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A Central Limit Theorem for the SINR at the
LMMSE Estimator Output for Large

Dimensional Signals

Abla Kammouni!, Malika Kharouf?, Walid Hacher®) and Jamal Najirt{)

Abstract

This paper is devoted to the performance study of the Lindamvim Mean Squared Error estimator
for multidimensional signals in the large dimension regif®ech an estimator is frequently encountered
in wireless communications and in array processing, andSigeal to Interference and Noise Ratio
(SINR) at its output is a popular performance index. The SBdR be modeled as a random quadratic
form which can be studied with the help of large random mat@ory, if one assumes that the dimension
of the received and transmitted signals go to infinity at dne pace. This paper considers the asymptotic
behavior of the SINR for a wide class of multidimensionalnsigmodels that includes general multi-
antenna as well as spread spectrum transmission models.

The expression of the deterministic approximation of thieFSin the large dimension regime is recalled
and the SINR fluctuations around this deterministic appnation are studied. These fluctuations are
shown to converge in distribution to the Gaussian law in #rgd dimension regime, and their variance

is shown to decrease as the inverse of the signal dimension.
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. INTRODUCTION

Large Random Matrix Theory (LRMT) is a powerful mathemadtiom| used to study the performance
of multi-user and multi-access communication systems sscMultiple Input Multiple Output (MIMO)
digital wireless systems, antenna arrays for source deteand localization, spread spectrum commu-
nication systems as Code Division Multiple Access (CDMAX avulti-Carrier CDMA (MC-CDMA)
systems. In most of these communication systems \thgimensional received random vector CV
is described by the model

r=Ys+n Q)

wheres = [sq,s1,...,5k|" is the unknown random vector of transmitted symbols witre iz + 1
satisfyingEss* = I .1, the noisen is an independent Additive White Gaussian Noise (AWGN) with
covariance matrixEnn* = pIy whose variance > 0 is known, and matrixX represents the known
“channel” in the wide sense whose structure depends on thieydar system under study. One typical
problem addressed by LRMT concerns the estimation perfiocemay the receiver of a given transmitted
symbol, saysg.

In this paper we focus on one of the most popular estimatarsety the linear Wiener estimator, also
called LMMSE for Linear Minimum Mean Squared Error estimathe LMMSE estimates; = g*r of
signal s is the one for which theV x 1 vectorg minimizesE|5, — so|2. If we partition the channel
matrix asX¥ = [y Y] wherey is the first column of¥ and where matriXY has dimensionsV x K,
then it is well known that vectog is given byg = (X" + pIN)_1 y. Usually, the performance of this
estimator is evaluated in terms of the Signal to Interfeeguias Noise Ratio (SINR) at its output. Writing
the received vector asr = sgy + ri, wheresgy is the relevant term ang;, represents the so-called
interference plus noise term, the SINR is giventy = |g*y|?/E|g*rin|?. Plugging the expression gf

given above into this expression, one can prove that the SINRS given by the well-known expression:

Br =y (YY" +pIy) 'y . )

In general, this expression does not provide a clear ingighhe impact of the channel model parameters
(such as the load factdc N1, the power distribution of the transmission data streamthecorrelation
structure of the channel paths in the context of multi-améetransmissions) on the performance of the
LMMSE estimator.

An alternative approach, justified by the fluctuating natafethe channel paths in the context of

MIMO communications and by the pseudo-random nature of pneasling sequences in spread spectrum
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applications consists to model matri®® as a random matrix (in this casgx becomes a random
SINR). The simplest random matrix model f&; corresponding to the most canonical MIMO or CDMA
transmission channels, corresponds to independent andcaky distributed (i.i.d.) entries with mean
zero and variancéV—!. In that case, LRMT shows that whel§ — oo and the load factofs N1
converges to a limiting load factar > 0, the SINR i converges almost surely (a.s.) to an explicit
deterministic quantity3(a, p) which simply depends on the limiting load facter and on the noise
variancep. As a result, the impact of these two parameters on the LMM&fopnance can be easily
evaluated [1], [2].

The LMMSE SINR large dimensional behavior for more sopb&®d random matrix models has also
been thoroughly studied (cf. [1], [3]-[9]) and it has beeayed that there exists a deterministic sequence
(B ), generally defined as the solution of an implicit equatiarghsthat3x — 3, — 0 almost surely
asK — oo and% remains bounded away from zero and from infinity.

Beyond the convergengéy, — 35 — 0, a natural question arises concerning the accuragy,ofor
finite values of K. A first answer to this question consists in evaluating theaiM8quared Error (MSE)
of the SINRE|3x — B |? for large K. A further problem is the computation of outage probabilibat is
the probability for3, — 3, to be below a certain level. Both problems can be addressestaplishing
a Central Limit Theorem (CLT) foBx — 3. In this paper, we establish such a CLT (Theofgém 3 below)
for a large class of random matric& We prove that there exists a seque®@p = O(1) such that
@—\/f(ﬁK — B ) converges in distribution to the standard normal 1&%0, 1) in the asymptotic regime.
One can therefore infer that the MSE asymptotically behﬁkes@% and that the outage probability can
be simply approximated by a Gaussian tail function.

The class of random matricés we consider in this paper is described by the following stiatl

model; Assume that

»=(x)VE (I o °
—( nk)n:Lk:O_ \/—X nk =1,k=0 K

where the complex random variablég,, are i.i.d. withEW,,;, = 0, Eij =0 andE|W,;|> = 1 and
where(c?,; 1 <n < N; 0 <k < K) is an array of real numbers. Due to the fact théE, ;| = ‘%’c
the array(c?,) is referred to as a variance profile. An important particease is whew?, is separable
that is, writes:

o2, =dndy, , (4)

where(dy, ..., dy) and(dy, ..., dx) are two vectors of real positive numbers.
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Applicative contexts.

Among the applicative contexts where the channel is desdrippropriately by mode[](3) or by its

particular case[[4), let us mention:

« Multiple antenna transmissions withki + 1 distant sources sending their signals toward an array of
N antennas. The corresponding transmission model=sZs + n where=E = \/L?HPW, matrix
His aN x (K +1) random matrix with complex Gaussian elements represettimgadio channel,

P = diag(po,...,pr) is the (deterministic) matrix of the powers given to the eliént sources,
andn is the usual AWGN satisfyindEnn* = pIy. Write H = [hy --- hg], and assume that the
columnsh; are independent, which is realistic when the sources atadisne from another. L&t

be the covariance matri€;, = Eh;h; and letCy, = U, A, U, be a spectral decomposition f;,
where Ay, = diag(A\x; 1 < n < N) is the matrix of eigenvalues. Assume now that the eigenvecto
matricesUy, ..., Uk are all equal (to some matrid, for instance), a case considered in e.g. [10]
(note that sometimes they are all identified with the FouNex N matrix [11]). LetX = U*E.
Then matrixX is described by the statistical modg] (3) where Yig, are standard Gaussian i.i.d.,
and o2, = \pi. If we partiton E asE = [x X] similarly to the partition® = [y Y] above,
then the SINRG at the output of the LMMSE estimator for the first element o€tee s in the

transmission modat = Es 4 n is
B=x"(XX*+pIy) ' x =y (YY" +pIy) "y

due to the fact thalU is a unitary matrix. Therefore, the problem of LMMSE SINR weergence
for this MIMO model is a particular case of the general prablef convergence of the right-hand
member of [R) for model[]3).

It is also worth to say a few words about the particular cfeén(4his context. If we assume that
Ay = --- = Ak and these matrices are equalAo= diag(\q,...,Ay), then the model foH is

the well-known Kronecker model with correlations at rec@pi12]. In this case,

1 1
¥ =U'E=—U'HP/? = ——A'/2WpP!/? 5
VE VE ©

whereW is a random matrix with iid standard Gaussian elements. tudel coincides with the
separable variance profile modfl (4) wifh = \, and di, = pr.-
« CDMA transmissions on flat fading channels. Hé¥eis the spreading facto#l + 1 is the number
of users, and
> = VP2 (6)
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whereV is the N x (K + 1) signature matrix assumed here to have random i.i.d. elemeiti
mean zero and varianc€ !, and whereP = diag(po, . . ., px) is the users powers matrix. In this
case, the variance profile is separable with= 1 anddj, = %pk. Note that elements oV are not
Gaussian in general.

o Cellular MC-CDMA transmissions on frequency selective rofels. In the uplink direction, the

matrix X is written as:

¥ =[Hovo --- Hx1ivis] (7)

whereH;, = diag(hg(exp(2ir(n —1)/N); 1 <n < N) is the radio channel matrix of usér(z =

v/—1) in the discrete Fourier domain (hei&is the number of frequency bins) aMi= [vq, - - - , V]

is the N x (K + 1) signature matrix with i.i.d. elements as in the CDMA casevab®lodeling this
time the channel transfer functions as deterministic fons; we haver2, = £ |k (exp(2ur(n —

1)/N))[2.

In the downlink direction, we have

> = HVP!/? (8)

whereH = diag(h(exp(2ir(n —1)/N); 1 < n < N) is the radio channel matrix in the discrete
Fourier domain, théV x (K + 1) signature matriXV' is as above, an® = diag(po, ..., px) is the
matrix of the powers given to the different users. Modegl (8incides with the separable variance

profile model ) withd,, = £|h(exp(2ur(n — 1)/N))|?> anddy, = py.

About the literature.

The asymptotic approximatiofi, (first order result) is connected with the asymptotic eigdus
distribution of Gram matrice¥'Y* where elements ok are described by the modd] (3), and can be
found in the mathematical LRMT literature in the work of GirKL3] (see also [14] and [15]). Applications
in the field of wireless communications can be found in e.§irj@he separable case and in [8] in the
general variance profile case.

Concerning the CLT for3x — 3, (second order result), only some particular cases of thergén
model (B) have been considered in the literature among wthieh.i.d. cased?, = 1) is studied in [16]
(and based on a result of [17] pertaining to the asymptoti@abier of the eigenvectors &Y Y*). The
more general COMA model](6) has been considered in [18],guaimesult of [19]. The model used in

this paper includes the models of [16] and [18] as particateses.
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Fluctuations of other performance indexes such as Shasnartual informatiorE log det (% + IN>
have also been studied at length. Let us cite [20] where thei€kstablished in the separable case and
[21] for a CLT in the general variance profile case. Similasutes concerning the mutual information

are found in [22] and in [23].

Limiting expressions v& -dependent expressions.

As one may check in Theorenj$ 2 afd 3 below, we deliberatelysechio provide deterministic
expression®, and©? which remain bounded but do not necessarily converge as oc. For instance,
Theorem[R only states thatx — 3, — 0 almost surely. No conditions which would guarantee the
convergence offx are added. This approach has two advantagesuch expressions fof, and ©%
exist for very general variance profilés?, ) while limiting expressions may not, arJ they provide a
natural discretization which can easily be implemented.

The statements about these deterministic approximatiomss/aid within the following asymptotic
regime:

K — oo, liminf% >0 and limsup% <00 . 9

Note that% is not required to converge. In the remainder of the paperntitation ‘K — oo” will refer

to @).

We note that in the particular case whg@ea a > 0 and the variance profile is obtained by a regular
sampling of a continuous functiofi i.e. 02, = f (%, KLH) it is possible to prove tha, and ©%

converge towards limits that can be characterized by iategguations.

Principle of the approach.

The approach used here is simple and powerful. It is baseti@mapproximation ofix by the sum
of a martingale difference sequence and on the use of the @Lmértingales [24]. We note that apart
from the LRMT context, such a technique has been used rgcenfR5] to establish a CLT on general
guadratic forms of the typg*Az where A is a deterministic matrix and is a random vector with i.i.d.

elements.

Paper organization.

In Section[ll, first-order results, whose presentation amdlenstanding is compulsory to state the CLT,

are recalled. The CLT, which is the main contribution of th&per, is provided in Sectidn]lll. In Section
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simulations and numerical illustrations are provid&tie proof of the main theorem (Theordin 3) in

given in Sectior ¥/ while the Appendix gathers proofs of intediate results.

Notations.

Given a complexV x N matrix X = [xij]ﬁ\fj:l, denote by||X|| its spectral norm, and b§X]|_, its
maximum row sum norm, i.e||X||, = maxi<;<n E;-V:l |z;;]. Denote by - || the Euclidean norm of

a vector and by|| - ||oo its max (0Or £,) norm.

[I. FIRSTORDERRESULTS. THE SINR DETERMINISTIC APPROXIMATION

In the sequel, we shall often show explicitly the dependemtdy in the notations. Consider the

quadratic form[[2):
B =y (YY" +ply) "y,

where the sequence of matricBRK) = [y(K) Y (K)] is given by

B N,K . Unk(K) MK
S(K) = Cnk(K))yZ g0 = ( VK W”k>n:17k:0

Let us state the main assumptions:
Al: The complex random variabld$V,,; n > 1, k > 0) are i.i.d. withEWy, = 0, IEWEO =0,
E’WmP =1 andE’Wm‘S < 00.

A2. There exists a real numbet,., < oo such that

sup e, |0k ()| < Omas -

0<k<K

Let (a;m;1 < m < M) be complex numbers, thetiag(a,,;1 < m < M) refers to theM x M
diagonal matrix whose diagonal elements are dh¢s. If A = (a;;) is a square matrix, thediag(A )
refers to the matrixdiag(a;;). Consider the following diagonal matrices based on theawag profile

along the columns and the rows Bf

Dy(K) = diag(a%k(K),--- ,O’?Vk(K)), 0<k<K (10)

A3: The variance profile satisfies
o 1
h%zl?fog}clgni( Eter(K) >0 .

SinceE|[Wip|? = 1, one hasE|Wy,|* > 1. The following is needed:

October 10, 2008 DRAFT
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A4: At least one of the following conditions is satisfied:

K
1
E[Wi|*>1 or lim inf —tr (DO(K)kZ_le(K)> >0.
Remark 1:If needed, one can attenuate the assumption on the eightremtamA1l. For instance,

one can adapt without difficulty the proofs in this paper te tase wher@&|Wiy|*t¢ < oo for ¢ > 0.
We assumedt|Wo|® < co because at some places we rely on results of [21] which atedsteith the
assumption on the eighth moment.

AssumptionA3 is technical. It has already appeared in [26].

AssumptionA4 is necessary to get a non-vanishing varia@de in TheoremB.

The following definitions will be of help in the sequel. A colap functiont(z) belongs to class if
t(z) is analytical in the upper half plar@; = {z € C ; im(z) > 0}, if t(z) € C4 for all z € C, and
if im(2)|t(z)| is bounded over the upper half plafie..

Denote byQx(z) and Qx(z) the resolvents ol (K)Y (K)* and Y (K)*Y (K) respectively, that is
the N x N and K x K matrices defined by:

Qx(z) = (Y(K)Y(K)* —zIx)"" and  Qg(z) = (Y(K)*Y(K) — 2Ix) " .

A. The SINR Deterministic approximation

It is known [13], [26] that there exists a deterministic ddagl N x N matrix functionT(z) that
approximates the resolve®(z) in the following sense: Given a test matrd with bounded spectral
norm, the quantity-tr S(Q(z) — T(z)) converges a.s. to zero d6 — oo. It is also known that the
approximationg, of the SINR 3k is simply related toT(z) (cf. Theoren{R). As we shall see, matrix
T(z) also plays a fundamental role in the second order resultafEme[B).

In the following theorem, we recall the definition and sometef main properties dr'(z).

Theorem 1:The following hold true:

1) [26, Theorem 2.4] Leto?,(K); 1 <n < N; 1 < k < K) be a sequence of arrays of real

numbers and consider the matricBg (K) and D, (K) defined in (10). The system ao¥ + K

functional equations

thi(2) = ~_1 ~ , lsns N
2 (1 + %tr(Dz(K )TK(z))) (11)
exc(s) = ) SRR

October 10, 2008 DRAFT
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where

Tx(z) = diag(ti g (2), ..., tnx(2), Tk(z) = diag(ti x(2), ..., txx(2))

admits a unique solutioﬂT,’f‘) among the diagonal matrices for which thex’s and thet, x’s
belong to classS. Moreover, functions,, x(z) and; x(z) admit an analytical continuation over
C — R4+ which is real and positive fot € (—o0,0).

2) [26, Theorem 2.5] Assume that Assumptiohd and A2 hold true. Consider the sequence of
random matrice (K)Y (K)* whereY has dimensionsV x K and whose entries are given by
Y, =

VK
K x K diagonal matrices with

k- FOr every sequenc®x of N x N diagonal matrices and every sequeﬁqe of

supma ([ISi¢|l, IS ) < oo,
the following limits hold true almost surely:

lim %tr Sk (Qic(z) — Ti(x)) = 0, VzeC—Ry,

K—o0

1 s (= ~
Jim —tr Si (QK(z)—TK(z)) = 0, VzeC-Ry.

The following lemma which reproduces [27, Lemma 2.7] will bheed throughout the paper. It
characterizes the asymptotic behavior of an importansadigjuadratic forms:

Lemma 1:Letx = [X1,..., Xx]" be aN x 1 vector where theX,, are centered i.i.d. complex random
variables with unit variance. LeA be a deterministiécV x N complex matrix. Then, for any > 2, there
exists a constant’, depending orp only such that
Poc

< 2 (B fu(Aan)”” L BIX 20 ((AA7)2)) . (12)

‘—x Ax — —tr(A) N

Noticing thattr(AA*) < N||A||? and thattr ((AA*)P/2) <

P, we obtain the simpler inequality

p

_—p
E < Np/2|

1
NX*AX - Ntr(A)

AP (EX) + Bl %) (13)

which is useful in case one has bounds|iat]|.
Using Theorenj]1 and Lemnfil 1, we are in position to charaeténiz asymptotic behavior of the quadratic

form B given by (). We begin by rewritinggy as

1 ~
B = EwSDé/z (YY* + pIy) ' D 2wg = K wiDY2Q(—p)DL *wy (14)

October 10, 2008 DRAFT
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where theN x 1 vectorwy is given bywq = [Wiy,..., Wao|T and the diagonal matri®y is given by
(L0). Recall thatw, andQ are independent and thiD| < o2, by A2. Furthermore, one can easily
notice that|Q(—p)|| = [|(YY* + pI)'| < 1/p.
Denote byEq the conditional expectation with respect@ i.e. Eq = E( - ||Q). From Inequality
(L3), there exists a constaat> 0 for which
4 C (N
< | =
- K2\K

TR p—

2
BEq |k — ~tDoQ(~p) ) EIDoQ* (Wil + Eliof)

IN

K

- offh).

By the Borel-Cantelli Lemma, we therefore have

Br — %tr(DoQ(—p)) r— 0 a.s.

Using this result, simply apply Theorefh [}-(2) with= D (recall that||Do|| < ¢2,,) to obtain:

Theorem 2:Let By = %tr(DO(K)TK(—p)) whereT is given by Theorenfj 1H(1). Assunel and
A2. Then

Bx — B —— 0 as.
K—o0

B. The deterministic approximation in the separable case

In the separable casg,;(K) = d,(K)dj(K), matricesD;(K) andD,,(K) are written asD;,(K) =
dp(K)D(K) andD,,(K) = d,,(K)D(K) whereD(K) andD(K) are the diagonal matrices

D(K) = diag(dy(K), ..., dy(K)), D(K) = diag(dy(K),...,dx(K)) . (15)

and one can check that the system\oft K equations leading t@ x and T simplifies into a system
of two equations, and Theorefh 1 takes the following form:
Proposition 1: [26, Sec. 3.2]

1) Assumeo?,(K) = d,(K)dy(K). Givenp > 0, the system of two equations
1 ~ -1
ox(p) = xtr <D (P(IN + 5K(P)D)) >

_ (16)
O0x(p) = ftr <f) (P(IK + 51{(0)]5)) 1)

October 10, 2008 DRAFT
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whereD andD are given by[(@5) admits a unique solutih (p), dx (p)). Moreover, in this case
matricesT (—p) andT(—p) provided by Theorerfi] 1(1) coincide with

T(~p) = ~(1+3(»)D)~" and T(-p) = %<I+5<p>f>>—1 . (17)

2) Assume thatAl and A2 hold true. Let matricesSx and Sk be as in Theorenf] 1§(2). Then,
almost surely tr (Sk (Qi(~p) — Tr(~p))) — 0 and ftr (Si (Q(—p) = Tre(=p)) ) — 0

as K — oo.

With these equations we can adapt the result of Theffem 2tseparable case. Notice tha§ = dyD
and thaté(p) given by the systen{(16) coincides withtr(DT), hence
Proposition 2: Assume thav?, (K) = d,,(K)dy(K), and thatA1 and A2 hold true. Then

0 K—o0

whereéx (p) is given by Propositior] 1H(1).

Let us provide a more explicit expression & which will be used in Sectiofi IV to illustrate the
SINR behavior for the MIMO Model[[5) and for MC-CDMA downlinklodel (). By combining the
two equations in Systenj ([L6), it turns out that dx (p) is the unique solution of the implicit equation

| Nl d,

K n—o Pt %ankKﬂ%;k(s .
Recall that in the case of the MIMO modd] (3), = ), and d,. = pi, while in the case of the MC-
CDMA downlink model [B),d,, = £|h(exp(2ir(n — 1)/N)[? anddy, = p,, again. Heredy = py is the

5 (18)

power of the user of interest (use), and thereforesy /dy is the normalized SINR of this user. Notice
that 6k (p) is almost the same for all users, hence the normalized SINRalff users are close to each
other for largek. Their common deterministic approximation is given by| (1#)ich is the discrete
analogue of the integral equation (16) in [6].

This example will be continued in Sectifn] IIl.

[1l. SECOND ORDER RESULTSTHE CENTRAL LIMIT THEOREM

The following theorem is the main result of this paper. Itegiris postponed to Sectidn V.
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Theorem 3: 1) Assume thafA2, A3 andA4 hold true. LetAx and A be the K x K matrices

1 +trDyD,,T(—p)? .
Ax = |3 K : i 5 and (19)
(1 + ftngT(—p)) ¢m=1
1 2
Ag = diag((l—i—EtngT(—p)) ;1§€§K> ,

whereT is defined in Theorerfl 15(1). Lefx be the K x 1 vector

1 1 T
8K = {?tFDoDlT(—P)zw’ ,EtFDoDKT(—P)z]
Then the sequence of real numbers
1 1A 1
Ok = &' (Ix — A) ' AT g+ (E[Wy|* — 1) =trDJT(—p)* (20)

is well defined and furthermore
0< limKinfG% < lim;up@%{ <00 .

2) Assume in additiorAl. Then the sequengéy, = y*(YY* + pI)~ly satisfies

K _
g (Bx — Bk) EN(Q 1)

in distribution where3,; = %tr D(Tx is defined in the statement of Theor¢m 2.

Remark 2: (Comparison with other performance indexisis interesting to compare the “Mean
Squared Error” (MSE) related to the SINRx: MSE(Bk) = E(Bkx — Bx)?, with the MSE related
to Shannon’s mutual information per transmit dimensioa % log det(pX3* +1) (studied in [21], [22]
for instance):

1
K2
Remark 3: (On the achievability of the minimum of the var@mecall that the variance writes

MSE(Bx) o<%> while  MSE(I) (9<

0% — %gT(IK ~ A A g+ (B[t — 1)%-,1«1331“2 .
As E|Wyo|? = 1, one clearly ha&|Wyo|* — 1 > 0 with equality if and only if|Wy,| = 1 with probability

one. Moreover, we shall prove in the sequel (Secfion| V-B} thainfx %DO(K)T% > 0. Therefore
(E|W1o|* — 1)&tr D3T? is nonnegative, and is zero if and only|i#/;o| = 1 with probability one. As
a consequenc&)? is minimum with respect to the distribution of th&, if and only if these random
variables have their values on the unit circle. In the cont$XCDMA and MC-CDMA, this is the case

when the signature matrix elements are elements of a PSKetlation. In multi-antenna systems, the
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W,.i's are frequently considered as Gaussian which induces atgem the SINR asymptotic MSE with

respect to the unit norm case.

In the separable cas®j3, = d2Q3 whereQ? is given by the following corollary.

Corollary 1: Assume thaiA2 is satisfied and that?, = d,,d),. Assume moreover that

. | T S
min <11mK1nf Ktr(D(K)), thlnf Etr(D(K))) >0 (21)
whereD andD are given by [[15). Lety = 2trD>T? andy = LtrD>T?2. Then the sequence
2 ~
O =7 (% + (E[Wio|* — 1)) (22)
- Py
satisfies) < liminf x Q% < limsupy Q3 < co. If, in addition, A1 holds true, then:
VE (ﬁ—K _5 ) N
QK dO K—oo

in distribution.

Remark 4:Condition [2]L) is the counterpart of Assumptié8 in the case of a separable variance
profile and suffices to establigh< liminfx (1 — p?y¥) < limsupg (1 — p?>y7) < 1 (see for instance
[20]), hence the fact thdt < lim infx Q2. < limsupy Q% < oo. The remainder of the proof of Corollary
is postponed to AppendiX B.

Remark 5:As a direct application of Corollarl} 1 (to be used in Secfiwhbelow), let us provide the
expressions ofy and¥ for the MIMO Model ($) or MC-CDMA downlink Model [(8). From[(D5(7),

we get

=] =

N— 2 N—1 2
- ke () R )
z:: P+Pd 5 K = \p+xdn Ek | T

w2 ()
K= p+ppk5

where we recall that,, = \,, for Model (), d, = & |h(exp(2ir(n — 1)/N)|? for Model (@), ands is
the solution of [(18).

’Y:

M:x

V. SIMULATIONS
A. The general (non necessarily separable) case

In this section, the accuracy of the Gaussian approximasowverified by simulation. In order to
validate the results of Theorerfls 2 dijd 3 for practical vabfek’, we consider the example of a MC-

CDMA transmission in the uplink direction. We recall th&tis the number of interfering users in this
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context. In the simulation, the discrete time channel impulesponse of usér is represented by the
vector with L = 5 coefficientsgy, = [gk.0, - - - ,gm_l]T. In the simulations, these vectors are generated
pseudo-randomly according to the complex multivariate S&n lanCA/(0,1/L1}). Setting the number

of frequency bins taN, the channel matri#; for userk in the frequency domain (see Eq] (7)) is
H; = diag(hg(exp(2ir(n —1)/N);1 < n < N) wherehi(z) = % zlL:_Ol gr12~", the norm||gy| is

the Euclidean norm og;, and Py is the power received from usér Concerning the distribution of the
user powers’,, we assume that these are arranged into five power classepaversP, 2P, 4P, 8P and

16 P with relative frequencies given by Takle TJ-A. The user ofeirest (Usel) is assumed to belong

TABLE |

POWER CLASSES AND RELATIVE FREQUENCIES

Class 1 2 3 4 5
Power P 2P | 4P | 8P | 16P
Relative frequency| 1/8 | 1/4 | 1/4 | 1/8 | 1/4

to Classl. Finally, we assume that the numb&r of interfering users is set t& = N/2.

In Figure[], the Signal over Noise Ratio (SNRYp for the user of interest is fixed to0 dB. The
evolution of KE(Bx — Bx)?/©% for this user (wheréE(3x — Bx)? is measured numerically) is shown
with respect toK'. We note that this quantity is close to one for valuegsofis small ask’ = 8.

In Figure[2,K is set toK = 64, and the SINR normalized MSEE (8x — 3k)?/0% is plotted with
respect to the input SNRR/p. This figure also confirms the fact that the MSE asymptotia@gdmation
is highly accurate.

Figure[3 shows the histogram efK (6 — 8x)/O for N = 16 and N = 64. This figure gives an
idea of the similarity between the distribution ¢fK (8x — Gk )/©x and N (0,1).

More precisely, Figurg]4 quantifies this similarity througlQuantile-Quantile plot.

B. The separable case

In order to test the results of Propositiin 2 and Corol[drywé consider the following multiple antenna
(MIMO) model with exponentially decaying correlation ateption:
1
Y= —¥/PWP'/?
VK
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Fig. 2. SINR normalized MSE vs SNR
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where ¥ = [am‘”]ﬁ;fzo with 0 < a < 1 is the covariance matrix that accounts for the correlat@ns
the receiver sideP = diag(po, - - - ,px) IS the matrix of the powers given to the different sources and
Wis a N x (K + 1) matrix with Gaussian standard iid elements. Bgt denote the vector containing
the powers of the interfering sources. We Bgt (up to a permutation of its elements) to:

[4P 5P] if K =2

P, = [P P 2P 4P] if K=4

[P P 2P 2P 2P 4P 4P 4P 8P 16P 16P 16P | if K =12 .
For K = 2P with 3 < p < 7, we assume that the powers of the interfering sources aamged into
5 classes as in Table TVJA. We set the SN to 10 dB anda to 0.1. We investigate in this section
the accuracy of the Gaussian approximation in terms of thegeuprobability. In Fig]5, we compare
the empiricall% outage SINR with the one predicted by the Central Limit Tleeor We note that the
Gaussian approximation tends to under estimatel #heoutage SINR. We also note that it has a good

accuracy for small values a@f and for enough large values of (N > 64).

Observe that all these simulations confirm a fact announneBemark[R above: compared with
functionals of the channel singular values such as Shaamoutual information, larger signal dimensions
are needed to attain the asymptotic regime for quadratindauch as the SINR (see for instance outage
probability approximations for mutual information in [2ahd in [23]). This observation holds for first

order as well as for second order results.

V. PROOF OFTHEOREM[

This section is devoted to the proof of Theorfm 3. We begih wiathematical preliminaries.

A. Preliminaries

The following lemma gathers useful matrix results, whossofs can be found in [28]:
Lemma 2:AssumeX = [xij]ﬁ,vjzl andyY are complexV x N matrices. Then

1) For everyi,j < N, |z;;| < |[|X]. In particular, ||diag(X)| < [ X]].

2) XYl < X[ Y]l

3) Forp > 0, the resolventXX* + pI)~! satisfies| (XX* + pI)~!|| < p~ .

4) If Y is Hermitian nonnegative, thelr(XY)| < ||X|[tr(Y).
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Fig. 5. Theoretical and empiricdl outage SINR

Let X = UAV* be a spectral decomposition & where A = diag(\A1,...,\,) is the matrix of
singular values oX. For a realp > 1, the Schatterd,-norm of X is defined ag/X||, = (>_ /\f)l/p. The
following bound over the Schattefy-norm of a triangular matrix will be of help (for a proof, se25],
[29, page 278]):

Lemma 3:Let X = [2;],;_; be aN x N complex matrix and leX = [zij15>5]7;—, be the strictly
lower triangular matrix extracted frolX. Then for everyp > 1, there exists a constant, depending
on p only such that

1Xlp < Cpll Xl -
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The following lemma lists some properties of the resolvenhand the deterministic approximation
matrix T. Its proof is postponed to Append} A.

Lemma 4:The following facts hold true:

1) AssumeA2. Consider matrice¥ x (—p) = diag(t1(—p),...,tn(—p)) defined by Theorerf] 1H(1).

Then for everyl <n < N,
1

P+ Ohax
2) Assume in additiorAl andA3. Let Qx(—p) = (YY* + pI)~! and let matriceS be as in the
statement of Theoref 1}-(2). Then

<tp(—p) <= (23)

=

supE |tr Sx(Qx — Tx)|* < oo . (24)
K

B. Proof of Theorenf] 3f(1)

We introduce the following notations. Assume ti¥atis a real matrix, byX > 0 we meanX;; > 0
for every elementX;;. For a vectorx, x = 0 is defined similarly. In the remainder of the paper,
C = C(p, 02,4 liminf £ sup &) < oo denotes a positive constant whose value may change from line

to line.

The following lemma, which directly follows from [21, Lemnta2 and Proposition 5.5], states some
important properties of the matricesx defined in the statement of Theorg¢m 3.

Lemma 5:AssumeA2 andA3. Consider matriced ¢ defined by [(I9). Then the following facts hold
true:

1) Matrix Iy — A is invertible, andIx — Ax)~! = 0.

2) Element(k, k) of the inverse satisfie§Ix — AK)_l]k,k >1foreveryl <k < K.

3) The maximum row sum norm of the inverse satisfiessupy [|(Ix — Ax) ™| < oc.
Due to LemmdJ5f[1)0% is well defined. Let us prove théitn sup; ©% < oc. The first term of the
right-hand side of[(30) satisfies
1 1 A — 1A
EgT(IK —Ag) AT g < lgllooll(Tx — Ax) AT gl
< lglloo |0 = Ax) 7| 1A glloo < llgll3 |Xx — AK) M|, (25)
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due tof|A~"|| < 1. Recall that|T|| < p~! by Lemma[}-{{1). Therefore, any elementgbatisfies

N J?nax
ara (26)

1 N
—trDeD;T? < — || Do |||Dx||| T <
DD T2 < — [ Do [ DT <
by A2, hencesupy ||g|| < C. From Lemmg]5{(3) and (R5), we then obtain
lim sup igT(IK —Ax)tAaTlg<c (27)
x K

We can prove similarly that the second term in the right-haite of [2D) satisfiesup ((E|Wio|* —
1)%‘51‘D3T(—p)2) < C. Hencelim sup ©% < oo.

Let us prove thatim infx ©% > 0. We have

1 (@) 1 . _ _
EgT(IK —AK)_IA_lg > ?gleag ((IK — Ag) 1)A lg
®) 1 1</ 1 )2
( + f%) k=1

(VO
/N

—_

Z | =
SQ
N—

[\
VN

= =
[\

o+

-

w)

o
(—\
gl

o

Bl
N———

H

[\
N———
[\

V=
—_
=
I/
=
no
=
jw)
o
o
N
~__—
[N}

(1+ %%‘;‘*)%ﬂrffﬁm
K 2
> C (%n DOZDk> ,
k=1
where(a) follows from the fact thaflx — A x)~! = 0 (Lemma[b-[(L), and the straightforward inequalities
A~!'=0andg = 0), (b) follows from Lemma[p{{2) angA|l < (1 + %%‘;*)2, (c) follows from the
elementary inequality,™ >~ 2? > (n=1 Y ;)% and (d) is due to Lemmd]4f[1). Similar derivations

yield:
1
(E|Wio|* — 1)?trD3T >

K
by A3. Therefore, ifA4 holds true, thedim inf x ©% > 0 and Theorenf]3f(1) is proved.

E[Wiol* =1 /1 i
o (D) = cEw -

C. Proof of Theorenf] 3H(2)

Recall that the SINR3k is given by Equation[(14). The random varia%g(ﬁK — B ) can therefore

be decomposed as

VK _ 1 . 1
Q—K(ﬁK - Bk) = Jion (WOD(I)MQ])(l]ﬂwO - tr(DoQ)> + NP (tr(Do(Q — T)))
= UI,K + U2,K . (28)
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Thanks to Lemmg] 4[{(2) and to the fact thia infx ©% > 0, we haveEU% , < CK~" which implies

that Ux 2 — 0 in probability asK — oo. Hence, in order to conclude that

E(ﬁ[( — Br) —— N(0,1) in distribution,
®K K—oo

it is sufficient by Slutsky’s theorem to prove thet x — N(0,1) in distribution. The remainder of the
section is devoted to this point.

Remark 6: Decomposition[(28) and the convergence to zero (in proiyghif Us  yield the following
interpretation: The fluctuations af K (3x — 35 ) are mainly due to the fluctuations of vectey. Indeed

the contribution of the fluctuatiohof %trDoQ, due to the random nature &f, is negligible.

Denote byE,, the conditional expectatioB,,[ - | = E[ - || Wy 0, Wnt1.0,.-., Wno, Y]. PUtEny [ - | =
E[ - || Y] and note thaEN+1(wgDé/2QDé/2wo) = trDyQ. With these notations at hand, we have:
N 1~ 1/2 1/2 N
1 wiDy “QDy “wo A 1
Uk =—=—» (E,—E, bt . =— Znk . 29
Consider the increasing sequencesoffields
Fng =0Wno,Y), -, Fix=0Wi,- ,WnoY).

Then the random variablg,, x is integrable and measurable with respectAgx; moreover it readily
satisfiest,, 112, x = 0. In particular, the sequen¢€y k, . .. , Z1 k) is a martingale difference sequence
with respect to(Fn k,- - ,F1,kx). The following CLT for martingales is the key tool to studyeth

asymptotic behavior of/; x:

Theorem 4:Let Xy x, Xn—1,K,..., X1,k be a martingale difference sequence with respect to the
increasing filtrationGy x, . .., G1,x. Assume that there exists a sequence of real positive nusns@(er
such that

N

1
2 ZE [Xg,KHgTH-LK] m 1
K p=1

in probability. Assume further that the Lyapunov conditioolds:

N
1 24+
da >0, —arg E :E|XnK| =0,
SK n=1

!In fact, one may prove that the fluctuation gftrDo(Q —T) are of orderk, i.e. trDo(Q — T) asymptotically behaves as
a Gaussian random variable. Such a speed of fluctuatioredgli@pears in [21], when studying the fluctuations of theuadut

information.
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Thensz' S | X, x converges in distribution ta/(0,1) as K — oc.

Remark 7:This theorem is proved in [24], gathering Theorem 35.12 ¢Whs expressed under the
weaker Lindeberg condition) together with the argumenSaiiftion 27 (where it is proved that Lyapunov’s

condition implies Lindeberg’s condition).

In order to prove that
N
Upg = — > Znx —— N(0,1) in distribution (30)
1L,K @K ] n,K K—oo ) )

we shall apply Theorerf] 4 to the sugflt SN | Z,.x and the filtration(F,, i). The proof is carried out
into four steps:

Step 1: We first establish Lyapunov’s condition. Due to the fact thatinfx ©% > 0, we only
need to show that

K—o0

N
Ja>0, Y E|Zx["*——0. (31)
n=1

Step 2: We prove thatVz = S

n=1

2 . .
Ent1Z, x satisfies

E|[Wiol* — 2

Vi — <(|1;{—|)tr (D3 (diag(Q))?) + %tr(DOQDOQ)> ——— 0 in probability.  (32)
Step 3: We first show that

1

K

In order to study the asymptotic behavior $ftr(DyQD,Q), we introduce the random variablés =

1

tDf (diag(Q))* - -

trDZT? 0 in probability. (33)

%tr(DOQDZQ) for 0 < ¢ < K (the one of interest being,). We then prove that th&,’s satisfy the

following system of equations:

K
Uy = kz_ngkUk + %tr]:)o]:)[]:‘2 +e€, 0<ILK, (34)
where
1 +trD/DT(—p)?
cop = ——= 0<I<K 1<k<K (35)
K (1+ £trDyT(—p))

and the perturbationg satisfyE|e,| < CK~3 where we recall tha€' is independent of.
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Step 4: We prove that/y = +trDyQD,Q satisfies
1 1 —1 A —
Up = KtrD%Tz + KgT I-—A) A lg+e (36)
with Ele| < CK 2. This equation combined wit{(32) anf[(33) yiel§§, E, 122 ; — ©% — 0 in
probability. Asliminfx ©% > 0, this impliesé Yon En+1ZfL,K — 1 in probability, which proves[(30)

and thus ends the proof of Theorém 3.

Write B = [b;;]N._, = D(l)/2QD(1]/2 and recall from [(29) thaZ,, = - (E, — E,11)w{Bwg. We

ij=1 — VE
have
n—1 N
EHWSBWO = Z bgg + Z WéOWgzobglgz .
/=1 Zl,ZQZn
Hence N N
1 " *
Znk = <(|Wno|2 — 1) bun +Wio Y Waobne +Wao Y meen> : (37)
l=n+1 l=n+1

Step 1: Validation of the Lyapunov conditiohe following inequality will be of help to check
Lyapunov’s condition.
Lemma 6 (Burkholder’s inequality)Let X; be a complex martingale difference sequence with respect

to the increasing sequence @ffields 7. Then forp > 2, there exists a constant, for which

P p/2
Y Xy <G |E (ZE [|Xk|2||~7:k—l]> +E X5
! ! p

>4
N
WnO Z WZOan
{=n+1

E

Recall AssumptiorAl. Eq. (37) yields:

N
WnO Z WZO an
l{=n-+1

|Zn,K|4

IN

+2

N

i ’Wno ’2 +1
K PO ax

4

23 Wiol2 + 11"
< g | (M) + )

p Jmax

where we use the fact th#t,,| < (po2..)~" (cf. Lemma[R-{]1)) and the convexity af— z*. Due to

max

AssumptionAl, we have:

E ([Waol? +1)* < 23 (E[Wil® +1) < 00 . (39)
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Considering the second term at the right-hand sidd _df (38)ywite
4

N N
Wao Y Wiobne| = E[Wnol'E| > Wiohne|
{=n+1 l=n+1
(@) N 2 N
< C E( > (E|Wzo|2)|bné|2> + > (EIWel)(Elbnel*) |
l=n+1 {=n+1

b

N 2 N
< C E< > ’bng’2> + > Elbuel |

—~
=

where (a) follows from Lemma (Burkholder’s inequality), the filtiah beingFy k., ..., Fni1,x and
(b) follows from the boundb,,|* < |bne|? max |bue|?> < [brel? (02,0~ 1)? (cf. Lemma[R-{[1)). Now,

notice that

2 1/2 1/2 1/2 12, _ O
S I <Z|bne| D"QDoaDy | | < D" QDUQDy | < T
l=n+1

This yieldsE|WW,,o Zz:n+1 Wiobne|* < C. Gathering this result with[ (89), getting back {0](38), taki

the expectation and summing up finally yields:

which establishes Lyapunov’s condltloEK31) with= 2.
Step 2: Proof of(@2). Eq. (37) yields:

N N 2
1 * *
Eni1Zng = T <(IE|W10|4 — 1) b + B (WnOZZi-l Wiobne + Wnoézgrl WZObZn>
=N =n

N N
+2bpn (E W0 Wi0®) >~ Waobne + 2bnn (EWio|Wiol?) W%bh; .
{=n-+1 {=n+1

Note that the second term of the right-hand side writes:

N N 2 N
Ent1 <W;o > Wiobne+Wao Y Wékobm> =2 Y WeoWiobne,besn -
l{=n-+1 {=n+1 l1,o=n—+1

Therefore, Vi = SN | B, 122 x Writes:

E[Wiol* — 1) & 2 ¢ \
Vic = M nz::lbin + = Z Z We,o0We,0bne, be,n

K
n=1/0; lo=n+1

2 *
+E§R <(EW10‘W10‘ Z nn Z WZObTM) )

l=n+1
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whereR denotes the real part of a complex number. We introduce the@rviag notations:

N N

A 1

R = (/rij)’f:[j:l = (bij1i>j)zj'?[j:1 and ' = E E bnn, E Weobne .
n=1 l=n+1

1/2

Note in particular thaR is the strictly lower triangular matrix extracted fr Dé/ 2 . We can now
rewrite Vi as:
E[Wio|* — 1 , 2 L, .
Vi = %tr (D{(diag(Q))?) + =wiRR*wo + 2R (D EW | Wio|?) . (40)

K

We now prove that the third term of the right-hand side vagssiand find an asymptotic equivalent for
the second one. Using Lemrpj 2, we have:

tr (diag(B)R*Rdiag(B))

N N
1 . 1
IE:'N—i-1|FK|2 = K2 § nn mm § bnﬁbmzlé>n1€>m = K2
m=

(=1

_ —tr( 1/2d1ag D(l]/zR*RD(l)/2diag(Q)D(1]/2)

. 1 1
< HIDPIQPERTR) < IDoPIQIH(BY) < Dol QIP(Q?)

1 102
< —ID 2 4 < max .
< gIDolalt < e 0
In particular,E[I'¢|?> — 0 and
R ((EWo|Wio[?) Tx) ——— 0 in probability . (41)
—00

Consider now the second term of the right-hand side of Eq). (a@ prove that:

EWORR wo — Ktr(RR ) P 0 in probability. (42)

By Lemma[lL (Ineq.[(32)), we have

1 1 2
E <—w3RR*w0 — ?tr(RR*)> < %(E\Wm\‘l)tr(RR*RR*) .

K
Notice thattr(RR*RR*) = ||R/||4 where|R||, is the Schatter,-norm of R. Using Lemmd]3, we have:
Co 8
IR|I} < €Dy’ QDY|It < NC|Dy/* QDY ||t < N p‘“a" .
Therefore,

1 1 > N
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which implies [4R). Now, due to the fact thB = B*, we have

20 RR' = 2\~ be)?
e _EZZ“A

n=1/=n+1
1 & 1 &
n,l=1 n=1
1 1 2/ 1 2
= Ktr DOQDOQ — %tr Do(dlag(Q)) (43)

Gathering [(40E43), we obtaif {32). Step 2 is proved.
Step 3: Proof of(83) and 84): We begin with some identities. Writ€(z) = [q,-j(z)]ﬁ\fj:l and
Q(z) = [(jij(z)]fszl. Denote byy; the column numbek of Y and by, the row numbem of Y.
Denote byY”* the matrix that remains after deleting columifrom Y and byY,, the matrix that remains
after deleting rown from Y. Finally, write Q;,(z) = (Y*Y*" — 2I)~! and Q,(z) = (Y'Y, — 2I)~L.
The following formulas can be established easily (see fetaince [2850.7.3. and;0.7.4]):
1 1

nn\—P) = ~ ) Ikk(—p) = 5 44

o) = e ey M T T i) (44)
_ Q. - QY Qe

Q=Q T Qs (43)

Lemma 7:The following hold true:

1) (Rank one perturbation inequaljtyrhe resolvenQy(—p) satisfies|trA(Q — Q)| < ||A]|/p for
any N x N matrix A.

2) Let AssumptionsA1-A3 hold. Then,

C
2
—p) — _ < = .
(max B(gun(—p) = tn(=p))" < (46)
The same conclusion holds truegf, andt, are replaced witli,, andi, respectively.
We are now in position to provg (33). First, notice that:
E |Qr2m - t%‘ = Elgun —tnl (gnn +tn)
2
é \/E(qrm - tn)z\/E(an + tn)2 § ; E(Qrm - tn)2 . (47)

October 10, 2008 DRAFT



A CENTRAL LIMIT THEOREM FOR THE SINR AT THE LMMSE ESTIMATOR OUOPUT 27

Now,
N
1 , 1 ok N
EE |tr D%(dlag(Q)z - T2)| < ? nz_: Ué,nE |q72Ln - ti‘ < % IISanaéXNE Qnn — t?L
QUfnaX 2
pK 1£nna<XNE(q"" ~tn) P

where the last inequality follows fronj (47) together withnma[T—{R). Convergencg {33) is established.
We now establish the system of equatiopd (34). Our startoigt fis the identity

Q=T+T(T!'-QHQ=T+ %T diag(ttD1 T, ..., ttDNT)Q — TYY*Q .

Using this identity, we develop, = +trD,QD,Q as

U,

1 . _ 1
?trDQQDgT + %trDOQDZTdiag(trDlT, oL trDNT)Q — ?trDOQDgTYY*Q

1>

X1+ X9 — X3 . (48)
Lemma[#{[R) withS = DoD,T yields:

1
X = EtrDODﬁ2 + € (49)

whereE|e;| < /Ee} < C/K. Consider now the ternk; = L > trDyQD,Ty,y;Q. Using [4h)

and (4b), we have
" YeQYE 1\ s S
yrQ = <1—7*>y Qi = PGk YEQk -
: 1+y;Qyx/ " g
Hence

ek QrDo QD Ty,

o
I
S
ngls

I
=
M=

K
1y QeDoQD Ty + % Z (@rk — 1)y QrDoQD Ty

(1>
>~
ﬂ‘

Xé + €9 . (50)

By Cauchy-Schwartz inequality,

Eleo| < % E(qrr — fk)z\/E(YZQkDoQDéTyk)2

||MN

Ed

1
We haveE (y;QrDoQD(Tyy)? < o5 ..p °Ellyx||* < C. Using in addition Lemm@] 7H(2), we obtain

C
E < —,
leal < 7=
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ConsiderX}. From (44) and[(45), we hav® = Q. — pdrk Qryry; Qx. Hence, we can develof} as

K ) K
ok P N~ * *
Xy = kz_l teyr QrDoQiD Ty — = > kY Qi DoQryry; QrDi Tyy

k=1

=[=

1>

X4+ X5 . (51)
ConsiderX,. Notice thaty, andQ, are independent. Therefore, by Lemﬁha 1, we obtain
" 1 1
i QrDoQrD, Ty = EterQkDoQkDéT +e3 = EterQDoQDzT +e3+ ey

whereEe2 < CK~! by Ineq. [IB). Applying twice Lemmf] 7H(1) to, = +(trD;Q;DoQ;D,T —
trD,QDyQD,T) yields |e,] < CK~'. Note in addition thafy" #,D; = diag(trD,T,...,trDxT).

Thus, we obtain

K
X, = %tr <kz_1 kak> QDQD,T + ¢5
= Xo+e¢€5, (52)

wherees; = €3 + €4, which yieldsE|es| < CK™3.

We now turn toXs. First introduce the following random variable:
I~ * * 7 o~ 1 1
€6 = tkqrkyYr QuDoQryrYr QkDeTyr — tiqrr <EterQkDoQk> <KterQszT>

Then

1 * * 1
le| < ?kakDOQRYk v QD Ty — EtI‘DkaDeT

1], . 1 1
+ 2 V:QrDoQryr — EterQkDOQk KtFDkaDzT

and one can prove théltes| < CK ™3 with help of Lemmd]1, together with Cauchy-Schwarz inedyali

In addition, we can prove with the help of Lemiffa 7 that:
o 1 1 1 1
Uk Gk (KtFDkaDoQO (gtI‘DkaDeT> = 1 <?terQDOQ> <EtFDkQD£T> +e7

1 1
2 2
= £ (—terQD0Q> <—terDgT > + e+ es

where e; and eg are random variables satisfyifg|e;| < CK™ 3 by Lemmal7, andmaxy, ¢ Eleg| <
maxy, ¢ /Eles]? < CK~> by Lemma[l-{l2). Using the fact that#} = (1 + +trD,T)~2, we end up

with
0 K L1 1 ) K
Xy = — E 1 <—terQD0Q> (—terDgT ) + €9 = — E coU + €9 (53)

K
k=1 k=1
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wherecyy, is given by [3b), and wher&|eg| < CK™ .
Plugging Eq. [@9)4(33) into[(#8), we end up with = S5, c.Ux + +trDoD,T? + € with Ele| <
CK™%. Step 3 is established.
Step 4 : Proof of(86). We rely on results of Sectign B, in particular on Lemfja 5.

Define the following(K + 1) x 1 vectors:

1 K
u= Wy d= | guDiDiT?| L e=lalfs,
k=0

where theUy’s and ¢;’s are defined in[(34). Recall the definition of tkeg,’s for 0 < ¢ < K and
1 <k <K, definecyyp =0 for 0 < ¢ < K and consider th¢ X' + 1) x (K + 1) matrix C = [c@k]szo.
With these notations, Systerf [34) writes

(Ix+1 —Cl)u=d+e. (54)

Let a = +trD3T? and B = (1 + £tr D(T)%. We have in particular

d— « C— 0 %gTA_l
g

0 AT
(recall thatA, A andg are defined in the statement of Theorgm 3).

Consider a square matriX which first column is equal td1,0,...,0]", and partitionX as X =
1 XOT1

. Recall that the inverse & exists if and only ifX|;' exists, and in this case the first row
0 Xq1

X~y of X~ is given by

Xy =1 —x0Xy/]

(see for instance [28]). We now apply these results to theesy$54). Due to[(34)l/, can be expressed
as
Up=[I-C) 'o(d+e) .

By Lemma[p{l1),(Ix — AT)~! exists hencél — C)~! exists,

{(IKH - C)_l}o B {1 %gTA‘l(IK -AT)

and

Uo=ot+ g A (T-AT) g+ e+ e’ (1-AT) ¢

with € = [ey,...,ex]T. Gathering the estimates of Sectipn V-B together with the fhat |Eel/o, <
CK™=, we get [3p). Step 4 is established, so is Theofem 3.
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APPENDIX
A. Proof of Lemm4]4

Let us establish[(23). The lower bound immediately follonanf the representation
. 1 (;) 1
n = 52 el D)
+ 1 K_ + P + o
P+ & iy ax

N 32
1=1%ute

where(a) follows from A2 andt,(—p) > 0. The upper bound requires an extra argument: As proved in

[26, Theorem 2.4], the,’s are Stieltjes transforms of probability measures sujggbby R, i.e. there

exists a probability measure, overR, such thatt,,(z) = %. Thus
 wn(dt 1
miep) = [ <1
0 +p P

and [2B) is proved.

We now briefly justify [2#). We havé& |tr S(Q — T)> = E [trS(Q — EQ)|?> + [trS(EQ — T)|>. In
[21, Lemma 6.3] it is stated thatpy E [trS(Q — EQ)[> < co. Furthermore, in the proof of [21,
Theorem 3.3] it is shown thatup, K||[EQ — T| < oo, hence|trS(EQ — T)| < K||S(EQ — T)|| <
K|EQ — TJ|||S]| < oo by Lemma[R-{[2). The result follows.

B. Proof of Corollary[l

Recall that in the separable ca®, = d,D andD,, = d,,D. Letd be theK x 1 vectord = [di]/_,.
In the separable case, E{.](20) is written
6?2 1

T -1 A-1 4
7 Kd%g ( ) g +v(E[Wil" - 1) (55)
where~ is defined in statement of the corollary. Here, vegicaind matrix A are given by
- - 1 LuDnD,T? " Y
g=vdpd and A = = K - - = KA—ldd .
(1+ %trD,T) fm=1
By the matrix inversion lemma [28], we have
L —1A-1 72 ar Yaar) ' g
— gTa-A)ylalg = g (A——dd d
was A 8 7 K cdd”)
2
75T -1, 7 1 -1337 A1
= d" | A — - ~A"dd" A d
( * K1-2dTA-'d )
Noticing that
1 i di P’ i 3252 2
d'a~'d=— = 7= itk =p"7
KD (1 + DT Ko
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we obtain

2~
T(I_A)—IA—lg =~ oYY

—~g ) .
Kd2 1 — p?vy

Plugging this equation intd (b5), we obtajn](22).

C. Proof of Lemm&]7

The proof of Par{]1 can be found in [21, Proof of Lemma 6.3] (a® [14, Lemma 2.6]). Let us
prove Parf]2. We have from Equatiorfs](11) ahd (44)
1
p(1+ =D, T)(1 + £,Q.E)

~ . 1 =~ ~
£nQn£n—EtanT‘ .

|an(_p) _tn(_p)| = K

~ . 1 =~ =~
£.Qn&; — —tanT‘

1
P
Hence,

=l

Cap < 286 - Luboa) +—2E (D@ - T))
E(gnn —tn)” < pE <£nQn£n KtanQ> +pK2E<tan(Q T)) <
by Lemma[]l and Lemmig 43(2), which provés](46).
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