

Alene) 0 expy = exp ¢,

where Kjg : H*(Y,C) — H*(M,C) is defined for any ¢ € H*(Y x M, C) by Kjg(c) = p(¢* ()N
EANtAY)),p: Y XM — Mand q:Y x M — Y being the projections. So, the Hochschild
homology of smooth projective varieties can replace their Dolbeault cohomology.

On the other hand, Hochschild homology can be defined for any triangulated category which
is equivalent to a semiorthogonal component of the derived category of coherent sheaves on a
smooth projective variety [Kuf]. Thus it can be defined for smooth noncommutative varieties
as well. In particular, HH(C,,) is well defined for any Y,, and in the Pfaffian case HH(C,) is
expected to be isomorphic to HH(X,,) = H*(X,,C). Moreover, it is shown in loc. cit. that
Hochschild homology is additive with respect to semiorthogonal decompositions. So, HH(C,,) is
a direct summand in HH(Y,,). We check that the corresponding projection HH(Y,,) — HH(C,)
takes the form w € H*~*1(Y,,) to the holomorphic volume form of C,. We also check that for
an appropriate object £ € Db(Y,, x F(Y,)) the map ¢¢ : HH(Y;,) — HH(F(Y,)) takes w to a,
and at the same time factors through the projection HH(Y,,) — HH(C,), so the form a,, indeed
comes from the holomorphic volume form on C,.

For Pfaffian hypersurfaces we describe the relation of the form «, on F(Y,) with the holo-
morphic volume form of the corresponding Calabi-Yau variety X,, more explicitly. We show
that the Fano scheme F(Y},) is birational to a certain moduli space H(X,,) of sheaves on X,
a subvariety of a Hilbert scheme of points of X,,. We expect that under this birational corre-
spondence the form «, goes to the form on H(X,) induced by the holomorphic volume form
of X,,.

Although we deal mostly with the Fano scheme of lines on Y,,, our approach can be used for any
moduli space M of sheaves on Y,,. Using the corresponding Abel-Jacobi map (or its Hochschild
homology incarnation) one can define a closed (2n — 4)-form on M, for which we use the same
notation «,,. However, the most convenient way for an explicit computation of the form «, is
via the divisorial linkage class.

For any sheaf F on Y,, the divisorial linkage class ex of F is the extension class of the complex
Li*i,F in BExt'(Lei*i,F[0], Lii*i, F[1]) = Ext*(F,F ® Ny, jpz-1), where i is the embedding
Y, — P?~L1 Since the degree of Y, equals to the index, we have wy, = N;n /p2n—1, SO We can
consider ez as an element of Ext*(F, F®@wy, ). We show that the value o, |,, at a point m = [F]
of a moduli space M can be computed as the following composition

Ext!(F, F) x ... x Ext'(F, F) 220, g2 4(F, F) £ Ext®™ 2(F, F @ Ny, /p2n-1)

J

2n — zlrtimes
~ Ext? X(F, F @wy,) — H” (Y, ,wy,) =C. (1)

We illustrate this approach by an explicit calculation of the 4-form «,, on the 7-dimensional
Fano scheme F'(Y}) of a generic 6-dimensional quartic Y; C P7.

We also address the question of nondegeneracy of the form «,, constructed by the above pro-
cedure. For n = 3, one can prove that the form is nondegenerate by using its noncommutative
Calabi—Yau interpretation (see [KuM]). For bigger n, however, the question is not so easy. First
of all, it is not clear at all what the nondegeneracy means for a p-form when p > 2. Several
approaches are possible here. We use the following one. Given a p-form « on a n-dimensional

vector space V' (n > p) with even p = 2k, one can define the 2-rank of « as the rank of the
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induced bilinear form on AV (which has the same parity as k), and « is nondegenerate if it
has maximal 2-rank with £ and n fixed.

For particular k, n, one can use other notions of rank. For example, if n = 7 and k = 4, there is a
symmetric bilinear form ¢, on V associated to o and defined up to proportionality (see Section
[). Then we can define the rank of « as the rank of g,. These notions of rank and 2-rank classify,
with a single exception, the orbits of 4-forms on V' under the action of GL(V'). In particular
there is an open orbit made of 4-forms of maximal rank and 2-rank, whose stabilizers are (up
to a finite group) copies of the complex exceptional group Ga. Moreover, there is a unique
codimension one orbit, made of 4-forms that we call “minimally degenerate”, characterized by
the fact that their rank is equal to four. We show that the 4-form «,, on the 7-dimensional Fano
scheme F(Y}) of a generic 6-dimensional quartic Y; C P7 has rank 4, that is, it is minimally
degenerate.

As we have already remarked, F(Y}) is (birational to) a moduli space of sheaves on a Calabi-
Yau 4-fold X. It is quite an intriguing question, given a p-dimensional Calabi—Yau manifold and
a moduli space M of sheaves on V', what does the p-form induced on M by the holomorphic
volume element of V' look like? Thomas constructed in [[IH] an example of a Calabi-Yau
threefold V' and a 3-dimensional moduli space M, on which the induced 3-form is nondegenerate,
so that M is a new Calabi—Yau threefold associated to V', a quasi-mirror of it. It would be
interesting to find other moduli spaces on X, either related to Y, or not, and find out, to which
degree their 4-forms are (non)degenerate.

In Section [, we define the Abel-Jacobi map in the transcendental setting and describe its
properties for the case of the Fano scheme of lines F(Y,,) on a hypersurface Y,,. In particular,
we use it to define the (2n —4)-form «,, on F(Y,,). For n = 4, that is when Y is a 6-dimensional
quartic, we also determine the relevant Hodge numbers of Y and F'. In Section f] we introduce
the Hochschild homology interpretation of the Abel-Jacobi map and show that the form ay,
on F(Y,) is induced by the holomorphic volume form of a noncommutative Calabi—Yau variety
associated to Y,,.

In Sections BH] we investigate a special case of Pfaffian hypersurfaces. In Section [, we discuss
the homological projective duality between the Grassmannian of lines and the Pfaffian variety.
We define the Calabi-Yau linear section X = X5, 4 of the Grassmannian Gr(2,2n) associated
to the Pfaffian hypersurface Y = Y,, € P?*~! and formulate a conjectural relation between
their derived categories of coherent sheaves. In Section [, it is proved that the Fano scheme
F(Y) is irreducible and has a natural crepant resolution for a generic Pfaffian Y. A moduli
space H(X) of sheaves on X is constructed, which is birational to F(Y'). These results base
upon some general facts from geometry of lines on Pfaffian varieties defined by rank-2k Pfaffians
in P(A’W*) (2k < 2n = dim W), and we gather such facts in the Appendix. In particular,
we construct there a natural crepant resolution of singularities of the variety of lines on the
Pfaffian hypersurface (k =n — 1).

In Section [, we define the linkage class er, show that it factors through the Atiyah class and
prove that formula () provides the value of aw,, 4. We also prove a nonvanishing result for ex.

In the last two Sections [ and [ we consider another special case, n = 4. In Section [, an
explicit calculation of a4 in coordinates is done for the quartic 6-fold Y. In the last Section
[, we describe the classification of the orbits of GL(7) in A*C” and show that «y is minimally
degenerate at the generic point of the 7-fold F'(Y}).

In what follows, the base field k is an algebraically closed field of characteristic 0; sometimes
we assume that & = C. A wariety is a reduced irreducible (separated) scheme of finite type
over k, and an algebraic space is assumed to be locally of finite type over k, but not necessarily

separated.
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1. ABEL—JACOBI MAP OF THE FAMILY OF LINES

Let n > 3, and let Y =Y, be a nonsingular hypersurface of degree n in P?"~!. Let F(Y) be
the Fano scheme of Y. One can think of it either as the Hilbert scheme of lines in Y, or as the
locus of the Grassmannian G = G(2,2n) parameterizing the lines in P**~! that are contained
in Y. Unlike the case of a cubic hypersurface treated by Clemens—Griffiths [[CG], where the
Fano scheme of lines is smooth whenever the hypersurface is smooth, the Fano scheme of a
smooth higher degree hypersurface may be singular and even non-reduced, see [[[]] for the case
of a quartic threefold. Thus we will assume in the sequel that Y is generic, and this assumption
is essential.

Lemma 1.1. Let Y be a generic hypersurface of degree n in P*"~1. Then F(Y) is a nonsingular
projective variety of dimension 3n — 5.

Proof. Denote by V the vector space C*" whose projectivization contains Y. So P**~1 = P(V),
and Y = Y} is defined by an homogeneous form f € S4V*. The Grassmannian G = G(2,2n)
of lines in P?"~! is naturally embedded into P(A?V) via the Pliicker embedding and carries
the tautological quotient bundle T such that H°(G, S™T*) is canonically isomorphic to S™V*
for any n > 1. According to [BKT], F(Y) is the scheme of zeros of the section sy of S¥T*
corresponding to f under the above canonical isomorphism (with n = d). As T* is generated
by global sections, so is S¢T™*, and by Kleiman’s generalization of Bertini’s Theorem [[K], for
generic f, the section s; is transversal to the zero section of SYT*. Thus the zero locus of s¢
is smooth and is of expected codimension n + 1 = rk S?T* whenever it is nonempty. The fact
that s; has nonempty zero locus follows from the results of Barth-Van de Ven [BvdV] and
Debarre-Manivel [DM]. O

Following [BDJ|, we define the Abel-Jacobi map on the middle-dimensional integer cohomology
of Y by the formula

AJ: H*2(Y,2)—H*"*(F,7), Al(c) = p.q*(c), (2)

where F'=F(Y),p: Z — F, q: Z — Y are the natural projections from the universal family
of lines Z in Y,
Z={{l,x) e F XY |z el}.

We have defined the Abel-Jacobi map on the integral cohomology. Going over to the complex
coefficients, we can represent the cohomology classes on Y by closed forms of type (i, j), and
AJ lifts to the level of closed forms as the map of integration over the fibers p. This allows us
to consider it as a morphism of Hodge structures, shifting the weight by —2.

We will denote by h the class of a hyperplane section of Y, and by o;, 0;; the Schubert classes
on G = Gr(2,2n), as well as their restrictions to F' C G. The primitive parts of the above
cohomology groups are defined by

H*" (Y, L) prin = {x € H" (Y, Z) | xh = 0},
H2n74<F7 Z)prim = {U S H2n74(F’ Z) ‘ UO{L = O}
We introduce also the vanishing part of the cohomology of F"

H> M(F, Z) yan = ker (H(F,2) =22 go4(@, 7)),
5



where the Gysin map is associated to the natural embedding F° — G.  Obviously,
H*™ Y E, L) yan C H*(F,Z)prim- We will see that though in the Beauville-Donagi case
(n = 3) this inclusion is an isomorphism, this does not hold for n = 4, in which case H*(F, Z)yan
is of codimension 1 in H*(F,Z).m. One can also define the vanishing cohomology of Y as the
kernel of the Gysin map associated to the embedding into P?"~!, but it will coincide with the
primitive cohomology. The following result was proved by Shimada:

Theorem 1.2 (Shimada [BH])). The Abel-Jacobi map induces an isomorphism
H>" (Y, Z)prim ~= H*"~*(F, Z)yqn/ (torsion).

Now, following the approach of [BD]], we will show that AJ is a morphism of polarized Hodge
structures, that is, it respects natural bilinear forms on the primitive cohomology.

Remark that Z = P(Tr), where T is the restriction to F' of the universal rank-2 bundle T" over
G, and the tautological sheaf Oz, (1) coincides with ¢*Oy (1). By the theory of Chern classes,
H*(Z,Z) = p*H*(F,Z)[q"h] with a single relation
(¢*h)* = p*or1g"h — p*on.
In particular, we can write
¢ (x) = p*Ton—aq"h — p'Ton—s
for any © € H*"%(Y,Z), where z; € H*(F,Z) and zs, 4 = AJ(z).
Let us define on H*"~*(F,Z) the symmetric bilinear form ¢ by
o(u,v) = o} fuv ¥V u, v € H™ 4F,7).

Using the above description of H*(Z,Z), one can easily prove the following lemma (by the same
arguments as in [BO]):

Lemma 1.3. (i) An element x € H*"7*(Y,Z) is primitive if and only if

Ton—4011 = 0, Top_9 = Top_407.
(ii) For any x,y € H**(Y, Z)prim,

ry =~ 6(AI(@), AT)

The intersection form (x,y) — xy on H*~%(Y,Z) is nondegenerate, so part (ii) gives an easy
proof of the injectivity of AJ on H*%(Y,Z),im. But the fact that the image is contained
in H*""4(F,Z)yan (and hence in H*""4(F,Z),im) and the surjectivity modulo torsion are the
nontrivial counterparts of Shimada’s result.

Corollary 1.4. AJ|g2n-2(vz),,... i a Hodge isometry onto a saturated sublattice H> 4F,7) yan
of H*"*(F,Z)prim, polarized by the bilinear form —-%¢.

As the image of H*"3Y(Y) C H* (Y, C)ppim under AJ is in H*"~49(F), we obtain:

Corollary 1.5. F carries a nonzero (2n — 4)-form o € HO(F,Q*4). It is defined uniquely

up to proportionality as a generator of the one-dimensional vector space AJ(H?"31(Y)) =
H2n74,0(F)‘

Proof. The Hodge numbers of Y are given by the Griffiths residue theorem (see e. g. [G]): for

a smooth degree-d hypersurface Y; C PV, the primitive Hodge cohomology H™P*~1(Y,) yim

is identified with the homogeneous component of degree pd — N — 1 of the Jacobian ring

Ry = k[zo,...,xn|/(0f /Ox0,...,0f/0xN). Here one gets h**~*(Y) = 1, and Shimada’s

Theorem implies the result. 0
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No we will turn to the example n = 4. We will calculate some of the Hodge numbers of
F = F(Y,). In particular, we will show that tk H*(F,Z)mim = tk HS(Yy, Z)prim + 1. The
discrepancy is due to the fact that the ambient Grassmannian G = Gr(2,8) has a rank two
cohomology H*(G,Z), and its restriction to F is injective, which implies that the Gysin map
HY(F,Q) — H%(G, Q) is surjective.

Proposition 1.6. Let Y = Y, be a generic quartic 6-fold in P7, and F = F(Y) its Fano
scheme. Then we have the following results for their Hodge numbers:
(1) K (Y) =0, B¥Y(Y) =1, h**(Y) =266, h*3(Y) = 1108.

(ii) R%°(F) = 1 (that is, F is connected), h*°(F) = 1, h"™°(F) = 336, and h*°(F) = 0 for i
different from 0,4,7.

(iii) hVY(F) = 1, hY2(F) = 0, BY3(F) = 266, h22(F) = 1109.

Proof. The Hodge numbers of Y are computed via the Griffiths residue isomorphism.

To compute the Hodge numbers of F, we will use the fact that F' is the zero-locus in the
Grassmannian G = Gr(2,8) of a general section of the vector bundle S*T™*, where T is the
tautological rank two bundle on G. This bundle has rank five and is generated by global
sections. We can therefore use the conormal sequence

0— S4ﬂp — QE‘F — Qp — 0,
as well as the Koszul complex
0 — AS(S*T) — AY(S*T) — A3(S*T) — A*(S*T) — S*T — Og — Op — 0

in order to compute the cohomology of the restriction to F' of vector bundles on G. The wedge
powers of S*T are readily computed in terms of Schur powers (note that since T has rank two,
we simply have 4T = S¢=T @ O(-b)):

AH(SAT) = X0IT @ B%3T
N(SAT) = Y937 @ X7°T
AY(SAT) = x0T

/\5(S4T) — ZIO,IOT

In order to compute the cohomology of ST and Qf, restricted to F', we will twist the Koszul
resolution of O by these bundles and use Bott’s theorem on G. Recall that if () denotes
the rank 6 quotient vector bundle on G, we have Qf ~ Q* @ T. Bott’s theorem computes
the cohomology of any tensor product of Schur powers of @) and T as follows. Let o and
(£ be two non-increasing sequences of relative integers, of respective lengths 6 and 2. Let
p=(8,7,6,5,4,3,2,1) and consider the sequence («, 3) + p. Call it regular if its entries are
pairwise distinct. In that case there is a unique permutation w such that w((a, 5)+p) is strictly
decreasing. Then A = w((«, 5) + p) — p is non-increasing. Bott’s theorem asserts, if V' is the
ambient eight-dimensional space, that

HY(G,2*Q @ X°T) = 2V

if (o, B) + p is regular and ¢ = ¢(w), and zero otherwise. For example, if 5 = (a, b), we get that
HY(G,¥PT) # 0 if and only if either

q=0, 0>a>b;
q =6, a>T7,1>b
q=12, a>b>8.

We can easily deduce the cohomology groups of Op. Indeed, H4(G, A (S*T)) is non zero only
for (i,q) = (0,0), (2,6), (5,12), which implies that H?(F, OF) is non zero exactly for ¢ = 0,4, 7.
7



In particular

HY(F,0p) ~ H%(G, N*(S'T)) ~ C.

Let us turn to the cohomology groups of the cotangent bundle of F'. Bott’s theorem implies
that the only non zero groups among the HY(G,S*T ® AY(S*T)) appear in bidegree (i,q) =
(1,6),(2,6),(4,12),(5,12). In particular ¢ — i is always bigger than three and we can deduce
that HI(F, S*Tjr) = 0 for ¢ < 3. Moreover, Bott’s theorem gives

HS(G, ST ® ST) = End(V),

HS(G, ST @ A?(ST)) = SV,
and we deduce an exact sequence

0 — HYF,S'Tip) — SV — End(V) — H*(F,5'T\p) — 0.

The middle map S*V et End(V') must be dual to the map End(V) % gay mapping u to u(f),
where f denotes an equation of Y. Indeed, we can do the same computation in family, with a
variable f, and use the GL(V')-equivariance to ensure that the map ¢, depends linearly on f.
And there is, up to scalar, a unique equivariant map from S*V* to Hom(End(V'), S*V*). We
can conclude that for f general, 1 is surjective, and that its kernel H*(F, S*T}z) ~ H*?*(Y)*.
Indeed, this is just a reformulation of the Griffiths isomorphism.

There remains to compute the cohomology groups of Qé‘ - Applying Bott’s theorem as above,
one checks that HY(G, Q% ® AY(S?T)) is non zero only for (i,q) = (0,1),(2,7), (5,12), which
implies that H?(F, Qé‘F) is non zero only for ¢ = 1,5,7. But then we can deduce from the
conormal exact sequence that

HY(F) ~ HYF,S"Tir) ~ H**(Y).

Finally we need to compute H*?(F). Let us denote by K the kernel of the natural map
O%p — Q. Bott’s theorem implies that HY(G, Q% ® A'(S*T)) is non zero only for (i,q) =
0,2),(2,7),(2,8),(3,8), (4,12), (5,12). In particular the only non zero group HY(F, QZG‘F) for
qg <4is
H*(F,Qgyp) = HY(G,Qg) = C°,
and we get an exact sequence
H*(F,K) — H**(G) — H**(F) — H*(F,K) — 0.
In order to compute the cohomology groups of K, consider the exact sequence
0— S*S'T)r — ST @ Qp — K — 0.
Applying Bott’s theorem once again, we check that HY(G, ST @ Qf ® AY(S*T)) is non zero
only for (i,q) = (1,6),(1,7),(2,7),(3,12), (4,12), which implies that H(F, S*Tjr ® QE‘F) =0
for ¢ < 4. Therefore H1(F,K) ~ H?(F,S*(S*T)r) for ¢ < 3. To compute the latter, we
consider the groups HY(G, S?(S4T) @ A'(S*T)) and check by Bott’s theorem that they are non
zero exactly for (i,q) = (0,6),(1,6),(2,6) or ¢ = 12. We have
HS(G,S?(ST)) = Y2HHH0y ~ g|(V),
HG(G, SQ(S4T) ® S4T) — 261111110‘/ o) 251111111‘/ ~ S5V ® V*,
H6(G, 32(54T) ® /\2(S4T)) — 291111111‘/ ~ S8V
Hence the exact sequence
0— H¥F,K)— SV 2 5%V @ V™.

As above we can argue that the map a; must be dual to the natural map 3, obtained as the
composition
SV eV — SV e SV — SBV
8



deduced from the map V* — S3V given by the differential of f. Otherwise said, we are just
multiplying quintic polynomials with the derivatives of f, so that Griffiths’ residue theorem
tells us precisely that the cokernel of 8y is isomorphic to H*3(Y),m. Since this cokernel is
dual to the kernel of o, we finally get

H**(F) ~ H**(G) @ H*(F, K) ~ H**(G) ® H**(Y ) prim-
O

Corollary 1.7. For generic Y =Y,, F is a smooth connected 7-dimensional projective vari-
ety, and H°(F,Q%) is 1-dimensional, generated by the 4-form ay,, the Abel-Jacobi image of a
generator w of H>'(Y) ~ C.

In the sequel we will investigate this 4-form in more detail. In particular, we believe that F
is a moduli space of sheaves on some (categorical deformation of a) Calabi—Yau 4-fold X, and
a,, has a different intepretation as a 4-form induced by the holomorphic volume element of X.
We can produce X only for special quartics Y, namely, the Pfaffian ones.

2. ABEL-JACOBI MAP AND HOCHSCHILD HOMOLOGY

The natural context for the Abel-Jacobi map is the Hochschild (or cyclic) homology. We will
first recall its definition.

Definition 2.1 ([Md]). Let X be a smooth projective variety. The Hochschild homology of X
is defined as
L
HH(X) = H*(X x X, A.Ox ® A,Ox),
where A : X — X x X is the diagonal embedding, and H* is the hypercohomology.

The Hochschild homology of X is closely related to its Hodge diamond. To state this relation,
we need the notion of Atiyah class [[IJ].

Definition 2.2. Let X be an algebraic variety, A : X — X x X the diagonal embedding, Zx
the ideal sheaf of the diagonal A(X) C X x X, and A(X)® C X x X the second infinitesimal
neighborhood of the diagonal, that is the closed subscheme of X x X defined by the ideal sheaf
IX. Then Ia/TIX = N (x)/yxx = U, and there is a natural exact sequence

0— AL — Oacxy — AOx — 0. (3)
The extension class -
Aty € Eth(A*Ox, A*Q}X)

of this exact triple is called the universal Atiyah class on X. Further, let F be a sheaf on X or
an object of D’(X), and

0— F &0k — pro, (1] F @ Op ) — F — 0 (4)

the exact triple obtained by applying pr,,(pri F ® ) to (B). The extension class Atr €
Ext'(F, F ® Q%) of (@) is called the Atiyah class of F, and the object in the middle of (@) is
the sheaf (or the complex) of first jets of F.

Theorem 2.3 ([Md]). There is an isomorphism Ix : HH;(X) & @, H* (X, Ql).

The isomorphism [y is given by the exponent of the universal Atiyah class. Explicitly, the
projection HH(X) — H*(X, Ql.) is given by the composition

L Al
ﬁAtX

A.Ox & AL QL[] AL 1.

9
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Another important point about Hochschild homology is its functoriality. We denote by D°(X)
the derived category of bounded complexes of Ox-modules with coherent cohomology [Vd].
For any kernel functor ®x : D*(X) — DY), K € D’(X x Y), one can define an operator
¢ : HH(X) — HH(Y") such that the composition of functors gives the composition of operators.
In particular, for a morphism f : X — Y there are pullback and pushforward maps f* :
HH(Y) — HH(X) and f, : HH(X) — HH(Y") respectively, and for any object & € D(X) there
is a map ¢a,e : HH(X) — HH(X) induced by the tensor product with £ functor.

The following result is contained essentially in the paper of Markarian [Md]. See also [R4]
and [MY] for a more detailed exposition.

Theorem 2.4. (i) Pullbacks commute with the isomorphisms I :
ffoly =1Ixof*.
(17) Pushforwards commute with the isomorphisms I up to the multiplication by the Todd genus:

Fellx (=) Atdx/ ftdy) = I (fo(=)),

where tdx is the Todd genus of X and tdy s the Todd genus of Y.
(7i1) The map induced by the tensor product with £ turns into multiplication with ch(&) after
application of the isomorphism I:

Ix(¢a.e(—)) = Ix(—) A ch(€).

Now assume that M is a fine moduli space of stable sheaves on X. Assume that M is smooth
and projective. Let £ be the universal sheaf on M x X. Considering £ as a kernel, we obtain the
kernel functor ®¢ : D*(X) — D’(M) and the corresponding map on the Hochschild homology
¢ HH(X) — HH(M).

Proposition 2.5. Take anyw € H" Y X, Q%) € HH_(X), where n = dim X, and consider
the corresponding k-form o, € HO (M, Q%) C HH_,(M). Then o, = ¢g(w), up to constant.

Proof. Compare the definition of o, with the definition of ¢¢. By construction, «,, is determined
via a Kiinneth component of the [-th Newton class of &:

o, ® [X] = AEO:(mn) (Tr ((k D)

where [X] € H"(X, Q%) is the fundamental class of X,
Tr : ExtF(€, € @ QF) — HFY(M x X, QFH)

Atf;“) A pri w) € HOM, Q%) @ H"(X, Q%)

is the trace map, and
AEDD L IR M x X, QR — HY(M, Q%) @ HY(X, Q%)

is the projection to a Kiinneth component. O

Now assume that the moduli space M parameterizes subschemes of X, that is M is a component
of the Hilbert scheme of X. The example of the Fano scheme we started with is of this kind, for
F(Y') can be interpreted as the moduli space of sheaves parameterizing the structure (or ideal)
sheaves of lines contained in Y. In this case the universal sheaf £ is just the structure sheaf
Oz of the universal subscheme Z C M x X, and the corresponding kernel functor ®¢, boils
down to the composition p.q*, where p: Z — M and q: Z — X are the projections. So, it is
natural to expect a relation to the Abel-Jacobi map. Theorem .4 implies that, if we want the
map ¢p, to be compatible with the Atiyah—Jacobi map under the isomorphism I of Hochschild
and Dolbeault homologies, we need either to modify the isomorphism I by multiplying it with

the Todd genus, or to modify the Abel-Jacobi map. We choose the second way.
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For each £ € H*(X x M, C) we define the modified Abel-Jacobi map by the formula
AJe : HY(X,C)—H*(M,C), AJ(c) =p.(g"(c) - & - tdx). (5)
Proposition 2.6 (cf. [MY]). For any K € Db(X x M) there is a commutative diagram

HH(X)

e

CHP(X

R
-
R

b
®
%
b

<_
1%

-
1%

ch(K)

eH*X,C) —=&

where the bottom arrow is the modified Abel-Jacobi map.

Proof. Follows from Theorem P.4 and the multiplicativity of the Todd genus: td(X x M)
td(X) - td(M).

1

It is well known (see e.g. [Oy, Theorem 2.1.8) that HH(X) = HH(Y) if the derived categories
of X and Y are equivalent. Thus Hochschild homology is an invariant of the derived category
and it is natural to generalize the definition to any triangulated category. Actually, we will
need this in a particular case.

Let A C D°(X) be an admissible subcategory (i.e. a component of a semiorthogonal decom-
position of DY(X)). It is proved in that there exists an object K(A) € D(X x X)
such that the corresponding kernel functor @ (4 : D*(X) — D(X) is the projection onto the
subcategory A.

Definition 2.7 ([Kuf]]). Let A C D’(X) be an admissible subcategory. The Hochschild ho-
mology of A is defined as
L
HH(A) =H*(X x X, K(A)® K(A)"),
where K (A)* is the kernel of the left adjoint functor to the projection onto the subcategory .A.

A very important property of Hochschild homology is the following additivity Theorem.
Theorem 2.8 ([Kuf]). If D*(X) = (A1, Ay, ..., A,) is a semiorthogonal decomposition, then
HH(X) =HH(A,) ®HH(A3) & - -- & HH(A,).

Recall that a triangulated category 7 is called an m-Calabi-Yau category, if the shift by m
functor [m] is a Serre functor in 7, i.e. if we are given bifunctorial isomorphisms

Hom(F, G) = Hom(G, Fm])*
forall F,G € T.

Remark 2.9. One can also define the Hochschild cohomology HH®(7") of an admissible sub-
category 7 C Db(X). The Hochschild cohomology is naturally a ring, while the Hochschild
homology is a module over it.

A triangulated category 7 is called connected if HH<*(7) = 0 and HH°(7) = C. One has
HHY(DY(X)) = H°(X, Ox), so the derived category of a smooth projective variety is connected

if and only if the variety itself is connected.
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Lemma 2.10 ([Kuf]). Let T be a connected m-Calabi—Yau category, equivalent to an admissible
subcategory in the derived category of a smooth projective variety, then HH;(7) = 0 unless
—m < i <m. Moreover dimHH_,,,(7) = 1.

Let 7 be a connected m-Calabi—Yau category and let @ = a7 be the generator of the space
HH_,.(7). By the above Lemma a7 is defined uniquely up to a constant. We will call a7 the
holomorphic volume form of 7.

Remark 2.11. If T is an m-Calabi—Yau category then the Hochschild homology is a free module
over the Hochschild cohomology ring, and a7 is a generator.

Now we are coming back to our original setting: Y =Y, is a general nonsingular hypersurface
of degree n in P?"~! F' = F(Y) is its Fano scheme, ¢ : Z — Y is the universal family of lines
inY, p: Z — F the natural projection.

Theorem 2.12 ([Kull])). The line bundles Oy, Oy (1),...,Oy(n — 1) form an exceptional col-
lection in D(Y'), so that we have a semiorthogonal decomposition

D*(Y,) = (Cn, Oy, Oy (1),...,0y(n — 1)),
where C,, = {F € D*(Y) | H*(Y, F) = H*(Y, F(—-1)) = --- = H*(Y, F(1 — n)) = 0}. Moreover,
Cn is a connected (2n — 4)-Calabi-Yau category.
Corollary 2.13. We have

anlth,nflft(Y" C), ifi = 9t 7& 0’
HH;(C,) = H" ' YY,C)® C" 2, ifi=0,
0, otherwise.

Proof. The category generated by an exceptional bundle is equivalent to the derived cate-
gory of vector spaces, that is, to the derived category of coherent sheaves on a point. Thus,
HH.((Oy (k))) = C (sitting in degree 0) for any k. Combining with Theorems P.§ and we
conclude that
HH,(D*(Y)) = {HHZ(C”) ©C4 Hi=0
HH;(C..), otherwise.

On the other hand, by Theorem R.3 we have

Hnr-Htn=1=t(y C), if i =2t #£0,
HH;(D(Y)) = ¢ H" "~ 1(Y,C) @ C**2, if i =0,
0, otherwise.
So, the Corollary follows. O

Our final goal in this section is to show that the form «, on F(Y") constructed above is induced
by the form a¢, € HHy 2, (C,,).

First of all choose a line ¢ =P(T) C P(V) on Y C P(V). Then ¢ is the zero locus of a regular
section of a vector bundle V/T' ® Op(y(1) on P(V'), hence on P(V') we have the following Koszul
resolution

{A"7T0 @ Op) (2 = 2n) — -+ = AT @ Opyy (=2) = T @ Opvr(—=1) = Opqry} = O

Restricting the resolution to Y, twisting by Oy (k — 2) and truncating in term A*2T+ @ Oy
we obtain a complex

{APTH @Oy — - 5 T @ Oy(k —3) — Oy(k —2) — Ok —2)} (6)

which we consider as an object of D’(Y') and denote by GF.
12



Remark 2.14. Note that the restriction of the Koszul complex to Y has two cohomology sheaves,
O, at the rightmost term and L1i*i,0p = Oy(—n) at the term next to it. Therefore, gf is
indeed a complex with two cohomology sheaves, a torsion free sheaf at the leftmost term and
Oy(k —n — 2) at the third from the right term.

Lemma 2.15. We have GF € (Oy, Oy (1),...,0y(k — 1))+ for k <n. In particular, G} € C,.

Proof. First of all, note that G; = O,(—1) is right orthogonal to Oy, since we have
Ext*(Oy(1),00) = H*(Y,Oy(—1)) = 0. On the other hand, we have an exact triangle

Gy — AT 0y — GF7H(1)

It follows by induction that Gf € (Oy(1),...,0y(k — 1))*, so it remains to check that
Ext*(Oy,GF) = H*(Y,GF) = 0. For this we apply the functor H*(Y, —) to the complex (ff). We
get a complex

Ak‘—QTl N Ak‘—3TL ® V* NN AQTl ® Sk‘—4v* N TL ® Sk‘—3v* N Sk:—Zv* N Sk:—ZT*

which is well known to be exact. So, H*(Y,GF) = 0 and we are done. U

Denote by L the endofunctor of the category D°(Y) defined as the composition of a twist by
Oy (1) and a left mutation through Oy. In other words, for any F' € D’(Y) there is an exact
triangle

H*'(Y,F)® Oy — F(1) — L(F).
Then G§ = L*"*(Oy(—1)). Moreover, one can check (see [Kull]) that L induces an autoequiv-
alence of the category C, such that " = [2 — n] on C,. On the other hand, repeating the
arguments of Proposition 5.4 of [KuM] one can check that L induces a chain of isomorphisms

Ext!(Oy, Oy) = Ext'(Oy(—1), Oy(—1)) — Ext*(GZ,GZ) — --- — Ext' (G}, GJ).

It follows that the form defined on F'(Y") by the structure sheaf Oy of the universal line coincides
(up to a sign) with the form defined by the family {G}' }scp(v), that is given by the kernel functor
®gn, where G" = (idpv(yy xIL)""H(O4(—1,0)) € D*(Y x F(Y)) (alternatively, one can define G"
by a universal version of the complex (i)). On the other hand, since G}’ € C,, for any ¢, it follows

that the map ¢g, : HH(Y) — HH(F(Y)) factors through the projection HH(Y') — HH(C,).

)
Corollary 2.16. The form «, € H(F(Y), QZF’E#) is induced by the holomorphic volume form
ag, of the Calabi—Yau category C,.

3. PFAFFIAN HYPERSURFACES AND THEIR DUALS

Now we consider a very special type of degree n hypersurfaces Y,, C P?"~1. A hypersurface Y,
is called Pfaffian if its equation can be written as the Pfaffian of a 2n-by-2n matrix of linear
forms. Such hypersurfaces are not generic, in particular they are singular for n > 4. However,
they deserve special consideration because an analogue of the Calabi—Yau category C, for these
hypersurfaces has a geometric interpretation. Actually, it is equivalent to the derived category
of a certain Calabi-Yau linear section of the Grassmannian Gr(2,2n). The relation between
Pfaffian hypersurfaces and linear sections of the Grassmannian comes naturally in the context
of homological projective duality [KuJ].

Homological projective duality (HP-duality for short) is a certain duality on the set of smooth
(non-commutative) varieties equipped with a map into a projective space and a compatible
semiorthogonal decomposition of its derived category (called Lefschetz decomposition). It as-
sociates to a smooth variety X with a map f : X — PV and a Lefschetz decomposition A.,
a smooth variety Y with a map into the dual projective space ¢ : ¥ — PV and the dual

Lefschetz decomposition B.. Classical projective duality can be considered as a quasiclassical
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limit of HP-duality since in the case where the map f : X — P¥ is a closed embedding, the
classically projectively dual variety XV C PV coincides with the set of critical values of the
map ¢ : Y — PV from the HP-dual variety Y. But the most important property of HP-duality
is a strong relation between the derived categories of linear sections of the HP-dual varieties
X and Y. Choose a projective subspace P(V) € PN and let P(V') c PV be its orthogonal
complement. Let Xy = X xpv P(V1) and Yy =Y xzv P(V) be the corresponding linear sec-
tions. Then the derived categories D’(Xy) and D°(Yy ) have semiorthogonal decompositions,
one part of each coming from the Lefschetz decomposition 4. (or B.) of the ambient variety
(this part is called trivial), and the other parts (nontrivial) being equivalent. In some cases one
of the trivial parts is zero, so the nontrivial part coincides with the whole derived category and
one obtains a fully faithful embedding of one of categories D?(Xy) or D(Yy ) into the other,
with the orthogonal complement being trivial (in the above sense).

Though on the categorical level one can always describe the HP-dual variety Y for any X, it is a
very difficult problem to find a geometrical description for it. There are not so many examples
for which the answer is known. However, Pfaffian varieties are among them.

Let W be a vector space of dimension 2n. Consider the space P(A*W*) of skew-forms on W. Let
Pf(W*) C P(A*W*) denote the hypersurface of degenerate skew-forms. It is called the Pfaffian
hypersurface. More generally, for each 1 < k < n — 1 let Pfy(WW*) denote the subvariety
of P(A?2W*) consisting of skew-forms of rank less or equal to 2n — 2k. These varieties are called
the generalized Pfaffian varieties. They form a chain

Gr(2, W*) = Pf,_{(W*) C Pf,_o(W*) C - C PL,(W*) C Pfy(W*) = PE(W*).

It is easy to see that for k < n — 1 the Pfaffian variety Pfy(W*) is singular, its singular locus
being the next Pfaffian variety Pfj,;(1¥/*). Moreover, it is easy to see that Pf,(W*) is the
closure of a GL(W)-orbit on P(A?TW*), and that Pf,(1W*) is the (n — 2 — k)-th secant variety
of Gr(2,W*).

The sheaf of ideals of Pf;(W*) is the image of the map

A2E=DW @ Oppazyyey (—(n — k + 1)) —>Opazw+) (7)

given by Pfaffians of principal 2(n — k + 1) x 2(n — k+ 1)-minors of a skew-form. Alternatively,
ok can be described as the unique GL(W)-semiinvariant element in the space

HOP(A*W*), A2FDW* @ Oppziy(n — k + 1)) = A2XEDW* @ SPFHL(AZIV)

Another interesting fact is that the class of Pfaffian varieties is self dual with respect to pro-
jective duality. More precisely, it is easy to see that (Pf,(W*))¥ = Pf,,_1_(W). This classical
statement has the following extension.

Conjecture 3.1 ([Kud]). The Pfaffian varieties Pf,(W*) admit categorical resolutions of sin-
gularities ﬁk(W*) such that f’vfk(W*) is Homologically Projectively Dual to li-’vfn,l,k(W). In
particular, the Grassmannian of lines Gr(2, W) is Homologically Projectively Dual to a certain
categorical resolution of singularities ﬁ(W*) of the Pfaffian hypersurface Pf(W™).

This conjecture was proved in [Kud] for n = 3.

Now consider the derived categories of linear sections of X = Gr(2,W) and of Y = Pf(IW*)
corresponding to a generic linear subspace V' C A?W* of dimension dim V' = 2n. Then Xy is a
linear section of the Grassmannian X and it is easy to see that its canonical class is zero. On
the other hand, Yy is a categorical resolution of a degree n hypersurface Yy C P(V) =P If
P(V') does not intersect the singular locus Sing Pf(W*) (which is possible, by dimension reasons,

only for n < 3), then Yy = Yy, and in other cases the resolution Yy of Yy, is nontrivial. Both
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Xy and Yy being linear sections of HP-dual varieties come with semiorthogonal decompositions
of their derived categories. The one for D?(Xy ) turns out to be very simple: in this case there is
no trivial part, so the nontrivial part coincides with the whole category D*(Xy/). As for D(Yy),
the trivial part is present here and is given by the exceptional collection O, O(1),...,O(n—1).
So, in using the properties of HP-duality one can deduce from Conjecture B.1] the following

Conjecture 3.2. Let V C A2°W* be a vector subspace of dimension dimV = 2n = dim W. Let
VL C A2W be the orthogonal. Then the derived category of coherent sheaves on a categorical
resolution of singularities Yy of the Pfaffian hypersurface Yy, = P(V) N PEW*) € P(V) has a
semiorthogonal decomposition with nontrivial component equivalent to the derived category of
the dual linear section of the Grassmanian Xy = P(V1) N Gr(2,W). More precisely,

D(Yy) = (D'(Xy),0,0(1),...,0(n—1)).

See [Kud] in case n = 3.

If the above Conjectures are true then for a Pfaffian hypersurface Y,, the Calabi-Yau category
C, = (0,0(1),...,0(n—1))* c D(Y,) is equivalent to D*(X,,). Thus, for any smooth Y, the
category C,, can be considered as a noncommutative deformation of the derived category of the
Calabi—Yau variety X,,. In case n = 3 there are examples of other special cubics Y3 for which Cs
is equivalent to the derived category of a (commutative) K3-surface. It is a fascinating problem
to find other special Y,,’s (preferably smooth ones), for which C, becomes the derived category
of a (commutative) Calabi—Yau manifold.

The semiorthogonal decomposition of Conjecture .9 suggests that any moduli space of sheaves
on Yy can be represented as a moduli space on Xy,. In the next two sections, we will show that
this is the case for the Fano scheme of lines on Yjy .

4. FANO SCHEME OF A PFAFFIAN VARIETY

Let us fix the notation for this section. We let W = C?*, V = C?", consider a linear embedding
V — A?W*, and denote by X = Xy = Gr(2, W)NP(V+) and Y = Yy = P(V) N Pf(W*) the
corresponding linear sections.

The goal of this section is to show that the Fano scheme of lines on Y = Y}, can be interpreted
as a certain moduli space on X = Xy. We start by considering the Fano scheme F(Pf(1W/*))
of lines on Pf(W*). As it is proved in Appendix A the variety

Fy = {(U,L) € Gr(n+ 1, W) x Gr(2, A’W*) | L € Ker(A2W* — A2U*)}.
is a resolution of F(Pf(W*)).
Let F(Y) be the Fano scheme of lines on Y and put F(Y) = F(Y) X p(PE(W*)) F, which we call
the resolved Fano scheme of lines on Y. Let Fo(Y) C F(Y) be the open subscheme consisting
of lines which do not intersect Y N Pfo(W*) C Y. Then the projection 7 : Fy} — F(Pf(W™*))

restricts to a projection 7 : F(Y) — F(Y) which is an isomorphism over Fy(Y") by the proof of
Proposition [A-G.

Lemma 4.1. Let n > 3. For generic V C A*W* the resolved Fano scheme F(Y) of lines on
Y =P(V)NPEW?) is smooth and connected and Fy(Y') is nonempty. In particular, F(Y) is
irreducible, Fo(Y') is dense in F(Y) and 7 : F(Y) — F(Y) is birational.

Proof. To check the smoothness of F(Y) we consider the universal Pfaffian variety and its
resolved Fano scheme of lines. In other words, we consider Gr(2n, A*W*) and

Y = Parenazw (V) Xpazw+) PEHW), F(Y) = Grarannzw (2, V) Xar@azwe) F(PE(W)),
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where we denote the tautological bundle on Gr(2n, A>W*) by V. We have canonical projections
Y — Gr(2n, A*W*) and F(Y) — Gr(2n, A>W*) and it is clear that their fibers over V €
Gr(2n, A2W*) are the corresponding Pfaffian variety and its resolved Fano scheme of lines.

Note that F () is smooth. Indeed, considering the projection F(Y) — F(Pf(W*)) we see that
its fiber over a point (U, L) € F(Pf(W*)) is just the set of all V' € Gr(2n, A>W*) such that
L CV C A’W*. In other words, F(Y) = Grppgpy) (2n — 2, A*W*/L).

The smoothness of F(Y) and nonemptyness of Fy(Y) for general Y follow because the general
fiber of a morphism of smooth varieties is smooth and has a nontrivial intersection with a given
open subset.

Now let us verify the connectedness of F(Y). Since the fibers of the projection F(Y) — F(Y)
are connected, it suffices to check that F'(Y) is connected. And for this it suffices to check that
H(F(Y),Opnyy) = 0. But F(Y) C Gr(2,V) is the zero locus of a regular section of the vector
bundle S™L*, so we have the following Koszul resolution

= A*(S"L) = S"L — O — Opyy — 0.

Looking at the hypercohomology spectral sequence it is easy to note that it suffices to check that
HI(Gr(2,V),A"(S"L)) =0 for ¢ <t and ¢ > 0. But the Bott—Borel-Weil theorem implies that
H1(Gr(2,V), A'(S™L)) can be nontrivial only for ¢ = dim V-2 = 2n—2 and ¢ = 2(dim V' —2) =
4n —4. On the other hand r(S™L) = n+1,s0t < n+1. Since for n > 3 we have 2n—2 > n+1
we see that HY(Gr(2,V),A*(S"L)) =0 for ¢ < tand ¢t > O unless n =3 and ¢ =t = 4. In
the latter case H*(Gr(2,6), A*(S3L)) = H*(Gr(2,6),¥5°L) = H*(Gr(2,6), O(—6)) = 0 (in this
case the nontrivial cohomology is H® = C # 0), so we conclude that H(F (Y, Ofy)) = 0 and
that F(Y) is connected.

Since F(Y) is smooth and connected we conclude that F(Y) is irreducible. Therefore the Fano
scheme F(Y') = n(F(Y)) is irreducible as well. And since Fy(Y') # @ themap 7 : F(Y) — F(Y)
is birational. m

Denote by p the projection F(Y) — Gr(n + 1, W). Our further goal is to identify the image
of F(Y) in Gr(n+1,W). Consider the map ¢ : V& Ogyny1,w) — A2W* @ Ogeni1wy — A2U*
on the Grassmannian Gr(n + 1, ). Denote

GY) = {Ue€Gr(n+1,W)| rank(py) < 2n — 2},

Go(Y) = {U € Gr(n+1,W) | rank(py) = 2n — 2}.

Lemma 4.2. We have p(Fy(Y)) = G(Y). Moreover, the projection p : F(Y) — G(Y) is an
isomorphism over Go(Y').

Proof. For any point (U, L) € F(Y) we have ©g(ry(L) = 0 by definition of F. Hence at any
such point the rank of ¢ is less than or equal to dim V/L = 2n — 2. On the other hand, assume
that rank ¢ < 2n — 2 at a point U € Gr(n + 1,W). Then there is a two-dimensional subspace
L C V such that ¢y (L) = 0, which means that (U, L) € F(Y). O

We have the following diagram

oY) c F(Y) G(Y) D Go(Y)

where both maps 7 and p are isomorphisms over open subsets Fy(Y') and Go(Y') respectively.
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Lemma 4.3. For generic Y the set Go(Y) is nonempty. In particular, for generic Y the
projection p : F(Y) — G(Y') is birational.
Proof. Consider the universal versions of G(Y') and Go(Y):

G(Qy) = {(V,U) e Gr(2n, A*W*) x Gr(n+ 1,W) | rank(p : V — A2U*) < 2n — 2},
Go(Y) = {(V,U) € Gr(2n, A>W*) x Gr(n+1,W) | rank(p : V — A2U*) = 2n — 2}.

It is easy to see that G(Y) is irreducible and Gy(Y') is open in G(Y'). Hence the general fiber of
Go(Y) over Gr(2n, A2°W*), which is nothing but Go(Y), is nonempty. O

Our further goal is to identify G(Y) for Y = Yy in terms of the corresponding Calabi—Yau
linear section X = Xy of the Grassmannian Gr(2, W). Let

d, = deg Gr(2,n + 1), ch=M=3n+4)/2=Mn—-1)(n—-2)/2+1
Actually, d, is the Catalan number C,_;, but we do not need it.

Consider the Hilbert scheme Hilb,, (X) of Artinian subschemes of X of length d,, and its
subvariety

k * _, HO9( 7. S* < 1
H(X)I{ZeHilbdn(X) ’ rank(W (2,8,)) <n+1, }

rank(A?’W* — H°(Z, AQS‘*Z)) <cp

where S is the tautological bundle on G(2, W). If for a point Z € H(X) the rank of the map
W* — H°(Z, S/;) equals n + 1, we can associate to Z the kernel of the map W* — H°(Z, Siy)-

Thus we obtain a rational map H(X) — Gr(n — 1,W*) = Gr(n + 1, W). More precisely, let

AX) = {(U, Z) € Gr(n + 1, W) x Hilby (X)

Z € Hilb,, (X N Gr(2,U)),
rank(A2U* — H°(Z, AQS‘*Z)) <ec, [

We have projections H(X) — Gr(n+ 1,W) and H(X) — H(X).

Lemma 4.4. The image of H(X) in Gr(n+ 1, W) coincides with G(Y).

Proof. Let (U, Z) € H(X). Since Z C X N Gr(2,U) we have commutative diagram
V -

= A2V AU

HO(X, A28} ) —= HO(Z,A2S},)

Note that the dashed map vanishes by definition of X. Therefore, the dotted arrow is also zero.
In other words, the composition

V — ANU* — H°(Z,\*S};)

is zero. On the other hand, the rank of the second map here is not greater than c, by definition
of H(X). Therefore the rank of the map V — A2?U* is not greater than dim A*U* — ¢, =
n(n+1)/2—(n*—-3n+4)/2=2n— 2, so we see that U € G(Y) by definition of G(Y).

Vice versa, assume that U € G(Y). Then X N Gr(2,U) C Gr(2,W) is the linear section of
Gr(2,U) by the image of V' C A?W* in A?U*. By definition of G(Y) the dimension of this
image is not greater than 2n — 2, so X N Gr(2,U) is a linear section of the Grassmannian
Gr(2,U) = Gr(2,n + 1) of codimension < 2n — 2. But since dim Gr(2,n + 1) = 2n — 2 such
an intersection contains not less than deg Gr(2,n + 1) = d,, points, so we conclude that there

exists a subscheme Z C X N Gr(2,U) of length d,,. Then (U, Z) € H(X). O
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Denote the maps from H(X) to H(X) and G(Y)) by 7’ and p' respectively. Consider the open

subsets ' ' .
Gy(Y)={U e Gr(n+1,W) | X NGr(2,U) is zero-dimensional },

Ho(X) = {Z € H(X) | rank(W* — HY(Z,8%)) = n+1}.

We have a diagram
H(X)
/ \
G(Y) H(X)

Gy(Y) C 5 Hy(X)

Also denote

- i Z =X NGr(2,U) € Hilbg,,

Hy(X) = p'~H(Gy(Y)) = {(U, Z) ‘ rank(A20* i HO)(Z,AQSé)) < ¢, } :
rank(W* — H(Z,8[;)) =n +1,
rank(A*W* — H°(Z, AQS‘*Z)) <c, |’

Hy(X) = 7'~ \(Hy(X)) = {Z € Hilb,, (X)

Lemma 4.5. Ifn > 3 then for a generic X the set ]jl(’]()g) N Hy(X) is nonempty. In particular,
the sets H(X) and H(X) have irreducible components Hi(X) and Hi(X) such that restriction
of the maps p' and @' to H1(X) are birational transformations H;(X) — G(Y') and H{(X) —
Hi(X).

Proof. Once again, consider the universal versions of H(X), Hy(X) and H)(X):

Ho. Hy € H = {(V,U, Z) € Gr(2n, A*W*) x Gr(n + 1, W) x Hilbg, (Gr(2,W)) |
| Z cP(V*)NGr(2,U) € Gr(2,W) and rank(A*U* — H(Z,A*S,)) < cn}.

It is easy to see that ﬂoﬁfl{) CHisa nonempty open subset and its projection to Gr(2n, A2W*)
is dominant. It follows that the generic fiber of Hy N H; over Gr(2n, A2W™) is nonempty, so
Hy(X)N H{(X) is nonempty for generic X. Define H,(X) to be the closure of Hy(X )N H{(X)

in H(X) and Hy(X) = 7/(H,(X)). Then the claim becomes obvious. O
Corollary 4.6. For a generic V.C A*W*, the varieties F(Y), G(Y) and H(X) are birational.

Since H(X) is a moduli space on a Calabi—Yau manifold X of dimension 2n—4, it has a natural
(2n — 4)-form.

Conjecture 4.7. The birational isomorphism of F(Y') and H(X) is compatible with (2n —4)-
forms.

We conclude this section by describing the above construction in cases n = 2 and n = 3 more
explicitly.

If n = 2 then Pf(C*) = Gr(2,4), so Y = P*NGr(2,4) is a quadric in P?, and X = Gr(2,4) N P!
is a pair of points. In this case d, =1, ¢, = 1, so H(X) = X is a pair of points. However, the
map 7 in this case is not birational, it is a P!-fibration in fact, so H (X) is a union of two P!,
as well as G(Y') and F(Y). So, in case n = 2 our construction shows that the variety of lines
on a 2-dimensional quadric is P! LI Pt

If n = 3 then Y = P° N Pf(C%) is a Pfaffian cubic fourfold, and X = Gr(2,6) N P? is a K3-
surface. In this case d = 2, ¢, = 2 and it is easy to see that all the maps =, p, p/, 7" described
above are biregular isomorphisms. Moreover, the conditions rank(W* — HY(Z, Sy, 7)) < 4,
rank(A’W* — H°(Z,A’S/;)) < 2 defining H(X) C Hilby(X) are void since Z is a length 2
subscheme in X, so H(X) = Hilby(X) and our construction gives the classical isomorphism

between the Fano scheme F(Y) of lines of Y and Hilby(X).
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5. EXTERIOR FORMS VIA THE LINKAGE CLASS

We will start by defining the divisorial linkage class (see [KuM], Section 3 for a more general
notion of k-th linkage classes associated to any closed embedding i : Y < W). In what follows,
Y is a hypersurface (that is, an effective Cartier divisor) in a nonsingular algebraic variety W.
We reserve the calligraphic letters F, G,... for coherent Oy-modules or objects of D*(Y) and
the block letters F', G, ... for coherent Op-modules or objects of D°(W).

The restriction (or pullback) functor i* : Coh(W) — Coh(Y) has a left derived functor Li* :
D*(W) — Db(Y). It can be described as follows: let R(F) denote a locally free resolution
of any F' € D°(W). Then Li*(F) is quasi-isomorphic to i*R(F). The cohomology h* Li*(F')
of the complex Li*(F) is denoted by L_.i*(F) or L*i*(F). Assume that F is a sheaf, that
is a complex concentrated at grade 0. Then the cohomology of Li*(F') can only appear at
k < 0. More exactly, we can write Li*(F) = Oy ®-10,, f~"R(F) and compute Lyi*(F) using
the symmetry of the tensor product on its arguments together with the fact that Oy, as an
Oy-module, has a locally free resolution of the form R(i,Oy) = [Ow(=Y) — Ow]. We obtain
that Loi*(F) = i*(F), Lii*(F) = i*(F) ® Ow(=Y)ly = i*(F) ® Ny, where Ny, denotes
the conormal sheaf of Y in W, and all the other cohomologies are zero.

If we consider R(i,Oy) @f-10,, [ 'F and Oy ®;-10,, f~"R(F) as complexes of Oy-modules,
then they are quasi-isomorphic to each other and to the direct sum of their cohomologies.
But they are different as complexes of Oy-modules: the first one is quasi-isomorphic to the
direct sum of its cohomologies, the second may be a nontrivial extension. More exactly, let
7°Li*(F) be the canonical filtration on Li*(F'). Then 77! Li*(F) and gr? Li*(F') are complexes
concentrated at only one grade, so they are quasi-isomorphic to their cohomologies:

T Li* (F) = Lii*(F)[1], e Li*(F) = Loi*(F).
Thus the exact triple
0 — 7 'Li*(F) — 7°Li*(F) — g1’ Li*(F) — 0 (8)
defines the extension class
er € Ext!(Loi*(F), L1i*(F)[1]) = Ext®(Loi* (F), L1i*(F)) = Ext*(i"F,i* F @ Nyyy).— (9)

Definition 5.1. The extension class ([) of the exact triple (f) is called the divisorial linkage

class of F' with respect to the embedding ¢ : Y — W. To make explicit its dependence on the

/

embedding, we will also denote it by e? W, By abuse of notation, the divisorial linkage class of

1. F for an Oy-module F will be denoted e or e;/ W

Remark 5.2. In practice, to compute €, one can use a partial resolution 0 - G — F — F — 0
with E locally free and G torsion free instead of the full resolution R(F'). Tensoring by Oy,
we get the 4-term exact sequence

0— i Tori(i.O0y, F) - "G — i"E — "F — 0,
whose extension class in Ext?(i*F, i* Tor,(i,Oy, F)) = Ext*(i*F,i*F ® Ny w) is €.

Remark 5.3. In [KuM], a more abstract definition of ez is given, valid for an object F of
D*(Y). It is a morphism in the derived category included into the following distinguished

triangle: Li*i,F——>F —>F ® N;/W [2].

The following example seems to be the easiest one for which the linkage class is nonzero.

Example 5.4. Take for i the Segre embedding ¥ = P! x P! — W = P? with image given by
the equation zw —yz = 0, and set F = Oy (1,0). Then F = i,F has a resolution [Oy (—1)%? —
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OF?] with the map given by the matrix (i 3}) It follows that Li* F = [Oy(—1, —1)%%? — O]
qis
with the map given by the same matrix, L17*(F) = Oy (—1,—=2), Lyi*(F) = F = Oy(1,0), and,
by Remark f3, e € H*(Y, Oy (—2,—2)) is the extension class of the exact quadruple
0 — Oy(—1,-2) —— Oy (~1,-1)%% —— OF? Oy(1,0) = 0

() (fv) oo

We have ep = 0 <= LZ*F;—I\;Oy(l,O) ©® Oy(—l, —2)[1] - HO(Y, Oy(—l,O) ® LZ*F) = C.
But from the resolution,

H(Y,Oy(-1,0) ® Li*F) = H°(Y, [Oy (-2, -1)®* — Oy (-1,0)%*]) = 0,
hence e # 0.
Now we go over to the situation when Y = Y, is a hypersurface of degree n in W = P?*~1
and F is a sheaf representing a point m = [F] of some connected component M of the smooth
locus of the moduli space of stable (or simple) sheaves on Y. There is a canonical isomorphism

T,,M = Ext'(F, F), and formula ([]) defines a p-linear form a,(m) on T,,M with p = 2n — 4.
It depends on the choice of the isomorphism N;/W ~ wy, where wy is the dualizing sheaf of

Y. Fixing once and forever such an isomorphism, the forms a,(m) fit to a well-defined cross-
section oy, of the vector bundle APTVM = Q274 One way to see that it is a regular section is
to relativize the definition of e+ and formula ([]) in flat families of sheaves. We will use another
approach, consisting in relating ez to the Atiyah class of F.

We will use the Atiyah class of torsion sheaves on Y with support Z which is a locally complete
intersection subscheme in Y. Let i : Z — Y be the natural embedding. For any F,G € D%(Z),
we have a spectral sequence

EY = ExtP(L,i%i.F,G) = Ext?™(i,.F,i.G),

and a canonical isomorphism Lg%, F s F ® NN, P Iy This provides a natural map
Ext!(i,F,i.G) — Hom(F ® v 9)-

Assume now that, moreover, F is a locally free sheaf on Z. Then there is a canonical isomor-
phism * Ext (1, F,i,.G) = Hom (F & /\qNZV/Y, G), and we obtain another natural map between
the same objects:

Ext!(i,F,i.G) — H(Y, Ext *(i,.F,i.G)) = H'(Z,i* Ext ' (i,F,1.G)) =
= HO(Z> Hom (F ® N}\///Wa G)) = Hom(F ® N;/Wv g),

where the first arrow comes from the local-to-global spectral sequence for Exts. One can prove

that these two maps coincide.

Theorem 5.5. Let Z be a locally complete intersection subscheme in'Y and i : Z — Y the
natural embedding. Let F € DY(Z). Then the image of the Atiyah class At;, 5 € Ext'(i,F,i,F®
OL) in Hom(F Ny, F® QY |z) coincides with 15 ® kzy, where kz/y denotes the natural
map of sheaves Ny, — Qy|z.

Proof. See [KuM], Theorem 3.2 (iii). O

When Y is a hypersurface in a smooth variety W, consider the conormal bundle sequence

Ry /w Py /w

0 Lo [ 2l 0. (10)

Denote by vy the extension class of ([[0) in Ext' (3, W)
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Theorem 5.6. Let Y be a hypersurface in a smooth variety W, v :' Y — W the natural
embedding, and F € D(Y). Then the linkage class e;/W € Ext?(F, F@Ny ) factors through
the Atiyah class Aty € Ext'(F, F @ Qi)

e = (1r® Vyyw) o Atg.
Proof. See [KuM], Theorem 3.2 (i). O

In the next theorem, we deal with exterior forms on a moduli space M of sheaves on a projective
variety Y. Speaking about exterior forms on M, we will always mean that M is smooth. On
the other hand, it is not important to us whether M is separated or not. Thus we will take for
M an open subset of the smooth locus of either one of the following two moduli spaces: either
the moduli space of H-stable sheaves on Y in the sense of the definition of Simpson [S] for some
ample divisor class H on Y, or the moduli space of simple sheaves on Y as defined in [AKJ]. The
former is a quasi-projective scheme over k, and the latter is a possibly non-separated algebraic
space.

Corollary 5.7. Let Y =Y, be a smooth hypersurface of degree n in W = P! and M
a connected component of the smooth locus of the moduli space of stable or simple sheaves
on Y. Let us fix an isomorphism /\/’;/W ~ wy. Then there exists a closed reqular p-form
a, € H(M,Q8,), where p = 2n — 4, such that its value a,(m) at any point m = [F|] € M
represented by a sheaf F is given by formula (). Forn =4, and M = F(Y), «, is proportional
to the 4-form on F(Y') defined in Corollary [I.7.

Proof. As in the proof of Theorem 2.2 of [KuM]||, we can shrink M to the biholomorphic image
of a polydisc in it, choose a universal sheaf F over M x Y and represent (p + 1)a, as the
Kiinneth component v>"~427=2 ¢ HO(M, Q37 %) @ H*2(Y, Q31 ?) of

v = Te(A5" ) A vyyw € H72(M x Y, Q04 5),

where vy is viewed here as an element of H!(Y, Q%) ~ Ext'(Q}, yyw)- Then v is de
Rham closed by [HIJ], Sect. 10.1.6. In the same way as in loc. cit., this fact together with
the projectivity of Y implies that all the Kiinneth components of v are dj;-closed, where dj,
denotes the de Rham differential on M. O

To conclude this section, we will prove a nonvanishing theorem for e which is a direct gen-
eralization of Proposition 4.1 of [KuM] from n = 3 to all n > 3. We use here a more general
definition of the linkage class, referred to in Remark p.3.

Proposition 5.8. Assume that F,G € C,, that is H?(Y, F(—k)) = H?(Y,G(—k)) = 0 for all
pE€Zandk =0,1,...,n—1. Then the multiplication by the linkage class eg € Ext*(G,G(—n))
induces an isomorphism Ext?(F,G) = Ext?**(F,G(—n)) for all p € Z.

Proof. Consider the Beilinson spectral sequence for i,G (see [Bel, [OSJ])

ETP = HY(P* ' i,G(—p)) @ s, (p) = i.G,

where i : Y < P?"! is the natural embedding. By the assumption on G, we have Ef’q =
E;Y = .. = E{" = 0 for all ¢. Hence the derived pullback Li*i,G is contained in
the triangulated subcategory of D?(Coh(Y)) generated by i*Q,, 1 (n), Qi (n + 1), ... |
254 (2n — 1). Let V = C*, so that P*"~! = P(V). The Euler exact sequence

0—Op2n-1—V @ Opan-1 (1)%7&»%—1 —0
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and the isomorphism QH%ZJEI_ ki N Tp2n—1 (—2n) lead to the following resolutions for the sheaves

Q= 1=k(on —1—-k) (k=0,1,...,n—1):
0—-0(-k—-1)— ... = A"'VR0(-2) - A" VeO(-1) - Q& " *2n-1-k)—0.

Hence this subcategory coincides with the subcategory of D’(Coh(Y)) generated by Oy (—1),
..., Oy(—n). By Serre duality on Y and by the hypothesis on F, we obtain:

Ext?(F, Oy (—k — 1)) 2 H*™ '"P(F(~k))" =0
for all £ = 0,1,...,n — 1. Hence Ext*(F, Li*i,G) = 0. It remains to note that we have

a distinguished triangle Li*i,G—>G——>G(—n)[2]. Applying the functor Hom(F,—), we
deduce the proposition. O

For n = 3, this nonvanishing property implies the nondegeneracy of s, _4, on moduli spaces M
that parameterize sheaves from C,. The same argument implies only partial results for bigger
n. For example:

Corollary 5.9. Let n = 4, so that Y is a quartic in P7, and assume that a moduli space M
parameterizes sheaves from C,. Then the 2-rank of ay at a point m € M representing a sheaf
F coincides with the dimension of the image of the Yoneda coupling

Ext!(F,F) x Ext'(F, F)— Ext*(F, F).

Proof. Similar to the proof of Theorem 4.3 in [KuM]. O

6. AN EXPLICIT CALCULATION

Throughout this section, ¥ will denote a generic quartic hypersurface in P (a quartic 6-fold).
Let F' = F(Y) be the Fano scheme of Y, that is the Hilbert scheme of lines in Y. We have
seen that F' is a smooth connected projective variety of dimension 7. We will denote by {/}
the point of F(Y') representing a line ¢ C Y.

The constructions of Corollaries [.7 and p.7 provide a closed 4-form o = oy € H*(F(Y), lew(y))'
We will produce an explicit formula for its value a(m) at a point m = {¢}.

Proposition 6.1. Let Y be a generic quartic hypersurface in P7. Then there is an algebraic
subset R(Y') in F(Y) of codimension > 3 such that Nyy ~ O(1)%* & O%* for all {¢} €
FY)\R(Y), and Nyyy ~ O(1) @ O ® O(-1) if {¢} € R(Y).

Proof. Denote by V the vector space C® whose projectivization contains Y. So P” = P(V), and
Y =Y} is defined by an octal quartic form f € S*V*.

The possible types of the normal bundle follow easily from the two exact triples
0—-T =Tyl —=Nyy =0, 0—Tylg — Tpr|p — Nypr|e — 0.

Indeed, the tangent space Ty F'(Y') is of dimension h(N/y ), so the smoothness of F(Y') implies
that h'(Ny/y) = 0 for all ¢. Hence the Grothendieck splitting of Ay has no summands O(a)
with a < —1. As Tpr|, =~ O(2) ® O(1)® and Ty |, has an injective map to it, 7y, is the sum
of sheaves O(a;) with2 >a; >1>ay > --- > ag > —1, and ) _ a; = deg Ty |, = 4. Moreover,
a; = 2 because 7, ~ O(2) has a nonzero map to Zy|,. This leaves only two possible choices
(a;) = (2,12,0%) or (2,13,0,—1). Splitting off O(a;) ~ 7, we obtain the two possible normal
bundles Ny

Thus the lines in Y are of two types. The summands O(1) of Ny span the subbundle
corresponding to infinitesimal deformations of ¢ inside the projective subspace ()pc, TpY’, the

intersection of the tangent hyperplanes to Y at all the points of ¢. This is a cubic pencil of
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hyperplanes, and generically there are 4 linearly independent ones. Hence ()., TpY =~ IP3 for ¢
in an open subset of F(Y'). These are lines of the first type. Their complement R(Y) in F(Y)
is the set of lines of the second type; for them (Np.,TpY =~ P*. It remains to estimate the
codimension of R(Y).

Let g=yg;:Y — Y* CP™, P+ TpY be the Gauss map, given in homogeneous coordinates
by (zog : -+ :x7) — (0f /Oxg : -+ : Of JOx7), where f is the quartic form defining Y. As the
partial derivatives 0 f/dz; have no common zero on Y, the Gauss map is finite. Its restriction
to a line £ in Y is given by a cubic pencil without fixed points, so the image g(¢) is either a
cubic rational curve, or a line. In the latter case, ()p.,TpY would be 5-dimensional, which is
impossible by the above. Hence g(¢) is always a rational cubic, and {¢} € R(Y") if and only if
g(¢) has exactly one singular point. Thus if we define the algebraic set

RY)={(,P)e F(Y)xY | Pet, g(P)e Singg(l)},

then the projection pr; : R(Y) — F(Y) is finite of degree 2 and has R(Y') as its image, so
dim R(Y) = dim R(Y). We will deduce the dimension of R(Y") by a standard dimension count.

Consider two incidence varieties:
L={(P,Q,f) eP(V)xP(V)xP(S'"V*) | P#Q, Vpf ~Vof, PQCY;},

where Vpf = (0f/0xg,- - ,0f/0x7)|p is the gradient of f at P, the sign ~ stands for propor-
tionality, and PQ denotes the line passing through P, Q, and

Iy ={([Pv], f) € P(Tpr) x P(S'V*) | P €Y}, v € TpYy, v#£0, (Vpf,v) =0, PvC Yy},

where [P,v] is the proportionality class of v considered as a point of P(TpP7), and Pu is the
line through P in the direction of v.

The proportionality Vpf ~ Vg f can be interpreted as the coincidence of the tangent spaces
TpY; =TpY; as soon as both gradients are nonzero. The part of I; for which Y} is nonsingular
parametrizes all the triples (P, Q, f) for which g;(PQ) has a node at g;(P) = g;(Q). Similarly,
the part of I for which Y} is nonsingular parametrizes the pairs ([P,v], f) for which g;(Pv)
has a cusp at g¢(P). Thus, assuming Y = Y} nonsingular, we can represent R(Y) as the union
of two algebraic sets 7; '(f), where m; : I; — P(S*V*) (i = 1,2) is the natural projection.

Looking at the other projection pry, : Iy — P(V) x P(V) \ (diagonal), we find that all of its
fibers are isomorphic to each other and irreducible of dimension 319, hence I; is irreducible
of dimension 333. As dimP(S*V*) = 329, we conclude that 7;'(f) is either empty, or is of
dimension 333 — 329 = 4 for generic f. Similarly, I, is irreducible and dim 5 = 332, so 7, ' (f)
is either empty or is of dimension 3 for generic f. Hence dim R(Y) < 4 for generic f, as was to
be proved. O

Fix now a generic quartic Y C P” = P(V) and a line ¢ of first type in Y. Choose homogeneous
coordinates in P7 in such a way that £ = {zg = --- = x5 = 0}. Then the equation f of ¥ can
be written in the form

[ =wxofo(xo,...,27) + -+ x5f5(20, ..., 77),

where the f; are cubic forms. Denote by f; = f;(xs,27) the restriction of f; to £. The fact
that ¢ is of the first type implies that the 6 forms f; = g—£| ¢ generate the whole 4-dimensional
vector space of binary cubics, and by a linear change of coordinates zy, ..., x5, we can arrange
the things so that

7 3 F 2 7 2 7 3 7 o
fO:x67 f1:$6$7> f2:$6$7> f3:ff7> f4:f5:0-

Now we will construct an explicit Grothendieck splitting of 7y |, and Ny/y. We have P(V) =

V0/C*, where V? =V '\ {0}. The symbols 9/dz;, dr; have a natural meaning as vector fields,
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respectively 1-forms on V or V°. A rational section of 7p7(k) can be represented in the form
> ¢,0/0x; mod E, where ¢, are rational homogeneous functions in z; of degree k£ + 1, and
E =5 x;0/0x; is the Euler vector field. Let us denote 9/0x; mod E by d;. Then Oy, ...,0;
form a basis of H°(Tp7(—1)), and H(Tpr) is generated by x;0;, 0 < i, j < 7, with a single linear
relation Y z,;0; = 0.
A rational vector field > ¢;0; is tangent to Y if and only if >  ¢;0f/0x;|ly = 0. Similarly,
an expression Y 1;dz;, where 1); are rational homogeneous functions in z; of degree k — 1,
represents a rational section of Qg (k) whenever Y z;4; = 0, and then Y t;dx;|y mod df
represents a rational section of Q3-(k). We will use the overbar to denote the restriction of
sections of O (k) or Tpr(k) to sections of Q3 (k)|, or Ty (k)|,. With this notation, we have the
following Grothendieck splitting:

Ty|g = Og(Q)GQ D Og(l)el D Og(l)eg D Ozeg D Og64 D 0g65, (11)

where the e; are the following sections of appropriate twists of 7y |,:
o = x5 07 = —x7' ¢, €1 = 04, €3 = 05,
€3 = IL‘651 — l‘750, €y = x652 — ZL‘751, €y = l‘@gg — ZL‘752. (12)

Thus ey € H°(Ty(—2)|¢), e; and ey are elements of H(7y(—1)|,), and the remaining e; are
sections of 7y|,. We can identify N, /v as the sum of the last five summands. Denote by é; the
dual basis of HY(¢, (Q4],) ® k(¢)), so that (&,e;) = d;;. Then

ég = xgdx; — x7dTg € H(](Q%/(?)‘g),

dz,
61 = dTs, & = dT5 € HOQy ()]0, HOQlo) = (@5,64,85), &= ——,
7
1 1 1 dx
b= = (_‘”_gdfo — T+ —dTs + x—;d@) L= (13)
2 i T Te T Tg
Here dz; are well-defined for ¢ = 0,...,5 by the formula
dz; = dz; — ﬁda:j = (d:cl- - ﬂd:cj) ' mod df[y (j =6 or 7). (14)
T L 4

The Grothendieck splitting of 3|, has the form
Qyle = 0u(=2)é0 D Op(—1)é1 @ Op(—1)ér B Opés D Opéy D Oyés (15)
and the last four summands give a Grothendieck splitting of /\/ZV/Y

Let us now compute the composition () with p = 4 on four sections & € Ext'(O,, O;) =
HONyy),i=1,....4,

& = (airs + anxr)er + (biors + binar)es + cies + cines + ciges, (16)
where a;j, b;;, ¢;; are elements of k.

Theorem 6.2. In the above notation, the 4-form cay(m) defined by ([I) at a point m = [O,] of
the Fano scheme F(Y') is given up to a constant factor by the formula

aip bip c12 ci3 ap b ¢ cis
ag(m)(&, .., &)=+ ot = :
ago bio Caz Ca3 ago by ca1 o cu3
ain b ¢ ci3 ap;; b o ez
— |+ s s s (1)
asi by ca1 ca3 ag1 by ca ca
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Proof. By Theorem b.G, ay(m) is the composition of the maps in the upper line of the diagram

Ext} (O, 0,) LBt 4(0, 0f) 2% Bxt? (O, Oy @ QL) 2 ExtS (O, Op & wy ) — k

) ) ) o H

HO(Nyy )t —"— HO(N'Wyy) —> HO NNy @ Q) H'(w))

Here we are using the canonical isomorphisms Ext (O, O;) = AqM/y, and the vanish-
ing h'(AINyy) = R(AN*Nyy @ Q3) = 0 for ¢ > 0 implies that the vertical maps, com-
ing from the local-to-global spectral sequence, are also isomorphisms. Further, by [KuM],
Lemma 1.3.2, the Yoneda coupling on the Ext-sheaves corresponds to the wedge product
under these isomorphisms The symbols k, v were defined in Theorems p.5, f.6. After
applying v € Ext!(Q}, Y/P7) in both lines, we also use the isomorphisms J\/;X/]P7 ~ Wy,
A /\/g/y X /\/'Y/]P7 ~ wy ; the constant factor mentioned in the statement of the theorem de-
pends only on the choice of these isomorphisms.

Thus we can calculate ay(m) in following the bottom line of the digram, in which the Yoneda
product turns into the wedge one. We have Kk = e ® é; + --- 4+ e5 ® é5, and the image of

(&1, -0 &) in HO(NNyy ® Qy) s

a10T¢ + a1127  bioTe + b11xr €11 c12 ci3

V=ANLAGAGNE=e N Aes® : : S ,
as0%6 + a7 bae + b7 cu Caz cCa3
€1 €9 €3 €4 €x
where the determinant is understood as its row expansion with respect to the last row. We can
equally omit the factor e; A...Aes, for it is a nowhere vanishing section of det N, v (=2) ~ O,
Then 1 is just the section of Q!,(2) given by the determinant in the last formula.

Next we have to couple 1) with v. The Ext-group to which v belongs can be represented as
HY(Ty(—4)) or else H'(Q3). As we know from Proposition [0, 4°'(Y) = 1. Thus we have to
determine the image of the 1-dimensional H'(€3.) inside the 14-dimensional H'(23|,). Keeping
in mind that QY ~ 7y (—4), we use the natural exact triple

0— Ty(—4) — %7(—4)|y — OY — 0.

Then we see that H'(7y(—4)) = By (H°(Oy)), where Sy is the Bockstein homomorphism, and
the commutativity of the maps of the exact triple with the restriction to ¢ implies that

m (' (Tr(—4)) =02 g T (—4)))) = im (HO(O) 25 HY(Tr(-4))))
where (3, is the Bockstein homomorphism of the restricted exact triple
O%Ty(-4)|g%7ﬂ»7(—4)|g—>05%0

The surjection in this exact triple is induced by 0; — (0f/0x:)|e, so that 2520y — 1 and
2703 +— 1. Taking the standard covering of ¢ = P! by the open affine sets Us = {z¢ # 0},
U; = {x7 # 0}, we get a Cech representative for 3,(1) € H'(Ty(—4)|¢) of the form

rles + werres + Ties

3.3
Tl

1‘7_383 — Tg 360 € F(U@ NnU;, Ty(—4)|g) (18)
The wanted quantity ay(m)(&1,...,&) is by construction Tr(v A ¢) when v is considered as
an element of H'(Q3|,), but ([§) represents it as an element of H'(7y(—4)|,), and the wedge
product becomes the contraction of 1-forms with vector fields. Thus we are computing Tr(v, 1),
which is nothing but the image of (v, ¢) under the Serre coupling
HY Ty (—4)]e) x H(Qy (2)|)—H"(On(-2)).
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On the level of Cech cocycles, the value of the coupling on a pair (> diei, Y i Y;€;) is the
coefficient of ﬁ in the expression ) . ¢;1;. This is due to the fact that the cohomology class
of the cocycle Klm generates H'(Oy(—2)), and the classes of all the other cocycles of the form
L (i+j =2, (i,7) # (1,1)) are zero. We obtain that ay(m)(&, ..., &) is the coefficient of

1317
in the product

Tex7

a10Te + annx7 bioTe + brixr c11 ci2 ¢

rles + werre, + Ties : : S
3,3 ) )
Lgly a40%6 + @q1T7  bagTe + byx7r Ca1 Caz  Caz
€1 €2 €3 €4 €5
which coincides with ([[7). O

Corollary 6.3. Let Y be a smooth quartic hypersurface in P7, and ¢ a line of first type in Y.
Then F(Y) is smooth at m = [O,], and there exists a basis (ag, ay, by, b1, c1, 2, c3) of the
Op(y)-module Q%(Y) over an open neighborhood U of m such that the 4-form a4 defined on U
by Theorem [5. 71 is given by

oz4:aOAbOA02A03—a0Ab1/\01/\03—a1/\bo/\cl/\03+a1/\b1/\cl/\02.

7. NONDEGENERACY OF EXTERIOR FORMS

The classification of trilinear alternating forms in seven complex variables goes back to Schouten
(1931). There are exactly ten orbits of GL; (including zero); in particular, as was already known
to E. Cartan, there is an open orbit of forms whose stabilizer is (up to a finite group) a form of
the exceptional group G2 (see [CH]). Moreover the normal form of a generic alternating 3-form
encodes the multiplication table of the Cayley octonion algebra.

The classification of 4-forms in seven complex variables is almost equivalent to that of 3-forms,
because of the isomorphism AU ~ A3UY ®@det(U) for a seven dimensional vector space U. More
precisely, the projective classifications are completely equivalent, and it follows that GL(U) has
the same orbits in A*U and in A3UY, with isomorphic stabilizers up to finite groups.

One way to distinguish the orbits is to observe that there exists a G'L7-equivariant map
S3(A3UY) — S2UVY defined up to constant. Indeed, let us choose a generator Q of det(U)Y. To
each w € A3UY we associate the quadratic form ¢, on U defined by the formula

WA (usw) A (usw) = qu(u) Vu e U,

where u_w denotes the 2-form obtained by contracting w with u. Then ¢, is non-degenerate if
and only if w belongs to the open orbit, and this yields the classical embedding Gy C SO7;. On
the complement of this open orbit the rank of ¢, drops to four. More precisely, it is equal to
four exactly on the codimension one orbit.

One can check that the orbit structure of AU is as follows, where we denote by O¢(r, p) the
orbit corresponding to the 3-form denoted fy in [CHJ|, Table 1; d is the dimension of the orbit,

r is the 2-rank and p the rank.
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O (21,7)

|

O3(18,4)

TN

031(16,2) 0%(18,1)

|

03°(12,0)

|

02(12,0) O%(15,1)

~

03°(10,0)

(6,0
0
Comparing the expression of our 4-form in Corollary .3, we see that it does not belong to the

open orbit OF°, 5o it does not define a G-structure. Nevertheless, it belongs to the codimension
one orbit O3*, and in this sense it can be said “minimally degenerate”.

O1°(6,0)

APPENDIX A. LINES ON PFAFFIAN VARIETIES

Let F(Pf,(W*)) denote the Fano scheme of lines on Pf,(W*). By definition it is a subscheme
of Gr(2, A>WW*) with equations given by . In other words, the sheaf of ideals of F(Pf(W*))
is the image of the map

A=V @ S’(”’k“)LLOGr(zMW*) ;
where oy, is defined in ([) and L is the tautological bundle on Gr(2, A*1W*).
Consider the product Gr(n + k, W) x Gr(2, A2IW*) and the subvariety
F,={(U,L) € Gr(n+ k, W) x Gr(2, A°W*) | L C Ker(A*W* — A’U™")}. (19)

The projection 7 of Gr(n 4+ k,W) x Gr(2,A>W*) onto the second factor maps F}, into
F(Pf,(W=*)). The goal of this section is to prove the following

Theorem A.1l. The map 7 : F, — F(Pf,(W*)) is a resolution of singularities. For k =1 this
resolution s crepant.

We start with the following simple observation.

Lemma A.2. F, is a smooth connected algebraic subvariety of codimension (n+k—1)(n+ k)
in Gr(n + k, W) x Gr(2, A2W*).
27



Proof. Consider the projection F, — Gr(n + k,W). It is clear that its fiber over a point
U € Gr(n + k,W) is the Grassmannian Gr(2, Ker(A?W* — A2U*)). Therefore F}, is smooth
and connected. This also allows to compute the codimension. O

The most complicated part is the surjectivity of 7.

Proposition A.3. The map 7 : Fy, — F(Pf(W*)) is surjective.

Proof. By definition F}, is the zero locus of the canonical global section ¢ of the vector bundle
A?U*X L* where U and L denote the tautological bundles on the Grassmannians Gr(n + k, W)
and Gr(2, A2W*) respectively. By Lemma [A-] this section is regular, hence we have the Koszul
resolution

~-HA2(A2U@L)HA2U@L—>OHOE€—>O. (20)
Its t-th term equals
NANURL) = @ = (\U)RseL,
a+b=t, a>b

where %% is the Schur functor associated with the partition « and o’ denotes the transposed
partition of . Let 7 be the projection of the product Gr(n + k, W) x Gr(2, A2W*) onto the
second factor. We are going to apply the pushforward functor 7, to the above Koszul resolution.
For this we will need the following vanishing result.

Lemma A.4. We have HY(Gr(n +k, W), 2@ (A2U)) = 0 for all ¢ > a+b— 1 with only two
exceptions:

H" 5 (Cr(n + k, W), 210" (A2[7)) = A%=21y, H(Cr(n + k, W), 2O (A%0)) = C.

We postpone the proof of the Lemma, and now finish with the Proposition. Note that
T (B (A2U) R E@Y L) 2= H*(Gr(n + k, W), 2@ (A%U)) @ 5@V L.

Therefore, the spectral sequence of hyperdirect images together with the above Lemma shows
that we have the following exact sequence

— A2 S_("_k+1)Li>OGr(2,A2W*)—>7T*Oﬁk —0,

so it follows that 7( F},) is the zero locus of a section & of the vector bundle A2+~ D1*@§n—k+1 [»
on Gr(2, A?W*). Moreover, since F, is GL(W )-invariant it follows that &, should be GL(WW)-
semi-invariant. But as it was mentioned in Section B, the only GL(W)-semi-invariant section
there is oy, so £, = o, and we conclude that 7(F},) = F(Pf,(W*)). In particular, the projection
T restricts to a surjective map 7 : Fj, — F(Pf,(W*)), which is precisely what is claimed in the
Proposition. 0

Corollary A.5. The Fano scheme F(Pfp(W*)) is irreducible.

Proof of the Lemma [A-]. Note that X" (A2U) C A*(A%U) @ A’(A%U). The decomposition of
A%(A?U) into irreducible components is
ANT) = B =W,
AEW (a)
the sum being taken over the set W (a) of non decreasing sequences A = (A\; > --- A, > ¢) such

that a = || + <= 1) , and we use the notation

d()\) = ()\1, ceey )\07 C)\C*C‘f’l’ (C _ 1)&—1*)\67 o 1)\1,)\2).
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Now assume that o = (aq, o, . .., anik) is a Young diagram with n + k rows and even number
2m of boxes such that U is a component of £(*¥' (A2U). Then HY(Gr(n 4+ k, W), %°U) # 0
only if

g=pn—k), aq>--->a,>n—k+p, and p>ap > > ayq, for some p.

Moreover, X*U must be a component of the tensor product of XU and L4WU for some
A=A >-->A>c)eW(a)and some p = (g > -+ > pg > d) € W(b).

If p = 0 then a = 0, so we get the case H°(Cr(n + k, W), 200 (A2U)) = C.

Assume that p > 1. Recall that by the Littlewood-Richardson rule, the diagram of « is obtained
by adding 2b boxes to the diagram of d(\) (with certain restrictions imposed by d(u)). In
particular o, > d(A). > ¢, and therefore p > ¢ (and symmetrically p > d). Because of the
special form of the partition d(\), this implies that

AN )pi1 + -+ dNnir = LA = S — (d(N)pya + -+ d(N),)
> a—c(c—;l)—c(p—c—l):a—i—@—cp.

And of course we have a similar estimate for d(\).

Now, we observe that following the Littlewood-Richardson rule, the diagram of « is obtained
from that of d(\) by adding some numbered boxes, with for each i, exactly d(u); boxes numbered
1. Moreover the j-th line can only contain boxes numbered by some ¢ < j, so all the boxes
numbered k£ must appear on line k or below. This implies that

Qpy1t ot ape = dN)pr1 o+ ANk + d(p)pr -+ d(f)nak

> a+ 2 _epyp D gy

But since oy > --- > oy, > n — k + p, we deduce that

at+b > p(n—k+p)+@_cp+d(d2+l)_dp

= q + (p;C)Q + (p;d)Q + HTd Z q +p

Under the hypothesis that ¢ > a + b — 1, we deduce that p = ¢ = d = 1, and the only
possibility is « = (n — k 4+ 1,1,...,1,0,...,0) (the number of ones being n — k + 1). Then
H" ¥ (Gr(n + k,W),x*U) = A**-2IW which gives the second case, since U is a component
of R=F+10"(A2[)) (with multiplicity one), but of no other X" (A2U). O

Proposition A.6. The map 7 : Fj, — F(Pf,(W*)) is birational.

Proof. Since 7 is surjective and proper, and F'(Pf;(W*)) is irreducible, it suffices to check that
it is an isomorphism over an open subset of F'(Pf,(W*)). Let Fp C F(Pf,(1W*)) be the open
subset consisting of lines which do not intersect the locus of skew-forms of rank < 2n — 2k — 2.
Let L be such a line. Note that if U C W is a subspace of dimension n + & such that ¢y = 0,
then for each point in L the space U contains a 2k-dimenisonal subspace lying in the kernel of
the corresponding skew-form. But if all skew-forms in L have rank 2n — 2k then U contains all
their kernels. Thus it suffices to check that for such L the linear hull of the kernels of all forms
in L has dimension n + k. For this we consider the following exact sequence on P(L):

0— K(—l) —-We® Op(m(-l) — W*® OIP’(L) — K* — 0,

where the middle map is the evaluation of a skew-form on a vector and K is the bundle of
kernels of skew-forms. Then the codimension of the linear hull of kernels coincides with H® of
the image I of the middle map. Computing the determinant of this exact sequence we see that
deg K* = n — k. Since K* is a vector bundle of rank 2k on P(L) = P! generated by global
sections we conclude by Riemann-Roch that dim H°(P(L), K*) = n + k. On the other hand,

from the above exact sequence it follows that the map H°(P(L), W* ® Op(1)) — H°(P(L), K*)
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is surjective, hence dim H°(P(L),I) = 2n — (n+ k) = n — k. So the codimension of the linear
hull of kernels is n — k, hence the dimension is n + k as required. O

The next goal is to investigate where the map 7 is not an isomorphism. For this we need the
following.

Lemma A.7. Let L € F(Pf(W?*)) be a line on Pfp(W*). If LN Pt (W*) # & then n= (L)
contains a line.

Proof. Let U C W be a subspace of dimension n + k isotropic for L and assume that the form
A corresponding to a point of L has rank strictly less than 2n — 2k. Then there exists a vector
subspace U’ C W of dimension n+k-+1 containing U and isotropic for A. Let U’ = U@ Cw. Let
A be another skew-form in L. Then X (—, w) is a linear form on U. Let U” be its kernel. Then
it is clear that each vector subspace of dimension n + k in U’ containing U” is isotropic both
for A and . These subspaces form a line in Gr(n + k, W) which is contained in 7=(L). O

By Lemma [A.2 variety F}, is smooth and by Proposition [A-g the map 7 : F, — F(Pf(W*))
is birational, hence Fy is a resolution of F(Pfy(1W*)). The final statement of the Theorem is
given by the following

Lemma A.8. The resolution 7 : Fy — F(Pf(W*)) is crepant.

Proof. Compute the canonical class of Fy. Recall that F} is the zero locus of a regular section

of A°U*X L* on Gr(n + 1,W) x Gr(2, A2W*). We have

Warmt1,w)xGr,a2w=) = O(=2n, —n(2n — 1)),
det(A2U* K L*) = det(A2U*)®2 @ (det L*)®"+1)/2 = O(2n,n(n +1)/2),

so by adjunction we get wz = O(0, —3n(n—1)/2). Thus the canonical class of F} is a pullback
from F(Pf(W*)) C Gr(2, A2°W*), so w: F} — F(Pf(W*)) is crepant. O
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