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RATES OF CONVERGENCE FOR THE POSTERIOR
DISTRIBUTIONS OF MIXTURES OF BETAS AND
ADAPTIVE NONPARAMATRIC ESTIMATION OF THE
DENSITY

By JupiTH ROUSSEAU™,
Université Paris Dauphine and CREST

In this paper we investigate the asymptotic properties of non-
parametric bayesian mixtures of Betas for estimating a smooth den-
sity on [0, 1]. We consider a parameterisation of Betas distributions
in terms of mean and scale parameters and construct a mixture of
these Betas in the mean parameter, while either fixing the scaling
parameter (as a function on the number of observations) or putting a
proper prior on this scaling parameter. We prove that such Bayesian
nonparametric models have good frequentist asymptotic properties.
We determine the posterior rate of concentration around the true
density and prove that it is the minimax rate of concentration when
the true density belongs to a Holder class with regularity 3, for all
positive 3, by choosing correctly the scaling parameter of the Betas
densities, in terms of the number of observations and 3. We improve
on these results by considering a prior on the scaling parameter and
thus obtain an adaptive estimating procedure of the density. We also
believe that the approximating results obtained on these mixtures of
Betas densities can be of interest in a frequentist framework.

1. Introduction. In this paper we study the asymptotic behaviour of
posterior components. There is a vast literature on mixture models because
of their rich structure which allows for different uses, for instance they are
well known to be adapted to the modelling of heterogeneous populations as
is used for instance in cluster analysis; for a good review on mixture models
see [11] or [12] for various aspects of Bayesian mixture models. They are also
useful in nonparametric density estimation, in particular they can be consid-
ered to capture small variations around a specific parametric model, as typ-
ically occurs in robust estimation or in a goodness of fit test of a Parametric
family or of a specific distribution, see for instance [13, 14]. The approach
considered here is to density estimation, but it has applications in many
other aspects of mixture models such has clustering, classification, goodness
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2 J. ROUSSEAU.

of fit testing, etc... since in all these cases understanding the behaviour of
the posterior distribution is crucial. Nonparametric prior distributions based
on mixture models are often considered in practice and Dirichlet mixture
priors are particularly popular. Dirichlet mixtures have been introduced by
[2, 10] and have been widely used ever since but their asymptotic proper-
ties are not well known apart from a few cases such as Gaussian mixtures,
triangular mixtures and Bernstein polynomials. [4, 5] and [16] study the
concentration rate of the posterior distribution under Dirichlet mixtures of
Gaussian priors and [3] has considered the Bernstein polynomial’s case, i.e.
the mixture of Beta distribution with fixed parameters. [14] have considered
mixtures of triangular distributions, with a prior on the mixing distribution
which is not necessarily a Dirichlet process. In all those cases the authors
have mainly considered the concentration rate of the posterior around the
true density when the latter have some known regularity conditions or when
it is a continuous mixture.

Posterior distributions associated with Bernstein polynomials are known
to be suboptimal in terms of minimax rates of convergence when the true
density is Holder. [9] have proposed a modification of Bernstein polynomials
leading to the minimax rate of convergence in the classes of Holder densities
with regularity 8, when ¢ < 1. In this paper we consider another class of
mixtures of Betas models, which is richer and therefore allows for better
asymptotic results.

Betas densities are often represented as

xafl (1 _ x)bfl
B(a,b)

I'(a)T'(b)

(1.1) g(zl|a,b) = Tatb)

) B(a7b) =

Here we consider a different parameterisation of the Beta distribution writ-
ing a = a/(1 —¢€) and b = a/e so that € € (0,1) is the mean of the Beta
distribution and « > 0 is a scale parameter. To approximate smooth densi-
ties on [0, 1] we consider a location mixture of Betas densities in the form:

k
(12) ga,P(x) = ijgoz,ej- (:17)7 Gae; (.1)) = g(.’L‘|Oz/(1 - 6j)7 Oz/ﬁj),
j=1
where the mixing density is given by
k
(1.3) P(e) = 3 psd, (o).
j=1

The parameters of this mixture model are then k& € N* and for each k,
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POSTERIOR CONVERGENCE OF MIXTURES OF BETAS DENSITIES 3

(a, p1, ---Pk, €1, ---, €k ). The prior probability on the set of densities can there-
fore be expressed as

d’ﬂ'(f) :p(k)ﬂ'k(él,....,Ek,ph...,pk’a)dﬂ'k’a(a% if f:ga,P

or dr(f) = dn(P|a)dma(c) in the case of a Dirichlet mixture.
Determining the concentration rate of the posterior distribution around

the true density corresponds to determining a sequence 7, converging to 0
such that if

(14) BTn - {f € F, d(f7 fO) < Tn}a

for some distance or pseudo-distance d(., .) on the set of densities and if X" =
(X1, ..., Xp), where the X;’s are independent and identically distributed from
a distribution having a density fy with respect to Lebesgue measure, then

(1.5) P™[B,,|X"] — 1,in probability.

The difficulty with mixture models comes from the fact that it is of-
ten quite hard to obtain precise approximating properties for these models.
[7, 15] give general descriptions of the Kullback-Leibler support of priors
based on mixture models. These results are key results to obtain the con-
sistency of the posterior distribution, but cannot be applied to obtain rates
of concentration. In these papers they use the Kernel structure of mixture
models and specific attention is given to location-scale kernels. Mixtures of
Betas are not location-scale kernels. However, when o gets large g, . con-
centrates around € so that locally these Betas densities behave like Gaussian
densities. This behaviour is described in Section 3. Using these ideas we
study the approximation of a density f by a continuous mixture in the form

1
(1.6) Gas(z) = /0 F(€)gone(@)de,

where f is a probability density on (0,1). When a becomes large gq. ()
behaves locally like a location scale kernel so that g, s becomes close to f.
Similarly to the Gaussian case this approximation is good only if f has a
regularity less than 2. However by shifting slightly the mixing density it is
possible to improve the approximation so that continuous mixtures of Betas
are good approximations of any smooth density, see Section 3.1. As in the
case of Gaussian mixtures, see [4], we approximate the continuous mixture by
a discrete mixture. [4, 5, 16] study the approximation of continuous mixtures
of Gaussian random variables by discrete mixtures and the approximation of
smooth densities by a continuous mixture respectively. The latter derive from
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4 J. ROUSSEAU.

these a posterior rate of concentration of the posterior distribution around
the true density when the true density is twice continuously differentiable.
In particular they obtain the minimax rate n=2/5, up to a logn term under
the L risk.

In this paper we show that the minimax rate can be otained (up to a
logn term) for any 3 > 0 by choosing carefully the rate at which « increases
with n, i.e. choosing for a a dirac mass on some sequence «,. Rather than
such a deterministic choice of « it is usual to consider a diffuse prior on
a; so that the data would choose the correct a. Hence in Section 2.2 we
consider a prior on a and we prove that the resulting procedure is adaptive
to the smoothness of the true density. This result has much theoretical and
practical interest and the latter type of prior is much more satisfactory than
the previous one. Both results show the good behaviour of Betas mixtures.

1.1. Notations. Throughout the paper Xi, ..., X,, are independent and
identically distributed as Py having density fo with respect to Lebesgue
measure. We assume that X; € [0, 1]. We consider the following three dis-
tances (or pseudo-distances) on the set of densities on [0, 1]: the L; distance:
If =gl = fol |f(z) — g(x)|dx, the Kullback-Leibler divergence: KL(f,g) =
fol f(z)log (f(z)/g(z))dz, for any densities f,g on [0,1] and for any k£ > 1
Vie(f,9) = fol f(x)log (f()/g(x))|* dz. We also denote by |g|os the supre-
mum norm of the function g.

H(L, 3) denotes the class of Holder functions with regularity parameter
B: let r be the largest integer smaller than 3 and denote by f() its r-th
derivative.

H(L,B) = {f :[0,1] — R;|f(x) — fT)(y)| < Llz — y/P~"}.

We denote by Sy the simplex: S = {y € [0,1]%; 3%, 4 = 1}.

We denote by P™[.|X™] the posterior distribution given the observations
X" = (Xy1,...,Xpn) and E™[.|X"] the expectation with respect to this pos-
terior distribution. Similarly Ef and Fj' represent the expectation and the
probability with respect to the true density f&" and E% and P} the expec-
tation and probability with respect to the distribution f®.

1.2. Assumptions. Throughout the paper we assume that the true den-
sty fo is positive on the open interval (0, 1) and satisfies:
Assumption Ay If fy € H(B, L) there exist integers 0 < ko, k1 < [ such
that
FE©) >0, fE1) <o;
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POSTERIOR CONVERGENCE OF MIXTURES OF BETAS DENSITIES 5

ko and k; denote the first integers such that the corresponding derivatives
calculated at 0 and 1 respectively are non zero.

This assumption is quite mild and ensures that fy(x) does not go too
quickly to 0 when x goes to 0 or 1 so that we can control the Kullback-
Leibler divergence between fy and mixtures of Betas.

1.3. Organization of the paper. The paper is organized as follows. In
Section 2, we give the two main theorems on the concentration rates of
the posterior distributions under specific types of priors corresponding to
different mixtures of Betas. In Section 2.1 we determine a posterior rate of
concentration when the scale parameter of the Betas is fixed (depending on
n) this leads to a non adaptive procedure since o depends on the smoothness
of the density. In Section 2.2 we present the adaptive approach obtained by
considering some prior on «. In Section 3 we present some results describing
the approximating properties of mixtures of Betas. We believe that these
results are interesting outside the Bayesian framework since they could also
be applied to obtain convergence rates for maximum likelihood estimators.
This section is divided into two parts. First we describe how continuous
mixtures can approach smooth densities (Section 3.1) then we approach
continuous mixtures by discrete mixtures (Section 3.2). Finally Section 4 is
dedicated to the proofs of Theorems 2.1 and 2.2 given in Section 2.

2. Posterior concentration rates. In this section we give the two
main results on the concentration rates of the posterior distribution around
the true density. We first consider the case of a deterministic sequence ay,
of scales, increasing to infinity at a given rate. Using this result we then
consider a more realistic setup where a prior is put on the scale « leading
to an adaptive estimating procedure.

We consider a concentration rate in terms of the Lq distance, however the
results can be applied to the hellinger distance as well.

2.1. Deterministic . In this section o« = «,, is deterministic. We con-
sider the following types of prior on the mixing distribution P:
Type I prior

drn(f) = p(k)dmy (€1, ..., ep)dmp2(p1, ... vk), if  f = gan,.pP-

For all k > 0 71 and 72 are positive on Sy and [0, 1]* respectively. We
assume that the 74 1’s are bounded from below by a term in the form ¢} and
that the €;’s j = 1,...,k are independent and identically distributed with
a distribution whose density with respect to Lebesgue measure is bounded
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6 J. ROUSSEAU.

from below by a function in the form : ca[e(1 — €)]” for some T' > 0. The
distribution on k has the following bounds on its tail behaviour: there exist
a1,as > 0 such that for all K large enough

e—alKlog(K) Sp[k? _ K] < €_a2K

Remark: Even when the conditional distribution of the weights (p1, ..., pk)

given k is a Dirichlet distribution the overall distribution on f is not in
general a Dirichlet process, hence we introduce another class of prior solely
based on the Dirichlet process.
Dirichlet I prior. The mixing distribution P follows a Dirichlet pro-
cess D(v) associated with a finite measure whose density with respect to
Lebesgue measure is denoted v and is positive on the open interval (0,1).
Assume also that v is bounded and satisfies

v(€) > mg" (1 - 9"
We then have the following theorem.

THEOREM 2.1.  Let fo € H(L, 3) satisfying Assumption Ag, with 3 > 0.
Let o, = agn® @B+ (logn) =3/ GO+ | for some positive ag. Assume that the

prior on P is either a Dirichlet I prior or a Type I prior. Then if 1, =

PT[BE [X"] — 0
i probability.

The proof of Theorem 2.1 is given in Section 4.

This result implies that for any 8 > 0 the optimal rate, in the minimax
sense, is obtained. Hence the above mixtures of Betas form a richer class of
models than the bernstein polynomials or the mixtures of triangular distri-
butions who lead at best to the minimax rates for g < 2. It is to be noted
however that Bernstein polynomials and mixture of triangular densities have
other interesting properties and are in particular easy to simulate.

Theorem 2.1 shades light on the impact of «, as a scale parameter. It
can thus be compared to the scale parameter o,, which appear in Dirichlet
mixtures of Gaussian distributions. In Section 3 we see that the key factor
leading to such a rate is the possibility of approximating any fo € H(L, )
by a continuous mixture in the form g,, s with an error of order ay,”, for
some density f close to fo but not necessarily equalt to fp. An interesting
feature leading to this approximating property is that g,, . acts locally as a
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POSTERIOR CONVERGENCE OF MIXTURES OF BETAS DENSITIES 7

Gaussian Kernel around e. However the interest in the Bayesian procedure
compared to a classical frequentist kernel nonparametric method comes from
the fact that we do not necessarily need to approach fy by ga,,f, Which
would have constrained us to 8 < 2. Indeed if necessary we can consider a
slight modification f of fo such that g,, s approximates fy with an error of
order o, ” for all 3.

The choice of the scale parameter is however a problem in practice, as
is the choice of the bandwith in kernel nonparametric estimation. From a
Bayesian perspective considering a deterministic o depending on n is quite
awkward. In the following section we put a prior probability on a.

2.2. Fully Bayestan procedure. In this section we consider a joint prior
probability on the mixing distribution P defined by (1.3) and on «. since
this increases the complexity of the support of the prior probability we need
to be slightly more restrictive on the prior on P than in Section 2.1.

Type 1I prior

drn(f) = p(k)dmy 1(€1, ..., e)dmp2(p1, ... pk)Ta(), if  f = garp.

For all k > 0, w1 and 7y o are positive on Sy and (0, 1)* respectively. We
consider the same conditions on the priors 7 ; and 7y 2, i.e. we assume that
the 7 1’s are bounded from below by a term in the form c’f and that the ¢;’s
j =1,...,k are independent and identically distributed with a distribution
whose density with respect to Lebesgue measure isdenoted . (¢). However
we add the extra condition that there exist a;,as > 0 and T" > 1 such that

arel (1 — )l > mo(e) > azel (1 — )T, Ve (0,1).

We also consider the following conditions on the prior m,. For all b; > 0,
there exists ¢y, co, c3, A, d > 0 such that for all u large enough,

g o1/2
ma(clu < a < cou) > Ce biu

Ta(c3u < ) Cebrut/?

<
Tola < e ) < Ce b
We also assume that 7, is bounded.
Note that if \/« follows a Gamma distribution with parameters (a, b) with
a > 1 then the above condition is satisfied.

The distribution on k has the same tail behaviour as a Poisson distribu-
tion: there exist a1, as > 0 such that for all K large enough

e—alKlog(K) <p [k‘ _ K] < e—agKlog(K)'
We then have the following theorem:
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8 J. ROUSSEAU.

THEOREM 2.2. Consider a type II prior, then the posterior distribution
satisfies: for all fo € H(B, L) satisfying assumption Ay,

PT[B; |X"] =o0p(1), with 7, = Ton ™/ 2841 (1og )P/ (46+2)

The prior does not depend on 3 so that the procedure is adaptive. An
interesting feature of the mixture of Betas is that it is not more difficult to
obtain an adaptive rate than a non adaptive rate. Moreover the conditions on
the prior leading to the adaptive procedure are more natural from a Bayesian
perspective than those expressed in the Type I priors since we do not have
to consider a depterministic sequence ., depending on n. Note that we do
not obtain an adaptive procedure for Dirichlet mixtures of Betas, which does
not mean that such a procedure cannot be obtained. The difficulty for the
adaptive results is to control the entropy of the support of the prior. In the
case of Dirichlet mixtures (non adaptive) we used the approximation of a
general mixture by a finite mixture when « is large, which is not possible
when we put a prior on « (since « needs not be large).

In both cases the posterior probability of Bf is of order smaller than
n~P/(26+1) g6 that Theorems 2.1 and 2.2 imply that a Bayesian estimator
such as the posterior mean has a convergence rate of order n=?/(#+1) (L,
risk) up to a logn term.

In the following section we give the key result that enables us to obtain
the minimax rate, which is the approximation error of a smooth density fy
by a continuous mixture g, ; as a goes to infinity.

3. Approximation of a smooth density by continuous and dis-
crete mixtures. A beta mixture, as defined by (1.6) behaves locally like
a Gaussian mixture, however its behaviour seems to be richer since the vari-
ance adapts to the value of x, see Lemma 3.1. In this section we obtain a
way to approximate any Holder density f by a sequence of continuous and
discrete mixtures. We begin with approximating the density by a sequence
of continuous mixtures and then we approximate the continuous mixtures
by discrete mixtures.

3.1. Continuous miztures. We consider a continuous mixture g, as de-
fined in (1.6). This mixture is based on the parameterisation of a beta density
in terms of mean ¢ and scale «. The idea in this section is that when « be-
comes large the above mixture converges to f(z) if f is continuous. We first
give a result where the approximation is controlled in terms of the supre-
mum norm, which has an intrinsic interest. We also give a bound on the
approximation error for Kullback-Leibler types of divergence, which is the
required result to control the posterior concentration rate.
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POSTERIOR CONVERGENCE OF MIXTURES OF BETAS DENSITIES 9

THEOREM 3.1. Assume that fo € H(B,L) and satisfies assumption Ao,
with B > 0. Then there exists a probability density fi such that

CR
fi(z) = Gﬁ-zj ym) ifB>2 filz)=folz) ifB<2

where the w}s are combinations of polynomial functions of x and of terms
in the form fél) (z)2' (1 —2)!/ fo(x), 1 < 4, and

(3.1) 90,1, = folloe < Ca™"7

| ( fo )
og
ga,ﬁ

It is to be noted that the upper bound on the supremum norm (3.1) does
not require assumption Ag to hold. This assumption is only required to
obtain an upper bound on the Kullback-Leibler types of divergence.

Note also that if we do not allow f; to be different from fy we do not
achieve the rate a=? to be true for values of § greater than 2. We believe
that the trick of allowing fi; to be different from fy could be used in a
more general context of Bayesian mixture distributions (or Bayesian Kernel
approaches as defined in [7]) inducing a greater flexibility of Bayesian kernel
methods with respect to frequentist kernel methods.

A Beta density with parameters (a/e,a/(1 — €) can be expressed as

and for all p >0

p
< CaP

(32)  KL(fo.gap) < Ca~®, / fo

2 = po/(1-9-1(q _ pyafe- ['(a/(e(1 —¢)))
) = e/ - )

From this we have the following three approximations that will be used
throughout the proofs of Theorems 2.1, 2.2, 3.1 and 3.2. Let

(3.3) K(e,x) =€elog(e/z) + (1 —e)log((1 —¢€)/(1 — x)),

this is the Kullback-Leibler divergence between the Bernoulli ¢ and the
Bernoulli x distributions. Then

LEMMA 3.1.

Ea

_aK(ex)
(34) gucle) — ——YO Jn,

V2mx(l — a:) - ’
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10 J. ROUSSEAU.

for any k > 0 and o large enough, where the b;(e) are polynomial functions.
For all k > 0,k1 > 3, we also have,

Jae(z) = %;{f_x) X
a(z —€)? (x —€) T —e€
exp {_2:152(1 —1z)? [1+m(1 —x) (C(x)—l—le (:c(l - :1:)))} + Rl} X
(3.5) |1+ Zk: bﬁf) +O(a™ et ”)] ,
j=1

where Ry < aCle — " ~2(z(1 - 20) 7142,

x—€ _k1_3 Cy(z)(z — €)'
%(1m) =% G-

=0

and the functions C(x),Ci(z) | < k1 are polynomial, where x. € (x,€) and
C is a positive constant. Moreover, when o|z — €|®> < Coa®(1 — x)3 for any
positive constant Cy, if ko > 0 and if k1 > 3V 3ky there exists Cp > 0 such
that

a(x—e)2

O[e_ 212(171)2
Jae(z) = Vae 27007 %
V2rx(l —x

(;m {C(x) + Quy (Jf_;ﬂj +R) x

k
1+
j=1

) O<a-<’“+1>>] ,

(3.6)

where |R| < Clak2+1|x _ 6‘3(k2+1)($6(1 _ xe))_g(k2+1).

Note that the term 0(a~(*+1) appearing in (3.4), (3.5) and (3.6) is uni-
form in x and e.

PRrROOF. (Proof of Lemma 3.1) The proof of (3.4) follows from the expres-
sion of the Betas density in the form:

() = Dl/(l=9ne/79( — e/ —alfen
" : I(a/e)l(a/(1 —€)) z(1—z)’
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POSTERIOR CONVERGENCE OF MIXTURES OF BETAS DENSITIES 11

and from a Taylor expansion of I'(y) for y close to infinity where we obtain
that

1—c¢

T(a/ol(a/(l—¢)  var ?

Po/((l-9) _ Va ( [1og<e>+1og<1—e>D(H§bjef<1—e>ﬂ‘
€ = o

-1 -1
> = (1—e)
(1+ijaj) (1+ij - :
7j=1 7j=1
where the b;’s are the coefficient appearing in the expansion of the Gamma

function near infinity, see for instance [1]. Putting the three remaining terms
together results in: for all £ > 0
N
—¢)!
)

-1
> 1
(1+Zb )(1+Zb> (1+ij(
j=1
where the b; ( ) s are polynomial functions with degree less than 2j. This

o~ (k+D)
implies (3. 4) To obtain (3.5) we make a Taylor expansion of (3.4) as a
function of € around z.
K(e, x) B (e — $)2
e(l—¢)  222(1 —x)?

QMw

(aj —¢)
C5( % R
+ Z (1 =) + I
7=3
where Ry < R|z — /"1 /(x.(1 — z.))"1F! for some z. € (x,¢€), leading to
(3.5). A Taylor expansion of ¢ around 0 combined with the above approxi-
mation of y leads to (3.6). O

To prove (3.1) we control the difference between the uniform density on
[0,1] and the corresponding beta mixture g, = fol ga,cde. This is given in
the following Lemma.

LEMMA 3.2.  For all « > 0 large enough, for all ke > 1 and k1 > 3(ko—1)
define

k2 koky
,LL Bl T .
=Y A e Y = ENO.
j=1 1=2
then
I(z) —(k2+1)/2 3(k2+1)/2
[9a(z) =1 = =0 < Ca™7/ (log )™

where the By(x)’s are polynomial functions of x.
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12 J. ROUSSEAU.

The proof of Lemma 3.2 is given in Appendix A. We now prove Theorem
3.1.

PROOF. (Proof of Theorem 3.1). Throughout the proof C' denotes a generic
positive constant. Let f € H(3, L) and denote r = |3]. Then Ve € (0, 1),

D) (g .
5.7) |f(6) -y ey <o -
=

The construction of fi is iterative. Let d, = dpz(1 — z)/log a/a. We bound

T+
+ / |z — e]ﬁga,g(x)de
xT

1 T—0, 1
/ |z — e|5ga7g(x)de < ‘/ Ga,e()de + / Ga,e(x)de
0 0 T+0, —0z

Equation (A.6) implies that for all H > 0, if dy is large enough, the first
term of the right hand side of the above inequality is 0(a~). We treat the
second term using the same calculations as in the case of I3 in Appendix A
so that, for all £ > 0

T+0,
/ |z — €|’gac(x)de < Ca™P22P(1 —z)PE|N(0,1)]%] + 0(a™*/2).
T—0z
Therefore
1
[l Paacade = o a1 - ) + 00~ ")

uniformly in x. Then for all H > 0,

) (o .
s = 11 = 3T e 2 cwrde + 1) gale) - 1)

o
+0(a22%(1 = 2)°) + 0(a™ ")
_ =S I(z)
_ ; j! | (€= Vg0 c(arde + (@)=

+0(a™P228(1 — 28) + o~ H),

Uniformly in z, for all H > 0. Using the same calculations as in the com-
putation of I3 in the proof Lemma 3.2 we obtain for all j > 1, to the order
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POSTERIOR CONVERGENCE OF MIXTURES OF BETAS DENSITIES 13
0(a= k30205 (1 — ) 4 o~ H)
1 )
| (€= 2V g0c(w)ae
T+0, o((z—e)2
— L / 6_2952(17;2)2 X
_ .’IJ)

V2rz(1
)3l+] T —€ l
(m—e —&-ZZ;] =) (x)—i—le(x(l_x))})de
k 11_ j
B y x)x x)

=1

so that we can write

1 .
/ (€ — @) go(x)de
0

a;j(l - x)j s A A _
= Tum(x) + 0(a~ FHIHD200 (1 — )7 4 o~ H)
where /1, (2) is a polynomial function of x with the leading term being
equal to ;. We can thus write, to the order 0(a™%/22%(1 — 27) + =)

Z f(j .1'] 1 —.%') Mj,a(w) —l—f(l')@

|a]/2 «

(38)  [ga,r —

Hence if g < 2, since pup = 0,

oy — fla) < eI @)

(3.9) = 0(a™P7?),

as soon as H > [3/2, leading to (3.1) with f; = f. If § > 2, We construct a
probability density f; satisfying

(Gass = N@) = 0(a 2 (1 —2)%) +0(a™").
Equation (3.8) implies that f; needs satisfy

+0(a™P248(1 — %)) + 0(a™ )

Z f1 z)zl (1 —z) Mj,a($)+f1($) (1 + I(Oéw)) = f(x)+0(a P22 (1—2P))+0(a ).

'a]/g

To prove that such a probability density exists we construct it iteraticely.

Let 2 < 8 < 3, then set
@), ol =) @)Clahn _ a1 =) )

« o 20

hi(z) = f(z)(1 -
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14 J. ROUSSEAU.

Note that if f € H(L, ), then inf f > 0 implies hy > 0 for o large enough
and if f(0) =0 (f(1) =0), when z is close to 0 (resp. 1), if

/()
(1~ 27| [0 (z)]

hi > 0 for a large enough on [0, 1]. Assumption Ag implies the above relation
between f and fU) since

>0, j=1,2

lirré inf

o ahofko)(z) I(z)\ @b (1 =) f*)(22)C(x)pa
(@) = ko! 1 ( o ) B a(ky —1)!
(310) - (12a(])€0f_ 2)‘ 3)”2

with Z1,Z2, 3 € (0,z). Since f*0)(0) > 0, hy(z) is equivalent to f(z) for
a large enough and x close to zero and hi(z) > 0 for all x € (0,1). Let
= fol hi(z)dx. Since fol Ya,r — fl(z)dz =0,

c1 = 14 0(a~3/270/2)y

and we can divide h; by its normalizing constant and obtain the same result
as before, so that h; can be chosen to be a probability density on [0, 1].
From this we obtain when 8 > 2

r—=2 1 (5)
(o ~ D) = [ (Zh “<e—x>)gae< )de

P

r D () 11 .
+h( —I— Z (f = I / ) ()/0 (e — ) ga,c(x)de

j=r—1
+0(a—ﬁ/2x (1—2)%)

- W +0(a 220 (1 — 2)%) + O(a™ ™), VH >0

where w(x) is a combination of polynomial functions of x and of functions
in the form z7(1)27 fU)(z) with j < 3 if 8 < 4. If 8 < 4 then we set f; = hy
(renormalized) else we reiterate. We thus obtain that if rg is the largest
integer (strictly) smaller than /2

lrs)
fi(z) = (1+Z )
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POSTERIOR CONVERGENCE OF MIXTURES OF BETAS DENSITIES 15

where wj(x) is a combination of polynomial functions and of terms in the
form fO(z)zt(1 — z)!/f(x), | < 2j. Assumption Ao implies that fi can be
chosen to be a density when « is large enough and satisfies

Hgo‘vfl - f”oo < COé_ﬁ/z.

which implies (3.1).

If f is strictly positive on [0, 1] then (3.2) follows directly from (3.1). We
now consider the case where f(0) = 0 (the case f(1) = 0 is treated similarly).
Under the assumption Ag, the previous calculations lead to

(Go.f — F)(x) = 0(f(x)a P2 +0(a ), VH > 0.

Note also that for « large enough, f; is increasing between 0 and ¢ for some
positive constant o > 0 so that if z is small enough,

$+5gc OL(IE—E)Z
Joofi > W/ e 22(1-2)2) d¢
' 2V2mx(1 —x) Ja
fi(z)
- 4
so that ga. s, > f/8 on [0, 1]. Therefore, since f(z) = f#0)(0)x*0 /ko! 4 o(z*0)
when z is close to 0, let H > 3 and ¢ = coga /%0 for some constant ¢ large

enough, we have
a—H
)| had
e ( f(@)

(3.11)

KL(f, ga,f,) < log2/ x)dr + o~ 5/ f(x dx—i—/

< C(a Hkot1)/ko 4 =0 4 o~ H) =0(a™P).

Similarly for all p > 0, if ¢, = Coa—H/(pko)’

cp 1
[ 1@ 1og(f @)/ gops @) dz < (log2p [ f@)da -+ [ f@)da

! _a
+/ e S

< C (a*QH(ko+1)/(Pk0) +a PB4 O;H)
= 0(a™),

if H > pB. This achieves the proof of Theorem 3.1. O

dx

In the following section we consider the approximation of continuous mix-
tures by discrete mixtures in a way similar to [4].
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16 J. ROUSSEAU.

3.2. Discrete miztures. Let P be a probability on [0, 1] with cumulative
distribution function denoted by P(zx) for all = € [0, 1]. We consider a mix-
ture of Betas similarly to before but with general probability distribution P
on [0,1]

1
dop(x) = /0 Gac(@)dP(e).

Let f be a probability density with respect to Lebesgue measure on [0, 1], in
this section we study the approximation of g, ¢ by go,p Where P is a discrete
measure with finite support.

The approximation of discrete mixtures by continuous ones is studied in
different contexts of location scale mixtures, see for instance [4] or [8] (Ch 3)
for a general result. Betas mixtures are not location scale mixtures however,
as discussed in the previous section when « is large they behave locally like
location scale mixtures. In this section we use this property to approximate
continuous mixtures with finite mixtures having a reasonably small number
of points in their support.

THEOREM 3.2. Let f be a probability density on [0,1], f(z) > 0 for all
0 < < 1 and such that there exists k1, ko € IN satisfying f(x) ~ xFocq, if
z=o0(1) and f(1 —x) ~ (1 —x)¥¢, if 1 —2 = o(1). Then there exists a
discrete probability distribution P having at most N = Nyy/a/log (a) points
in its support such that, for all p > 1, for all H > 0 (depending on My), for
a large enough,

P
log (,%f)‘ (z)dx < Ca™1,
9a,P

1
(3.12) /0 Jaf

We can choose the distribution P such that there exists A > 0 with p; > a4
for all j < N.

We use this inequality to obtain the following result on the true density

Jo-

COROLLARY 3.1. Let fo € H(L,5), 8 > 0 be a probability density on
[0,1] satisfying: fo(x) > 0 for all 0 < = < 1 and such that there exist
ki,ko € IN satisfying |f*0)(0)| > 0 and |f*)(1)] > 0, ko, k1 < (. Then,
for all p > 1 there exists a discrete probability distribution P having at most
N = Nov/ay/log (o) in its support, with Ny large enough such that

(313) KL(anga,P) < CCM_B, V})(f(]vga,P) < Ca_ﬁ
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POSTERIOR CONVERGENCE OF MIXTURES OF BETAS DENSITIES 17

PRrOOF. (Proof of Corollary 3.1)
From Theorem 3.1 there exists fi positive with f; = fo(1 + 0(a™!)) and

KL(fo, ga.f,) <Ca™P gap > fo/8.

This implies that

IN

KL(fo, ga,P) KL(fo, ga,f,) + ‘/ fo(x)10g (9a,f,/Ga,P)(x)dz

log <ga7fl>
Ja,P

The same calculations apply to fol fo(x) log(fo(z)/ga.p(z))|P dz < Ca=P,
which achieves the proof of Corollary 3.1. O

IN

Ca=® + 8/ga (@) (¢)dz = O(a™P).

PROOF. of Theorem 3.2

Throughout this proof C' denotes a generic positive constant. We first
bound the difference between both mixtures at all x. By symmetry we can
consider x € [0,1/2]. Consider the following approximation of the exponen-
tial: for all s > 0 and all z > 0,

5 (—1)lzd s+1

e_z—z

= I

~ (s+ 1)

(3.14)

Equation (3.5) implies that for all & > 1,k; > 3, there exist polynomial
functions of x, Di(x), [ < ki and polynomial functions of €, b;(€), j < k such
that

ga,e(m) =

R —(z—¢)2a k1—2 Dy(z)(z—e)t k

Jaehn ool (1+z Dinte o ) ot 1)

= ¢ )|
2rx(l — x)

where |Ry,| < aClz — /1 (z.(1 — 2.))~ B+ with z. € (z,€) (or (¢,1)).
If |2 — e| < Mdgy/Tog ax(1 — z)//a, |Ry,| < CaF1/2+1/2(log a)*1/2 and set

z —e)a MDy(2)(x — €)!
- 212(1—)33)2 (HZ ;(l(i(_ m)l) )

then
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18 J. ROUSSEAU.

so that we obtain using (3.14)

IR N VI a2
gad) = 2z (1 — a:)];) 20223 (1 — x)% 5!
k1 l J k
Dy(#)(@ - ) by(e)
(3.15) (H; (1) 1+Z el BT
= 7=1
where
1 \/aM2(5+1)05+1 o B
< (k1—1)/2 (k1+1)/2 (k+1)/2 )
AS_Cm(l—aj) [ G +a (log o) +

Consider €y = a0, for some positive constant ¢y and €; = ¢o(1+M/log a/a),
j=1,...,J with

_  folog(a) +2log(log(a)) | | _
7= Ulog(1+ 3yogajva | 1 =0 (Vavioea).

Define dF; and dP; the renormalized probabilities dF' and dP restricted to
l€j,€j41) set H > 0. Then if ky —1 > 2H and k > H — 1/2 we obtain for all
HAES [Ej—laej-‘y—?]v ] >2

<

Va G+ Cn (1) (x — €)%al k1 Co(x —€)" i
Verz(l— 1) /Ej ; i (1 — )2i] (1 + az_: M) X

bi(?)

) [dE; — dPj](e)

C Cs—HMQ(s—H) 1 s+1
(3.16) + va N
z(1—x) (s +1)!
So that if s = sgloga with sg > C2M* + 1, we obtain
Cs+1M2(s+1) log as+1 <e 0] 10g520 log o _ O(a_H)
(s+1)!

as soon as sglog(sp) > 2H. Using Lemma A.1 of [4], we can construct a
discrete probability with at most N = 2kk;s + 1 supporting points such
that for all [ < 2sky,l’ <k,

[ v - pye =0
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POSTERIOR CONVERGENCE OF MIXTURES OF BETAS DENSITIES 19

so that the first term of the right hand side of inequality (3.16) is made
equal to 0. Therefore, for all H > 0 there exists a discrete distribution P;
whose support (in (€5, €j41]) has at most N = k{ log a points (k{ depending
on H) and such that for all z € [¢j_1, €j42]

a H

[ @yl - an)(e| = 05—

J

Moreover for all < €;_1, using equation (3.4) and the fact that

M2(1 1—
0K (e,1) > aK (e, ;1) > 118 O;))f( )

when €11 > € > €;, we obtain

C 2

) < efcM log

Jae(@) < (1 —x) ’

for some positive constant ¢ > 0. Now, if > €;4o using inequality (3.4)
together with the fact that

M?3(1 L o(1 — €
aK(e,z) > aK (e €j12) > (log a)e];Q( 6]-1-2)’

if €41 > € > ¢;, we obtain that

C 2
< —cM=loga
gOA,G(:I") — [L‘(l—x)e )

for some positive constant ¢ > 0. Hence, by constructing P in the form: if
€j+2=1—¢€o

J
dP(e) =Y (F(ej41) — F(e;))dPj(e) + F(€0)d(eg) + (1 — Fl€s42))0(c, )
j=0

we finally obtain for all x

CaH

1
(3.17) /O dac)dF —dPI(0)| < A

where P has at most N, = Ny(log @)?/2\/a, for some Ny > 0 related to H,
and where M is large enough. We now consider = < ¢y(1 — M+/loga/a).
We use the approximation (3.4).

Cya e (c0.2)/(co(1=0)) (1 4 (0~ 1)).

Jaeo (7) = z(l —x)
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20 J. ROUSSEAU.

Since, when z < ¢,

K(EQ,.’L‘)

ey S ()™ (log(eo/2)

we obtain

Ja P(.%') > e—alog (eo/) C\/aF(eo)

z(1—x)

and, using the above inequalities on go (x) for < €;_1 we have
Ga.p(r) < Ca ™ /2(1 - 2),

where H depends on M, so that
[log (ga,p(2))| < Callog ()].

Since gq,r is bounded (as a consequence of the fact that g, s — f is uniformly
bounded whenever f is continuous), and since u|log(u)|P goes to zero when

u goes to zero,
P
log 790"]0(33) dx
ga,P<1’)

€0
| gasta)
0
)
Note also that if « is large enough,
ga,f(x) > f(z)/4

so that go, r(x) > ca® (1 — 2)* for x close to 0 and for all = € (e, 1 — €),
for all H >0

IN

Ca~" 4 Ca " (log a)P

(3.18 = 0(a " (loga)P).

|ga,f (z) — ga7P(x)| a M C o~ HAto(1+koVEr)

<
Ja.f (%) Tkt (1 — )ttt T

So that if H > to(1+ ko V k1) + B/p, with B > 0,

/0 1 9o (T)

as soon as ty > B. Moreover, we can assume that there exists a fixed A such
that for all j, p; > a4 = v. Indeed let I, = {J;p; < v}, then consider for
j ¢ I,, pj = cp; and for j € I, pj = cv where c is defined by Z;-Izl pj = 1.
This implies in particular that

p
log Yt (2) dz < Ca " (loga)? + Ca™P = 0(a™P).
Yo,p(2)

le—1] <vJ < JOOFAH/Q(log a)3/2.
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POSTERIOR CONVERGENCE OF MIXTURES OF BETAS DENSITIES 21
Let P = Z}-Jzopyéej(e) then g 5 > cga,p and if A —1/2 > B,
KL(ga.f,9, 5) < Ca P +|logc| < C'a™".

Also
[ 90,0 = g0.pl < 0”42 10g )2
hence if A is large enough inequality (3.17) is satisfied with P instead of P.

Since pg = Fl(eo) > F()(GQ)/4 and F()(ég) > a‘tokOC, by choosing A > toko
we obtain that 0 ¢ I, and

gg,ﬁ('r) > ga,éo(x)F(€0)7 Vo < e

so that (3.18) is satisfied with P instead of P, which leads to: For all B > 0
there exists a distribution P having less than Ny\/a(log )/? points in its
support, satisfying: p; > a~4 for some A > 0 and all j and such that

/gavf

which achieves th proof of Theorem 3.2. O

log (ga’f > ‘p (z)dz = 0(aB),

Ya,P

Note however that A depends on B and so does Ny. Note also that this
result could be used to obtain a rate of concentration of the posterior dis-
tribution around the true density when the latter is a continuous mixture.

In the following section we give the proofs of Theorems 2.1 and 2.2.

4. Proofs of Theorem 2.1 and Theorem 2.2 . To prove these the-
orems we use Theorem 4 of [6]. In particular let p > 2 and following their
notations define

B*(f()?Tap) = {faKL(f()vf) < Tz;%(f()af) < Tp}-

We also denote J,,(7) = N(7, Fn, |.|1) the L; metric entropy on the set Fp,,
i.e. the logarithm of the minimal number of balls with radii 7 needed to
cover F,,, where F, is a set of densities that will be defined in each of the
proofs. The proofs consist in obtaining a lower bound on 7(B*(fo, Tn,p))
and an upper bound on J,(7,) when fy belongs to H(3, L).

imsart-aos ver. 2007/12/10 file: betannalsrevl.tex date: October 7, 2008



22 J. ROUSSEAU.

4.1. Proof of Theorem 2.1 . Assume that fy € H(G,L) and let 7,, =
n~B/(28+1) (1og n)®8/(40+2) " We first bound 7 (B*(fo, 7w, p)). Using corollary
3.1 there exists a probability distribution with N,, = Ny,/ap,(log o )?/? sup-
porting points such that

KL(f07gan7P) S Ca;ﬁ7 Vjp(f07goén,P) S Ca’f:ﬁ
with P of the form:

kn
€) =D pjde;(e)

j=1

¢ € (a;P(logan)™ 11 — a;P(loga,) ! and p; > aj? for all j =
., N, and some fixed positive constant A. We denote ¢y = a;ﬁ(log Ozn)_ﬂ_l,

then €1 > €. Consider dP’(¢) = 25"117] +(€) with |€} —¢;] < aa, e (1—¢))
and [p;j — pj| < aa;,7?pj, for some pos1t1ve constants 1, y2 > 1/2. Note that
this implies that |p; — p;| < 2aa;7?p’;. Then

1
(4.1)KL(fo, gan,p) < Ca;ﬁJr/O fo(x) [log ga,,p(7)/9a,,p (2)] dz.
For symmetry reasons we work on x < 1/2. Let M,, = M+/log o, /+\/n,
when |z — €| < Mye€;(1 —€;), then Lemma B.1 implies that

= 0(a, 7P log ay),

gan,Ej (.’I]) o 1

gan,e;

by choosing ko > 271 —1 and k3 > v;—1/2. Set By > 0 then for all x > e—Boon
and all j" such that [z — €}| > Mye;(1 — ¢;); since €;(1 — ¢;) > a," /2 with
to > 3, Lemma B.1 implies that if 41 > tg 4+ 5+ 3/2

gOén’Ej (.T) _ 1

g < CPoadpueyt +0(a,?) = 0(ay,P).
an,e;

This implies that if z € (7% 1 — ¢=60n) and if yo >

kn kn _
gan,P(fL‘) . 1 4 Zj l(p.] _p‘,j)ga,ndej 4 Z] lp‘/j(gan €5 gan,e;)
gan,Pl(x) Z] 1p]gan,e Z] 1p]gan,e
(4.2) = 1+0(a)”).

Now let x < e %09 then |z — ¢;| > ¢;(1 —¢;)/2 for all j = 0,..., N,, and
there exists ¢ > 0 independent of 3y such that

\/ \/
< p—Cn n , < p—Cn n
gan,P(l‘) >€ .’ﬁ(l _ .’E)’ gOémP ($) > e .’E(l _ ZL‘)
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POSTERIOR CONVERGENCE OF MIXTURES OF BETAS DENSITIES 23

Note also that iem
/an _anK(ex
> 07 e(l—e)
gOénﬁ(‘T) 33‘(]. o I‘)e

where

S e

log(e/2) + - log((1 — /(1 - 2)))

1—¢

- (1 ! log(c/2) + %log(l —9+ 5+ O(x/e))

< ap (1 i - log(e/x) + %log(l —€)+ Z) +o0(1)

Consider the function

1 1 T
h(e) = T log(e/x) + glog(l —€)+ -

since x < |log(1—¢)| for all € € (ep, 1 —€p) h is increasing and for all € < 1/2,

h(e) < 2|log(z)| + 0(1). This leads to

(43) Gonp(x) > CP(0,1 /2]):13(1%62% los(z).

The same inequality holds for g, p/, which implies that

e oom gan,P(x)
/O fO(x) log <gan,P’<x)>

de < C’oc,%e_ﬁoo‘”

and
e*ﬁoan
/ fo(z)
0

The same kind of inequalities are obtained for z > 1 — e~ %% Finally we

gan:P/ (':U)

j2
log <gamp(w)>| dr < Cafl'i'le_’goan.

obtain
! Ja P(QU) 2 3 _ _
/fo(a:) log | L2220 ) de < Cale P09 4 0(a;?) = 0(a,?).
0 o, P (2)
and
! Ja P(x) g
(4.4) fo(z) [log [ 22 dr = 0(;)
0 gan,P 37)
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24 J. ROUSSEAU.

Note that if [p} — p;| < a; P~ then Ip; —pjl < a;,%pj so we need only
determine a lower bound on the prior probability of the following set under
the Type I prior: set Gy < 1/2

Sn={p € Sny; IP;—pj| < 0?45 < Nadx{lej—¢;| < a2 tej(1—¢;),j < Na}

The prior probability of S,1 = {p’ € Sn,;|p; — pj| < ;P45 < N} is
bounded from below by a term in the form

—Ckn

Qp

The prior probability of S,2 = {|e; — €] < a, PP e (1 — €),j < N} is
bounded from below by a term in the form

Ny,
TTlej(1 — )] aZNaB+1) > o NuP(E+DT),

Jj=1

Since N,, = Noy/am (log o, )3/? and setting oy, = agn®/ A+ (log n)~5/(2A+1),
there exits C7 > 0 independent of IN,, such that we finally obtain

W(B*(fo, Tn,p)) > e—NnCl lognc > e_ClNO’"Wr%.

The proof for the control of the prior mass of Kullback-Leibler neigh-
bourhoods of the true density under the Dirichlet I prior follows the same
line. To find a lower bound on 7(B*(foy,7s,p)) we construct a subset of
7 (B*(fo, Tn,p)) whose probability under a Dirichlet process is easy to com-
pute. Consider the discrete distribution P(e) = Z;V:"o pjdc;(€) with N, =
NO@(log an)3/2 and a,jto =e<€e <..<en, =1- a;to and such that

KL(fy, 8o, p) < Cap?,  Vy(fo, gayp) < Cay”.

The above computations (leading to equation (4.4)) imply that there exists
D1 such that if |e—¢€| < a;; Pt we can replace Jam,e DY Ga,, e in the expression
of ga, p without changing the order of approximation of fy by ga, p. Hence
we can assume that the point masses €; of the support of P satisfy |e; —
€j+1] > ay P, j=0,..., N, . We can thus construct a partition of [ey/2,1 —
€0/2], namely Uy, ...,Uy, with ¢; € U; and Leb(U;) > 27ta,; Pt for all
j =1,...,N,, where Leb denotes the Lebesgue measure. Let p > 0 and P;
be any probability on [0, 1] satisfying

(4.5) |P1(Uj) —pj| < pja;p, Vi=0,..., Ny,
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POSTERIOR CONVERGENCE OF MIXTURES OF BETAS DENSITIES 25

Then Pileg/2,(1 —€/2)] > 1 — a,,”. Since

~ 1—€0/2
0 (@) Z = [ o, @)AA),
€0

and using (4.1) we obtain

KL(fo: g ) < Ca” + [ fo(0)108(90,,(2) /., ().

Set p > 3, then similarly to before we obtain inequality (4.2) with g, p, in-

stead of g, pr. When o < e~ Poon we use the calculations leading to equation

(4.4) replacing g,,, p with since g, p, since the €’ s that are contained in the

mixing distribution of g, p, belong to (e9/2,1 — €y/2), wich finally leads to

(4.4) between go, p and g, p,. To bound [i fo(x) ’log (M) ‘p dx, note
s L 0 Gan,Py (:L‘)

first that

Jan,Py (%) = Gn,py (2) < P10, 0] Cv/an(2(1 — 2)) ™ < Cag P2 (a(1 —2))~".

For symetry reasons we work on [0, 1/2] and we split [0, 1/2] into [0, e=P0n]
[e=Poon eq] [eo,1/2]. Since

fo(x) B Ca
4 x(1—2z)’

gOé'ruP(x) Z ganyfl - ’ganyfl - gOén,P‘ Z VH > O
when z € (€9, 1/2) we have g, p(z) > cfo(x) since fo(z) > Coz* near the
origin, for some positive constant c¢. Hence combining the above inequality
with (4.2) based on g,,, p and g, p,, we obtain that

—p+1/2 —p+1/2
COlnp+ / anPJF/

~ < OC——F7——~
gn,py (2)3(1 — ) Jo(z)z(1 — )
S Ca;p+1/2+(k°+1)t0

— 0(0,%) itz € (€, 1/2) p>B/p+1/2+ (ko + Do

Moreover (4.2) implies also that for all z € (e =% o 0)

~ C\/anFo(eo)
gTL,Pl Z ganyP(l’)/2 Z (x/eo)an g(?_ x) ,
leading to
—aq _p+1/2 Oén—k)()—l
log 1+ Yan,Py Ex) 9n,Py (:L') < log 14 Can, €
9n,P; (:U) xan\/@

< Capl|log(x)], Vr e (e7Pan o),

imsart-aos ver. 2007/12/10 file: betannalsrevl.tex date: October 7, 2008



26 J. ROUSSEAU.

Also, if z < ePo% using similar calculations to those used in deriving (4.3)
we obtain

N T o lona
Gn,p; = CPl([eo’l/Q])x(l\/jx)CQ n log(z)

and

log |1+ Jom, 1 (~$) AC) < Capllog(x)], Vo< e~ Poan,
gn,Py (l‘)

Finally we obtain
folz) \[" 5 ! gnp (@) \ [
/ fo(z) [log (gan,Pl( )>‘ dr < 0(o, )+/0 fo(x) |log <Qan,P1 (w))‘ dx

< o, (log an)? +0(a,”) = 0(a,”)
whenever tg > 3 + p, which implies p > 3/p+1/2 + (3 + p)(ko + 1).
Under the Dirichlet I prior, (P (Uyp), Pi(Ui), ..., P1(Un;,)) follows a Dirich-
let (v(Uy),v(Uy),...,v(Un,)) with Uy being the complementary set of (U; U
..U Uy,). Using the fact that v(U;) > Ca;, 1Pt for all j we obtain that
there exist Do, Cy > 0 such that

7(Sp) > exp{—DsN, log(ay)} > e~ C2Novan(ogan)™/?,

The above inequality can be derived for instance from Lemma A.2 of [4].

We now determine an upper bound on the entropy on some sieve of
the support of the prior. We first consider the Type I prior. Let ¢¢ =
exp{—a+/a, (log a,)?/?}, and define

k
Fn={P = ijgamgj; k< k:la}/Q(log an)5/2; €j € (0,1 —€)Vj}.
j=1
Then if b >0
m(F) < 7w(k> k1a1/2(log ozn)?’/z) + kloz}/Q(log an)3/2e((]T+1)

< —b1 /o (log am, )5/2

as soon as k1 and a are large enough.

Let k < ky klag/z(log an)?? be fixed and Ja,,,p be a Beta mixture
with & components. When [¢} — ¢;| < Sa;2872¢;(1 — ¢;) for all j < k and
Ipj — Pl < a;, P71 if |z — €;] < €;(1 — €;)M,, then Lemma B.1 implies

|gan,e gan,e]| > Ganej COé \/M

imsart-aos ver. 2007/12/10 file: betannalsrevl.tex date: October 7, 2008



POSTERIOR CONVERGENCE OF MIXTURES OF BETAS DENSITIES 27
and if |z — €| > €;(1 —¢€;) My, then [z — €| > ¢;(1 — €)%= and the convexity
of z — K(e,x) for all ¢, together with equation (3.4) implies

On  _M2logon/12
|go¢n,e;. + gan,ej‘ < Cm@ ogan/ .

Let z,, = €9

1—zn/2 2
/ P |gan7€; = Gone;|(w)dr < C'a;ﬁ + Cay,e M logan (log an)3/2,
In

and if M is large enough the above term is 0(c,;?). Now if z < ,/2 < €/2
then since € > ¢y > 2x,, we use (A.5) together with e — z > €/2 and obtain

C\/an 21 \ F (-0 _an(e/2 _oan __q
6 < < C / 2 2 2(1—e¢) ,
ga'ru (':U) — x(l _ x) (a:_ + 6) — Q€ ( x)

which implies that

(I)n/2 Qn, an
Jomc(@)dz < Coy?(1 = €)e 709 (1,) 709
0 mnHy n

(4.6) Ca Y /2(1 - €2 7050 =0(a; ?), VH > 0.

IN

By symmetry the same bound is obtained for the integral over (1 —z,/2,1)
and we finally obtain for all j < k,

1
(47) | 1800y = e | @ = 0003,

Hence

IA

1 k 1
|Gan,P — Gan,pr|(x)da Spi =il 405 | 9ame; — Gan,e|(x)da
0 = 0 L

Il
o

(0,7).

The number of balls with radii d;a;;% needed to cover the set Sy, is bounded
by
C*a; kP

The number of balls with radii €;(1 — €;)a;, %8y needed to cover (e, 1 — ¢p)
(aag+1/2(logan)5/2)k
Finally the metric entropy is bounded by

Tn(n) < Bhnflog an < 3k1 B/ (log an) /% < Cry.
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28 J. ROUSSEAU.

To bound the entropy in the case of the Dirichlet I prior we use the ap-
proximation of a general mixture by a discrete finite mixture. First consider

Fl = {F;Fleg,1 — €] > 1 — ;7).

When F' follows a Dirichlet v process, F[0,¢ep] and F[1 — €, 1] are Beta
random variables with parameters (v[0, o], v[€p, 1]) and (v[1 — €9, 1], »][0,1 —
€o]) respectively. Therefore

I/[O, 60] l/[l — €0, 1]
v[0,1] ~ v([0,1])

w((F))°) < ol < Cag exp{—a+/ay, (log an)5/2}.

For all F € F] define F,, the renormalized restriction of F' on [ep,1 — €g].
Then

Hgan>Fn - gamFHl S 20{7:6

We can therefore assume that Fleg, 1 — ¢p] = 1 for all ' € F),. Then there
exists a discrete probability

(4.8) P(@:ipjaej(e), 6 € (cosl — o) V)

with N,, < Nyy/an(loga,,)/? such that (3.17) is satisfied for F' and we
have for all H (depending on Np)

—H
< Co,,

1
(1.9 [ soctwar —ario| < .

Moreover (4.6) implies that

€0/2 1—eo €0/2
| 0o = gonrl@da < [ aF@©+aPE]( [ o)

€0

< o ff

n 9

for all H > 0. Finally for all H > 0 there exists Ny > 0 and a probability

measure P defined by (4.8) with N,, = No/a, (log a,)3/? such that
”ga'ruF _gan7P”1 S a;H

The above calculations to obtain the metric entropy associated to the type
I prior imply that the set of discrete probabilities satisfying (4.8) can be
covered using balls in the form :

B(P) ={P'(¢) Zp] €); l€j—¢j| < 0, 2ej(1—¢)); pj—pj| < 0771}
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POSTERIOR CONVERGENCE OF MIXTURES OF BETAS DENSITIES 29

The number of such balls is bounded by (Ca;,2572|log €g|)?™. Since for all
F,F' € F], there exist P, P’ defined by (4.8) such that

19, = Ga#1 < @™ 4 |90, = Gan,pr
The L; entropy is bounded by:
In(Fr07,%) < C/an(log o)™,
which achieves the proof of Theorem 2.1.

4.2. Proof of Theorem 2.2. We use Theorem 5 of [5] to prove this The-
orem. Since

Talarn? @) (1og n) =5/ 2O+ | o2/ A1) (1og ) =5/ 2OHD] > exp{—byn!/ 26+ 10g n>3/ 20+
we can consider o € [a;n?/ 2841 (log n) =5/ A1) qyn2/ (A1) (1og n) =5/ (26+1)]

in the determination of a lower bound for 7(B*( fo, 7, p)) so that the first
part of the proof of Theorem 2.1 applies here, leading to

— 1/(28+1) 58/(28+1)
7(B*(fo, Tn,p)) > e~ " (logn) , for some ¢p > 0.

We now bound the L; metric entropy on F, , defined by
Fou— {(P» 0)ik < k;we_nl/(2ﬁ+1)(1Ogn)5ﬁ/(2ﬁ+l) < a < agn? @8+ (1og 1)108/(26+1). ¢ > 607Vj}

with ag, ¢ > 0, K, = knt/ 25+ (log n)?~1/(26+1) and ¢ is defined by
eo = exp{—an'/F*) (1og n)>#/(20+1))

Since 7, is bounded, for all ¢ > 0,
w(FC,) < e,

To bound the entropy on F,, , we use Lemma C.1 with the following param-
eterisation: Write a = a/(1—¢€),a’ =/ /(1—€),b=a/e and b/ = o/ /¢' and
consider p > 0 small enough, then if |’ —a| <7 <a and |V —b] <75 < b,

x“_Tl_l(l — :E)b_TQ_l B(a —11,b— 1)
B(a—711,b— 1) B(a', V) ’

Jo! € (.T) <

so that
B(a — Tl,b — 7'2)

B(d', V)

<l+7m= |ga’,e’ _goc,e‘ < Ty
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30 J. ROUSSEAU.

Consider first o < 2e A (1 —€). If

(4.10) le — €| < prne(l —€), |a—d| < prpa

then using case (i) of Lemma C.1 and simple algebra we obtain
|9are = Govel < 4pTn.

We now consider the «, €’s such that 2(1 —¢€) < o < 2e. If

1—
(4.11) |e—€|<p (1 = ¢) la — | < AP
log (

log (a/(1 =€)’ a/(1—¢))

then using case (ii) of Lemma C.1 and simple algebra we obtain

‘go/,e’ - ga,e| < 2p/7—n7

for some p’ > 0. Last we consider the case where a > 2¢ V (1 —¢). If
pTae2(1 — €)?

log (a/e(1 =€)’

then case (iv) of Lemma C.1 implies

(4.12) |e—€| <

|go/,6’ - ga,e| < 2/0/7_717

for some p’ > 0. Therefore the number of intervals in a needed to cover
(efn1/(26+1)(10gn)5B/(2ﬁ+1) <a< aon2/(25“)(log n)log/(2ﬁ+1)) is bounded by

1/(28+1 56/(20+1
J1 < CnDel_l < CnPelatn /(26+1) (1og )58/ (26+1)

9

where C, D are positive constants. We now consider the entropy associated
with the supporting points of P. The most restrictive relation is (4.12).

Let en; =57, j=1,...,J with
tlogn Kt

so that €, = n~t. Let P = Zle DiJa,e; and N, j(P) be the number of
points in the support of P belonging to (€n;, €n,j+1)-
The number of intervals following relation (4.12) needed to cover (e, j, € j+1)

is bounded by
7. lloglenj+1) — log(en,;)In"?
n?] -

6”7]
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POSTERIOR CONVERGENCE OF MIXTURES OF BETAS DENSITIES 31

for some positived constant D1 independent of . Then number of intervals
following relation (4.12) needed to cover (n™*,1/2) is bounded by J,, j+1 =
n**t1(logn)? for some positive contant ¢q. For simplicity’s sake we consider
Dy = Dy. We index the interval (n=t,1/2) by J+1. Consider a configuration
o in the form N, ;(P) = kj, for j = 1,..,J + 1 where 3", k; = k < k,
and define 7y, o(0) = {P € Fpq; Nnj(P) = kj,j = 1,...,J + 1}. For each
configuration the number of balls needed to cover F,,(c) is bounded by

In(0) = HJH I J . Moreover the prior probability of F,, ,(o) is bounded by

J+1 kj
Pn,j T+l _ T+l
T(Fnal0) <T(k+1) || 55725, pnj < cle, ) l,j<J
n,a ]1_‘[1 F(]C] n 1) n,J n,g+1 n

for some positive consitant ¢ > 0 and p, j+1 < 1. We therefore obtain when
T>1andt > 2

An = ST Faal@)y/ulo)

Dk /2 J €<T,+1>kf/2
< T(k+1 1/2 C«nDl k; /2 n,j+1
(TH1 k; /2
X [log(en,j+1) - log(en,j)]kj/z |:l - j?fl ]
€ .
n,j+1

Since ;
T[] T(k; + 1)'/2 < exp (klog(k + 1)) < eFloe(®
j=1
if tT > 6 we have
W}

exp {_ 2K 3G +1)
An S Ck; leF(k—i— 1 1/2 1] J
S

Tk 1
exp { — Thzoen |

(kj + 1)1/2

J
o =1

< Cknk(D1+t/2+1/2)F(k + 1)1/2 e {_tTklOgH} Z f[ #
< Xp 6 (kj +1)

< Cknk(D1+t/2+1/2)F(k,+ 1)—1/2 exp{tTk logn}eklog(J) < F(D1=Tt/6+t/2+1/2)logn
6 <

Hence by choosing 7, = 7on?/ (25+1)(log n)5f6/ (46+2) with 7y large enough the
above term multiplied by e —nT, goes to 0 with n, which achieves the proof.
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32 J. ROUSSEAU.

APPENDIX A: PROOF OF LEMMA 3.2

Throughout the proof C' denotes a generic constant. Let

1
ho(@) = gae)=1= [ gacla)de—1

The aim is to approximate Iy with an expansion of terms in the form
Qj(x)ofj/ 2 where Q; is a polynomial function. The idea is to split the
integral into three part, Iy, Is, I3 corresponding to € < x —d,, € > x+ 9, and
|z — €| < §, where §, = dpx(1 — x)+/log(a)/a, for some well chosen &y > 0.
Note that this choice of §, comes from the approximation of the Beta density
with a Gaussian with mean z and variance x2(1 —x)?/a. We first prove that
the first two parts are very small and the expansion is obtained from the
third term. By convexity of K (e, x) as a function of €, K (e, z) > K(x—0,, )
for all e < x — 0, and K (e, x) x + 0z, x) for all e > x 4+ 6, . Moreover

K(
T—0p7) = 2 — )y/log(a) ) ( So(1 — ) 1og<a>>
K(z —6,,2) = (1 f 7

-l—(l—x)( V\/a >10g<1+1‘ V\l/oig(o‘)>

_ log(a)a(l — =) ( 1og<a>>3/2>

Q

2a o

uniformly in x. Using a similar argument on K (x + d,,x) we finally obtain
when « is large enough

52 52

(A1) K(x—éx,x)_m, K(a:+5x,$)2m.

Set

T—0y
Li(x) = /0 Ja,e(x)de.

First we consider < 1/2, then using (3.4) and the fact that if « is large
enough, the term in the square brackets in (3.4) with k& = 1 is bounded by
2, uniformly in €, we obtain that

2 2=0; _Sgz(1l—)loga
Li(x) < \/&/ e B de.
2rx(1 —x) Jo

Let p = (63z(1 — x)log a)/6 then

2\/aefp/(x76$) < C\/aefégloga/G.

(A.2) Li(z) < Nor:
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POSTERIOR CONVERGENCE OF MIXTURES OF BETAS DENSITIES 33

Now we consider = > 1/2, for which we use another type of upper bound: we
split the interval (0, x — d,) into (0,2(1 —¢)) and (z(1 —J),x — d,) for some
well chosen positive constant §. For all e < z(1—0), K(¢,z) > K(z(1-9),z).
Since ulog(u) goes to zero when u goes to zero, there exists d; > 0 such that
for all x > 1/2, and all §; < 6 < 1,

K(z(1-9¢),2) = x(l—5)log(1—5)+(1—x+(5:1:)10g<1+16:6)

-z
)
62z log (1 + x)
1—=z

AV

Therefore using (3.4) and the same bound on the square brackets term in
(3.4) as in the case z < 1/2 we obtain that if z > 1/2,

2

2(1-6) 2(1-9) -5
/ Jae(r)de < \/a/ (1+5) Y de
0 ’ 0 2( )

2rx(l — x) 1—2
—ad?/2
c OV (1 0
(1—2x) 2(1 — =)
(A.3) < Caf, VH>0

We now study the integral over (z(1—0),x —d,). We use the following lower
bound on K (€, x): a Taylor expansion of K (¢, z) as a function of € around z
leads to

K(e,x) = elog (;) +(1—€)log<11_;>

= (e—2x)? ' (1—u) U
SRRl B e ek
(e —x)? [1/2 1
SR /0 A—otu@—a)™
(A.4) = (x;G) (log (1 — 2/2 — ¢/2) —log (1 — z)) .

Let u = = — € and note that the function u — u/(z — u)(1 — x + u) is
increasing so that then when « is large enough, uniformly in x,

Jaelz) < 2y (1—x+u/2>zw?”fz+m
o T V2rzx(1—x) l—x
2,/ (1—x—l—u/2>2<16>(0151+6z>
2rx(1l — x) 11—z
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34 J. ROUSSEAU.

for all u € (0., dz). Thus if « large enough and = > 1/2

T =3 2,/a sz u ~ =t =
de < —X——— 1+ ———
/x Gose(@)de < /5 ( +2<1—ac)>

(1-5) 2rx(1l — x)

. 8o a51 (1+ 5 )M
V2T =5y (1=atoz) — L 2(1 —x)
860 v/ar/log(a)
< G,

Va
for any H > 0. Finally, the above inequality, together with (A.3) for z > 1/2
and with (A.2) for z < 1/2 imply that
Li(x) = 0(a™ "),

for all H > 0 by choosing Jy large enough. We now consider the integral
over ( + 0g,1)

z(146) 1
Iy(z) = / gavg(x)de—i—/ Ga,e(x)de
T+0z z(146)

First let < 1/2 then when € € (x + 0,,2(1 + ¢)) with § small enough we
can use (3.6) and

x(14-6)
[ guctarde < oesoser
T4+,

When e € (z(1 + 6),1), a Taylor expansion of K(e,z) as a function of €
around z leads to

- 1 (1—w)
K(e2) = @—xVA (@ +ule —2))(1 -2 — ule - 2))

(E—x)Q 1/2 1
= 2 /0 (x 4+ u(e — x))du

(A.5) _ L . %) (log ((z + €)/2) — log z)

Thus letting u = € — x and noting that €(1—¢) < z+w and that u/(x+u) >
d/(1+9) as soon as u > dx, we obtain

) e/ gp N\ ab/(2(148)
[ gadande < ST o

(118 z Jse \2z+u

S5
5\ Yz T
< 20a~ 1?2 (1 > .
< (6] +2

du
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POSTERIOR CONVERGENCE OF MIXTURES OF BETAS DENSITIES 35

If x > 1/2 and € > x + J,), by symmetry, we obtain the same result as in
the case x < 1/2 and € < x — 0, changing z into 1 — z. Finally choosing &y
large enough we prove that for all = € [0, 1],

(A.6) Li(x) + I(z) = o(a_H)

(H depending on dp). We now study the latter term, I3(z). Using (3.6), and
the fact that

|R(z,¢)] < Rak2+1‘x _ e|3(k2+1)(a?€(1 _ xe))fS(ngrl)
< R’a’”“!x _ e[3<k2+1)(x(1 _ x))—3(k2+1)
< Ra~ktD/2(1og o )3k2+1)/2

when € € (x — 0z, + ), we obtain, for all ko > 1,k > 3(ky — 1),

T+0,
Is(x) = /6 Ga,cde — 1
T—O0x

\/a T+0, _o(z— 6)2 Oé] f,U _ 6 3]
- T s 1+Z 5 0@+ Quis (725

2nx(1l — x) Ja—s, (1l —m)
14+ ()( —(k2+1)/2(10g a)3(k2+1)/2)
i kok
_ Z Ms i:l :uj —(k2+1)/2(10g a)3(k2+1)/2)
a]/2 = a]/2

_ IL) +0(a k2 1og )3k +1)/2)

choosing dy large enough and since p11 = 0, where the B;’s are polynomial
functions of x coming from @, and C(x) and where the remaining term is
uniform in x. Lemma 3.2 is proved.

APPENDIX B: LEMMA B.1

LEMMA B.1.  Let (0p)n, (Bn)n and (pn)n be positive sequences decreasing
to 0 and assume that o, increases to infinity. Let 1 — &6, > €, > &, and
le — €] < pne(l —€)/ /o, then for all |z — €| < Me(1 — €)\/Iog o //an, if
pnV/log ay, goes to 0 as n goes to infinity, for all ko, ks > 1

;’a((?) —1| < Clpnviog an + o "/ (log a)**/ + a; ],
Q€

for n large enough. Also, for all x € (Bn,1 — Bn), if ai/Qpnllog(ﬂn)\égl =
o(1), for n large enough,

gan76($) .

@) 1] < C[a,l/2pn| log(ﬂn)]&;l + a;kQ/Q(log ()zn)*k"’/2 + a;k?’].
Ga, e \ T
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PROOF. (Proof of Lemma B.1)

First let |z — €| < Me(1 —€)y/1og o, //am, since e — €| < pre(1—e€)/\/an
we have that

|z — €] < e(1 — e)a; Y2 [M\/log an + pn] < 2Me(1 — €)a;, Y?\/Tog o,
and
(x — e')l = (x— e)l +(e—¢€) Z C’f(e — e')i_l(x — e)l_i
= (o O 4 0(ag 2 pue (1 — )l (log ) ).

using approximation (3.5), we obtain for any ks, k3 > 0
o o 8 v (325 )
oo - 52 (5] )

£ o) o
1+ZJ67+0(07<’€+1>> —1].
j=1

Jone (4) 1

gan,e’

" bj(e)
L+ =5+ O(a~*+1)y
j=1

Then noting that when n is large enough
i (ceren(5=5))
1+——|(C _ <2
’ +$(1 — ) (2 Q0 z(1—x) -

and

aple — €|z — e < 22%(1 — x)?ppal/?(log a, ) '/

we obtain that

s [ (cenan (5525 )]

Gn
an(z —€)? (x —¢) ( ( r—¢ ))}
_ 1 AL
222(1 — x)? { +gn(l — ) ClorQr, (1 —x)
< C [szz + (log O‘n)l/an + (log an)pnaﬁl/z}
and finally
M(QU) —1| < Cpavloga, +0(al /2672 (1 — )*2 (log a, )F2/% + 7).
Joun €
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Now let |z — €| > Me(1l — €)y/log(a)/\/ay, and = € (B,,1 — (3,), we use
equation (3.4) together with the above calculations and the fact that the
function € — elog(e)/(1 — €) is bounded on |0, 1],

M(3:) = exp{—an{ 1 log(€>— 1 log(€/>
Goun e’ 1—c¢ T 1—¢ T

1 1—¢ 1 1—¢
~1 — =1 1 o, L ks
+= og(l x) = og(l_xﬂ}( +0(pnar, + "))

€ 1—¢€

log(€) —

= exp {—an(e —¢) [1

log(1l —€
— —log(1-2)

(19

where € € (¢,€'). Hence as soon as 1 — 6, > €,¢ > 6, and = € (8,,1 — )

o) - —logl1 — ) =2 (1 4 0ot + k)

1—¢€ _ € _
fog(1 - )= < og(8)10,",  [roeto) 5| < loetsn)i?
which implies that if o 2pn| log(3,)]9,,! is small enough
50‘7’“6(35) -1 < C'oz,}/zpn| IOg(ﬁn)‘égl + O(Pnagl + O‘EkS)v

which achieves the proof of Lemma B.1. O

APPENDIX C: LEMMA C.1

The following Lemma allows us to control the ratio of constants of Beta
densities.

LEMMA C.1. Leta,b>0and0 <1 <a, 0 <1 <b, let C,p denote
generic positive constants. Let 1 =a+ b and T = 11 + 70. We then have the
following results:

1. If a,b <2,
F(G—Tl)r(b—T2)> (F(T]—i—T)) 27 279 _
1 1 — 7 < -2
o8 (F(a +71)0(b+ 72) +lo8 INGEED! -~ a-—m7 + b— 1 (T)C

. Ifa<2,b>2, thenn > 2 and

I'(a —7)I'(b—72) (i +7) 2m .
o (F(a + 7))+ Tz)) *loe (F(U—T)) e rllog (i +1) = €.

imsart-aos ver. 2007/12/10 file: betannalsrevl.tex date: October 7, 2008



38 J. ROUSSEAU.

1wi. If b <2, a> 2, then things are symmetrical to the previous case.
w. If a,b>2,i=1,2, then

F(a—Tl)F(b—TQ) F(’F]—F’T’)
log (F(a )T+ 72)> +log (F(ﬁ 5

PRrOOF. of Lemma C.1. The proof of Lemma C.1 comes from Taylor ex-
panions of log(I'(x)) and from the use of the relation:

) < 27log (7 +1).

Y(@) =~ + e+ 1)

so that when x is small |¢)(z)| is bounded by 1/x plus a constant and if x is
large v(z) is bounded by log(x) plus a constant. O
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