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ROUGH VOLTERRA EQUATIONS 2: CONVOLUTIONAL
GENERALIZED INTEGRALS

AURELIEN DEYA AND SAMY TINDEL

ABSTRACT. We define and solve Volterra equations driven by an irregular signal, by
means of a variant of the rough path theory allowing to handle generalized integrals
weighted by an exponential coefficient. The results are applied to the fractional Brownian
motion with Hurst coefficient H > 1/3.
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1. INTRODUCTION

Let x be a general n-dimensional Holder continuous path with Holder exponent v > 0,
an initial condition a € R?, and o : R, x R, x R? — R%" a smooth enough function.
Then a general form of stochastic Volterra equation driven by z (considered as a noisy
input) can be written as:

t
Y =a +/ o(t,u,y,)dr,, for sel0,T], (1)
0

where T an arbitrary positive constant. This kind of system being widely used in the
physical and biological literature, its noisy version has also been intensively studied when
the driving motion x is a Brownian motion [B, B, [J or a general semi-martingale [2J.
If the coefficient o is also considered as a random function, which is natural in many
situations, some anticipative stochastic calculus techniques are required in order to solve
equation ([), and we refer to [0, B, B, L3, [7, for the main results in this direction.
It should be mentioned at this point that the last of those references [[J] is motivated
by financial models of capital growth rate, which goes beyond the classical physical or
biological applications of Volterra equations.

It seems then quite natural to generalize the aforementioned results, and consider sys-
tems like ([) driven by general continuous processes, whose prototype can be thought
of as a m-dimensional fractional Brownian motion. In this case, and when one desires
to go beyond the Young case v > 1/2, rough paths type techniques must come into the
picture. However, the classical rough path theory introduced by Terry Lyons [[J (see
also the nice introductions [f, [[d]) is mostly designed to handle the case of diffusion type
equations, and there have been an intensive activity during the last couple of years in
order to extend these semi-pathwise techniques to other systems, such as delay equations
[[4] or PDEs [, [[1]. The current article fits then into this global project, and we shall
see how to perturb the original rough path setting in order to handle systems like ().

Before we come to a description of our main results, let us mention a few choices we
have made for this paper:

(i) Like in [[[4, [1], we have chosen to work with a variant of the rough path theory
introduced by Gubinelli in [I(], and called algebraic integration. This method is based
on some simple enough algebraic considerations, and this relative simplicity makes it
amenable to intuitions on possible generalizations of the original setting, beyond the
diffusion case. In the case of Volterra equations handled here, we will see that, in spite of
the huge amount of technical details involved in our proofs, the main ideas on which our
constructions rely are quite natural.

(11) We have specialized equation ([J) in the following manner: instead of considering a
general coefficient of the form (¢, u,y,), we have assumed that the coefficient ¢ can be
decomposed under the form ¢(t — u) o(x), for a given kernel ¢ : R, — R and a matrix-
valued function o defined on R?. Furthermore, an additional hypothesis is made on the
kernel ¢: we assume that it can be written as the Laplace transform of a certain function
gZA>, namely that

o(v) = /je‘”%(&)d& and /Om<1+£>ﬁw<%<£>|d£<oo, 2)

for a certain # > 0. This additional assumption is made in order to take advantage of the
multiplicative property of the exponential function, and it should be noticed here that the
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same kind of results could have been obtained by means of Fourier (instead of Laplace)
transforms. The integrability hypothesis on QAﬁ(f) is morally equivalent to a regularity
condition on our kernel ¢. Once these assumptions are made, and up to a an application
of Fubini’s theorem which can be justified easily in case of a smooth driving process =,
our Volterra system can be written as:

y—a+t /O G /O e o (y,) da,. 3)

(i4i) An additional cosmetic change is the following: in order to ease some of our future
expansions, we transpose the matrix notations given before and set y, = y;. With this
little change in the usual notations, one is left with the following system:

w=a+t / 0€ §(6) / e i, o (1), (4)

This is the general form under which we shall solve our Volterra problem.

With these preliminaries in hand, the main results contained in this paper can be
roughly summarized as follows (see Theorem below for a precise statement):

Theorem 1.1. Let x be a n-dimensional fractional Brownian motion with Hurst param-
eter H > 1/3. Assume that ¢ can be decomposed as (@), with 8 = 2, and that o is
a C3*function. Then equation (§]) admits a unique solution on any arbitrary interval
0,77, in a class of paths called convolutional controlled processes, and where the integral
with respect to x has to be interpreted as in Proposition [ 1.

Let us now say a few words about the methodology we have adopted in order to solve our
equation: as mentioned before, it consists in an elaboration of the tools introduced in [[L(].
Let us recall that these latter reference relies on the definition of an elementary operator ¢,
which transforms for instance a function f of one variable ¢ € [0, T into a function of two
variables as (0 f);s = f; — fs. Under some algebraic and analytic conditions, this operator
0 can be inverted, its inverse is called A, and this inverse allows to construct a generalized
integral of Young type. If one wants to solve an equation of the form dy, = dz;o(y;), a
possible strategy is then the following: remark first that the a priori increments of y can
be decomposed as:

(69)ts = (32)us Gy + sy With G = (), and rys / dr, [o(w) — o). (5)

Furthermore, if x is a «-Holder process, one also expects y to be y-Holder continuous.
Thus, if o is regular enough, ¢ will inherit the same regularity, and it is also easily
conceived that r should have the double regularity, namely 2vy-Holder. This is precisely
the structure asked in [[T] for the solution to the diffusion-type equation dy; = dx; o(y;),
and a process admitting the decomposition (f]) is called a weakly controlled processes.
The second important point in the theory is to notice that a reasonable definition of the
integral fst dx, [0(y,) — o(ys)] can be given for a controlled process, provided that the so-
called Levy area associated to = (formally defined as [ [ dxdz) can be constructed, and
thanks to the operator A mentioned above. This integration step transforms a weakly
controlled process into a weakly controlled process, and allows to settle a fixed point
argument for the resolution of the diffusion equation driven by x.

Let us try to explain now what has to be changed to the original algebraic integration
setting in order to handle the case of a Volterra equations:
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(i) Observe first that in order to solve equation (f]), the main step is to define accurately
the rough integral 7,(§) = fot e ¢t dx, o(y,) for all t,& € R. As will be explained
at Section B.1], an important step in this direction is to note that, in order to get some
increments of ¢ involving only integrals of the form fst, one has to introduce some twisted

increments of the form 64,(€) = 645(€) — (€779 — 1)3,(€). Then it is easily checked,
in case of smooth paths y and x, that the a priori twisted increments of the solution g to
equation (f]) can be expressed as

t
5in(€) = / ) G, o).

The operator ¢ will thus play a central role in our computations, a fact which is reminiscent
from the calculations contained in [I1] for the definition of rough PDEs. It turns out that
the operator ¢ can also be inverted under some algebraic and analytic conditions. This
inverse gives then raise to a generalized convolutional Young integral, which is at the core
of our definition of the integral fot e~ dxy o (yu).

(ii) The notion of controlled paths has also to be changed for the resolution of equation (H),
and we shall introduce a notion of convolutional controlled path, which will be detailed
at Section [L1. They are basically defined as in equation (|), except that dx is replaced
by an increment of the form !, with z}, = [’ ¢(t — v)da,, which is assumed to exist
once and for all. Then as in the diffusion case, we are able to define a natural extension
of the notion of integral for those convolutional controlled processes, provided that some
double iterated integrals based on x can be defined. More specifically, the equivalent of
the notion of Levy area in our Volterra context is an increment indexed by the Laplace
variable, of the form:

00 t V1
2,(6) = / dn d(n) / o) g, / 0= (6)

Here again, this definition is only formal in case of a Holder path x, but once it is assumed
to exist and to satisfy suitable analytic and algebraic hypotheses, a good notion of integral
can be constructed for convolutional controlled processes. This allows again a fixed point
procedure in order to solve our Volterra equation. A quick glimpse at the proof of Theorem
.16 will show however that this fixed point procedure is trickier than in the diffusion case.

(111) An essential step in our approach is thus a good definition of the double integral ([f),
and the study of its regularity in (s, ¢). This can be done quite easily (up to some Garsia
type regularity theorems which have to be proven) when z is taken as a Brownian motion,
and when the integrals with respect to x are interpreted in the [t0 sense. However, an
important part of the current article will be devoted to the definition of () when x is a
fractional Brownian motion with 1/3 < H < 1/2. Here again, the path we have followed
in order to obtain this definition is not completely standard, and let us say a few words
about it. Indeed, the usual way to define a double integral like (f]) in case of a fBm
is to use Stratonovich integrals, in the sense of the Malliavin calculus as explained in
[[G. However, this way to compute our iterated integrals involves a decomposition of the
Stratonovich integral into a Skorokhod type term plus a trace term, which is hard (though
not impossible) to analyze in case of an exponentially weighted integral like ours. We have
thus decided to adopt another strategy, and have resorted to an analytical approximation
of the fractional Brownian motion introduced in [B3]. This latter approximation, which
will be recalled at Section [, has the advantage to yield almost explicit and elementary
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computations, based on the analysis of singularities for some locally analytic functions
defined on the complex plane. In our opinion, the calculations we obtain are thus more
elegant than in the Malliavin calculus setting.

As we mentioned before, the resolution of rough Volterra equations relies thus on a
few simple ideas. These ideas are however long to formalize when one wishes to give
most of the details of the calculations, which explains the bulk of the current article. It
should also be mentioned at this point that we could have tried to solve equation ([JJ),
in its general form, without recurring to twisted convolutional increments as we did, by
just following the standard algebraic integration formalism. This is in fact what we have
done in the companion paper [, and this idea works fine for the Young case, namely for
a Holder coefficient v > 1/2. However, this first method fails to give a global existence
result in the case 1/3 < v < 1/2, mainly because the Picard iterations don’t lead to
a contraction property (we refer the reader to [{f] for a more detailed argument). This
important drawback justifies the introduction of the convolutional generalized integration
we have used in the current paper.

Here is how our article is organized: we recall some basic definitions of algebraic inte-
gration at Section fl. Section [ is devoted to the simpler case of Young equations, which
allows to explain our method with less technical apparatus. Then at Section f] we move
to the rough case of our Volterra equation, and explain all the details of the method we
have chosen in order to solve it. Finally, we apply our theory to the fractional Brownian
motion case at Section fj.

2. ALGEBRAIC INTEGRATION

This section is devoted to recall the very basic elements of the algebraic integration
theory introduced in [[[(], in order to fix notations for the remainder of the paper. We
also include a proof of the existence of the so-called sewing map A which is simpler than
the one contained in the original paper [[(], and is even a further simplification of the
proof proposed in [[L1].

2.1. Increments. As mentioned in the introduction, the extended integral we deal with
is based on the notion of increment, together with an elementary operator § acting on
them. The notion of increment can be introduced in the following way: for two arbitrary
real numbers ¢, > ¢; > 0, a vector space V', and an integer k£ > 1, we denote by Ci(V)
the set of continuous functions g : [¢1, f5]¥ — V such that Gtr-t, = 0 whenever ¢; = ;1
for some ¢ < k — 1. Such a function will be called a (k — 1)-increment, and we will set
Ci(V) = Up>1Cr (V). The operator ¢ alluded to above can be seen as an operator acting
on k-increments, and is defined as follows on Ci(V):
k+1
6:C(V) = Coa(V)  (09)ttis = (1) Gurectiots (7)
i=1

where ¢; means that this particular argument is omitted. Then a fundamental property
of §, which is easily verified, is that 06 = 0, where 0 is considered as an operator from

Cr(V) to Cry2(V). We will denote ZCi(V') = Cx(V) N Kerd and BC(V) = C(V) N Imd.

Some simple examples of actions of §, which will be the ones we will really use through-
out the paper, are obtained by letting g € C; and h € Cy. Then, for any ¢, u, s € [{1, (5],
we have

(59)153 =gt — Gs, and (5h)tus - hts - htu - hus- (8)
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Furthermore, it is readily checked that the complex (C,,d) is acyclic, i.e. ZCpi1 (V) =
BCi(V) for any & > 1. In particular, the following basic property, which we label for
further use, holds true:

Lemma 2.1. Let k > 1 and h € ZCy,1(V). Then there exists a (non unique) f € Cx(V)
such that h =0f.

Observe that Lemma P.J] implies that all the elements h € Cy(V') such that dh = 0 can be
written as h = J f for some (non unique) f € C;(V'). Thus we get a heuristic interpretation
of 6|c,(vy: it measures how much a given 1-increment is far from being an ezact increment
of a function (i.e. a finite difference).

Notice that our future discussions will mainly rely on k-increments with £ < 2, for
which we will use some analytical assumptions. Namely, we measure the size of these
increments by Holder norms defined in the following way: for f € Co(V) let

[ fesllv
fll.= sup
” H,U« 57te[£17£2} |t - S|“7

and  Ci(V) ={f € C(V); [ fllu < o0}
In the same way, for h € C3(V), set

||hUS||V
||h||w) = sSup : 9)

s,u,tE€[€1,02] |u - S|,y|t - u|p

||h||u = inf {Znhinpi,u—pi; h = th‘a 0<p < N} )

where the last infimum is taken over all sequences {h; € C5(V')} such that h =), h; and
for all choices of the numbers p; € (0, z). Then ||-||, is easily seen to be a norm on Cs(V),
and we set

Cy(V) :={h € C3(V); [[Af], < o0}
Eventually, let C37 (V) = U,~1C5(V), and remark that the same kind of norms can be
considered on the spaces ZC3(V), leading to the definition of some spaces ZC4 (V') and
ZC3" (V). In order to avoid ambiguities, we shall denote by N[f; C#] the x-Holder norm
on the space C;, for j = 1,2,3. For ¢ € C;(V), we also set N[(; CJ(V)] = supyeie,.e,:1Csllv-

With these notations in mind, the following proposition is a basic result which is at the
core of our approach to path-wise integration:

Theorem 2.2 (The sewing map). Let u > 1. For any h € ZC4([0,1]; V), there exists a
unique Ah € C5([0,1]; V) such that 6(Ah) = h. Furthermore,

IAR], < eu Nh; C5(V), (10)

with ¢, = 2+21 377 k™. This gives rise to a linear continuous map A : ZC5([0,1]; V) —
Cy([0,1]; V) such that 0A = Idzep (0,10

Proof. The original proof of the existence of A (with a somewhat different constant C),)
can be found in [[(J] and has been simplified in [[I]. We give here a more elementary
proof, which will be easy to adapt to the pertubated incremental operator 5 (see Section
B2).

Uniqueness. Let M, M’ € C4 such that 6M = §M’ = h. In particular, 6(M — M') = 0,
and thus, according to P-1), M — M’ = dq, with ¢ € C;. But then ¢ € C{’ with > 1, hence
¢ is constant, and as a consequence, M = M.



ROUGH VOLTERRA EQUATIONS 7

Ezistence. By definition of ZCY, we know that there exists B € Cy such that 6B = h.
Consider now the sequence (7"),, of dyadic partitions of [0, 1], that is

1

" ={0=t) <t} <--- <tp =1}, Witht’;:2—n,
and set, for all s,¢ € [0, 1],
0 if 7N (s,t) =0,
MtT; = Bts - Bt;l - Bttn if 7™ N (S, t) = {tn}
By — By — Bttn — 3B im0 (s, t) ={tr <o <0}

It is readily checked that the mapping M™ : s,t +— M is continuous on [0,1]%. We
are now going to show that the sequence (M" )neN converges in the space C([0,1]*V
continuous functions on [0, 1]?, endowed with the norm N|-; C3(V)].

Let then s,t € [0,1], n € N, and denote
N (s, t) = {tn<t7? <. <1}

1 1 1 1 . .
= {7t <y, <o <ant, <yt with g <1 <2M
If s < ¢3! and ¢ <t5%), then

n+1 o n+1 n+1 n+1 n+1 n+1
T (s, 1) = {ly 0y Sty S tpf <--- Sy T S

I

and in that case

Mtz-f—l - Mt??; — (5B n+1 n+1 + Z 5B n+1 n+1 n+1

22+2 2'L+1 22

which, since d B = h, leads to

1\ _
M7 = M|lv < Nh; CE (V)] (%1) (1+1—7).
We proceed likewise for the cases (s > tg]*ll’t > t;t;grll) (s < t?ﬁl,t > t;ﬁﬁ) and (s >
tg;r Lt < t;ﬁﬁ) to finally get

1 n+1 ‘
Mg = agly < M) (57) @4i-d)

SR ()

wr - sy < ML (zi) ’ (21)} |

Since we have considered p > 1, this proves that the series Y N[M"™™ — M™; CY(V)]
converges, and thus Y (M"" — M™) converges in C([0,1]* V) endowed with the norm
NT-; CI(V)], the latter space being complete. But, invoking the fact that M° = 0, we
have MY = ZHN;OI(M ntl — M), which entails the uniform convergence of MY towards
an element M € C([0,1]%; V). We can already notice that for all n, M = 0, which yields
the same property for M, so that M € Cs.

and thus
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Take now 0 < s < u <t < 1 and denote 7" N (s,u) = {t},..., 17}, 7" N [u,t) =
{th, ...t} hence 7" N (s,t) = {7, ..., 7} U{t]}, ...t} }. Thus,

-1 I'—1
n o_ § E
Mts = By — Bt?é’ - Btt; - Bt?ﬂt? - Bt?ﬂt? B Bt?/t?'
i=j i=j'

We will assume that ¢}, > u, the case ¢}, = u leading to the same relation (1). Then

-1 -1
n __
M = Bis + | Bus — Btys — Buip — E Bt?+1t? + | Biu — Bt;au - Btt; - E Btyﬂtg
i=j i=j'

+ Butg + Bt?,u - Bus - Btu - Bt;ﬁt{%
which can be written as
M= M + M + hyys — ht?,utln, (11)

Since h € C4, lim, . htﬂ,utl" = 0, so that, by letting n tend to infinity in the previous
J
relation, we get 0M = h.
Finally, let us show that for any s,¢ € [0,1] and n € N,

IMillv < cu NTh; CE(V)] [t = s]", (12)

which will prove inequality ([[() and as a consequence, the Holder regularity of M. To this

end, fix s,z € [0,1], n € N. If 7" N (s,t) = 0, the result is obvious. If 7" N (s,t) = {t7},

My, = (0B)ups = hurs, hence || M|l < Nh; CE(V)] [t — s < ¢, Nh; CE(V)] [t — s|". If
N (s, t) ={th, ..., t;'}, pick k € {j+1,...,1 — 1} such that

At this point, the previous relation does not seem very relevant insofar as the distances
between two successive points of #” are equal. In fact, this relation will make sense when
we iterate the scheme. Consider indeed the new partition 7 = {t?, RN 7 LR )

and define Mt’; according to the same principle as M’

., using 7 instead of 7N (s, ). Then

n rn _
Mg = Mg = By p = Byp_ = Bip i = g g
and as a result

o
I PR
== [t —s|".

We iterate the procedure until the partition reduces to the empty set, to get

1Mz — Ml < N'h; CH(V)]

l—j—1
" 1
Ml < Nh; CE(V)] |t — s (2 +20) ﬁ> < cu NTh; CE(V)] [t — s|".
k=1
O
The following corollary gives a first relation between the structures we have just intro-

duced and generalized integrals, in the sense that it connects the operators 0 and A with
Riemann sums.
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Corollary 2.3 (Integration of small increments). For any I-increment g € Co(V'), such
that g € C3*, set 0f = (Id—Ad)g. Then

= i
(6f)es = lim Z Gtisrtor
where the limit is over any partition s = {to =t,...,t, = s} of [t,s| whose mesh tends

to zero. The I-increment 0 f is the indefinite integral of the 1-increment g.

Proof. For any partition IT; = {s = t; < t; < ... <t, =t} of [s, ], write

(5f)ts = Z 5f t,+1t1 z:gtmtz ZAtthz 59
i=0

Observe now that for some p > 1 such that dg € CY,
| A9 = DI G0l < NIAGg); CHON) T [t =]
i=0 i=0

and as a consequence, limym,, |0 Y ;"o Av,,e(0g) = 0. O

2.2. Computations in C,. For sake of simplicity, let us assume for the moment that
V =R, and set Cx(R) = Ci. Then the complex (C,, J) is an (associative, non-commutative)
graded algebra once endowed with the following product: for g € C, and h € C,, let
gh € C,, ., the element defined by

(G)tr,tin s = Gttt ooty 1o oo tmgng1 € [01, 6o (13)
In this context, we have the following useful properties.
Proposition 2.4. The following differentiation rules hold true:
(1) Let g, h be two elements of Cy. Then
d(gh) =0gh + goh. (14)
(2) Let g € C; and h € Cy. Then
d(gh) =0gh+ gdh, d(hg) = 0hg — hdg.
Proof. We will just prove ([[4), the other relations being equally trivial: if g, h € Cy, then
[0(gh)],s = gihe — gshs = ge (he — hs) + (¢ — 95) hs = g¢ (5R), + (89) 5 Dis,

which proves our claim.

g

The iterated integrals of smooth functions on [¢1, f5] are obviously particular cases of
elements of C which will be of interest for us, and let us recall some basic rules for these
objects: consider f,g € C°, where C{° is the set of smooth functions from [(;, 5] to R.
Then the integral [dg f, which will be denoted by J(dg f), can be considered as an
element of C3°. That is, for s,t € [(1, (5], we set

Tis(dg ) (/dgf)ts Z/:dgufu-
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The multiple integrals can also be defined in the following way: given a smooth element
h € C° and s,t € |64, (5], we set

t
ts S

In particular, the double integral Ji,(df3df? f1) is defined, for f!, f2, f3 € C{°, as
t
guarar s = [arars) = [aga. @),
ts S

Now, suppose that the nth order iterated integral of df™ - - - df? f1, still denoted by J(df"
-+ +df? f1), has been defined for f*, f2..., f* € C*. Then, if f**1 € C°, we set

Tuldf A df ) / A o (df - df? £ | (15)

which defines the iterated integrals of smooth functions recursively. Observe that a nth
order integral J(df™---df%df') could be defined along the same lines.

The following relations between multiple integrals and the operator ¢ will also be useful
in the remainder of the paper (see e.g. [[I] for a proof of these elementary facts):

Proposition 2.5. Let f,g be two elements of C;°. Then, recalling the convention ([I3),
it holds that

of =J(df),  6(J(dgf))=0,  0(T(dgdf)) = (09)(0f) = T (dg)T (df),
and, in general,

S(Tdf--df)) = ST (df - dft) T (df - dfY)

=1
3. VOLTERRA EQUATIONS IN THE YOUNG SETTING

Recall that we wish to solve equation ({]), and we start this program by studying the
Young case, i.e. the case of a driving process x which is assumed to be v-Holder continuous
with v > 1/2. This allows us to introduce most of the general tools used in the sequel, and
this section is thus conceived as an introduction to the rough case which will be treated
later on. In order to get a feeling of the kind of structure needed in order to deal with
Volterra equations, we will start with some heuristic considerations, which are basically
justified in case of a smooth driving noise x. Then we shall proceed to define rigorously
the equation, and solve it in a suitable class of functions.

3.1. Heuristic considerations. Assume for the moment that x is a smooth process, in
which case equation (f) is well defined and solvable when o is a regular coefficient. In
order to get an intuition of the natural operators associated to our equation, let us recast
it, in quite a redundant way, as a system:

v =a+ [0 6€)de
5(&) = [ et dx, o(y,).

Notice that the first relation above is not sufficient in order to determine gy as a function
of y. However, the second one defines y without ambiguity.

(16)

As we already mentioned in the introduction, if one wants to generalize the system
we have just written to a non smooth signal x, it is now easily seen that the main step
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is to give a rigorous meaning to the integral fot e €= dx, o(y,) defining 7 (¢). To this
purpose, and having introduced the main tools of algebraic integration in the last section,
the first idea one may have in mind is to get a suitable expression of the increments
(09(€))ts = (&) — (&) for a given . And indeed in case of a smooth driving process z,
invoking equation ([[@), those increments can be written as:

3 = / ) dr, () + an(€) / e dr, o (y,)

_ / e~ gy o (o) + ags(€)75(6),

where we have set a;(€) = e~¢¢~*) — 1. Notice now that the first term [" e ¢~ dz,0(y,)
above is really similar to what one obtains in the diffusion case, namely an integral of the
form f;. However, the second term a;s(€)ys(€) is a little clumsy for further expansions.
Hence, a straightforward idea is to make it disappear by just setting (07)ss(&) = (07)ss(&)—
a1s(€)7s(€). Then the last equation can be read as (07)s(&) = fst et dx, o(y,), and
the system ([[@) becomes

oo —at [T e de -

(69)es(&) = f; et dg, o(Ys),

with the initial condition go = 0. This very simple fact, together with the nice algebraic
properties which will be seen below, converts the elementary operator ¢ into the central
object in order to solve our Volterra system.

These preliminaries being admitted, we shall essentially focus in the sequel on the
process g, by merging the two equations of the last system into a single one:

) = [ o (o ["andmnin). (18)

The original solution process y can then be recovered in an obvious way, and we shall
solve the Volterra equation under the form ([§).

3.2. Convolutional increments. Let us turn now to the main concern of this section,
that is the definition of a complex (C,d) which behaves nicely for the definition of our
Volterra problem.

Notice that, due to the fact that e ¢(t1=*2) is nicely bounded only for ¢; > t,, our
integration domains will be of the form S, = S,([(1,/s]), where S, stands for the n-
simplex

S, ={(t1,....tn) e >ty >ty >--->1t, > U1}

Let then V' be a separable Banach space. In order to define the basic family of continuous
increments we will work with, we first need to specify the (Banach) functional space each
Uts(+) will belong to, with a special emphasis on the Laplace coordinate. In fact, the
calculations to come (see for example Lemma [3.9) incite us to consider the £!-type space
induced by the norm

NG Ls(V)] = NG L54(V)] = /OOO de|o(E)I(1 + M3 Iv



12 AURELIEN DEYA AND SAMY TINDEL

where 3 > 0 is fixed. Then, we define C~n75 as the space of continuous applications from
Sn to Lg(V). Observe that an operator § : Cp, 3(V) — Cny1,5(V) can be defined just like
in ([]). In particular, if A € C, 3(V) and B € Cy5(V), the relation () is still valid.
As we have seen at Section B, a suitable family of operators related to our Volterra
equation is given by & : C, (V) — Cni1.5(V), defined for any positive & by

[5A]t1---tn+1 (5) = [5A]t1---tn+1 (g) — Qiyty (S)AtQ---tn+l (5)7 for A € émﬁ(v)’ (19)

where (t1...t,41) € Spi1- In the remainder of the paper, we will explicitly write the
variable { down only when there might be a confusion. Thus, we simply write 6A =
6A — a A, where we made use of the convention ([J). As in Section P-I], one can define,
forn > 1,

2Cop5(V) =Cnp(V)Nker(d), and BC,s(V)=Cns(V)NIm(o)

In fact, when V = R¥ or V = R¥?, endowed with their natural Euclidian norms, the
convention ([J) can be extended according to the following principle:

Lemma 3.1. Let M € C, 3(R*) and L € C,,,(R"). Then ML, defined by the relation
(ML>tl---tm+n—l (é‘) = Mtlmtn (é‘) Ltn---tm+n—17

belongs to C~m+n,1,ﬁ(Rk). Moreover, when n = 2, the following algebraic relations hold
true:

S(ML)=6ML—MGL, and 6(ML)=0ML— MGL.
Proof. The first part of our claim is an obvious consequence of
1M1y 10(€) Lt llrs < My gy ()t | Lt [l
As for the algebraic relations, the first one follows from Proposition R.4, while
O(ML), .t
= O(ML)yy..t,.
= (5M)t1t2t3Lt3...tm+2 - Mtltg (5L)t2...tm+2
= [(5M)t1t2t3 - atltthth]Ltg...tm+2 - (M 5L)

= Qtyts Mgty Lty
— Qtyty MtthLtg...tm+2

t1..tmyar

n

_ With these preliminaries in hand, it is now easily shown that the perturbed operators
0 preserve some important properties of the original coboundary §:

Proposition 3.2. 06 = 0. More precisely, the couple (C,5(V),0) satisfies ZCp (V) =
BC,.5(V) for all n > 0.

Proof. This proof is borrowed from [[[1, Proposition 3.1] and is included here for sake of
completeness. If F' € C, 3(V), according to the fact that 66 = 0 and thanks to Lemma
B.1], we have

0OF = (0—a)[(6—a)F]=0860F —6(aF)—adF +aak
—6aF +adF —adF +aaF =aaF —6aF.
Furthermore, it is readily checked that
(00) s = Qpy Qys, (t,u,s) € Ss,
which gives 00 F = 0.
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The fact that Im5|c~ SV) = = ker 5‘6 (v can be proved along the same lines as for
the (Cy,d) complex [[[0]: p1ck AeCn ﬁ( ) such that 0A = 0, and set By, 1, = Aty..tns,
with s = 0. Then

[SB]tl...th = [5B]t1...tn+1s + (—1)n+11‘~1t1...tn+1 — atltgletg...tns
= [SA]tl tngrs T (—1)n+1f~1t1...tn+1 = (_1)n+1At1...tn+1-

Thus, setting C' = (—1)""' B, we get 6C = A.
U

The cochain complex (C, 5(V),d) will be the structure at the base of all the constructions
in this paper. Let us also mention at this point that, when the meaning is obvious, we will
transpose the notations of Section P.1] to our convolutional setting. Furthermore, whenever
this doesn’t lead to an ambiguous situation, we will write C~n75 instead of énvg(V).

We will now define an equivalent of the iterated integrals of Section P.J in our convo-
lution context: for two smooth functions f, g, {1 < s <t < /{y and £ > 0, define

t
Tiuldg )(€) = / =g, £,
and for h € C5°,
t
Tuldgh)(€) = / e~ dg, by,

Once these elementary blocks have been defined, the iterated integrals
J(dgt...dg" f) for g',....¢" feC>, (20)

should be defined as functions of several variables, according to the same recursive prin-
ciple as in Section P.2:

Tis(dg" ... dg" )(E,...,&") = / e €0 dgl 7, (dg® .. dg" f)(€2,... €™,

In particular, J,(dzdz)(€,n) f e ¢y, [T e 0 dg,,

The following relations between ¢ and these integrals will be useful for our purposes:

Proposition 3.3. Let f,g € C{°. Then
6 (7o) =0 5(T(dgsf)) = Tldg)of.

Proof. Straightforward.
O

3.3. Holder spaces and A-map. In the Young setting, it will be enough to let our
solution live in some Holder-type spaces. Indeed, one expects the solution y to ([1) to
belong to a space of the form Cf (as defined at Section B.1]) for any 1 —~ < 3 < ~, where
v is the Holder regularity exponent of the noise x. Since S + v > 1 in this case, the
exponentially weighted integrals with respect to x can be interpreted in the Young sense,
as will be explained below.

As far as the path g alluded to in ([[7) is concerned, we also expect his increments 5;&
to be regular enough. Thus, we shall resort to the following natural Holder spaces:
5 -5 -5 Nis; £
Cog =10 €Cop: N[y;CZB] ‘= sup M < oo},

o<s<t<T |t — s|"
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Cly={jeCip: o5y}
Notice that our definition of the space CE‘ 5 1s based on the twisted operator § instead of

0. For any he 53,5, set, just as in the standard case,

_ Py
N[h;CSB’p)] ‘= sup N brus; L]

o<s<u<t<T |t — u|” |u —

NTh;Cl gl - mf{ZNh s CL ) h = "hi, 0< pi < M},

where the last infimum is taken over all sequences {h € C3 3} such that h = 3, h; and for
all choices of the numbers p; € (0, u). Denote also ZC; 5 := Im(d) NC} ; and observe that
the property ZC5 = {0} if x> 1 remains true for o:

s’

Lemma 3.4. If u > 1, then ZCM = {0}.

Proof. Let M = 6f € Z@gﬂ. Consider the telescopic sum (0f);s = o1 e tien) (5]‘7)%“,51,
with respect to the partition Il;; = {s =ty < t; < ... < t, =t} of the interval [s,¢]. Then

N[Mts;ﬁﬁ] < ZNK&]E)QHQ;EB] < N[Mﬂég,ﬁ] ‘t - S| |Hts‘ﬂ717

1=0

which tends to 0 as the mesh |II;| of the partition decreases to 0.
U

As we already mentioned, an essential tool in order to define generalized convolutional
integrals is the following inverse of the operator §:

Proposition 3.5 (The convolutional sewing map). Let > 1,3 > 0. For any h € Zéé‘ﬁ,
there exists a unique Ah € CY 55 Such that 6(Ah) = h. Furthermore,

NTAR; Ch,) < cu N[ G, (21)

with ¢, =2+ 21377, 1%; This gives rise to a linear continuous map A Z(fg‘ﬁ — égﬁ

such that 6A = MZCEL,B'
Proof. 1t follows the same line as the proof of Proposition P.2.

Uniqueness. Let M, M’ € CE‘B such that 6M = 6M’ = h. In particular, S(J\Zf — M') =0,
hence M — M’ € Zégﬁ. Thanks to lemma B4, we deduce M = M’

Eristence. As in the standard case, consider B € 52,5 such that 0B = h and construct
g =30 s =0

(58)&?5 if 7N (S, t) = {t?}
and if 7" N (s,1) = {t7 < ... <7,

-1
Vi 5 D, —. (t—t™ » —. (t—t") D
Mts - Bts - Bttl” - E € ( Z_H)Bti-uti —€ ( J )Bt?sa

=7
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where 7" stands for the n-dyadic partition of [0, 1].
It is readily checked that M™ is continuous from [0, 1]* to L. Moreover, if for instance

N (s, t) = {t5 <eptl, < <5}, with s < 65 and ¢ > ¢31], then

~ -1 ~ > t— t”“ t—t" L)
M[;Jr — Mtr; = <5B)ttn+l gt + e ( )(5 tn+1tn+1 + E e ((t—tails) )tn+1 g1 yntl,

2041721 21+4+27204172¢

and since 0B = h, this yields:

- Nh; CY ] 1\" 1\"
NM{ = My £4] < Tw{z (27) +(2M_1) }

This estimation remains true for the other cases of intersection of 7" with (s,t). Using
the same arguments as with A, we thus get the existence of a limit M of M™ in Cy 8-

The fact that M = h can be proved just as in Proposition .9, and it is the same for
the estimation
N tsﬂcﬁ] < CuN[h§C§5] |t —s|".
O

We also have the following equivalent of Corollary P.3, which links A with convolutional
Riemann sums, at our disposal:

Corollary 3.6. For any l-increment g € C~275 such that 557 € (fg‘ﬁ (> 1), set Sf =
(Id—A&)§. Then

n

(5f)ts - ‘Hlti?l’o ei.(titiﬂ)gtiﬂti n Eﬁv
=0
where the limit is over any partition s = {to =t,...,t, = s} of [t,s|] whose mesh tends
to zero.

Proof. We use the same arguments as in the standard case, starting from (0f);,s =

Zi 67.(257%“) (5f>t¢+1t¢ :
O

3.4. Young convolution integral. Recall that, according to the notations of Section
B.3, the Volterra equation ([[§) we are interested in can be read as

=0 5= (da (ot [T asoim)). (22)

We will now define integrals of the form J ((;lx z), such as the one appearing in the right
hand side of equation (), when x, z are only y-Holder with v > 1/2. This will rely on
the following assumption, which is trivially met when x is a smooth path:

Hypothesis 1. Assume that, for some v € (1/2,1), x is a path in C] (RY), allowing to
define an increment T' € Cv L (RY) which satisfies o' = 0.

Remark 3.7. The increment 7! represents morally the integral 7 ((;lx), which will be defined
as a Wiener integral in the fractional Brownian case (see Section B.6). Furthermore, under

Hypothesis [l], the increment z}, = [ 7}, (&) @(€) de is well defined as an element of CJ.
The fact that Z'(-) € £, will be simply ensured by the condition fooo(l—l—@)\(ﬁ(fﬂ d¢ < 0.



16 AURELIEN DEYA AND SAMY TINDEL

Theorem 3.8. Let x be a path from [0,T] to RV satisfying Hypothesis [, for a given
v € (1/2,1). Let z € C{, and for £ € Ry, set

T (dz2)(€) = T(€) 2 + A[#* 62](€) = (1d—Ad)[z" 2](€). (23)
Then
(1) J(dzx 2) is well defined as an element of(f;’,y, and coincides with the usual Riemann

integral f: e~ ¢ dx, 2, when v = 1.
(2) For a constant ¢, > 0, we have, for all {1 < {3,

NI (dz 2);C3, ([0, £a])] < o {NT2; CY ([0, 62))] + N[ C] ([, L2])] }

where the norms N have been defined at Section B3, N'z;C?] := SUPy, <s<p, || 2|
and € = |ly — {4].
(3) It holds that, for any ; < s <t < {3,

n

Tis(dz z) = lim etz o in L.,
|Hts|_’0 — i+1,t3 1
where the limit is over all partitions Iy, = {tg =t, ..., t, = s} of [s,t] as the mesh

of the partition goes to zero.

Proof. (1) In the regular case, the integral Jis(dz2)(€&) = [! e ¢=du, 2, is defined in
the Riemann sense, and it is readily checked that

jts((;lx z) = fis Zs + jts((;lx 0z), (24)
and hence
Tis(dx 62) = Tps(da 2) — &L, 2.

Applying 6 to both sides of this last relation and taking into account Proposition B.J,
Lemma and Hypothesis [l], we obtain:

J (j(c?a: 5z)) = 0l 24 30z = 7 0.

Now, if 7! and z are y-Hoélder continuous with v > 1/2, A can be applied to the relation
above, and one can write J;,(dr6z) = A(Z'6z). Plugging this equality into (B4), we
obtain the expression (J). Thus our integral coincides with the usual one in case of a
regular process .

Since 2y > 1, the item (2) is a direct consequence of the contraction property (1) of

A. As for (3), it stems from Corollary B.g.
U

3.5. Volterra equations. We are now ready to solve equation (P3), by interpreting the
integral J (dz o(a+ [, dnd(n)g(n))) as in Theorem BF. Before stating the main theorem
in this direction, let us introduce the subspace Cg’;’ of €/, induced by the norm

NT{g;CP] = N5 €7 ) + NTgi; €1,

where N[ CY.] := supg< <7 N[fis; £,]. With this new space in hand, we can prove the
following elementary lemma, which will be used throughout the proof of the theorem:
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Lemma 3.9. Let 0 € C? and for any § € C?’;’, set y = a+ [J° dn o(n)ij(n). Then
o(y) € C] and
No(y); €] < ¢y N[5 €1

Moreover, if gV, 5 € Co'y([ﬁl,@]) are such that yel) = ygl then
No(yM) = o(y®); CY([61, 62])] < co e NGV = 3 2);(31,’3([&762])]7

No(y®)=a(y@); Cl([6r, )] < o {1+ N5 ([0, LI} N -5 C (16, ),
with € = [l — o).
Proof. The three inequalities are mostly due to the obvious estimation

Jags ()] = |76 — 1| = |76 1|77 |80 17 < J¢ — o7 €7,

Indeed, we have for instance

No(a())usly < HO'/Hoo/Ooodéléﬁ(é)l|(5y7)ts(£)|

g!Wﬂm{Amﬁw@mﬁmaakﬁém%W@ﬂMMOH%@H}
< o' llo = s VT €] + N5 €2}

and therefore N{o(y);C]] < [|07|| 0o N[7; C?j/]

The second inequality can be obtained in the same way, after noticing that, for all
s € [gl,gg],

lo(yM) = o ()l < ||<7'||c>o/0 délQENNSGY = 57t () lv-
As far as the third inequality is concerned, we can invoke the classical estimation
16(a(y™) = a(y®)isllv < llo"loclld™ =y )esllv + 10" oo 16(y s v
(Il = 5l + Iy = y@llv )
O
We are now in position to prove the

Theorem 3.10. Assume Hypothesis [ holds true for some v > 1/2, and that o € C*°.
Then equation ([23) admits a unique solution in Clw where the integral J(dz o(a +

I~ dn o(n)G(n))) stands for the Young convolutional integral introduced in Theorem [Bg.

Proof. Let € > 0 (we shall fix this constant retrospectively), [ € N, and suppose that we
have already constructed a solution §' € C{7([0,le]). If | = 0, then §° = §3 = 0. We
mean to extend ' into a solution 't € (ff;,j([o, (I + 1)), by resorting to a fixed point
argument.

Step 1: Existence of invariant balls. Let g € éfg([o, (14 1)e]) such that gj) = ' and set
Z = T'(9) the element of C; ([0, (I+1)¢]) defined by Zjo,o = ' and for all s,¢ € [0, (I1+1)e],

(gi)ts Tis (dx oy )), where, as in Lemma B.9, y = a + fooo dn q@(n)gj(n).
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We know from Theorem that

N5 CL ([, (L + D)e))] < e {NTo(y); ([0, (1 + De))] + &7 No(y); ¢ ([0, (1 + D)e))]}
which, together with Lemma B.9, gives

N CL (e, (L+ Del)) < e, {14+ N5 (0, (1 + De])]
[f0<s<le<t<(l+1)e, we use the relation 50 = 0 to deduce
0= (002)11e.s = (02)1s — (02)1se — € 719 (02) e,
and hence
N((02)i5: £5] < N(62)ese; £5) + N[(02)ic,s L]

< 2max <N[2; C7(lte, (1 + 1)el), N €7, ([0, zgm) It — 5[

Furthermore, for all s,¢ € [0, (I + 1)g], Z, = (02)s0, and thus
Nz C) ([0, (1 + DeD] < NTECI(0, (L + DeDIT,
We are therefore incited to set
e = (4ci70(1+T“’))71/7
Nyp = max (2(1 + TN CL ([0, Le])], dek (1 + T”)) .
Indeed, for such values, it is readily checked that if N[y; é?g ([0, (I + 1)e])] < Niga,
then NV[2C ([0, (1 + De])] < 5 and N[2CY ([0, (1 + De])] < £LT7, which gives

1+T™ 1+T™

Nz C?:::([O, (14 1)e])] < Npy1. In other words, the ball

QN = {5 € CL(0. (L + e = Gjoa = 7 NG CYI(0, (1 + Del)] < Niga)

is left invariant by T.

The independance of e with respect to the initial condition 7' allows to repeat the
scheme with the same € and thus to get a sequence of radii (Nj)g>1 such that the sets
Q;V,f 4 are invariant by I'. Of course, the definition of the latter mapping has to be adapted
(in the natural way) to each of those sets.

Step 2: Contraction property. We will now search for a division of the previous intervals
[le, (I+1)e] into subintervals [le, le +n), [le +n,le + 2], ... of the same lenght 1 (possibly
depending on ¢,1), on which a contraction relation holds.

For i € {1,2}, let g € é? ([0,1e 4+ n]) such that y\oze 7, Nt ([0 le +

)] < Niy1, and denote 20 = F(y(”), where I' is defined as in Step 1, but restrlcted to
Cg,ﬁ([oa le + 'r]]) According to Theorem B8,

NEW =221 ([le, le + ) < e ufN o (D) — o (y®); C([le, e + )]
+No(yW) — o (y®); € ([le, le + 1))},
which, together with Lemma B.9, implies
NEW = 29:¢7 (lle,le + )] < &, {1+ Nep ' N[gY — @567 ([le, le + 1)),

D — 2® vanish on [0, le], we can more simply write

NE® = 22561 ([0,1e + )] < &, {1+ N b N[5 = 5@ €L ([0, 12 + ).

Since the processes §1) — ), 2
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Besides, (20 — 2@, = §(20 — 23), ., so that N[z — 2(2);587([0, le +n))] < N[ZW —
32, C?: ([O le + ). Fmally, we get
NEW —2@:807((0,1e +n))] < 2, {1+ Nt} (L+ TN gD — 5@ CP7((0, e + n)).

[
Fix then n = inf (g, (2¢2, {1+ Niy1} (1+77))7"/7). In this case, I' becomes a strict
contraction on the set

{7 €0, + ) = Gz = §' N5 C((0,1e +n))] < Nisa }.

Using the stability of QJUH)E, we can easily show that the latter set is invariant by I" too

(cf Lemma B.T1] below). Consequently, there exists a unique fixed point in this set, which
we denote by §'". Since 1 does not depend on ¢!, the same calculation then remains true
on the (invariant) set

{7€ CY7(0,1e +2n)) : Gosern = 5", NG CI([0,1e + 2n))] < Niya ).

Thus, §"" can be extended in a solution 727 defined on [0, le +27] and proceeding so until
the whole interval [le, (I + 1)e] is covered, we get the expected extension 7'*!.
O

Lemma 3.11. With the notations of the preceding proof, the set
{5 € CY([0,le +n)) = Gyoge =75 NG CLI([0,le +1])] < Niga }

15 wnvartant by T

Proof. Let 5 an element of this set and Z = I'(g). Set

N R ift <le+n
U= N ettetmg it t e [le + 1, (1 + 1)e].

Then ¢ is easily shown to be continuous, that is § € Clv([ (I 4+ 1)e]). Moreover, if
s,t € [le 4+ 1, (1+1)e], (09) = 0, whereas if s < le+n <t, (09)es = e (=) (55) 14 s
so that N[g; C1, ([0, (1 + 1)e])] < NG5 €7, ([0, le + n])]. Since Ng;CP ([0, (1 + De])] <
NTg: G2, ([0, e + n))], we deduce Ng: Cy([0, (0 + D)e])] < Ng; CrI([0, 1 + )] < Niga,

which means that § € QN”ll+1

that Qﬂlalﬂ) is invariant by I', and so, if 2 = I'(9), N[Z; (??,’,'YY([O, I+ 1)e])] < Ny It is

now clear that Z = -4, which finally leads to A/[%;CY7([0, le +n])] < N2 Cr7([0, (1+
DeD)] < Niga.

But we know from the first step of the preceding proof

U

3.6. Application to fBm. We now aim at proving that the previous results can be
applied to a fractional brownian motion X = (XM, ... X™) with Hurst parameter
H > 1/2. Before we start with this program, let us recall what we mean by fBm in this
paper (we refer to [ for further details on this process): for computational sake for the
case 1/3 < H < 1/2, we will consider X as a centered Gaussian process indexed by R
(even if our equation is indexed by [0,T7]), with covariance

N 1
Ry(t,s); = B(XVXY) = S0 (PP + P — |t = s, st eR

We assume that the underlying probability space (€2, F, P) on which X is defined is such
that Q is the Banach space of all the continuous funtions Cy(R; R™), which vanish at time
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0, endowed with the supremum norm on compact sets. P is the only probability measure
such that the canonical process {X;;t € R} is a n-dimensional fBm with parameter H
and the o-algebra F is the completion of the Borel o-algebra of €2 with respect to P.

In order to apply our general results to the fBm, we need to define Wiener integrals
with respect to X. To this purpose, denote by H the completion of the R?-valued step
functions £ with respect to the inner product

(o) - - Ljoun))s (Logsals - - - Ljosn])) = Z Ru(siti), siti € R

When H > 1/2, it can be checked that this inner product can be expressed as:
(fy 9y = CHZ/ / £ g0y — P2 dudv,  with ¢y = H(2H —1). (25)

for all f,g € H. It can then be shown that the family of Wiener integrals {X (h); h € H}
with respect to X forms an isonormal Gaussian process, with E[X (hy) X (he)] = (h1, ho)y.

With these notations and facts in hand, a natural definition of X! is as follows: for
&,s,t € Ry and 1 < n, set

X0 = / e SEgXD = X (h(t,5;€)), with hy(t,5;€) = e S 0 (0) e,
) (26)

where e; denotes the i*" vector of the canonical basis in R”. We will now show that
this process satisfies Hypothesis f, under some integrability assumptions on <;5 First, it
is readily checked that 6X' = 0. In order to prove that X! € C“’,,Y a.s, we shall use a
Garsia-Rodemich-Rumsey (GRR in short in the sequel) type result, which is an extension
of the original paper [[] in 3 directions: (i) Like in [[{], we will get a regularity result for
a general function R defined on &,, which is not necessarily the increment of a function
f € €. (ii) The conditions on R involve §R instead of 6R (iii) R also depends on the
Laplace variable £. It should be noticed at this point that, for the remainder of the
section, Sy stands for Sy([0, 7).

Proposition 3.12. Let (V,|.||) a Banach space and fiz € > 0. Let R : Sy x R, — V such

that R_(€) € Co(V) and define
o] IR 1
0<v<w<T |w - U|) ’

where 1, ¢ : Rt —>~R+ are strictly increasing functions and ¢(0) = 0. Assume now that
there ezists some C(§) > 0 such that, for all s <t in [0,T],

p |FRme(€)] < v <4C<§l> ot — ) (21)

s<u<t [t — s|

Then, for all0 <s<t<T,

B [t—s| 7 [t—s| ~
Rl <s [ o (4(f§§)>d¢<r>+9o = (4f§£>)d¢<r>.
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Proof. See Appendix.
O

A preliminary step, before we prove the desired continuity result for X!, is to show
that this process is at least an element of Cy(R") for any fixed . This is achieved in the
following lemma:

Lemma 3.13. The process X defined by formula &) admits a modification X1* such
that, almost surely, X'*(&) € C5([0,T1]) for any & > 0.

Proof. Let us lean on the following version of the Kolmogorov continuity criterion: con-
sider a process {Z;(§), s,t € [0,T], £ € RT} living in any of the Wiener chaos associated
to X, and assume that for all N € N and all (s1,t1,&1), (82, t2,&) € [0, 7] x [0, N,

E | Zs, (&) — Zt252(€2)||2] <en{ls = s [t — ™ 6 = &M, (28)

for some oy, ap, ag > 0. Then Z admits a modication Z* such that, almost surely, Z*(€)
is continuous for any & > 0.

To show that X! actually satisfies (P§), suppose for instance sy < 57 < to < t;. Then
t151 (é‘l) tQSQ (£2>
t1 t1 S1
:/ [e—fl(tl—u) _ 6—52@2—“)] qu+/ e—fl(tl—u)qu _/ 6_52@2_“)qu.
52

S1 to

But, on the one hand, relation (B9) yields

t1
FE [H/ _fl(h udX || :| _CH/ du/ dve” &1(t1—u) ,—&1(t1—v) |’LL—U|2H72
to

S C |t1 — t2|2H
S1
E {H/ 6_52(“_“)qu||2] < clsy — 89 2
52

On the other hand, still evoking relation (BF), we have

l”/ [ —&i(t1—u) _ 6—52(t2—u)] qu||2:|

t t
- C/ 1 du/ 1 o }e—fl(tl_u) . 6_52“2_“)} |u . U‘2H72 }e—gl(tl—v) N e—fg(tg—’v)
S1 S1

and likewise

)

which, together with the estimation
}e &(ti—u) _ 6*52(t2fu)} < ’efﬁl(tru) _ e*ﬁl(tru)’ + }6*51(152*10 _ 6*52(152*”)}

< &t —to| 4t —ul |& — &
< Nty —to| +T& — &,

leads to

to
b [H/ et — o=@l gx [12] < ey {[t — to| + |6 — &}

1

We are thus in position to apply our general results to the fBm case:
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Theorem 3.14. Let X be a fBm with Hurst parameter H > 1/2 and v € (1/2, H) such
that [ d&|o(€)|(1+&7) < oo. Then the process X' defined by the Wiener integral (£8)
satisfies Hypothesis [ for v a.s. Consequently, if in addition, o € C*°, the system

{(S?)ts — Tis (CZX o (a + [ dg és(g)ff(g)))

Yo=0
. . . .50,
admits a unique solution in C\’] a.s.

Proof. As mentioned before, we just need to check that X' € CJ_ (RY). Further-
more, with Lemma in hand, and thanks to the fact that 6X' = 0, we can apply
Proposition to X', with ¢(z) = 2% and ¢(x) = 27t1/?, to obtain || XL(£)|| <
clt — 5|7 (U,2,(€))/?, where p is an arbitrary strictly positive number and

U%QP(&) _ /T ||va(§)|| P dvdw, (29)

xT |w

Therefore, we just have to prove that /\/’[0717/22;; L] = [ d¢ D(E)(L4EM) (U0 () < o0
a.s, since in this case, X' € Cy, and N[X’l;(f;ﬁ] < CN[UWIZ,I);EV] < 00 a.s. In fact, we
are going to show that E[N[U%zpp; L,]] < 0.

Let us start with the Jensen inequality

ENIOY L) < [ Aol +€) Bl a6

0
Notice then that, as we already mentioned in the proof of Lemma B.13,

E[| X0, (€)I1) < ¢ |w — o7, (30)

which leads to E[U,2,(€)] < ¢ [y q [0 — v*""*7*2 dwdv. This means that if we take
v € (1/2,H) and p > 1/(H — ), E[U,2,(€)] < M for some constant M independent of

¢, and as a consequence,

EINOM: £,]] < MV / A1+ ).

v,2p
0

The proof is now easily finished.

4. ROUGH VOLTERRA EQUATIONS

Our aim is still to solve equation ([[7) or (), in a case where x satisfies Hypothesis [ll,
but where we replace the condition v > 1/2 by v > 1/3 only. Like in the Young case,
our first task is thus to give a suitable interpretation to the integral in (R2), which goes
beyond the Young case. We will see that the key to this improvement is to introduce a
new class of processes.

4.1. Convolutional controlled paths. As in the Young case, let us start with some
heuristic considerations: let us go back for a moment to the Volterra equation under the
form

w=a+t / ot — v) dyor (i),
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and assume that z is a smooth path in C{° and o, ¢ are regular coefficients. Then the
equation above admits a unique solution y, whose increments can be decomposed into:

(5y)1s = / ot — v) di, o(y,) + / (Bt — v) — Bt — 0)] dry o(y) = a0 (gs) + 72e

with
¢
ZL‘tlS = /gb(t—v)dxv

ne = [ ot = v)da, (Go(w).. + /Os[qb(t—v)—as(t—v)]dxua(yu) =T+ T

This is exactly the structure which will be imposed for the solution to our equation, and
let us analyze it a little further: if we assume now that x has only a regularity of the form
C] with v > 1/3 and that y is CF for any x < 7, then we expect z' to be an element of Cj,
under some regularity conditions on ¢ (which will in fact be assumed to be a differentiable
kernel). As far as the remainder term r is concerned, we expect it to inherit the Holder
regularity of y and x for !, and the regularity of ¢ for 2. Hence, the remainder term
r should be an element of C3*. Tt is also worth recalling from Remark B.7q that, if z is a
path allowing to apply Fubini’s theorem, then x! should satisfy:

~

o= [ k@ de (31)
0
It is thus natural to formulate the following assumption on our driving process x:

Hypothesis 2. Assume that, for some v € (1/3,1/2) and 8 > 0, x allows to define a
process T* € C3 5(RY™) such that 03" = 0. Set then

i = / L ©d(e)de.

Remark 4.1. Notice that, contrary to Hypothesis [[, the index $ and the exponent v may
be different here. In fact, for some computational reasons that will arise in the proof of
Theorem [L.1G, we shall be prompted to take 3 = 1. Therefore, from now on, let us only
focus on the spaces (f;’l (RY™) (i € {1,2,3}), that we more simply denote by CJ(R%™).

Fix an interval I = [a,b] C [0,7] and denote ¢ = |I| = b — a. With the above
considerations in mind, the natural spaces to work with in order to solve equation ([[7])
can be defined as follows:

Definition 4.2. A path y € C,(I;R¥) is said to be a convolutional process controlled by
xb (with regularity ) if 0y can be decomposed into:

(6y)is = (2L, )" + 145, with ¢ € CH(IL;R™Y), and r € C2*(I; R¥). (32)

Denote the space of such controlled paths by Q*(I; R*) and for any h € R*, write Q5 (I; R¥)
={y € Q(I;R*): y, =h} . Then the norm associated to Q~(I;R¥) is

Nly; Q7 = Ny; Cf] + NG C + NG CF] + Nrs €7
Notice that if 1/3 < k <=, Q" C C] and
Ny: CE ()] < e " Ny; Q°(1)].
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In fact, as in the Young case, we shall focus on the form ([[§) of the original equation
which also involves a process y indexed by the Laplace variable £&. In this setting, the
same reasoning as above applied to y leads to the introduction of the following spaces:

Definition 4.3. A path § € Ci(I;R¥) is said to be a process controlled by &' (with
reqularity k) if 0y can be decomposed into:
(0)is = (T, )" + Fos,  with ¢ € CF(LR™Y), and 7 € C3*(I; RY),
where we recall that we have set C¥ := (fl”l according to Remark [[1. Denote this second
space of controlled paths by Q(I;R*) and for any h € Ly, write QZ(I;R’“) = {y €
O"(I:R¥) : §, = h}. Then the norm associated to Q"(I;R¥) is
Ng; Q] = Ng; Cf] + NG €] + NG CF) + N7 G

It is then readily shown that the space of controlled processes is stable by composition

with a smooth enough function:

Proposition 4.4. Let z € Q%(I;R*) with decomposition (F3), o € C**(RF;RY) and set
2 =0(z). Then 2 € Q%(I;RY), and it can be decomposed into
02 = (2" O)" + 7,
with )
(s = Cs(Da(2))", 715 = Do (2) 11s + [0(0(2))ss = Do (25)(02)1s]
where Do stands for the matriz-valued coefficient (9% )1<i<i1<j<k, and the norm of 2 as
a convolutional controlled process can be bounded as:

N2 Q(I;RY)] < ¢, {14+ Nz Q°(I; RM)]?} . (33)
Furthermore, if 21, 22 € Q%(I) are such that 20 =22 then
N (z) = o(z®); QUL RY)] < ¢y 0 N2 = 22 Q°(1;RY)], (34)

where

Conttr s < o {1+ N[ Q°(I;RM)] + N2 QL RN}

Proof. Tt is exactly the same as the proof of [0, Proposition 4], replacing § X with z!.
O

_ Finally, let us mention that, in the remainder of the article, we will write Q"(I) and
Q5 (1) instead of Q*(I;V) and QF(I;V) whenever this does not lead to an ambiguous
situation.

4.2. Integration of controlled processes. We now aim at giving a precise sense to the
integral J;,(dx o(y)) which appears in (B2) and stands for fst e~ (t=dx, o(y,) in case of
smooth processes. Asy < 1/2, we can no longer resort to Young’s interpretation. In fact,
in order to define this integral, we will rely, as usual in the rough path theory, on the a
priori existence of some Levy area type process adapted to our problem (notice that the
following hypothesis covers Hypothesis B):

Hypothesis 3. Assume that, for some v € (1/3,1/2), x allows to define three processes
il e C/(RY™), #2 € C'(R™™) and #* € CY(R™™) satisfying 03" = 0 and

T~2 ~1 1 ~3
(53: )tUS = Ty, ® Lys + Tis-
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Remark 4.5. In case of a smooth process z, the increment 7 represents now the double
iterated integral fst e ¢ dx, @ 2! which can also be written, with a slight adaptation

vs?

of the notations of Section B.J, as the (partially) integrated Levy area

2.(6) = / " dnd(n) el @ dr) (&, m).

As for 23, it is given in this case by
t t U
j?us(f) = / eig(tiv)dxv ® (5'T1)vus - / eig(tiv)dxv ® / [¢(U - w) - (b(U - w)]dxw

The last ingredient we need before we can integrate convolutional controlled processes

with respect to the increment dz is a matrix equivalent of Lemma B if A, B € R¥,
denote A - B = Tr(AB*). Obviously, |A - B| < ||Al|||B]|, and hence:

Lemma 4.6. If M € Co(R*!) and L € C,,(R*!), then M - L € Cpy1(R) and
6(M-L)=0M-L—M-6L.

Here is now the natural way to integrate convolutional controlled processes in our
context:

Proposition 4.7. For two given coefficients 7y, k such that 1/3 < k < =, let x be a process
satisfying Hypothesis . Furthermore, let z € Q"(I; R™) with decomposition

(62)is = (11,Cs)* + 145,  where ¢ € CF(I;R™™), r € C3"(I;R™). (35)
Define A by Ay = h (where h € L,) and
(6A)s = &2+ 8-+ A@Er+ - (50) =7 (). (36)

Finally, set
J(dx z) = dA.
Then:

(1) A is well-defined as an element of Q%(I;R), and T (dx 2)(€) coincides with the
integral fst e ¢ dx, 2, in case of two smooth functions x and z.
(2) The semi-norm of A in Q°(I;R) can be estimated as

NIA; O°(I;R)] < ¢ {(N [z CY(L; RY)] + 7 "N [z; Q*(I; RM)] } (37)

for a positive constant c, depending only on x.

(3) It holds

Jio(dz2) = lim [:zgm,ti 2, + 32 -g;;] in L1, (38)

t; t;
|Hts“’0 : i+15ts
=0

for any {1 < s < t < ly, where the limit is over all partitions 1l;s = {ty =
ty...,t, = s} of [s,t] as the mesh of the partition goes to zero.

Remark 4.8. Tt is certainly possible to state and prove continuity results for our extended
integral in terms of a sequence x™ converging to x in the sense of convolutional controlled
processes. We did not go into these considerations for sake of conciseness.
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Proof of Proposition J1. (1)If z, z are two smooth functions, then 7 (dz z) can be defined
as a Riemann integral, and as in the Young case, one can write:

t t
Tis(dzx 2)(€) = / e S0 dy, 2, = 7€) 2, + / e Sy, (82) us

Plugging the decomposition (BY) for (dz),s into this last expression, and observing that,
thanks to some elementary matrix manipulations, we have dz, (z! ()* = (dz, @ z},) - (7,
we end up with:

t
Tuldr2)(&) = #(€) 2+ / e dg, (2, )+ 7o)
¢ t
= jis(&) Zs + |:/ eig(tiv)dﬂfz} & .Tzljs:| ’ C: "—/ eig(tiv)dﬂfv Tus

¢
S GEREAG -y (e
or otherwise stated:
jts(cix r) = jts(dx z) — :i%szs — :i?s (. (39)

In order to analyze the term J (CZx 1), let us apply, like in the Young case, 4 to both mem-
bers of the equality above. This gives, owing to Proposition B.3, Lemma [[.§, Hypothesis [,
and using the decomposition (B3):

5(]((%7‘)) = i'0z 032 ¢+ (6Q)
— 5:17“+£2(5C)*—:%3C*

When all these terms have a Holder regularity greater than 1, we are now in a shape to
apply the operator A, which gives:

J(dvr)=A (' r+ 3% (5¢) -3 ().
Plugging this equality back into (BY), we have proved the relation
J(drz)=i' 2+ ¢+ A @ r+32 (00 —3°- (),
in case of some regular functions x and z.
(2) Let us analyze the two terms of the remainder R of A defined by (Bf), namely:

R=#+A@r+22 (60) — - ).
For the first term, we have
NE* - ¢ CH(I)] < 207N [2% 6N (DING D).
As for the second term, we use the contraction property (EI) of A to deduce:
NAGE T +3%- (60" = & - ) 657 (1)
< EONAGE r+ 22 (6¢) =% ) CF (D)) < CeV (I + 1T+ I11),
with
I =NE'r; G (ID)] < N[5 CDIN T G (D),
1 =Nz (50)C ()] < " N[2% 6 (DINTG CE(D),
[I1 = N[z*- ¢ 6" (1)] < 079N 6T (D NG D).
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Thus, we get N[R;C3(I)] < €20=%) N[z; Q%(I)]. Besides, we already mentioned that
Nz CF(I)] < 877" Nz; Q(I)]. The estimation (B7) easily follows.
(3) Remark that
0A = (Id —Ad)(F'2 + 22 - ¢).
The result then stems from Corollary B.6.
U

In order to define the term 7 (dz o(y)) in our Volterra equation, we need the following
multidimensional version of the previous proposition:

Definition 4.9. We say that z € C1(R*!) is controlled by x* (with reqularity k) if z =
(W 20 with 2D € Q%(R¥). Denote Q%(R¥!) this set of controlled processes, and
define, for any z € QF(RM),

1/2
N[Z Qli Rkl (ZN Qli Rk)] ) )

Let us also introduce the set Q“(Rk’l) along the same principle, together with the norm

1/2

Corollary 4.10. If z € Q%(R™!), the process j(d:c 2) (with values in R') defined by
J(dx2)D = J(dx 2D for allie{1,...,1},

belongs to Q“(Rl). Moreover, the conclusions of Proposition [} still hold in this context.
In particular,

NI (dx 2); Q% ([l1, £2]; RY)]
< e {N 1z CU ([0, LI R™D] + 1l — 677 Nz Q7 ([, Lo]; R™]

4.3. Localized controlled processes. In order to get a global solution for our rough
Volterra system, we still have to perform a technical step. Indeed, like in the Young
case, we will solve the equation by patching solutions defined on small intervals, and
this patching procedure will involve a localization of some convolutional paths around a
certain smooth increment f, which represents in general an initial condition. The current
section is thus devoted to adapt our previous definitions and propositions to this localized
setting. Notice that we assume, throughout the section, that x satisfies Hypothesis JJ.

Fix thus an interval I = [a,b] and denote € = b — a. The following subsets of Q%(I;RF)
will come into play:

Definition 4.11. Let f € C3(I;R¥). A process y € C](I;R¥) is said to be r-weakly
controlled around f if

(6Y)is — fis = (2 CY)* + iy, with ¢Y € CF(I;R™) and ¥ € C3"(I;RY).  (40)
Denote .A?,h([; R¥) the set of k-weakly controlled around f processes such that z, = h,
and for any y € A’}7h(I;Rk), define its semi-norm by:

My; Aj (I RF)] = NTCY; C(I)] + NGV CR(ID] + NTrvs C37(1)] + Ny; Cr(T))].
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The following elementary facts are worth noticing: obviously, Ag, (1) = Qi(I), the
norm M |.; Af ,,(I; R¥)] coincides with N'.; Q%(1; R¥)] and for any f € Cy(I; RY), Aj,(I) C
Qr(I). The important point in our localization around f is precisely that this latter
increment does not play any role in the computation of M[y; A%, (I; R*)] (thus the new
notation M, instead of A/, for the norm of y).

Let us now see how the spaces A% »(I) pop out naturally when one integrates a convo-
lutional controlled process.

Proposition 4.12. Let § € QZ(I;R’“) with decomposition 0 = (F'¢7)* + 77, Set y =
ao + Jo dES(&) §(€)- Then y € Aj, (L RE), with fie = [;™ d§6(E) ars(€)e () and
h=ag+ [, déd(&) h(E). Moreover,

Mly; A5, (D) < e {135 @ (D) + "N i £1]} (41)

Proof. It s <t €1, write

(6y)es = / " DO (07)s(E)

0

_ / " e B(E)Gusle) + / " H(E)an(©)7n(6)

0

= @yt [ dede)re) + / " O (E) (5o €) + fo

0 0

Set €7 = ¢l i, = [ £ 3(€) {7h(€) + 4t () (37)sa(€) |- Then
N €3] < e (N7 G5 + N3 C < e V13 @)

and [|(6y)ssll < [l fisll + |6 = s Mt GINTCE CF) + [¢ = s N[r¥;C57). But || fiol| <
[t — s| N[h; Ly], hence Ny; Cf] < e"*Nh; L1] + ¢, N[g; Q7], and (F)) is thus proved.
U

An analog of Proposition [£.4 concerning the composition of a localized controlled pro-
cess with a smooth function is the following:

Proposition 4.13. Let y € Aj,(I), and consider a function o € C**. Then o(y) €
AD o) f.om L) and we have the following bound on the norm of o(y):

Mo (y); A%a(h)f,a(h) (1)]
< oo {1+ My Af (D) + " Mly; A5 (DINF: Co(D] 4 e NfCo ()]} (42)

Moreover, if yV,y? € A (1),
No(y®W) —a(y®); Q(1)]

< cooNTyW =y QD1+ MIyWs A7 (D + MIy®; A5, (1]
+e TN f G+ Ny CEID] + Ny CE)]) ) (43)
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Proof. 1f s,t € I, write

5o = / 0N Doy, + A(09)es) (59)1s

1 1
= /0 dA Do (ys + A(0y)es) frs + /0 X Do (ys + A0y )es) (24,C2)" + 1)

= Da(h) fus + (@, CTWY* +rg 4702 (44)
with ¢ = VDo ()",

1 1
PI _ / AN [Do(ys + A(By)is) — Do(y,)] (zhcV)* + / dA Do(y, + A(Sy)us)rts,
0 0

rpd)? /OdA[Da@sH(ay)ts) Do(yy)] fis + [Do(ys) — Do(ya)] fus-

By standard computations,
NICTW5C) + N[V ) + N[0 G < oo {14 My; AF )
Besides,
g2 < | D20l N [y CHINTE G {1t = 8|7 + |s — al" |t — 5]},

and hence Nr7W)2;C3¢] < ¢, M([y; A5, JN[f; C3le' . Finally, going back to decomposi-
tion (f4)), we obtain:

16(a(y))es|
< Do oo [t = s| NS G + [t = s/ N I M [y AF ]| Dollos + [t — sI™ N7 €3],

so that No(y); Cf] < cop {7 "N f;:C3] + My; A%l + N [ro®: 3]}, which achieves the
proof of ([2).
As for ({3), we have, with the notations ([4),

3o (y) = oy @)y = (270" = WD) 4 20— f O 702 22
If we refer now to the proof of [L(, Proposition 4], we effortlessly get

NIET™) = @) D] + N — W)+ N7t — @ ()

< oo {1+ My AG (D + My A5, (D Ny — 5@ Q7(1).

As far as ro@ )2 — po®)2 g concerned, notice that

Ir 2 = rZ R < e - S| NS G

{ / AN IDo (6l + A5y M)er) — Do(uS") — Doy + MEy®)se) + Do ()]
0

+1Da(y) = Do(y) - Da(y) + Do(y®)| }.

Some standard computations (see e.g. [P, Lemma 3.1] for further details), using differ-
entiations along the path

a(p,v) =y + ) — oy D) + v(y® =y )+ -y =y +y V)
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defined for u, v € [0, 1], then lead to

N[ra(y(l))p o O'(y(Q))72'CQH( )]
< e NIFCHD] {1+ Ny Wi CE(D] + Ny @ e} Ny — 5@ ¢ (D).

Inequality ([) easily follows.
0

Observe again that A%, is a subset of Q", which means that, for any path z € A%,

the integral J (Jx z) is defined thanks to Proposition [.4. In the particular context of a
process z € A}, the bounds on this generalized integral can be improved as follows:

Proposition 4.14. If z € A}, (I;R"), then the semi-norm of the process Z in O"(I;R)
defined by 2, = h € Ly and 52 = J(dzx z) can be estimated as

NZQ ()] < o {NTz:CY(I)] + &7 "Mz Af (D] + e "NIfC (D]} . (45)

Proof. According to Proposition [L.7, Z can be decomposed as a controlled process, with
¢(* = z and 7 = 7! 4 72 where

~z1 CZ and 772’2:/~\(ZZ‘1TZ+i‘2'5cz—i‘3'cz+l~‘1f).
First, since (02)s = fis + 1,(7 + 7’{;7
NICCE(D] = Nz CF (D] < e {e" " NIf G (D] + 7" Mz A (D]}

As for the remainder term, we have N[F1; C2¢] < c,e207% M|z A%, ()], while, thanks
to the contraction property ([[0),

NG (D] < e {7 Mz Ay (D] + N2 CHD])
Finally, N(52): £1] < e {|t — s Mz A3, (1)] + |t — 5" N[£:C3(D)]}, hence
N CHD] < ¢ (€7 "Mz A5, (D] + €47 N5 G}
which achieves the proof of (). O

Remark 4.15. If f € C3(I;R*') and h € R*!, we can define A%, (I;R*') along the same
lines as Q"(I;R¥). If z € A}, (I;R™), inequality (B3) remains true, that is

N QA(IRY] < s (N[ COLR™)] + Mz A5 (I RM)] 4+ "N f: CHI R
(46)
where Z is defined analogously to Proposition [.14.

4.4. Rough Volterra equations. We are now in position to prove the main result of
this section:

Theorem 4.16. Let v € (1/3,1/2) and 1/3 < r < 7. Assume x salisfies Hypothesis [}
and o € C3P(RY; R™). Then Equation (£3) admits a unique solution in Qf([0,T]; R?).

Proof. As in the Young case, the solution we are looking for is seen as a fixed point of
some naturally defined application I". The fixed point argument is then divided into two
steps: we first establish the invariance of some well-chosen balls of Q’f, and then show a
contraction property on these balls.
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Step 1: invariant balls. Fix a positive integer N and consider a sequence of intervals
LY =[N, Y] with 1" = 0 and e, = e} = I}, , — I} = 5=, so that [0, T] is covered by a

finite union of (I¥),>0. Introduce also a sequence of balls

Bl = {5 € Q(I): Gy = hn, (i = 0(hn), N[ Q°(IN)] < (N +n)™},
where h, € £, is such that Nh,: £i] < (N + n)*. We are thus given a control over
both 6§ and the initial condition gy. Ity e Bz = T'(y) is the path in C](IY)
defined by the two conditions: Zn = h,, and for all s,t € IN, (02)s = Jis(dz o(y)), with
y=ao+ [y dE $(€)7(£). With these notations, and using the previous propositions, we

are going to prove the existence of two constants a;,as > 0 such that the sets B;’:" are
invariant by I and the following property holds:

(H) Ifge Bh" then N[le SL) < (N+n+ 1)
Thanks to (H), the local solutions can then be patched together, as we shall see at the
end of the proof.
Let § € B z = T(§). As in Proposition [[I3, denote [ = S D(&)ay(&)etl—a)

n

(&) and hy, = ag+ Jo de G(€)hn(€). In order to estimate N[Z; Q%(IN)], use successively
(Ed), (E2) and (A1), together with the fact that
N[Do(h,)f"; C%(Irjzv)i < N[ C%(Iriv)i < CUNiBni L],
to get
Nz @ (IN)]) < ek A1+ "N g Q°(IN)]? + &1 N [hy,; £4]
+ e NG QI [ £1] + e "N by £4]}. (47)
If one desires to stay in the ball B:;L” after applying I', one is naturally led to consider
the system
200 — (Y — K) < g
200 — (Y= K+ 2(1 — K)) < g
agtas— (14+v—2kK) < ay
a; — (1 — k) < as,

s <Y —K

ar— 1 < ag— K.
In fact, for some reasons that will arise soon, we should add the conditions a, < 5% and
a1 — 1 > as — v, which turn the previous system into

0<ay <5
ay—y<a;—1<ay—k.
Notice that the conditions above can be easily met (and are assumed to be met in the
sequel) whenever x < . Now, going back to (f]), we get N[2; Q"(1))] < 6¢}, , (N 4n)*,

where a3 stands for the maximum of the left members of the system (H§). As a3 < as,
we can pick N sufficiently large such that for any n > 0, (N +n)®2=* > 6¢L | and so

Nz @ (L)) < (N +n).

(48)

which reduces to

x,0
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[t remains to analyze the condition (H). But Uy, =€ Yy + (Sﬂ)lwﬂlg, so that

Ny, i £1] < (N +n)* + Ng: G (1, (N+n)" +cg (N +n)*.

N <

2=
Now notice that, when m — oo, we have Mxﬁ ~ ””maQ 7=(@=1) " But remember

that we have assumed a; — 1 > ap — 7, so that if NV is large enough, the last equivalent

yields (N+‘§+(f)[j1"_)?]2\:n)al < 1 for any n > 0. Hence N[ylg+1; L1] < (N +n+ 1), which

achieves the first step.

Step 2: contraction property. The contraction argument is now easy to settle. Indeed, if
g% € B and 20 = T'(§"), then, owing to relation (fg), we have

NTEW — 22 Q5 (1))
< c{NTo (™) = o(y®); Y L] + e No(y™) — o(y™); (1))}
But No(y') — o(y®);CY(IY)] < g No(yW) — o(y?); Q*(1})], and the previous re-
lation, together with ([3) and (), gives NGW — §@: Q5(IN)] < cou INsn NGV —
7@ QF(L)), with
J, =n"07r {1 + pez 4 pm2mr) 20y ==k pen {1 + n*? + n_(l_"‘)no‘l}} .
It is finally readily checked that the two conditions 2as; — (y—k) < 0 and oy < ap+1—k

entail limy_, Jy = 0. Therefore, here again, we just have to take N sufficiently large for
the contraction argument to work on the balls B n > 0.

Step 3: patching solutions. The construction of the announced solution y € QS([O,T])
reduces now to a patching argument. Let us make it precise.

First, define a sequence (§",¢%" )0 by the recursive condition: (7°,¢7) € Q°(IY) is
the fixed point of T in BY and for any n > 1, (§",¢?") € Q*(IY) is the fixed point of T in

~n—1

]
B, . This construction is allowed by the first part. Then set, for any ¢t € [0, T,

Nt Nt
Ge=> gLyt . F=> 1)
n=0 n=0

where Np stands for the lowest integer such that S>>0 [IN] > T.
IFLY, <s<Il)<.. <Ily<t<lIly,, use the relation
k-1
(67)1s = e~ 1) <5y)lN +( lN + Ze D (5w, (49)

141"

together with 021 = 0, to deduce (69), = £L,C7 + 7L, where 7, = 7' 4 702,

k/
=51 ~1 " grt ~1 7 gt
Tts = Tyn [Cz;j — G4 + Tyn Gy — sz[l ’

i=k+1
y k-1 ,
50,2 —(t—IN) ! — (=N )0
T =€ Tl{ys +Tt1g+ g e i Tlfﬂzgv
i=k

Owing to the regularity of each ¢?°, this proves that (7, ¢?) actually belongs to Q5([0, T]).
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Finally, let us go back to the decomposition (f9) to deduce
k-1

(8§)es = e~ ) T (dw o (y)) + Ty (dr o (y +Ze ) T v (dr o(y)

i+1"%

Furthermore, invoking the fact that & (j (dx z)) = 0, we obtain:

Tuy (v a(y)) = Ty (dwo(y) + e

and hence

(09)1s = ¢ T (dx o (y)) + Ty (dwoly) +Ze ) T v (dro(y)).

41"

Tterating this procedure, we end up with the relation (6§);s = Jis(dz o (y)) for all s,t €
[0, 7], which proves that y is a global solution to equation (P3).
U

4.5. Application to the Brownian case. We now intend to show that the previous
results can be applied to a (classical) brownian motion X = (XM ... X®)) with values
in RY". In other words, we shall consider the processes X1 X2 X3 defined in a natural
way, according to Remark [L.5, by

t t
XL = / X, X2 = / ~gx, @ XL, X3, = / e GX, @ (5X ) yue,

where X, = fst ¢(t —v) dX,, and where all the stochastic integrals above are understood
in the It6 sense. We thus have to prove that those processes satisfy the required regularity
conditions.

As far as X! is concerned, we can use the same proof as in the Young case, and the
following regularity result is easily shown:

Lemma 4.17. If ¢ is such that I A€ |p(6)|(1 + €) < oo, then, for any v € (1/3,1/2),
X1 e Cl([0,T);RY™) a.s

Proof. The same trick as in the proof of Lemma [.T3 leads to the existence of a continuous
version of X L(¢) for any fixed &. Now, just as in the Young case (see the proof of Theorem
B19), it is readily checked that X! = 0, and thus one is allowed to write, for any p > 0,

- - - 2p
IXLE < C [t = s]" (Uy,2(€)) Y, where U, a,,( // 21!+2d”dw- (50)
0<s<t<T |UJ - U|

Our claim is thus easily proved by replacing (BQ) with the usual It6 isometry property.
O

Consider now X3, and notice that, up to a Fubini-type theorem, this process can be
written for all £ > 0 as

X3.(6) = / " dndm X (€m) © XL ), (51)

Wlth X tu(f n) f e 8= q, . (n)dX,. The issue then consists in studying the regularity of
X To this end, we shall resort to a GRR-type argument, which requires the introduction
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of a new incremental operator 5 acting on the space 52 of applications on S, with values

in the space of two-variables functions. This operator should send Cs into the space Cs of
applications on &3 with values in the space of two-variables functions.

In order to define :S observe that for all £, > 0,
= 4
X&) = X (€m0 — e 0K (6 )

_ / 80 [a,5(1) — apu(m)e ] dX, = XL, (E)aus(n), (52)

the regularity of which is known. This simple relation yields naturally the following:
Definition 4.18. ]fé € 52, let OR the element of 53 defined by the relation

(gé)tus(ga 77) = (5§)tus (57 77) - a’tu(g)éus(ga 77) - étu(ga n)a'uS(T’)
for any &;m > 0.

= = 4
~ With such a definition, the above relation (B2) can be written as: (6X )(§,n) =
X}, (&)ays(n). Furthermore, we have the following equivalent of Proposition B.19, whose
proof is postponed to the appendix for sake of readability:

Proposition 4.19. Let (V, |.||) a Banach space and fiz §,m > 0. Let Re 52(T; E) such
that R_(€,m) € Co(V), and set

s | Rus (€, )l
vie.m //0<s<t<T ( o([t — s) ) dbds,

where 1, ¢ : Rt —>~R+ are strictly increasing functions and ¢(0) = 0. Assume now that
there exists some C(&,1) > 0 such that, for all £, < £y € [0,T],

0 <u<ty by — 4]

sup [[GR)eputs (6, < v (m) bt — 1)),

Then, for all s,t €T,

- |t—s| 7
IRuenl < [ lw—l (M)w (40755 )>]d¢<>

It is now possible to give some regularity results for the increment X3:

Lemma 4.20. If ¢ is such that I de |(E)|(1 + €) < oo, then, for any v € (1/3,1/2),
X3 e CY([0,T);R™) a.s

x4 )
Proof. We will apply of course Proposition LI to X , with ¢(z) = 2% and ¢(z) =
2“/“/ ?. The same arguments as in the proof of Lemma ] enable to assert that, a.s.,

(5 n) € Co(RY™) for all £, > 0. To find out what C’({ n) should be, remember that
(5X Yooty (€,m) = X}w(f)aull(n) Hence, according to (p0),

)
||(5X Jeut (E I < e o = ul" (U (€)% |u — 4]
< e |l — 07 (U 2(€)
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Therefore, set

~ 4

= ~ / / = va f, 7] 2pl

0%212,21)’(5777) = (U%2p(§))2p /2p772p77 Usyop (&m) = //0 . %dvdw
<v<w<

jw — vl
(53)
and with these notations,

X0 (€ <t = s { (T (€)% + (o (6 0) >

Going back to (F1) and estimating X (1) with | XL.(0)| < clu — s|7 (Uy9p0(n))/?"
for some p” > 0, we get

. ) .
”Xfus<§)” <clt —ul ! lu — SP R%2p72p’,2p”<€)7

where

Roparrap(©) = [ dn Il (€)™ (O )

- /0 i |§Z§(n)|(6%2p72p,(§’ 77))1/2p/(07,2p” (77))1/2””

- R'1y72p’,2p” (5) + R’%/,Zp,ZpﬂZp”(&)' (54)

To prove that X3 € (fi” a.s, it is now sufficient to show that N[R%Qp,zp/’QpN; L] < o0 a.s,

which will be seen as a consequence of E[N[R, 2p oy 2p7; L1]] < 0.

In order to prove this latter relation, use first succesively Schwarz and Jensen inequal-
ities to obtain

E[(Usy 0 (€)% (T () V2] < E[Us 0 (€, )] Y% B[O, )]V, (55)

To estimate the first term in the right hand side above, we resort to the fact that
~ 4 w
Bl X (€ )7 = / e 62 (n)du < [w — vf?.

~ 4
Furthermore, X, (£,n) is a random variable in the second chaos of the Brownian motion,

= 4 / / /
on which all the LP-norms are equivalent. Thus E[[| X, (&,7)[|*] < n*' |w — v|* for any
p’ > 1, which yields:

x , , , 1/2p’
B30 (&, )]/ < e ( / / = o dvdw) |
<lv<w<

Hence, if we take p’ such that p" —2yp’—1 > 0, that is p" > 1/(1 —27), then the quantity
Uy (€,1) can be bounded as E[Usay 5, (€,1)]% < Cn. As for the second term of (53),
we have (remember that n stands for the dimension of X*!)

BIRL I =n [ ey <o =,
so that the same kind of arguments as for X* yield

E[U’Y,Zp”(n)] < C// lw — v|p”727p”72 dvduw.
O<v<w<T
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By choosing p” > 2/(1 —27), we get E[U, 2,#(1)] < ¢. Consequently , recalling that R' is
defined at equation (B4]), one gets:

EINTR. 5, ap; £1]] < / 4€ (€)1 + €) / dn @)
0 0

gc(/owdma%(éﬂ(uf))z. (56)

As far as /R’7 op.2p 2y 18 concerned, we use the definition of (:)'%21,721,/, together with the
previous estimation of E[U, o, (1)], to assert that, if p > 2/(1 — 2),
E[é’y,2p,2p’ (3 77)1/2pl U’y,2p” (77)1/21//] = nwE[Uva(g)l/Qvazp” (77)1/2pn]
< nvE[Uﬂ/?p(g)]UQPE[U%?p” (77)]1/212// <Cn.
Hence

EINTR 30 L] < / 4€ 16(6)](1 + €) / dn ()

gc(/owdswxouuo)z. (57)

Putting together the estimates (56) and (B7), we end up with E[N[R, 2p.2p 25 £1]] < 00,
which ends the proof.
U

It remains to analyze the regularity of X2, To this purpose, we will apply Proposition
3 again, which means that both the moments of X2 and 6X2 = X'X! 4+ X? have to
be controlled. We first have to check the following property:

Lemma 4.21. If fooo dn |¢3(n)| < 00, then, a.s., X2(&) € Co(R™™) for any & > 0.

Proof. This is the same Kolmogorov-type argument as the one used in Lemma B.13. The

details are left to the reader.
O

Let us state now the regularity result for X?2:
Lemma 4.22. If ¢ is such that S 16(6)|(1 4 &) < oo, then, for any v € (1/3,1/2),
X2 e Cy([0,T);R™) a.s
Proof. Invoking the fact that 6X2 = X' X' + X? and the previous estimations of X! and
X3, we deduce ||(6X?)sue, (€)]| < c|la — 61" D(€)V*, with

D(€)*7 = Ry 2,201,202 (€) + (U 2, (€)1 / iy | ()] (U2, () /271

0
We are thus ready to apply Proposition P19 to X2 with (z) = %5 and ¢(z) =
P/ 0 gt | K2(E)] < e Jt — s {sz,@f)(s)l/‘*m + D€ ] where we set

- O
‘/2%4p5 / / 1o 8ypst2 dvdw,
O<v<w <T |

and so N[X%C] < c{/\/[VQ /5. 1] +N[D1/4p5;£1]}-

- v,4ps?
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_ The fact that N [Dl/ 5. L] < oo a.s has been shown while studying the regularities of
X' and X3, for some well-chosen py, p1, p2, P3, Pa.

To conclude with, let us prove that E[N [V;,Y/if,z, L4]] < oot notice that

BT L) < [ defOI1 + OEVar (O

0

so that the issue consists in estimating E[||X2 (€)||*5]. To this end, observe that

B(IX2, 1] < c{B[IXZMD© 1| + B [IX22@)1"] }

where Xo{")(¢) is defined as IN e St=gx (" XY But, thanks to the Burkholder-Davis-

Gundy inequality, we know that
w 2ps
( / (e—€tw=s) X;é<1>)2d5>

< c\w—v\2p51/ E[(X5W)s] ds,

oy
= [ ([T ambneren) < 1ot ([ i)

which gives E[(Xa")*3] < ¢|s — v[*® and thus E[(Xa""(£))%3] < c|w — v| ™.

In fact, this reasoning remains true for E[(Xa'"?)#3], so that finally E[[| X2,(£)||*>] <
clw — v, If we take ps > 1/(1/2 — 7), then we get

E[ XS @] < cB

and

E[(XYVP) = B

BV [[ o™ dudo <1 < o
O<v<w<T

which leads to the announced claim E[N [V, %*: £1]] < oo, provided S 10(6)|(1+€) <

2v,4ps?
0.
U
We are now able to write Theorem [L.16 in the Brownian setting:

Theorem 4.23. Let X = (XU ... X®) g standard Brownian motion on [0, T] with
values in RYM™.  Introduce coefficients v € (1/3,1/2), k € (1/3,v) and assume that

[ de|p(E)|(1+€) < 0o. If o € CPH(RVER™), then, a.s, the system

Yo=0
{(5?»8 = . (AX o (a+ f;*dn o) Y (n)))

admits a unique solution in Q*([0,T], RH%).
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5. APPLICATION TO A FBM wITH HURST PARAMETER H € (1/3,1/2)

This section is devoted to prove that Hypothesis JJ is fulfilled for a n-dimensional frac-
tional Brownian motion with Hurst parameter H € (1/3,1/2). More specifically, we will
construct a stochastic vector

(X, X1 X2 X%) € LY 0 (RY™) x CF(RY™) x € (R™") x €57 (R™™))
lying above X (in some rough path sense) such that:

e X is a fBm with Hurst parameter H,
eve(1/3,H),
e almost surely, (X!, X2, X?) satisfies Hypothesis [J, that is

0X'=0, dX?=X'"®@ X'+ X3 where X = / de () XL (€).
0
As mentioned in the introduction, to this end, we shall resort to an approximation of

the fBm introduced by Unterberger in [BJ]. Let us recall first briefly the definition of this
approximation in the one-dimensional case.

All the processes we deal with in the sequel are defined on the same complete probability
space (0, F, P). As shown in P3|, a simple explicit decomposition of the covariance of
the fBm allows to introduce an analytic process Xt on the complex half-plane ITt =
{x+iy e C:y >0} such that, if X~ is defined on I~ by X" = X' then, for all
z,w e ITT,

H(1 - 2H)

Seostem) @), (58)

BIXIx| =B |xI x| =0, B XX =
The process X has to be interpreted as an analytic approximation of the derivative of
the fBm, and the simple expression (pg) for its covariance function is at the core of our
further calculations. If one desires to construct an approximation of the fBm itself, just
pick, for t € R and any ¢ > 0, a continuous path 7., : [0, 1] — II* such that 7. +(0) = ic
and 7.,(1) = t +is. Set then X;° = f%t X+ dz. Likewise, a process X, ¢ can be
defined as X, *© = f,mX;/ dz, where 7., : [0,1] — II" is such that 5.,(0) = —ic and
Fes(1) =t —ie. Of course, X; ° = X;"°, and the (real) approximation we shall work with
is finally defined as

X7 =2Re(X;"%) = X, + X" (59)
The next proposition, borrowed from [RJ], gives a first relation between the approximation
we have just recalled and the usual fBm indexed by R:

Proposition 5.1. Let X¢ be the process constructed above, given by relation ([B9). For
all s,t € R, we have

1
lim B [X:XE] = - {|t|2H 82—t — s|2H} .
e—0 2

This statement in law will be improved at Theorem p.3. Just notice for the moment
that, for any fixed ¢ > 0, {X;,t € [0,7]} is a smooth process and (X¢); = X;jr/i€ + X,

In a natural way, the n-dimensional analog of our analytic approximation is a process
X = (Xx=W . X=M) where the components X=(® are constructed from independent
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copies of X*'. We can then introduce the following smooth integral (in the Riemann
sense) processes associated to X©:

thf _ t _g(t_u)dX;i’ thf: ood 2 thf R 60
©= [ | asio s (60)

t t
X2e() = / X X1, XS (E) = / e EEIINE @ (5X)ye.

The main result of this section, which entails in particular our Theorem [}, can be
summarized as follows:

Theorem 5.2. Assume that ¢ is such that~fooo d~§|gz§(§)|(1 + &%) < oco. Then, for any
v € (1/3, H), the sequence of processes (X¢, X1, X*¢ X3¢) converges in L*(;C] x CJ x
C3' x C), as € tends to 0, to a process (X, X', X2, X?) . Furthermore, X has the same
law as a fBm with Hurst parameter H and X', X%, X? satisfy Hypothesis 3.

The proof of this theorem will be carried out in the sections below, and the main step
in this process will be to prove that (X, X1¢, X%¢ X3¢) is a Cauchy sequence. This is
achieved once the following stronger statement is proved:

E|N[X® = X".C]] + N[Xs — X1 ()]
+/\/’[)~(2’6 — X2 égw] +/\/’[)~(3’8 — X3, (fg”]] <ce®, (61)

with a > 0. To do so, let us fix 0 < 7 < ¢ and follow the same lines as in the Brownian case
(see Section [I.J), which means that the issue mainly consists in estimating the moments
of any order of the processes at stake.

For the sake of clarity, the proofs of the lemmas to come are carried over to the appendix.
Let us also introduce the notation

XA =X°— X" XA =X"_X" je{l,23}. (62)

5.1. Estimation of the first order integrals. Our approximation results will stem
from the association of Proposition B.14 and the following lemma concerning Wiener
integrals of analytic functions:

Lemma 5.3. Let 0 < s <t < T and fis an analytic function in a neighbourhood of
ey ={2z=a+ibeC: acst],be|[-(t—s),t—s]}

such that the restriction fis
Then, for any o € (0,2H),

/ o) dX / o) X

where the constant c, does not depend on s,t,e,n.

| takes value in R. Suppose that fis is bounded on I ;).

E

2
2H—
] < callfZm,, 1t — s/ e = nf°,

With this lemma in hand, our approximation result for the first order integrals based
on X° can be written as:

Proposition 5.4. Let X¢ and X'¢ be the increments defined by (60). Then there exists
a constant o > 0 such that

E|N[XE = X".C]+ N[Xb — XI.C)]| < ce?,
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forany 0 <n <e.

Proof. Recall our notation (£9) for the differences of increments based on X. For the esti-
mation of X2, use the classical Garsia-Rumsey-Rodemich inequality to deduce ||(6X2)]|
<clt — 5| (US,,)?, where

H 5XA)wvH2pd d
’YQP ‘w_v|2fyp+2 w,
O<v<w<T

which leads to E[N[X2;C]]] < ¢ E[U%,]Y/*. But, according to Lemma -3 (take fu, =
1), we have

El(6X)woll®] = EIII(X5 = X5) — (X1 = XDIP] < ele =0 jw — o7,
for an arbitrary constant oy € (0,2H). Hence, since X is a Gaussian process, we
also obtain E[||(6X2)u]|?] < cle — 0™ |w — o*™~*'? so that, if oy € (2v,2H) and
p>2/(2H — 2y — an), E[N[X*;C]]] < cle —n™/.
In order to estimate N[X 1’A;C~¥ﬂ], notice that we obviously have X4 = 0, which,
thanks to Proposition B3, gives || X2 (€)|| < c [t — s|” (U2, (€))%, where

XlA 2p
- [ EOr,,
O<v<w<T |w - U‘ P

Therefore E[/\/[XLA; C}] | <ef7dg 16(€)|(14€) E[U 2,p(€)]H?, and invoking again Lemma
B3 with fu,(u) = e ¢~ we get E[| X52(6)|%] < ¢|e — 9™ |w — v~ Thus, just
as in the case of X*, we end up with

E[NX"2:¢7)] < cle — g2 / deB(E)|(1+€) < cle —n|™2,

which finishes the proof.
O

5.2. Estimation of the second order integrals. We now proceed to the estimation of
the increments X?¢ and X3¢, starting with the second one:

Proposition 5.5. Let X3 be the increment defined at (00). Then there ezists a constant
a > 0 such that

BINTX? - £30,6]]] < e,
for any 0 <n <e.

Proof. As in the Brownian case, write X3¢ as

Kie(6) = / A () Ko (€ 0) ® XA (1),

with X, - f @) = [1e8=a,, (1) dX:. Then the increment X> defined at equation
(62) satisfies:
=3,A VRN A o1 T N o1,A
0 0
K (6) X005 (6). (63)

We will now bound these last two terms separately.
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~ =~ ~ 4,A ~
Let us start by controlling &X3%: notice that (6.X (&, u) = X52()a(u), and thus,
using the same arguments and notations (F3) as in the Brownian case, we get

~ 4,A %y ~ A 1/2p' z A 1/2p/
[ X (&)l < et = ul™ § (Ugq 0 (& 1)) 4 (T 9 0 (€5 1)) :

. <A,
As a consequence, ||X (f ) @ X < et —ul” Ju—s|” R%;,Qp/zp,,(g, ), where

= A = A , o~ " AN ;) ~ "
R'\/ 2p,2p’ 2p" (g M) - U2'y 2p’ (57 ,u)l/Zp U;Qp” (,u)l/Zp + C'\/72p,2p’(§’ ”)1/21) Us,Zp” (,u)l/Zp
~ A zAe
1R'y 2p’ 2p"’ (5 lu) 2R’y,2p72p’72p”(§’ M)) (64)

which leads to
~ ~ 2 oo ~ oo ~
i=1 70 0

In order to estimate the first term of the latter sum, start with

~ A ” c "
E[U2fy,2p/ (gv :u)l/2p Uf; 2p" ( )1/2p ] < E[ 2v,2p’ (g :u)]l/Qp E[Ufy,Qp” (:u)]l/2p : (65)
Then use Lemma p.3 to assert that, for any A € (0,1) and any « € (0,2H),

t t
e e N e B T S
Indeed, if 2 € Tl(,y),
ass() = [e 9 1] <2t | — s < 2+ (e — ) — 5 < et - s

. = 40 o/ 2/ \ asp’ (2H —a2+2X1)p’ .
Accordingly, E[|| X .., (& )|I?] < cpPM e — 0™ Jw —v| , and then, if we
take (A, an) € (0,1) x (0,2H) such that 2(H + \;) —ay — 4y > 0 and p’ > 2/(2(H +

< A
A1) = 0 — 4y), we get E[Uy, 5 (6 w]Y* < cpi e — |2,

To deal with £ [Uf/ opr ()] i (BY), consider the following estimation (recall that the

proofs of all the lemmas in this section are postponed to the appendix):
Lemma 5.6. Let 0 < s <t <T, u>0. Then

t 2
‘/ e HmwgxE ] <c|t—s*

where the constant ¢ does not depend on s,t, u, €.

E

Therefore, E[|| X5 (p)]|*"] < ¢ |w — o|*" which, by taking p” > 1/(H — ), gives

~ AN
E[US 5, ()] < ¢. We can thus assert that E['R. 5, 5,0(&, )] < cp|e — |2,

As far as E[? R,Y opr2p (&5 1)) in (B4) is concerned, go back to the definition of C

together with the previous estimations of £ [Uv,zp(f )] and F [Uwp,, (1)), to deduce

v,2p,2p"

~ A 1
E [ZRW 2p’ 2p"" (g :u):| S :uny [U$2p<§)] 1/2pE [Us 2p”< )} Ve S C:ufy |8 - n‘al/z .
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Putting together the estimates on 'R and 2]:%, we thus have proved that

oo 2
BINEX:0] < ( | actiera +£>) {le =/ + e = ™/}
0
< cfle =™ +le—n} (66)
Going back to equation (B3), let us deal with the term E[N[X*%:C3’]]. But in this

latter case, it is readily checked that the previous reasoning and bound (fd) remain true

=4 -
by inverting the roles of X and X!, thanks to Lemma [f.3 and invoking the following
lemma:

Lemma 5.7. Let 0 <s <t <T, & > 0. Then, for any A € (0,1),

B[ e P axzl?] < en e - s
where the constant ¢ does not depend on s,t,&, ,1n.

This remark allows us to finally plug the bounds on E[N[X*%;C3]], EIN[X>2;C5]]
back into equation (J), and claim that the expected relation
E[N[X&A;é?]} <cle—n|* for some a > 0

holds true.
O

The upper bound for X2¢ can be written in a similar way as for the previous cases:

Proposition 5.8. Let X be the increment defined at ([67). Then there exists a constant
a > 0 such that

E|N[X?% — X2.C| < ce®,
for any 0 <n <e.

Proof. Here again, we will proceed as in the Brownian case of Section [, and we shall
apply Proposition B.1. This means that we must control both the regularity of 6X24
and the moments of X%2. However, §X?>% = Xb4 @ X1 4+ X171 @ XA 4 X34 so
that the previous estimations of Propositions .5 and [ easily lead to [|(6X%%).s(€)]] <
|t — s|*7 DA51(€), where D257 satisfies E[N[D?%7: £1]] < ¢|e —n|* for some a > 0. We
have thus obtained that | X222 ()| < c|t — s~ {\72%412(5)1/4? + D2=n(€)}, with

XM( )™
274p // 8’yp+2d dw,
O<U<w<T |

and hence E[N[XQ’A‘ CQVH < A{E[N [(‘/2%412)1/4]’; L] + Je = |}
To study E[J\/'[(VA

sy ap) 4 L4]], we first give a bound on the second moments of the

increment X% (€):

Lemma 5.9. Let 0 < s <t < T, &> 0. Then, for any A € (0,2H), there exists Kk > 0
such that

E[IXES I < cemft — 5" (1 +€2),

where the constant ¢ does not depend on &, s,t,e,1.



ROUGH VOLTERRA EQUATIONS 43

Since XtQSA(f) is an element of the second chaos associated to the Gaussian process
X*, we can easily deduce from the previous lemma that E[||X22(€)[|*] < ce?(1 +
€2)% |w — o7 Thus, if we pick A € (0,4(H —~)) and p > 1/(4(H — ) — \),

BNV )/ L] < / T AEBE)I(1 +€) BV, (1

= CgH/Q/ooodﬂé(f)\(H&?) < el

and the expected result E[N[X?%;C27]] < ¢&® holds true.

We can now conclude this section with the proof of our main theorem.

Proof of Theorem [5.4. Putting together Propositions p.4}, p.§ and p.§, it is readily checked
that (X¢, X1, X% X3%) is a Cauchy sequence in the Banach space L'(Q;C} x CJ x C3" x
C).

The fact that the process {X;,t € [0,7]} has the same law as a fBm with Hurst param-
eter H is a direct consequence of Proposition p.1].

Finally, it is readily checked that the algebraic relations 60X = 0 is preserved as ¢
tends to 0, by taking L!(Q)-limits on both sides of the equality. The same kind of limit
can be also taken for the relation 60X = X' @ X1 4+ X3¢ provided one can prove
that X' and X'< are in fact Cauchy sequences in L?*(Q). But this is achieved by a
slight elaboration of Proposition [.4, thanks to the fact that X¢ and X1 are Gaussian

processes.
U

6. APPENDIX

6.1. Proofs of the GRR type propositions. This section gathers the proofs of all
the general results we need for the regularity of the stochastic processes handled in this
article.

Proof of Proposition [3.13. This is an adaptation of Stroock’s proof of the (classical) Garsia-
Rodemich-Rumsey inequality (see [B7]).
Let s,t € [0,T] and notice that, for any sequence of decreasing times (s;) € (s, 1),

(OR) spspins(€) = Ryys(€) = Ry, (€) — e Srms) R (£), (67)
50 that || Ry, o () < [[Repers (O + | Repssn (Ol + 1(0R) s504.,5(€) || and by iteration,

| Ress Ol < N Rnas O+ D 1RO+ 10 R N] - (68)
k=0

For all v > s, set I(v) = [/ (%) du, and define the sequence (s;) as follows.

First, fix so € (s,t) arbitrarily. Next, given s € (s,t), write s, = s+ A\, (Ax € (0, —9))
and define ay, < A by the relation 2¢(ay) = ¢(Ar). Then set sxi1 = s+ g1, where
Ak+1 € (0, ) is such that

[(Hml)gsz) o w<||ésk,s+m<s>||><2I<sk>, (69)

a, d( Ak — Agt1) a,
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Such an element always exists since if we call Ay (resp. By) C (0, 1) the set on which

the first (resp. the second) inequality fails, we have U(€) > [, T A u) du > 2U(§)u(Ak),
whereas

_ (Y (MResa N |Ropsta I, 21(s0)
[(Sk)—/o 1/1( SO — ) )d Z/Bkw( SO — 1) )d > = 1(Bg).

The last two inequalities yield u(Ay) < ax/2 and p(Bg) < oy /2, and thus pu(AxUBy) < ay.
It is then clear that (s;) decreases to s.

Observe now that

(A — Akr1) < o(Ak) = 20(ag) =4 <¢(ak) -~ ¢(Oék))

2

<4 (oten) = “O5) ~at0(an) - dlan)

Plugging this observation into equation (b9), we end up with:

2 [<8k)
677

4/‘0% 1/}_1 <4[£2<§)>d¢(7’),

where we have used the fact that ¢~! is an increasing function. Besides, condition (B7)
entails:

1R ool < 07 (46;%5)) 60w) < 4u (4§§S)><¢<ak>—¢<am>>

4/0% 1/},1 (4€§§)> d(b(?“)

As R (€) € Cy, we get, by letting n tend to infinity in (B3),

||R5k5k+l(§)|| < Qb()\k — )\k+1)77/)_1 (

) < 4(lon) — Planer))u <4U(5> )

A1

IN

IN

- (AU L (40
”R303<§)” < 4/0 [1/} ' ( r2 ) + ' ( r2 d¢(T).
In the same way, we find
5 e 4T L [4C©)
IRl <4 [ [w 1 ( = ) ot (— as(r)
Write now
Ris(€) = Rigy (€) + ™V Ry (€) + (0R) sy (70)
to deduce

1Bl < 1 Ruso (O + | Raas ()] + 10 R)es0s ()]

|t—s| g
[ () (1)

IN

do(r) + 10 R) s0s (€)1
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and observe that

4C(9) = [AC©)
G Rl < ¥ (|t—s|2>¢<|t_s|>§/o ! ( - >d<z><r>,

which achieves the proof.

t

We also need to prove a slight extension of the previous proposition to functions indexed
by two Laplace variables:

Proof of Proposition [[.13. 1t follows the same lines as the proof of Proposition B.I13. Re-
lation (B7) has to be replaced with

(SR)Sk3k+ls<§7 77) = R5k3<£7 7]) - R3k5k+1 <£7 7]>€*W(Sk+1*3) — € e Skt Rsk+13<£7 7])7

which leads to the expected estimation

1 Rops (€I < [ Rops (€| (| R (€M + 1O R) sy s (€5 )
whereas ([[0) becomes
Rus(€om) = 770 Ry (€.m) + e R (€.m) + (OR)rsgalE1)

and thus || Rys(&,m)| < | Ruso (€| + | Reos (€, )| + (0R)1s05(€, 7)) .

6.2. Proofs of the complex analysis lemmas. We will prove in this section Lem-
mas b.3, .G and p.7 The key ingredients for those proofs are the following elementary
estimations:

Lemma 6.1. Let 0 < s <t < T and vy the three-part path in 1T+

V) = [$,8+i(t —s)|U[s+i(t—s), t+i(t —s)| Ut +i(t —s),t]. (71)
Then, for any e > 0 and any o € (0, 1),
/ |dz| |dw| |—i(z—w)+5|0{72 <cl|t—s|*, (72)
V(s,t) V(s,t)

where the constant ¢ does not depend on s,t,e. Moreover, for any n >0 and \ € (0, a),

/ |dz| [dw] |(=i(z = w) + )" = (=i(z —w) + )| < |t — | e — I,
V(s,t) V(s,t)
(73)

where the constant ¢ does not depend on s,t,e,n.

Proof. Denote v/, » = [s, s+i(t—5)], 77, = [s+i(t—s), t+i(t—s)] and 7{, ,y = [t-+i(t—s), 1]
(see the figure below), so that

/ dzf [ Jdwl|=i(z—w) e 2= S0 de | dw| |—i(z — w) + £
V(s,t)

V(s,t) 1<5,k<3 V(S t) “/(s t)

Let us now estimate each term of the latter sum. Notice first that, for any a > 0, the
integral fol(u +v)* 2dudv is finite. This allows to obtain:
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____,____________(____
~+

—i(t—s)t

FiGure 1. Contours of integration
Case j =k =1:

t—s t—s
/ dz| [ |dw||—i(z —w) +e]|* :/ / (u+ v +¢)* *dudv
¥ o Jo

1 1
(s,t) Vs, t)

t—s t—s 1 1
< / / (u +v)* dudv < |t — s\a/ / (u+v)* 2dudv < c |t — s|*.
o Jo o Jo

Case j =k =2:

t—s t—s
/ dz| | |dw||—i(z —w) +¢|* = / / 12(t — ) + & — i(u — v)|*"° dudv
Y 0 0

(o) o)
< Jt—s]”.
Case j = k = 3:
/ |dz| ldw| |—i(z — w) +¢|*>
Vort) Vo)
t—s t—s t—s t—s
:/ / |(t—5—u)+(t—5—v)+€|aQdUdUS/ / lu 4 v|*? dudv
0 0 0 0
< clt—s|”.

Case j =1,k =2:

t—s t—s

/ |dz| ldw]| |—i(z —w) +¢|** = / / (w4t —s) —iv]*? dudv
Py(ls,t) PY(QSJ) 0 0
< Jt—s|”.
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Case j =1,k = 3:

/ |dz| | |dw| |—i(z—w)+5|a72
,Yl 3

(s.0) st
t—s t—s
:/ / |—i(s —t) + (u— v+t —s)|* *dudv < |t — 5|
o Jo

Case j =2,k =3:

/ del | Jdw] =iz — w) + "
2

V) Vo)

/ / 2t —s) —v—i(s —t+u)|* > dudv < |t — s|*

It is clear that the other cases can be dealt with in the same way, which achieves the
proof of ([[A). As for ([[J), notice that, if z € vy and w € 5y,

|(—i(z —w) +)*7* = (=i(z —w) +1)*77,
< (2 sup |=i(z —w) +2[*7*) Nl = 2| sup |—i(z —w) + 2 e — g

z€[n,e] z€[n,e]

‘(a—)\)—Q ‘

<cl—i(z—w)+n e—nl*,

so that the result is a consequence of ([(J).
U

Remark 6.2. As mentioned in R3], one of the interesting features of the complex analysis
approach for the stochastic calculus with respect to fBm is that simple deformations of
contour like ([71]) allow to transform very singular kernels like (v —v)*~2 into a much more
tractable term of the form (u + v)*2.

We can now begin with the proof of our lemmas, after introducing an additional nota-
tion: for the sake of conciseness, we shall henceforth denote

KE o (@) = (—i(e —y) + &1+ €2)" (74)
Proof of Lemma [5.3. Write the left-hand-side as

Ass(e,m) : W fes(u) dX5 — /fts dX"H?]

:n/S /S Fus () fis () B [((X=O), — (X70)) (x=M) — (XO) )] dudw.
Notice then that
B (=0, (x=)]
= B [(X* O +ie) + X0 ie)) (X" (v +ie) + X' ~D(w ~ i) )|
= e { K222 (u,0) + K2E72(0,0)}

H(1—2H)

2cos(mH)”’ and

where cyg =

E[(x=M) (xmO)] = B (X)), (X>O) ] = e {K22(u,0) + K222 (0,u) } .

(2
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Using these identities, one can decompose Ay(g,7n) into a sum of terms whose prototype
is:

Al (e,n) = /t du /t dv frs(w) fos (V)[ K22 (u, v) — Kggﬁ(u,v)].

Let us focus then on the estimation of this last term: by a deformation of contour, we get
(remember that () is defined by ([[]))

Al (e, ) = / dz / 00 fun(2) fun () (K22 (2, 0) — K202z, ),
V(s,t) V(s,t)

hence, owing to ([[J), it is easily seen that:

AL < W, [ 12 [l K22 Gw) = K22 w)
V(s,t) V(s,t)

2H—
< ellfZm,, e = nl” It = s/

Clearly, this argument remains true for the other terms composing A;s(¢, 1), which achieves
the proof.
O

Proof of Lemma [5.4. We have

t t t
E {H/ e“(t“)deHz} :n/ du/ dv e’“(t’“)e’“(t’”)E[(Xe’(l));(XE’(l));],

with E[(X=M) (X=W)] = ey { K202 (u,v) + K2H72(v,u) }, which gives, by an argu-
ment of symetry,

E {H/ plt= “)dXEHQ} —c/ du/ dvy et g=plt= ”)KQH 2(u, ).

In the latter integral, deform the line [s,t] into sy for v and ¥4 for v. The result is
then a consequence of ([[J). O

Proof of Lemma [5.7]. Tt goes along the same lines as the previous proof, taking into ac-
count the fact that if z € () U0,

|a.s(p)] < ‘e*”(zfs) - 1‘/\ <pMz—sP <pMs+i(t—s)— st <eplt—s.

t

6.3. Proof of Lemma @ As one might expect, the estimation of the variance of the
convolutional Levy area X° (defined by equation (F3)) gives rise to more intricate cal-
culations. We shall distinguish the diagonal and non-diagonal terms, respectively denoted

by X,?;A’(l’l) and X,?;A’(l’m, and use the fact that

B[RO < e { ENXESD @1 + BIKES M @)

The diagonal term X2A Y For the sake of conciseness, denote X := X The

following property of X¢ W111 be useful:



ROUGH VOLTERRA EQUATIONS 49

Lemma 6.3. Let e, >0, 0<s,t <T. Then, for any o € (0,2H),
E[(X; = X)) <eilt—s* , E(X; - X/)’] <esle—nl* (75)

BI({X; — X2} = {X] — X})?) < e[t — |7 e — ™/ (76)

where the constants cy, ¢y, c3 do not depend on £,1, s,t, .

Proof. The first (resp. second) inequality is a direct consequence of Lemma [(.q (resp.
Lemma [.3). Those two inequalities account for ([@). Indeed, we have, on the one hand,

E[({X; = X5} = {X7 = X3’ < e {Bl(X] = X9)']+ E[(X] = XI)']} < elt— s
On the other hand, using Holder’s inequality,
E({X; = X5Y = {X7 = XI})%]
= BI{(X] = XJ) = (X5 = XY X7 — X5+ X7 = XY

< o/ BI(X; - X7) - (Xz = XDV, (77)
and thus
EI({X7 — X} — {X7 — X1}

< oV B[(X] — X))+ Bl(X: - X))
< cle—nl". (78)
Hence for any A € (0, 1), thanks to ([[7) and ([(§), we end up with

E[({X; = X3P - {X7 - X1’

— B [({Xf X XD - XZ}Q)Q] B [({Xf - XY —{X] - XZ}Q)Q]

S c |t _ S|4H)\ |€ _ n‘a(lf)\) ’
which gives the result if we take A =1 — .
O
e (L) o . o~ 228(10) .
Recall from (B0) that we have X; ;™7 (&) = [T duo(u) X,y (€, 1), with
= 2,6,(1,1) t u
X, (&) = / due S dXE / e ) X, (79)
. . . . = 2,A,(1,1)
Our main effort will of course concern the estimation of X, . In the absence of

exponential weights like e ¢~%) namely in the case of the usual Levy area A, =
fst ax; fsu dX¢, the strategy is obvious (see [2J): one can compute explicitly A, =
$(X7 — X9)?, from which all the useful bounds can be easily deduced. The situation
is less simple here due to our exponential weights, but we will try to mimic the classical
situation with a natural trick: integrate the exponential weights by parts.

More specifically, for a fixed € > 0, since X¢ is a smooth process, it is easily derived
from equation ([[9) that

2811 1 € —u(t—s £ VYE —&(t—s €
Xis (€7M):§{(Xt)2_26 ut )Xth +e ¢ )(Xs)Z}

~€,3

Ry () + B2 + Ry, (€ ),
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zel ~ ze,3
where the remainders R , R%% and R are defined by:

t u
Ry (& p) = —p / du e TI(XE), / dve "X

R = L [ aueson

~€,3 t
RU€m = €= nxs [ duestmeex,

A little more elementary algebraic manipulations yield then:

X5 e ) = KT = X0 = (X0 = X%} 4+ (1= e #09) {XEXT - XIXT)
» 4
F (e S {(X2P - (XD + Ri(6m) = YK, (80)
j=1

A,l ~ A9 * A3
w) = Ry, (&, 1)+ Ry (&) + Ry (€, 11). Recall that we have to

where, of course, Rts(f ,
5))2], and accordlng to (B0), we will treat the different terms K

estimate E[(X} A0, D

separately.

Study of K, : The expected value E[K?] can be bounded easily thanks to (@), applied
for some fixed « € (0,2H).

Study of K5 : By Holder’s inequality, we have

B [((e740) — 1)[(x2)? — (X))’
< @— s B (X - XDHXS + X))
< - s VE[X; — XIPVE[(X: — XDR(X: + X2)7)
<

c& |t = s[* e = 7|,

where we have used ([[3) to get the last inequality.
Study of K : Likewise, using the decomposition X X7 — XX/ = (X7 — X)X+ X (X:—
X1, we get, for any puq, o > 0,
BJ(1 — e =) (1 — 712009 {X2XF — X7X])
< ppe ft— s {E[(X — X)X]) + E[X](X; - X])]} (81)
< cpnpslt— s {\/E (X7 — X7)2] + V/E[(Xe - X§)2]}

|a/2

< cppalt — s’ |e -

<A
Study of K4 : For our purposes, it remains in fact to estimate E[ ts(f p1) R, (&, pa)] for
any 1, o > 0. This expression can be decomposed into

Bl (€, m):i(ﬁ o))
= ¥ BESCmR Eml+ S S BIREAOR, (€ m)] + BIRAX©)?),

i,j€{1,3} ke{1,3} 1e{1,2}
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whose terms will be treated again separately. For the last term, we have, just as above,
B[R (€)") = El(R(€) - R(©))

< § /du/ dvE X6 (XQ)Q}KXE)?_(X:])QH

< et —sl'le - Ia/2

By the same arguments we easily deduce
E[Rﬁz(é*) P ) < cElE— ||t —s2le— ™2 forie 1,2

<A3
To deal with E[ (f p1) Ry (&, po)], use the same trick as in (B1)) to deduce

= A3 * A3
E[Rts (ga Ml)Rts (ga ”2)]
t t
< 16— mlle - / du / dv E[{XX5 — XTX7} {XXE — XX}

2 a/2
<€ = mll€ = palt = s’ |e —n|*.

~1,A
In order to handle the terms involving Rts , we resort again to the integration by parts

method, which yields:
= 1,6

B (&) = e { (&) + (€ — 1 Bus(& )}
where

~e t t
A (&) = =X / due " XE + / due 7 (X5)?,

S S

~ t ”
B;(ga N) = / du 6_§(t_u)X5 / dv e_M(U_U)XS.
Then it is readily checked, by some elementary computations, that:

=~ Al = Al

B[R, (& )R, (&m)] < clt—sle—n** {1+ &} [ {1+ ui}
k=1

EIRY (€. BE2E)] < et — s e — nl™? { 1€ + i€ + p2€)}

Al

Bl € m) Ry (6p)] < clt—sPle—nl*? {1+ e} ] {1 +u)

It is also easily seen, by means of the same considerations, that:

“le —n|” {1+§}H{1+N1

< 2,A,(1,1) < 2,A,(1,1)
E[th (57#1)Xt5 (5,#2)] < C|t - 4H

for some x > 0.
Finally, gathering all the estimates we have provided so far, and assuming the condition
Jo7 dp ()] {1+ p?} < 0o on ¢, we end up with the announced estimation, that is

E[(XLMOVOP < eft — s e {14 €7}, (82)

for a certain strictly positive k.
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The off-diagonal term X' "#: Recall that X% is defined by:
00 t T
X0 [Tyt [ o [ avetteen (xoy (e,
0 s s
A(1,2)\2 .
Hence, the moment E[(X;;"'""")?] can be written as

E[1X ()]

0 0 t t € T2
= / dy1 ¢ (y1) / dys (y2) / / / / dy dwy drg dey M3, ., (83)
0 0 s s s s

Me Nl — e*ﬁ(tfxl)e*m (z1—23) fﬁ(tfzvg)efyg(mgf;m)E [{(Xg,( )) (XE (2)>

T1T2L3T4

with
a3
(Xn(l)) (Xn(2 xg}{ (x=W l‘2(XE(2)) (Xn(l)) (Xn(2))$4}}
But according to our convention ([/4) for the fractional Brownian kernel, we can write
E[(X® My (X @) (x® My (x® @)y ] (84)
= B0, (x0T B [(X@), (X=@), ]
= o {K2 2 (w1, m0) + K202 (0, m0) } { K202 (w5, m4) + K222 (34, 35) }

where we have used (F§) in order to compute expressions like E[(X=W) (X=W)" 1 In
the same way, one can check that

B [(x=W), (X=@) (xmWy (X7 ]
= oy { K202 (w1, 9) + K202 (w0, 1) } { K202 (w5, w4) + K202 (w4, 23) ), (85)

so that the difference between Expressions (B4) and (BH), denoted by AS" ..., can be
decomposed as A®" = c%,{fle’” + B 4 O + 1357"}, with

2H— 2 2H 2
901962963964 {K K 1‘1, } x-?n fL‘4
2H—2 2H 2 B oH 2( _ Feml iem2
+ K{;‘,n (.[L'l, $2 {KE,&‘ ($3, "L‘4) Ke,n $3, ':L‘4 } - A$1$2$3x4 + A$1x2x3x47
2H— 2 2H72 2H—2
:1:1:1:21314 {K 1’1,372 K (l’l,l’g)} Ke,s (.T4,.T3)
2H— 2 2H—2 e,m,1 RE,”N,2
Ka,n 1’1, I {K .T4, 1’3) Ke,n (.T4, 1’3)} Bx1x2x3m4 + B$1x2x3x47
e,m 2H— 2 o 2H—2 } 2H—2
C:B1:B2:B3{L’4 - {K I‘Q,ZL‘l) Ke,n (i’z,l‘l) Ks,e (ZL‘3,$’4)
2H -2 2H—2 2H—2
+ Kgm (.TQ, .Tl) {K(g’g (.Tg, x4) Kg,n (.Tg, x4)} 9
e 202 2H -2 K212
D1112x3x4 {K I’Q,JH Kg,n ($2,$1 ($4,$3)
2H— 2 2H 2
+ Ka,n x27 { .T4, K (.’,U4,.§U3)} :

Thanks to Lemma [B.1], the treatment of A% in the expression () becomes easy. Indeed,
we are allowed to deform the expression

¢ ¢ ¢ ¢
Asmt :/ d:L’1/ dx2/ d:L’3/ dx4efﬁ(t*:vl)efm(rlfms)e*é(t*mz)e*uz(xrm)Ai,lnémM
S S S S
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into

Asml — / dzl/ dwy et g8lt—wn) {K2772 (21, w) — Kfﬁ_?(zl, wy)}
’Y(s t) ’Y(s t)

/ dZQ/ dws 6_‘“(21_22)6_“2(1“1_7“”2)[(37?_2(22,w2), (86)
V(s,t) (21) s (wi)

where (s (2) stands for the path (4 stopped at z, defined similarly to [B3, Proof of
Theorem 3.4]. Hence, invoking ([) and (73), we get

< [ gl [l K2 )~ K2 )
I'Y(s t)l |'Y(s t)l

/ dz) [ Jdwl | K22 w)] < eft — s e — e
V(s 0] 7o)

The same arguments hold for A="2 as well as for D"

The estimation for BS" and C®" is less obvious, since we must cope with integrals of
the form

Bemt / dm/ diy e 7 w1) g€ (i=2) {KQH 2 (w1, 2) KZ,H_Z(xlaxZ)}

/ dxs / day e P (@1=23) g=pia (“’“)Kff”(m, x3),

for which the complex deformation (B8) is not allowed (K2Y~2(ws, z,) would be ill-defined
for small e, since —i(wy — 29) might be negative, see B3] for a further explanation). In
fact, the result is a consequence of the technical lemma below. Indeed, with our notations,

(BY) is equivalent to
B < elt = s e (L + €)1+ ) (1 + i),

which, as [ A |o(p)|(1 + p2) < oo, gives an accurate bound for our purposes. To
conclude with, it only remains to observe that the reasoning which leads to (B§) can be
easily adapted to B2, The term C" is then handled with an argument of symmetry.

Putting all our estimates together, we have thus proved that
BIXEH©P) < elt— s e {1467}, (87)
for a certain a > 0.

Owing to inequalities (BF) and (B7), the proof of Lemma (.9 is now easily finished. We
are thus only left with the proof of the following lemma:

Lemma 6.4. Let s <t, &, py, p2 >0, and set

f,ul,,uz / dﬂh/ d$26 Llt=m) g=L(t=a) {KQH ? $1,$2 ng_g(xh@)}

/ dajg/ day et (@1=3) g=pz(r2— “)Kw (24, 23).

Then, for any o < 4H — 1, we have

2
Q& i, p2)| < et — s e (1 + ) (1 + w1, (88)
=1
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where the constant ¢ does not depend on s,t,e,m,&, p1, o

Proof. First, notice that the estimation is obvious if ¢ —s < 2¢, since then | K22 ~2(xy, z3)|
2H-2 ’
< |t —s| and

[ K22 (g, ) — K202 (w1, 0)| < e”727% | — | <t — o727

From now on, we thus assume that 2¢ < t—s. The strategy in order to control our multiple
integral Q;."(, p1, j12) consists then in two main steps: (i) Handle the exponential weights
by means of successive integrations by parts (recall that X¢ is a smooth process for a given
e > 0). (ii) Control the singularities of the fBm kernel by a convenient deformation of
contour.

A first application of the integration by parts trick gives the following identity:

/ dx3/ dxy e M @1=3)¢ “2(“’“)Kff’2(:c4,x3)

= o{ K2 (z3,21) — ¢ —ha (@ S)KzH(:cg, s) — e’“Q(JJQ’S)Kff(S,xI)
Fe DD 02 40y, o)
= Cl{Axlxg + Biil‘g( ) =+ Ca%lga:g( ) + Di‘lxg 1, H2 } + C2RJB1$2 (/~L17 :u2>7 (89)

where R can be further decomposed into Ry,.,(fu1,pa) = RL, (11, p0) + B2, (1) +
R3 (:ula ,u2)7 with:

T1To
1 o
R9161x2 (uh MQ) = Cls / dl‘g/ dx, e—ul(961—3&3)6—112(&:2—9&4)[(35—1(1,4’ :L‘g)
x1
Rim:z( ) = C:ul/ d.T3 eiﬂl(lixS)Kg,{j(x%x?))

~ 1
Rilm (uh MQ) = ciy / dxs e—ul(m—azs)6—M2(a:2—s)Kgf(5’ 1‘3).
We have thus proved that

SNE 1, pn) = Lo (€) + T (€, g, i) + T (€, . pin) + IV (€, i, p12) + 3Ry (i1, p12).
with

its(&) = /dl’lf d.ﬁlfgmxl 12 KH(.TQ,SL’l)
ﬁmme:/m/Mw%Z%ng
ML (&, s o) = /dxl/ drym’,, (6)CF,, (1, o)

Wts(&ﬂh/m) = /dfb’l/ dx2m:vlmg Difm(ﬂlaﬂz)a

where we have set mZ?", (€) = e $tmm)e U2l {[2H=2(4) g} — K272(3), 25)}. We will
now estimate these 4 terms separately.

To begin with, let us consider the case of fts(f): an elementary change of variables
(u =z — 29, v = x9) yields:

Ls(¢) = / t: ) du f5(u) {(—iu + 26)72 — (—iu+ & + n)* 72} (ju + 2¢)7
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where
t t—u
FE (1) = ey / oy =S0=1m0)m€=) q / o e—E(t—u—v) g—(t—v)
It is easily seen that for u € (0,¢ — s),

1 —€u —§(t—s—u) —&(t—s
fiu) = 5 {7 =TI} = g (),

so that

I,s(§) = 2Re </Ot du fi,(u) {(—iu + 28)7% — (—iu + e + )72} (iu + 25)2H) .

Write the latter integral as
2" / dz fr(z + 2ie) {(—iz + 4e) 72 — (—iz + 3 + )22} 221 (90)
[—2ie,t—s—2ie]

and deform the line [—2ie, ¢ — s — 2i¢] into a four-part contour 7. s = %}7 (1)U ’752,(1575) U
7;?’7(2573) Uyg’(tfs), where 7;,(1573) runs along the half-circle centered at the origin from —2ie to
2ie in {z: Rez > 0}, 2 (t—5) is the line [2ie,i(t—s)], 72 (t—5) the line [i(t—s),t—s+i(t—s)]
and 77, the line [t — s +i(t — ), — s — 2ie].

Z(t— S) —————— > —— — — —— = |
o |
|
2 I
v |
|
vt
226 _'\\ :
\ |
| 1 :
/T ! 1t—s
— 20 = |

FIGURE 2. Deformation of [—2ie,t — s — 2ig]

Using the decomposition
e€u _ pElt=s—u) ,—E(t=s) _ efﬁ(tfsfu)@ _ efﬁ(tfs)) _ (efé(tfsfu) — 1)+ (e = 1),

it is readily checked that sup.c, ., |/ (2 + 2ig)| < ¢ |t — s|. The estimation of (90) on

each of the ~/ (tfs)’s is then a matter of elementary calculations, that we proceed to detail
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now: for 7;,(1573), one has, if y € [,¢] and 0 € [—7/2,7/2], that | — 2iee? + 3¢ + y| > &.
Thanks to the fact that ¢ < (t — s)/2, this leads to

/ dz ffs(z + 2i¢) {(—iz 4P _ (—iz 4+ 3e + n)QHfz} ZQH‘

1
’ys,(t—s)

<clt—s|ett <t — s e,

For the upper bound on the path ~? (1—s)» Dotice that if z € [2e,t — s], y € [n,¢], then of
course |r + 3¢ + y| > z. Thus, for a small enough positive parameter o, we obtain:

’ / dz f&(z + 2ie) {(—iz + 4?72 — (—iz 4+ 3e +1)*" %} 22H’
fy?,(tfs)

t—s
< c|t—s|/ dx 2*H (2772 e — n|?)
2e
1
< clt—s/M a/ do 27270 < et — s e,
0

since, by hypothesis, 24+a—4H < 1. For 7?( start with [t — s —iu+ 3 + y| > |t — s|

if ue[0,t—s],y€[n,el, todeduce

t—s)?

’ / dz f5(z + 2ig) {(—iz + 42)2H 2 — (—iz + 26 + )22} 22H’
75’,(“)

t—s
< c|t—s|/ du |t — s e =" it — s) +ul? < |t — s
0

Finally, as far as 7! (t_s) 18 concerned, observe that for any v € 0,t — s+ 2¢], y € [n,e],
|—i(t—s)+ (t—s) —v+3c+y| > |t —s|, and thus

’ / dz f5 (2 + 2ie) {(—iz + 42)2H 2 — (—iz + 26 + )22} 22H’
,y;l,(tfs)

IA

t—s+2¢e
clt — s|/ dv [t — s e —n|* |t — s +i(t — s) — iv|*!
S ‘t_ S|4H o a

Therefore, these four elementary bounds, computed on the paths ~! (1—s) UP tO 7;1 (t—s5)>

allow to claim that |I,(&)| < c|t — s/ e,

Consider now the term IVts (&, p, o) it is readily checked that

- . .
Ivts(é"ul"lm) = (28)21{/ dx1/ de eig(timl)efg(tfmﬂe*#l(1178)67,“2(1275)
{(—i(x1 - :L’z) + 25)2H—2 _ (—i(:ﬁ — ;1;2) + e+ n)2H72} ’
and perform the same deformation as in Lemma to deduce

Vi (€ s )] < e (227 [t — 5|77 e =" S et — o7 e



ROUGH VOLTERRA EQUATIONS 57

In order to deal with I:Its (&, p1, p12), notice that

. t t
Iy (€, purs pi2) = / dz, / divy eS0T emelmr2) (1)
KSH .TQ, {KQH 2 x17x2 K2,H72('r17x2)} )
and write, by means of another integration by parts,
t
/ dy e~ 620 =i (@1-9) { K202 (21, m2) — K2H *(z1,22) }
— C|:€*H1(tfs) {Kilg—l(t’@) _ Kilv;rfl(t’ :1:2)} — o E(t=s) {K2H 1 S, ) — ng’l(s,xg)}}
~4
+ ng (ga M1)>
with

=4 t
R:m(g’ ,Ul) = C(f — ,Ul)/ dxy e*ﬁ(tf:m)eﬁul(mfs) {Ki]gil<x17x2) i K‘?’Igil(l’l,xg)} _

Now, use the same strategy as for is(f , l1, f42), which consists here in writing

t
/ dxy e M1 (t=s) g=¢(t= “)KQH (9, s {KQH Y(t, 2o ng_l(t,xg)}

— ef,ul(tfs) / dz efg(tfsfz)(_i)2Hz2H
[2ie,t—s+21e]

{(—i(t—s—2) +4e)* " — (—i(t —s — 2) + 3 + n)*"7'}
and deforming the line [2ie,t — s + 2ie] into
Ve, (t—s) = 7517@,3) U[—2ie, —i(t—s)|U[—i(t—s), t —s—i(t—s)|U[t —s—i(t — s),t — s+ 2ie],
with 7517(#3) the half-circle centered at the origin from 2ie to —2ie in {z: Rez > 0}. The

same kind of elementary estimations as for igs(é , [41, b2) then lead to
’/ dxs e —p (t=s) ,—E(t— x2)K2H(x2’S) {Kg,lgﬂ(t’xz) . Ki]gq(t’xz)}’
< |t — s e,

Likewise,

t
‘/ dxy e E(t—s) ,—€(t—x2) KQH (29, {KQH 1 S, Ts) Kgf;q(s’@)}‘

|4H—O¢ @

<clt—s e,

and accordingly

i ! x4

uCopoa) — [ dase O R g ) ()| < et = s/
Those arguments can be easily adapted to Iflts(g, L1, M2) to get

t
(&, 1, 112) _/ dy e S 2 (5 2R, (E [12)

S

<C|t—S|4H « Cv’
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where
~5 t
R, (& p2) = c(§ — Mz)/ dag e S0zl LR (g ) — K20 (2y, 20) }

~ =4 =5
We finally have to cope with the remainders R, R , R . Owing to the higher regularity
of those terms (as regards the kernels), it is rather clear that simple integration by parts
should be sufficient to reach the expected bound.

52
Consider for instance the case of R (&, it1) defined by:

e
no

<woé/M/@e”€“UW2 K220, )} 2, ()

:cm/wfﬁmwx W LR22(2,y) — K22 2(2, )} 6 (2, ),

with ¢ (z,y) = [ due = K2 (y w). Another integration by parts yields:

/ dy e $t=Y) {KZH *( )—KZI;_Z(%?J)}QWI(%?J)
[{KZH ayt) — K21, )} ¢ (x, 1)

— e LR (2, 5) — K207 (2, 8) } ¢ (=, S)}

21 0y 21 —et-y) [ ¢ gu 9
dy{K x,y) — K27 (z,y)} e EM (x,y) + 9 (z,y) ¢

s

£ 2
and thus, plugging this expression into the definition of R and integrating by parts again,
we obtain

R (€ m) (o)
= C,u1{ [ {(25)2H — (e + n)ZH} P (t,t) — e S9) {Kg’fg(s,t) K2H (s,t }gb’“ (s,t }

- IR, 8) = K207 0,8) = 00 {2 — (et o s, )] )

+R ! (gulul) _'_é g (énul)u

with

123271(&;11) = cm&/ daf/ dy q3;) (§) ¢ (7, y)
Ji’uu(&,ul) = /drc/ dy ¢z, (bm(fc,y),
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where we have set g/(€) = e S le SN KM (g y) — K21z, y)}. Let us now
integrate those last two expressions by parts with respect to x: we obtain

R (e m)
=1 € / t dy e ¢(Y) [ {K20(t,y) — K20 (ty) } ¢ (t,y)
e K 5, ) = K2 (5,9)} 0 (s, )|
Feam [ dr [ aye DS (2 ) - K2 )} o)

t t a 1258
s € / dx / dy e S e S LI (0 y) — K2H (2, ) } gx (z,y),

x 2,2

and the expression for R is
£22
(57 :ul)
t 11
=c; ul/ dy e~ [ {K2I(ty) — K2 (ty)} 8; (t.y)
s ’ ’ Y
(s Pt
— S K2 (s, ) — K2 (s,)} 5~ (59)]
(t—x) 2H 2H dpit
+02u1§ dx dye {K - KZ ( )} o (z,y)
d d E(t—x) K2H K2H anbﬂl
_'_63 ,U/I X ye { £,n ('T7y)} w(‘r7y)

The following (easy) estimations come then into play: whenever z,y € [s, t], we have

w1

D
|0 (2, y)| < et — s '%’ <clt—s {1+ m} . || <clt—sPT {1+ m},

21(a,0) — K2M(a,0)] < ce® e — | < ce®. Besides,

Do 2H -1 ’ — 1 (z—u) 2H—1
8y8x(af,y)=0 Kem (y,m) —pa [ due K227 (y,u) o

Going back to (1)), the previous estimations finally give rise to

x 2
R (& m)] < et — s {p + g + € + ui + pi}
which leads to the expected bound since 2H + 1 > 4H — o and 2H > a.

~ ~ 4 =5
The same arguments enable to handle R, R*, R , R , which achieves the proof.
O
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