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Elastic behavior of porous ceramics:
application to nuclear fuel materials

J.-M. Gatt ®, Y. Monerie ®*, D. Laux 2, D. Baron °

& CEA Cadarache DENIDECISESC, 13108 Saint-Paul lez Durance, France
® EDFIDRDIMMC Renardiére, 77250 Moret sur Loing, France

This study deals with the determination of effective elastic properties of random porous ceramics. Ceramic-matrix
composites with bi-modal pore shape (spherical and ellipsoidal pores randomly distributed) are considered. For such a
microstructure, various micro-mechanical estimates are compared to three dimensional numerical simulations based on
periodic homogenization. Effective elastic moduli are derived as a function of matrix properties, porosity and pore
shape. In the case of nuclear fuel ceramics, spherical and ellipsoidal pores are identified to inter-granular and intra-gran-
ular pores respectively, and obtained effective elastic properties are compared to experimental micro-acoustic data.

1. Introduction

This paper is devoted to the determination of over-
all elastic properties of random porous ceramics with
a particular interest for nuclear fuel materials. In par-
ticular, we attempt to check by micro-mechanical ap-
proaches the accuracy of fits given in literature for
elastic properties of UO, fuel material [9]. This type
of porous ceramic-matrix material is assumed to con-
tain both inter-granular spherical pores at the nano-
metric scale and intra-granular ellipsoidal pores at the
micrometric scale.

Under the assumption that each class of pores is spa-
tially uncorrelated and randomly distributed, an accu-
rate numerical estimate of random porous media

* Corresponding author. Present address: CE Cadarache
IRSN/DPAM/SEMCA, 13108 Saint-Paul lez Durance, France.

containing non-overlapping ellipsoidal pores is estab-
lished in Section 2. From a numerical point of view
and following [15], a technique of periodic homogeniza-
tion specifically designed for random porous media is
implemented in a finite element code. Sensitivity of
numerical results with respect to the size of the represen-
tative volume element (RVE), to the finite element dis-
cretization and to the sampling process is addressed.
From a mechanical point of view, effects of porosity
and aspect ratio of pores (oblate, prolate and spherical
pores) are investigated.

In Section 3, various analytical estimates (such as
Berryman self-consistent estimate [2], Mori-Tanaka esti-
mate [12] and the Ponte-Castafieda and Willis estimate
[14]) are compared to numerical results. The classical
self-consistent estimate is shown to be the most accurate
model for the considered microstructures.

Section 4 is devoted to experimental results on UO,
fuel material. A micro-acoustic approach is used to



determine elastic properties of this material with an ini-
tial porosity up to 20%. Our experimental data, our
numerical computations and the results obtained with
the self-consistent estimate are compared in Section 5
to the commonly used Martin’s approximate [9]. The ef-
fect of the coexistence of spherical and ellipsoidal pores
at different scales is addressed in terms of convenient as-
pect ratio for ellipsoidal pores.

2. Numerical estimate of effective elastic moduli

Following [15], we propose in this section a three
dimensional numerical estimate of random porous
ceramics based on periodic homogenization. When seek-
ing the effective properties of elastic media, one can solve
the local equations of elasticity using a finite element
code over a large RVE. But, due to statistical represen-
tation, the size of such a convenient RVE often leads to
unreasonable computational time. To face this difficulty,
the solution undertaken in this work consists first in
choosing smaller RVEs reproduced by periodicity and
then in averaging the numerical results over many
RVE realizations. The characteristic size of RVE leading
to macroscopically isotropic effective porous material
over a reasonable number of realizations is investigated
further in this paper.

In the following, only quasi-static evolutions are con-
sidered, body forces are neglected and displacements
and strains are considered to be small.

2.1. Computational method

The technique of periodic homogenization (see [11]
and references therein) is implemented on the finite ele-
ment code CAST3M. Within the strain approach frame-
work, this method can be briefly summarized as follows.

For a periodic geometry obtained by periodic trans-
lation of a RVE Y submitted to an overall prescribed
strain E, the local fields of stress ¢ and strain &(u) (where
u denotes the displacement field) are also Y-periodic.
The fluctuating part &(u’) of &(u) around its constant part
E, ie. e(u) = E + ¢(u'), is derived from a periodic dis-
placement field #’. This decomposition implies in partic-
ular that (e(u’)) =0 and (e(u)) = E, where the brackets
(-) denotes the average of a field on the RVE.

Denoting by ¢ the local stiffness and by v the outer
unit vector of Y, the local problem reads for any pre-
scribed macroscopic strain E:

div(e) =0, inY,
(Pe)§ o=c:(E+e()), inY,
u' periodic,and o - v anti-periodic, on 0Y,

(1)

where 0Y denotes the outer boundary of Y.

The effective stiffness C is then obtained by the fol-
lowing relation: C: E= X = (o) = (c: (E + &(u))), where
2 is the overall stress field. A convenient way to compute
this effective stiffness C is to solve six elementary prob-
lems (Pg) corresponding to six different generalized
loadings E related to three tractions and three shears.
Denoting by u’*" the solution of the problem (Pg) with
E=T1" (where I = 1/2(840, + 0udy) is the fourth-
order identity tensor, and ¢ denotes the Kronecker sym-
bol), the stiffness C is obtained by linear combinations
(E = EgI™"):

Ci/'kh = <Ci/'pq (12}; + gpq(u/kh)> > (2)

These six problems are solved on a cubic RVE apply-
ing the following periodic boundary conditions (s de-
notes the length of an edge):

u(x,0,2) = u(x,s,z), V(x,z) €[0,s],
u(0,,2) = u(s,y,2), V(y,z) € [0,s), (3)

u(x,,0) =u(x,y,s), V(x,y)e€ [O,S}Z.

In the proposed computational model, particular
attention has to be focused on two main sources of er-
rors: first, the mismatch on overall isotropy due to a
periodic RVE-based modeling for random media, and
second, the classical discretization error.

As regards the first point, it is worth noting that the
elastic properties are length scale invariant: our compu-
tational method applies to pores of any characteristic
length for which the continuum assumption holds.
Briefly, the problem is to mimic the random microstruc-
ture of an isotropic material using a periodic RVE
including a random distribution of cavities. Two differ-
ent situations can lead to an accurate estimate of the
elastic tensor C: few realizations of random distributions
in a large RVE (i.e. including a large number of pores)
or numerous realizations in a small RVE. An isotropy
criterion has to be used to evaluate the accuracy of the
modeling. Introducing the classical isotropy basis
J=1/3i ® i (where ® denotes the tensor product, and
iy =0y and K =1 — J, a measure of the overall isotropy
of a RVE is given for any non-zero tensor C by

€ — Projy, ,(C)|

O ¥
proi (€)= (S22 5K ) ®

where ||| denotes any quadratic norm, and Proj, x,(C)
being the projection of C on the isotropy basis.

In the case of few realizations over a large RVE, it is
time consuming to evaluate C; at each realization (C; is
the elastic tensor at the ith sample) but ¢(+ "7 C;) rap-
idly tends to one (perfect isotropy) with the number N of



realizations. In case of numerous realizations over a
small RVE, C; is quickly computed at each realization
but ¢(+>°7,C;) tends to one only for a large number
of realizations. Our numerical computations show that
a satisfactory compromise is reached with about four
realizations of RVE containing 15 pores: overall isot-
ropy is then more than 99% for spherical pores and more
than 98% for ellipsoidal pores (with w ranging from 0.1
to 10).

Our random realizations are based upon a ‘quasi-
dead leaves process a non-overlapping spherical vol-
ume is prescribed around each ellipsoid corresponding
to the inscribed sphere in the ellipsoid. In the particular
case of spherical pores, this process tends to an hard-
core point process. In what follows, we denote by 4
the length of the semi-axis of symmetry of the ellipsoidal
pores, by R the length of each semi-axis perpendicular to
the symmetry axis, and by w = A/R the aspect ratio of
the ellipsoids (w < 1 for oblates, and w > 1 for prolates).

Periodic geometric boundary conditions are taken
into account, and the intersections between pores and
boundaries of RVE are also periodic (see Fig. 1).

To evaluate the discretization errors, simulations are
performed at /= 10% (f'is the porosity) for various num-
bers of elements M by RVE edges (uniform mesh of lin-
ear cubic ‘Q1’ finite elements in 3D). This analysis is
conducted for several aspect ratios w (w = 0.1,0.25,0.5,
1,2,4,10). Results are plotted on Fig. 2 in the case of
spherical cavities. We obtain that effective elastic moduli
can be approached for a given porosity by Eq. (6):

Fig. 1. Examples of meshing of spherical cavities for random
samples.
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Fig. 2. Effect of the mesh parameter M on the effective porosity
ratio (fobtained/fprescrived) and on effective elastic moduli (spher-
ical cavities, fprescribea = 10%). For each value of M, effective
elastic stiffness is the average upon four samples with 15 pores
(resulting isotropy about 99%). The effective porosity ratio is
plotted for the more anisotropic result on the four samples.

E E 1

Fm(w) “E(WaM) *ﬂE(W)M7

G G 1 (6)
Fm(w) NNJGim(W’M) *aG(W)M,

where E and G denote respectively the effective Young
and the effective shear moduli of the porous material,
E,, and G,, denote respectively the Young and the shear
moduli of the matrix and ax(w) and ag(w) are non-neg-
ative functions of w.

Same conclusions were formulated by [16] for the
Young modulus in the case of spherical inclusions and
for porosity varying between 10% and 50%. These affine
relations with respect to 1/M are here confirmed even for
ellipsoidal pores and extended to the shear modulus.

Following [15], the effective elastic moduli are then
computed for three different values of M (according to
Fig. 2, M >33 for a convenient estimate of the inner
porosity) and extrapolated to M — oco. For each value
of M, the effective elastic tensor is determined by averag-
ing the results of N =4 samples (i.e. 12 computations of
a periodic elastic problem for each porosity and for each
aspect ratio). As required, the final effective elastic ten-
sor is almost perfectly isotropic, and elastic moduli are
deduced by projection on the isotropy basis (J, K).

2.2. Numerical results for spherical cavities

Fig. 3 shows the evolution of the Young modulus
and the shear modulus versus porosity. Table 1 shows
at f'= 10% a comparison between our numerical results
and the numerical results of [15]. Differences between
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Fig. 3. Effective elastic moduli versus porosity (spherical
cavities): numerical results.

our simulations and those of [15] could be explained by
the realization process: in the current study, hard-core
point problem is considered whereas overlapping
spheres are used in [15].

2.3. Numerical results for ellipsoidal cavities

Although the percolation threshold is estimated at
Jp = 28.54% for overlapping spheres [5], lower porosities
have to be considered for ellipsoidal pores: a percolation
threshold of f,, = 10% is reached for w = 0.1 in the oblate
case and for w =10 in the prolate case [5]. Numerical
estimates of elastic moduli are given as a function of
porosity on Fig. 4 for w=0.2, and as a function of the
aspect ratio on Fig. 5 for /= 10%.

The moduli exhibit a maximum obtained when the
shape is spherical. In the oblate case, elastic moduli
monotonously decrease with respect to w. The limit case
of disk-shaped inclusions given by [21] confirms that for
pores, the elastic moduli tend to zero when w tends
to zero. In the prolate case, the numerical results show
that an asymptote is reached for large w. The limit
model of [21] for needle shaped inclusions gives
E/E,(w — o0) — 0.769 and G/G,,(w — o) — 0.783 for
10% of porosity. At w=10 and 10% of porosity, we
found E/E, (w =10) = 0.773 and G/G,,,(w = 10) =~ 0.788.
In the case of oblate pores with w=0.25, our results
are numerically compared in Table 2 to those of [15].
A small difference of 1% is observed (order of magnitude
of the uncertainties) due to the difference in the realiza-

Table 1
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Fig. 4. Numerical results for ellipsoidal pores (w=0.2):
normalized effective elastic moduli versus porosity.
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Fig. 5. Numerical results for spherical and ellipsoidal pores at
/= 10%: normalized effective elastic moduli versus aspect ratio.
The simulations were performed for w lying between 0.1 and 10
respectively, which are the percolation thresholds for oblate and
prolate pores respectively at f'= 10% [5].

tion process (quasi-overlapping process and real over-
lapping process).

In the next section, various classical analytical esti-
mates are compared to numerical results in order to
determine the most accurate analytical estimate for the
considered type of microstructure.

Spherical pores at f=10%: comparison between numerical results (hard-core point process), numerical results of [15] (overlapping

pores) and various analytical approaches

Numerical results Roberts—Garboczi ~ Self-consistent

Mori-Tanaka Dilute case Wu’s model Differential scheme

EIE, 0.799 0.806 0.800
G/G,, 0.810 0.814 0.810

0.818 0.798 0.800 0.818
0.827 0.812 0.811 0.828




Table 2
Numerical solution for ellipsoidal pores

Numerical results Roberts—Garboczi [15]

EIE,, (w=025) 0.732 0.739
GIG,, (w=025) 0.754 0.758

3. Analytical estimates and comparison with numerical
results

In this section, focus is given on some analytical esti-
mates to the case of randomly distributed ellipsoidal
pores (in space and in orientation).

3.1. Hashin—Shtrikman estimates

The variational representation proposed by Hashin
and Shtrikman [6] is based on the use of polarization
fields related to an homogeneous reference material.
The heterogeneous problem on the RVE is then replaced
by a homogeneous thermo-elastic problem involving a
polarization field t(x):

a(x) =C(x) : ¢(x) = Cp : e(x) +1(x), VxeY, (7)
where C, is the elastic stiffness of the reference material.
Assuming that 7(x) is piecewise constant in a two-phases
material subjected to an uniform strain field ¢, at infin-

ity, the strain field ¢; in the phase j is related to the mac-
roscopic strain (¢) as follows:

&= ce= > C.fT/> 8o, (8)

J=12 j=12

where c; are the volume fraction of the phase j and T are
defined as

g="T,:¢&. 9)

Localization tensors of Hashin—Shtrikman A;.{S are
therefore

g =T, : ZC,T,) ey = A (). (10)

J=12

Tensors T; depend on the choice of C. Since overall
isotropy is investigated (randomly oriented inclusions),
pertinent localization tensors are orientational averages
of T; denoted by

F(Co) = (T;(Co))- (11)
For ellipsoidal inclusions, tensors 7 are transversely
isotropic:
T; = oEr + BiJr + 2u,Kt + 20Ky +7,F + 7}TF,
(12)

where By =n®@n@n®mn, ir=i—n®n, Jr=(12)ir ®
it, It =1+ EL — 2(n ® i ® n),, subscript ‘s’ denotes the

symmetric part, Kz = (1/6)2n @ n — i) ® 2n & n — i),
F=(ir®n®n)/V2, K=K — Ky — K, Kr = It — Jr,
and o;, B, W s V), y} are the elastic moduli (Wapole’s
notations [20]). Orientational average of any trans-
versely isotropic reads [1,3,8]:

@2 VIG )

g Qa9 + 1200+ m)K
= Proj{J.K}(T.f)' (13)

This equivalence between orientational average and
projection on the isotropy basis is true for any fourth
order tensor. This can be proved as follows.

Let us consider two Eshelby’s problems (infinite iso-
tropic matrix) where the orientation of inclusions are
characterized respectively by a vector n and a vector 7
and whose displacement solution are denoted respec-
tively by u and by #. The strain field ¢ (respectively )
in the inclusion is related to the strain field at infinity
&o (respectively &) by ¢ = T : g, (respectively & = T : &).
Since % is a rotation of u (z = Q - u, where components
of the second-order tensor Q are direction cosines), we
thus obtain:

7Wrstp = QriQs/'ka Qpl Tiju- ( 14)

This relation shows that tensors 7 and T have the
same invariants. The average of 7 on all orientations
has then the same invariant as 7 too. If all orientations
have the same probability (random media), the resulting
overall isotropy imposes that the orientational average
(T) is isotropic. This isotropic tensor having the same
invariant as 7, one obtains

(T) = Projyy (7). (15)

Therefore, the Hashin—Shtrikman estimates are for a
two-phases material with randomly oriented ellipsoidal
inclusions:

CHS _ CHS(C())

CfC/ZFj(C0)> : ZC/F/(C0)> . (16)

=12

F;=

=12
with
F(Co) = Projy x,(T(Co)), 17)

where C; is the elastic tensor of the phase j and where the
values of F{C)) are given in [1] for oblates and prolates
ellipsoids, for spheres, and for limit cases of needles and
penny shape. In the case of ellipsoids, the values of
F(C,) were first given by Kroner [7] and by Wu [21].
Various choices of C, lead to various estimates as de-
tailed in the following.

The Mori-Tanaka estimate [12] is obtained by taking
the matrix as reference material Cy = C,, (subscript i
holds for cavities and m for matrix):



CMT = CP8(C,) = (1 = £)Cp : Fr(Ch)
: ((1 7f)Fm(CM) +fFi(Cm))7l' (18)

The self-consistent scheme is obtained by taking the
effective elastic tensor as reference material:

CSC — CHS(CSC). (19)

The dilute case estimate consists of a first order devel-
opment of (18) with respect to f assuming low porosity
f<1):
cPC =c, - fC, : Fi(C,). (20)

The differential self-consistent estimate of McLaugh-
lin [10] consists in progressively incorporating inclusions
in matrix using Eq. (20). The effective elastic tensor is
given by the differential equation:

dczl;(f) _ CDiff(f) :Fi(CDiff(f)), with
CPT(f = 0) = C,. (21)

3.2. Berryman estimate

The Berryman model [1] is a so-called self-consistent
model which could be interpreted as a symmetric repre-
sentation of the Wu’s model [21]. Estimating the elastic
energy in the matrix and in the inclusions by the total
elastic energy, Wu proposes a quasi-self-consistent
model where the effective elastic tensor is implicitly
defined by

¢V =C(Cc™), with
C(Co) = Cu+ > ¢(C; = Cu) : F4(Co). (22)

=12

It should be noticed that C°€ is equal to C(C,,). The
lack of symmetry in Eq. (22) is corrected by Berryman
by substituting Cy to C,,. This estimate could then be
written as

C® = C(C?), with

-1
C(Cy) = ZCJCWF;(CO)>1 ZCij(Co)> ;

j=12 j=1.2

(23)

which corresponds exactly to the self-consistent esti-
mate: CB = C5¢

3.3. Ponte-Castarieda—Willis estimate

The estimate of Ponte-Castafieda and Willis [14] is
the first estimate that takes into account the effects of
the inclusion shape and those of the distribution of the
inclusions separately. Using previous notations, the
effective elastic tensor of Ponte-Castafieda and Willis
can be written in our case as

"V =c,+

ch<Wj>> =P (24)

J=im
which yields for porous media:
CPV =+ (W) = P) 7 (25)

pl — 1 3(Kn+2Gn) w.=p!_
where P, = {3K,,,+4Gm 56, (K riG p and Wi= P
—1 _ .

<P > - Cm . E11

PP '+C-C,) P!, with
(C) : (F(C,,) — F,(C,)) : F(C,,) and with K, denoting
the bulk modulus of the matrix.

It should be noticed that this estimate is able to take
into account the isotropy of the spatial distribution
(leading to the isotropy of P¢) and the random orienta-
tion of the inclusions (leading to the isotropy of (W))).
In the case of spherical cavities, this estimate corre-
sponds to the Mori-Tanaka estimate (P = P%). In the
case of ellipsoidal cavities, C*“W is defined only for den-
sity parameters lower than 1 (the density parameter is
equal to the product fiw? when w > 1 and to the ratio f/
w when w < 1).

3.4. Comparison with numerical results

Figs. 6 and 7 show the evolution of Young and shear
moduli versus porosity, in the case of spherical cavities.
Table 1 shows, at f'=10%, an agreeable comparison
between our numerical results and some analytical
approaches such as Mori-Tanaka [12] (equivalent to
the upper bound of Hashin and Shtrikman for porous
materials), quasi-self-consistent Wu’s model [21], differ-
ential scheme [10], self-consistent scheme and dilute case
model ([18] and cited references).

The presented estimates are compared to numerical
results on Figs. 8 and 9 in terms of sensitivity to the as-
pect ratio for a given porosity. In the case of the partic-
ular microstructure considered in this paper (low volume
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Fig. 6. Effective Young modulus versus porosity (spherical
pores): comparison between various estimates and numerical
results.
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Fig. 8. Comparison between numerical results and various
estimates (Berryman, Mori-Tanaka (MT), dilute case (DC),
differential self-consistent (DSC), Ponte-Castafieda—Willis
(PCW)) for spherical and ellipsoidal pores at f'= 10%: normal-
ized effective Young modulus versus aspect ratio for density
parameter lower than 1.

fraction of ellipsoidal pores randomly distributed in
space and in orientation in an elastic and isotropic ma-
trix), the self-consistent estimate (Berryman estimate,
see Section 3.2) is the most accurate estimate in terms
of Young and shear moduli. This result confirms the
observations of [3].

4. Experimental approach

4.1. Micro-acoustic approach

The elastic properties of a material can be assessed by
using different experimental methods (compressive tests,

|

O  G/Gm
(Simulation)

G/Gm
(Berryman)

———G/Gm (MT)

G/Gm
(PCW)

- G/Gm (DC)

. G/Gm
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Normalized effective shear modulus

Log(w)

Fig. 9. Comparison between numerical results and various
estimates (Berryman, Mori-Tanaka (MT), dilute case (DC),
differential self-consistent (DSC), Ponte-Castaneda—Willis
(PCW)) for spherical and ellipsoidal pores at /= 10%: normal-
ized effective shear modulus versus aspect ratio for density
parameter lower than 1.

resonant methods, etc.). However, although these exper-
iments are very efficient on many materials, they gener-
ally fail on UO, because after irradiation, the pellet is
entirely fractured and spread in pieces, thus exhibiting
a steep radial gradient in physical properties. That is
the reason why other local approaches such as the focal-
ized ultrasonic methods are considered as interesting
and powerful tools.

Non-destructive testing [13] is usually performed on
large zones (about 1cm?) with the help of plane sensors.
As the uranium dioxide pellets are quite small (about
8mm) and non-homogeneous in the case of irradiated
samples, one has to use more local methods: high fre-
quency acoustic microscopy or micro-echography. Gen-
eral aspects of these two methods are developed in the
following discussion. More details can be obtained from
[16,17].

Ultrasonic waves generated by a piezoelectric crystal
are focused on the sample by a spherical lens (Fig. 10).
These waves, that are transmitted through a coupling
fluid (ethanol or methanol for UO,; study), are reflected
on the sample, collected again by the piezoelectric crys-
tal interfering with the specular beam and converted into
an electric signal. If a plane X-Y scan is performed,
acoustical pictures can be obtained if the electrical signal
which is acquired by the piezoelectric is encoded in color
levels. Doing so, the spatial resolution ranges from
100 um (operating frequency 15MHz) to 1um if very
high frequencies are used (600 MHz).

Even if the acoustical pictures give interesting quali-
tative information concerning the reflection power of
the sample (which is a function of the density and the
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Fig. 10. Schematic representation of an acoustic sensor used in
acoustic microscopy.

ultrasonic waves velocities), quantitative results are ob-
tained with the so-called acoustic signature V(z). For
V(z) acquisitions, the sensor is de-focused, which means
gradually approached towards the surface sample. Sur-
face waves are then created and interference phenomena
are observed between reflected surface waves and the
specular beam with a normal incidence.

The amplitude of the electric signal acquired, re-
corded versus the length of defocusing z, is called the
acoustic signature. Distance between two peaks provides
the propagation velocity of the wave reflected.

During the defocusing, the surface analyzed on the
sample becomes larger. For most materials, it can be
considered that this zone is equal to the half length of
defocusing. This represents 1 mm if the operating fre-
quency is 15MHz, 300 um for experiments at 150 MHz
and 30um for high frequencies (500 MHz). In the case
of UO,, 150MHz seems to be a reasonable frequency:
using higher frequencies is tricky because of attenuation
processes.

It seems that two pseudo periods are present in the
V(z): one due to the Rayleigh wave and one due to the
longitudinal surface wave. The measurement of these
pseudo periods then gives the Rayleigh and the longitu-
dinal waves velocities (accuracy 10m/s) [4].

From the longitudinal velocity (71) and the Rayleigh
wave velocity (Vr), we deduce the transverse velocity
(V1), which is solution of the polynomial (26) [19], with
respect to the condition (27). The elastic moduli are then
deduced from Egs. (28) and (29)

3 1
V= (VL +VRVS +5 VIRV -3 ViV
1
+RViV§ =0, (26)
Vo
0< Vr < —=, 27
T \/i ( )

372 — 412
E="L " T,p2 28
e PV (28)

where p is the density of the considered material.

In the case of UO,, the efficiency of the longitudinal
mode is too low and the measurement of the longitudi-
nal wave velocity by acoustic microscopy generally fails.
To overcome this problem, a special device, so-called the
micro-echography, has been used.

Traditional echography, usually applied in reflection
mode is not adapted to UO, because the thickness of the
sample is not accurately known.

Our method, called acoustic micro-echography in
reflection—transmission mode uses two sensors and four
acoustic travels: one transmitted into the water tank,
one transmitted through the sample and two echoes re-
flected on the two parallel faces of the sample (a photog-
raphy of the device is given on Fig. 11). Thanks to the
measurement of four times of flight between the signals,
the longitudinal wave velocity is obtained (accuracy
10m/s). Typical frequencies are about 40 MHz and the
analyzed zone on the samples is about 500 um. The re-
cent measurements on highly porous samples have
shown that using higher frequencies and working on
smaller zones should be possible.

4.2. Experimental results

The experimental results are given in Fig. 12. Elastic
moduli are deduced through Egs. (28) and (29) using
p =10960(1 — f) kg/m®. Experimental uncertainties on
these results are very small according to a linear regres-
sion for f— 0, which leads to the theoretical elastic
moduli of the massive UO, (E,, =222GPa and
G,, = 84GPa).

At f= 10%, the values of the measured elastic moduli
are given in Table 3 and compared to those of Martin [9]
which are mean values on various nuclear pellets includ-
ing different types of processing. So, without more infor-
mation on UO, used, Martin approximation is validated.

Fig. 11. Photography of the micro-echographic device.
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Fig. 12. Experimental data: elastic moduli of nuclear material
Versus porosity.

Table 3

Effective elastic moduli of the nuclear pellet material: compar-
ison of experimental data at f'= 10% between our results (linear
interpolation) and Martin’s data [9] (linear regression of various
UO; nuclear pellet materials)

EIE,, G/G,
Experimental results 0.738 0.752
Martin [9] 0.750 0.775

5. Overall elastic properties of nuclear pellet

The UO, nuclear ceramics contain both spherical
(intra-granular) cavities and ellipsoidal (inter-granular)
cavities. This paragraph investigates the case of a single
population of cavities (spherical or ellipsoidal) and the
case of a bi-modal microstructure (spherical and ellipsoi-
dal). This last case mimics the ‘real’ microstructure of
UO, nuclear pellets.

5.1. Single population of cavities

5.1.1. Spherical cavities

Fig. 12 shows the Young and the shear moduli versus
porosity (range of porosity [0-20%]). It should be noted,
as already underlined by [9] for instance, that these evo-
lutions can be accurately approximated by a linear func-
tion as in Eq. (30)

N

o (30)
— =1 —oagf
Em EsJ 5
where oz, and og, are non-negative constants (see Table
5) assumed to be independent of the matrix properties [9].

For a porosity lower than 10%, most of the analytical
models for porous media also give quasi-affine relation
between porosity and normalized effective elastic moduli
but predict a dependence of the quantities oz, and o, on
the matrix properties. The aforementioned indepen-

dence of those quantities to matrix properties in empir-
ical fits can be checked here by studying the sensitivity of
ogs and oG, to matrix properties in an acceptable range
of variations of the UO, matrix properties. The main
parameter governing those variations in nuclear reactors
is the temperature. Since the Young and shear moduli of
the UO, matrix have a quadratic dependence with tem-
perature (Eq. (31), from [9]), we check on Table 4 that
quantities oz, and og, do not significantly vary between
T=273K and T =2000K: considering oz, and og, as
constants is thus a convenient assumption. This result
could be explained by a very small variation of the Pois-
son ratio with temperature: between 7'=273K and
T=2000K, the Young and the shear moduli decrease
about 30%, while the Poisson ratio only decreases of
about 5%:

Gn(T) = 2.2693 x 10° — 1.5399 x 10°T
—9.597 x 10°°72,
E,(T) = 8583 —5.157 x 107°T — 3.747 x 107572,
(31)

where elastic moduli are expressed in GPa and tempera-
ture in Kelvin.

Eq. (30) could be rewritten as G(7,/)~
G,.(D(1 — oagf) and E(T.f) = E,(T)(1 — agf). Since
constants og; and og, are independent of the matrix
properties, several populations of spherical cavities
(sorted by growing radii and having porosity f] to fy;)
could be treated in a simple incremental way: assuming
that the total porosity is small, effective Young modulus
is obtained by Eq. (32). The same result holds for the
effective shear modulus

EE:H(lfocESf,-)z locESZf,):(luESf).
m i=1 i=1
(32)

Table 4

Numerical solution for spherical pores to study the influence of
the evolution of the matrix properties (with respect to the
temperature) on effective properties

EIE,, GIG,,
Matrix at 273K 0.799 0.810
Matrix at 2000K 0.799 0.808

Table 5
Comparison of o and a between our results for spherical and
ellipsoidal pores, Martin’s data and micro-acoustic data

oE o7}
Spherical cavities 2.03+£0.02 1.92 £ 0.05
Ellipsoidal pores (w = 0.25) 2.68 £0.02 2.46 £0.02
Martin 2.5 2.25
Micro-acoustic 2.62 2.48
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Fig. 13. Comparison between numerical results, Berryman estimate

f=10%: normalized effective elastic moduli versus aspect ratio.

5.1.2. Ellipsoidal cavities

Assuming that the microstructure only contains ellip-
soidal cavities with the same aspect ratio, Fig. 13 shows
that no prolates could be considered in the UO, material
(the asymptotic limit of the needles shape corresponds to
elastic moduli larger than measured elastic moduli).
Experimental data is obtained for oblates having an as-
pect ratio about 0.25.

5.2. Bi-modal population of cavities

Since both populations of spherical and ellipsoidal
cavities are present in nuclear material, the retained
self-consistent analytical estimate (see Section 3.4) could
be used as an inverse method to determine convenient
couple of aspect ratio of ellipsoidal cavities and volume
fraction of spherical cavities leading to the effective shear
modulus measured by micro-acoustic experiments. This
study is performed for 10% of total porosity (i.e. the sum
of the volume fraction of spherical cavities and of the
volume fraction of ellipsoidal cavities). The previous
paragraph shows that for 0% of spherical cavities (a
microstructure with 10% of porosities made up only of
ellipsoidal inter-granular cavities), the aspect ratio of
ellipsoidal cavities is about 0.25. At the opposite, in
the case of 100% of spherical cavities (a microstruc-
ture with 10% of porosities made up only of spherical
intra-granular cavities), Fig. 13 shows that for w=1,
experimental data could not be reached.

The convenient couples of microstructural parame-
ters are given on Fig. 14, using remarks on Section 5.1:
effective elastic properties of the bi-modal microstructure
is obtained by incorporating random ellipsoidal cavities
in a new isotropic ‘matrix’ composed of an UO, matrix
including spherical cavities randomly distributed. This
result shows that both intra-granular and inter-granular
cavities have to be taken into account in any accurate
micro-mechanical modeling.
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and experimental data for spherical and ellipsoidal pores at
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Fig. 14. Aspect ratio of ellipsoidal pores population versus
fraction of spherical pores for a total porosity of 10% in the case
of bi-modal microstructure.

6. Concluding remarks

Using a technique of periodic homogenization, we
have determined effective elastic properties of porous
ceramics including spherical and ellipsoidal cavities ran-
domly distributed in space and orientation. Numerical
results were given for various porosities in the case of
spherical cavities, and for various shapes in the case of
a 10% porous ceramic with ellipsoidal pores. Normalized
effective properties were thus given as a function of the
aspect ratio of ellipsoidal pores. Various analytical esti-
mates were derived from literature. Our simulations
show that the self-consistent estimate is the best accurate
model for the considered type of microstructure.

In the case of UO, fuel material, comparison of the
analytical-numerical estimates to the micro-acoustic
experimental data shows that:

o The usual empirical fits of Martin [9] performed on a
wide range of bibliographic data give accurate esti-
mates of elastic properties.



e Agreement with experimental data cannot be reached
unless including a population of ellipsoidal pores
(inter-granular cavities).

e Assuming that inter-granular pores have ellipsoidal
shapes, their aspect ratio is lower than about 0.25
(penny shaped oblates).
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