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Abstract

We consider differential games with imperfect information. For
special games with dynamics independent of the state of the system
and linear payoffs, we give a representation formula for the value sim-
ilar to the value of repeated games with lack of information on both
sides. For general games, this representation formula does not hold
and we introduce an approximation of the value : we build a sequence
of functions converging to the value function.
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Introduction

We consider a zero-sum differential game G (o, xo, p, ¢) with finite horizon
T and dynamics :

' (t) = f(x(t),u(t),v(t)) telto,T] u(t)eU wv(t)eV (1)
w(to) = X0 zo € R"”

where U and V are compact subsets of some finite dimensional spaces and

f:IR" xU x V — IR" is Lipschitz continuous. We introduce asymmetric

information on the payoff the following way cf. [4] :

e there exists a finite number of possible types for player I indexed by
1 € I and for player II indexed by j € J ;



e to each pair of types (i,j) we associate a final payoff function g;; :
IR"™ — IR and a running payoff function /;; : R" x U x V — IR;

e cach pair of types (i,7) is selected at random with the probability
distribution p ® ¢ € A(I) x A(J) and the distribution on types is
supposed common knowledge.

At the beginning of the game, Nature chooses at random a pair (7, j) with
probability p ® q. Each player is informed only of his true type and has
therefore partial information on the true payoff function of the game he’s
playing.

During the game, player I chooses w;(s), s € [to,T], in order to control
the state of the system (1) and minimize the total payoff

T
0o (D) + [ 1o, (5) 030,
0
whereas player II chooses control v; to maximize the payoff. We will always
assume that the players observe the controls played so far.
The final payoff of this differential game with asymmetric information
is the expected value of the payoffs associated to (i,j) under the product
probability p ® q :

T
Epsqlgij(2i(T)) + / lijwij(s), ui(s), v;(s)]ds]
to
These kinds of games, inspired by [1], have been studied by Cardaliaguet
[4] for games without running payoff and Cardaliaguet and Rainer [3] for
stochastic games with final and running payoff. Using these results, we recall
in the first section that under usual regularity assumptions on the dynamics

and the payoff functions, and assuming Isaacs’condition on the Hamiltonian,
namely for all (z,&,p,q) € R" x R" x A(I) x A(J) :

H(ZE,E,p, Q) = inf Sup[<f($,u, U)>£> + Zplq]ll](xau7v)]

uel yey i ( )
7 2
= sup inf [(f(z,u,0),€) + > pigjlij (@, u,0)]
vey uel 7

the game has a value characterized as the unique dual viscosity solution of
the following Hamilton-Jacobi equation :

ol n

SV H(2,D6p,) =0 (62,p,0) € lto, T] x R" x A(I) x A()

In section 2, we investigate a special class of differential games with asym-
metric information with dynamics and running payoff functions independent
of the state of the system and linear final payoff functions g;;(z) = (a;j, x).



This game is interesting because it is closely related to repeated games with
lack of information on both sides studied by Mertens and Zamir [8]. In-
deed, the operator ® which associates to any Lipschitz continuous function
W : A(I) x A(J) — IR the unique solution of the following system of func-
tional equations :
®W = Cavymin(®W, W)
{ ®W = Vex, max(®W, W)
allows us to link the value V' of the game with imperfect information to the

value W of another game with perfect information leading to the represen-
tation formula for the value :

V(t,2,p,q) = (T — )®[H( _ pigjai;,p, )] + Y _ pigj{aij, z)
0, ¥

This representation formula cannot be generalized to generic differential
games with imperfect information, as shown in [5]. This leads to the ap-
proximation introduced in section 3, where we build a sequence of functions
V. converging as 7 — 0 to the value of the game for the topology of the
uniform convergence on compacts as in [6].

We define the function V; only at discrete times of the form t; := k7
where 7 is a small time step. For the final time T', we set

VA(T,z,p,q) == Zpiq]‘gz‘j(x)-
ihj

Then using backward induction and assuming V;(tx41, -, -, -) is already built,
we set

Vi (tg, x,p, q) := ®{min max[V;(tx41,2 + 7f(z,u,v),p, q)

uelU veV
+ 7 Zpinlij (x, u, U)]}
i?j

We prove that V;, — V locally uniformly as 7 — 0. This is a generalization
of the result stated in [6] that dealt with differential game with imperfect
information on one side.

1 Definitions and characterization of the value

We denote by U(ty) (resp. V(to)) the set of measurable controls of player I
(resp. player II) :

U(to) :=={u(") : [to,T] — U, u measurable}
V(to) := {v(") : [to,T] — V, v measurable}

Definition 1. Strategies



1. A pure strategy for player I at time to is a map « : V(tg) — U(to)
which satisfies the following conditions :

e « is a measurable map from V(ty) to U(ty) where V(ty) and U(to)
are endowed with the Borel o-field associated with the L' distance,

e « is non anticipative with delay, i.e. there is some delay T > 0
such that for any vi,ve € V(to), if v1 = v2 a.e. on [t,t] for some
t € [to, T], then a(vi) = a(va) a.e. on [to, (t+7) AT

We denote by A(tg) (resp. B(to)) the set of pure strategies for player
I (resp. player II).

2. A mized strategy for player I at time to is a pair ((Qu, Fa, Pa), )
where (Qq, Fa, Po) is a probability space and o : Qq X V(tg) — U(to)
satisfies :

e « is a measurable map from Qo x V(to) to U(ty) where Qq is
endowed with the o-field Fo, and V(to) and U(ty) with the Borel
o-field associated with the L' distance,

e « is non anticipative with delay, i.e. there is some delay T > 0
such that for any w, € g, the pure strategy a(we,:) is non
anticipative with delay T

From now on, mixed strategies ((Qa, Fo, Pa), @) will be simply denoted
by a. We denote by A, (tog) (resp. Byr(to)) the set of mized strategies
for player I (resp. player II).

Note that any pure strategy can be considered as a mixed strategy
whose underlying probability space is trivial, namely A(ty) C A,(tp) and
B(to) C By (to).

Remark that these definitions allow us, due to the delay, to associate to
any pair of pure strategies (o, 3) € A(tg) x B(tp) a unique pair of controls
(uaB, Vap) € U(tg) x V(to) such that a(veg) = uas and B(uqg) = vag as
shown in [2].

Given any pair of pure strategies (o, 3) € A(to) x B(to), we denote by
(X[020:2B) the map ¢ — X,”"0"**"? defined on [to, T| where X 070000
is the unique solution of the dynamics (1).

Using the results of [4], if (a, 3) € A, (to) x B,(to), for all w = (wq,ws) €
Qq % Qg, there is a unique pair of controls (u, vy,) € U(to) X V(to) such that
a(Wa, V) = Uy and f(wg, uy) = vy,. The map w — (uy,v,) is measurable
from Q, x Qg endowed with F, ® Fp into U(tp) x V(ty) endowed with the
Borel o-field associated with the L' distance.



This property allows to compute the payoff of the game with types (i, j) if
player I plays a € A,(ty) and player II plays 3 € B, (to) :

T
31‘]‘ (to, T, Q, ﬁ) = Eaﬁ[gij (X?,xo,a,ﬁ) + / lij (Xzo,:ro,a,ﬁ, uaﬁ(s), UQB(S))dS]

to

— [g” (Xto,xo,um%)
Qa XQQ

T
+/ lij(Xzo’xo’““’”‘”7uw(s),vw(s))ds]dPa ® dPg(w)
to

Note that in order to take into account his information, in Gp(tg, o, p, q),
player I has to choose a strategy vector & = (a;) € A, (to)! and player II
picks a strategy 8 = (3;) € B,(to)’. The final payoff in Gr(to,zo,p,q) in
this case becomes :

3(to, 0,0, 4, &, B) = Epag[Jij (to, w0, i, B5)] = D piasJis (to, zo, i, By)
(]
Definition 2. Dual Hamilton-Jacobi equation
We define the dual Hamilton-Jacobi equation by

Zf + H*(z,D¢,p,q) =0 (t,x,p,q) € (to,T) x R"™ x A(I) x A(J)
and H*(2,¢,p,q) == —H(z, =&, p,q), or
H*(aj,&p,g):igggg‘f;K T,U,v) szq],]xuv]
:ngf/ileng x,u,v) Zp,qﬂjxuv]

Definition 3. Dual viscosity solution
The dual viscosity solution of the Hamilton-Jacobi equation :
9¢

S H@ DO pa) =0 (Lrpa) € o, T] X R x A(I) x A(J)

is a Lipschitz continuous function w(t,z,p,q), convex in p, concave in q and
such that

o if we design by w* the convexr Fenchel conjugate of w, namely
w*(t,x,D,q) = suppea){(Psp) — w(t,z,p,q)}, for any test function
¢ € C((to,T) x R™) such that (t,x) — w*(t,z,D,q) — ¢(t,x) has a
mazimum at some point (t,z) for some (P,q) € RI x A(J) such that
%(ﬂi‘,ﬁ, q) exists, we have:

ow*
95

éu(t,z) + H*(Z,D¢(t,%),p,q) > 0 where p = (t,Z,Dp,q)



e if we design by w? the concave Fenchel conjugate of w, namely
w? (t,x,p,q) = infoean{(q, @) — w(t,z,p,q)}, for any test function
¢ € C'((to,T) x R™) such that (t,x) — w¥(t,z,p,q) — (t,x) has a
minimum at some point (t,Z) for some (p,q) € R x A(J) such that

#oro_ N
ag’q (t,z,p,q) exists, we have:

_ _ ow? .
Ou(L,2) + H' (2, DY(E,2), p,) < 0 where g = =5 (7, ,3)

A Lipschitz continuous function w(t,x,p,q), conver in p, concave in q, sat-
1sfying only the first item of the definition will be called a dual super-solution
of the Hamilton-Jacobi equation, and a dual sub-solution if it satisfies only
the second item of the definition.

We assume usual regularity assumptions [3] :

U and V are compact subsets of some finite dimensional spaces,

f:IR"x U xV — IR" is bounded, continuous and uniformly
Lipschitz continuous w.r.t. z (3)

gij - R" — IR are Lipschitz continuous and bounded

lij :IR" x U x V — R are Lipschitz continuous and bounded

We recall a result stated in [3] :

Proposition 1.1. Characterization of the value

Under regularity assumptions (3) and Isaacs’condition (2), the game with
imperfect information and running and final payoff Gr(to,xo,p,q) has a
value V', namely :

V(to,z0,p,q) = inf  sup  J(to,x0,p, ¢ & f)
ek 1) G, 10)

= sup N lnf 3(t07x07p7Q7&7/B)
BEBT(tO)J acAr(to)!

Furthermore, the value V' is characterized as the only dual viscosity solution
of the Hamilton-Jacobi equation

¢t+H(:C7D¢7p7Q):0 (4)
with terminal condition
V(T,2,p,q) = Y pigjgi; (x) (5)
4,J

The following Lemma gives a more convenient characterization of dual
solutions.



Lemma 1.2. For all function w : [tg, T] x R™ x A(I) x A(J) — IR Lipschitz
continuous, conver in p and concave in q,

1. there is equivalence between :

e w is a dual super-solution of ¢y + H(x, Do, p,q) =0

e for all fized ¢ € A(J), for all test function ¢ = ¢(t,z,p) C*
convex in p and such that (t,z,p) — w(t,z,p,q) — &(t,z,p) has
a strict global minimum at (t,z,p) € (to,T) x R™ x A(I) :

¢t(f7 i:ﬁ) + H(Ev D¢(E7 faﬁ)?ﬁ? q) S 0
2. there is equivalence between :

e w is a dual sub-solutions of ¢y + H(x, Do, p,q) =0

o for all firzed p € A(I), for all test function ¢ = ¢(t,x,q) C!
concave in q and such that (t,z,q) — w(t,z,p,q) — ¢(t,z,q) has
a strict global mazimum at (t,%,q) € [to,T) x R™ x A(J):

¢u(t,%,q) + H(z, Do(t, 2, q)) = 0

2 Representation formula for a specific class of dif-
ferential games
In this section, we consider a very special class of games for which :

e the dynamics f and the running payoffs /;; do not depend on the state
of the system =z

e the final payoffs g;j(x) are linear of the form g;;(x) := (a;j, x), for fixed
aij € R"

We will assume that regularity assumptions (3) and Isaacs’condition (2) are
fulfilled.

The dynamics is now :
{ a'(t) = f(u(t),v(t)) € [to,T]
Ji(to) = X0

Note that in this game the Hamiltonian H (z,&,p,q) does not depend on z
any more and will be denoted by :

H (&, p,q) = infsup[(f (u, v +ZMJ’ ij (4, v)]
= supinf[( )+ Zplq] ij (u,v)



These games have been introduced by Cardaliaguet [5] and have the same
kind of properties as repeated games studied by Aumann and Maschler [1].
Indeed, in case player I only is informed of the true state of nature (namely
I > 1 and J = 1), the value V' of the game is linked to the value W of a
game with perfect information that can be derived from the original game
(the non-revealing game) through the formula

V(t,z,p) = Vex,(W)(t,z,p)

We extend this formula to games with lack of information on both sides.

2.1 The non-revealing game

We introduce now the so-called "non-revealing game”, which is the game
where none of the player is using his private information, or equivalently no
one is informed of the true state of nature. The non-revealing game may
be defined as the game with final payoff function Zl ;Piqjgi; and running
payoff Zz j piqjlij. It is well known that this differential game with perfect
information has a value which will be designed by W (¢, x,p,q). The value
of the non-revealing game is the only viscosity solution of :

{ % L H(D¢,p,q) =0 (t,2,p,q) € [to, T] x R™ x A(I) x A(J)
(T, z) =3, ;pigjlai,z) = €R"

Following Hopf formula, we can check that the following function

W(t,2,p,q) = (T —t)H>_ pigjaij,p,q) + > pigslaij, x) (6)
1,3 .7

which is C! w.r.t. (t,2) and Lipschitz continuous w.r.t. (p,q) is a classical
solution of the previous Hamilton-Jacobi equation.

2.2 Representation formula for the value of the game

In case of games with imperfect information on both sides, the operator
Vex, has to be replaced with the operator ® introduced in [8].

We now recall the exact definition and some properties of this operator
P.

We denote by F the set of all Lipschitz continuous functions : A(I) x
A(J) — IR. We denote by ® : F — F the operator associating to any ¢
the unique Lipschitz continuous function ®¢ solution of the system :

{ Q9(p, q) = Verp{max(p, p)}(p, q)
P0(p,q) = Cavg{min(p, ®p)}(p,q)

Existence and uniqueness of ®¢ is established in this case in [7].



Lemma 2.1. The operator ® is monotonic :
Vo, e F, p <tp = P < DY

homogeneous :
VAEIR, Vo e F, ®(\p) = APy

and for all bilinear function L : R x R — IR :
VoeF, ®(p+L)=®(p)+ L

Proof of Lemma 2.1 :
Monotonicity and homogeneity are well known [9].

To prove the third property, we fix ¢ € F and L € £(IR! x R’,IR). By
definition of ®¢ = Vex, max(p, ®yp) :

Vexpmax(p + L, o+ L) = Vexp(max(p, Pp) + L)
= Vex, max(p, ®p) + L
=®p+ L

and ®¢p + L is Lipschitz continuous.
We prove the same way that Cavy min(¢o+L, ®p+L) = $p+L, implying
®(p+L)=®p+ L. O

Theorem 2.2. The value V(t,x,p,q) of the game with imperfect informa-
tion where the dynamics and running payoff do not depend on the state of
the system and with linear final payoffs is the unique Lispschitz continuous
function solving the system :

V = Vex, max(V,W)
V = Cavgmin(V, W)

denoting by W the value of the non revealing game. The representation
formula for V is given by :

Vi(t,z,p,q) = (T - t)‘I’(H(sz’Qjaijjp, Q) + Zpi%‘ (aij,z)
i3 2%

and V' satisfies for all (t,x,p,q) € [to,T] x R™ x A(I) x A(J) :

0
S+ B(H(D,p,0)) =0

Proof of Theorem 2.2 :



The idea is to prove that V and ®W are dual viscosity solutions of the
same Hamilton-Jacobi equation. Using uniqueness of dual solutions satisfy-
ing the same terminal condition, we will have at the same time V' = ®W
and the representation formula.

If we apply the properties of ® to the value function of the non-revealing
game W (t,x,p,q) defined by (6) for any fixed (¢, x), we get a representation
formula for W :

SW(t,2,p,q) = (T — )R(H(D_ pigjaij,p,q) + Y pigs{aij, z)
1,J .3

= (T - t)h(p,q) + ZPin<aij7 z)
0,

denoting by

h(p,q) == ‘I>(H(Zpiqjaij7p, q)).

In order to prove that V= ®W, we use the characterization of the value
as the unique dual solution of the Hamilton-Jacobi equation :

¢t + H(D,p,q) =0 (7)

We will prove that ®W is a dual super-solution of (7). Indeed, ®W
is Lipschitz continuous, convex in p and concave in q. We use the char-
acterization of dual super-solution with test functions. For a fixed ¢ €
A(J), we choose a test function ¢ = ¢(t,z,p) C! convex in p and such
that (¢t,z,p) — ®W(t,x,p,q) — ¢(t,z,p) has a strict global minimum at
(0,29 pY) € (to, T) x R™ x A(I), and we seek to prove that :

o (t°,2°,p°) + H(Do(t%, 2%, p°),p°, q) <0

The test function ¢ is convex, and the global minimum is strict, so that
pY is an extreme point of the epigraph of p — ®W (¢, xON,p, q). By definition
of ®W, p® is an extreme point of the epigraph of p — h(p, q).

We use now the characterization of the operator ® due to Laraki [7]:

For all ¢ € F, ®¢ is the unique Lipschitz continuous function such that

Vg € A(J), p° is an extreme point of the epigraph of ®y(-,q)

= ®o(p’,q) = 0(r", q) (8)
Vp € A(I), ¢° is an extreme point of the hypograph of ®¢(p, -)

= ®p(p,q°) < o(p.q°)

The point p° is an extreme point of the epigraph of il,(, q) implies :

h(p° q) = HOY  plajaijp°, q)
0

10



Since ®W and ¢ are C* w.r.t. (t,z) and (°,2°, p°) is a minimum point
of ®W — ¢, the first order optimality condition is :

(10,20, p°) = 22V (10 20 p0, q) = —h(p°, q)
D(t0, 2, ) = DOW (1, 2 ,p,q)zzi,jp?qjaij

and we get

¢ (10,20, ")+ H(Dg(t°,2°,p°),0°, ¢) = =h(p°, )+ H(D _ plgjais,p°, q) < 0.
i

We have just proven that ®W is a dual super-solution of the Hamilton-
Jacobi equation (7). We could prove using the same kind of arguments that
®W is a dual sub-solution. The terminal condition for ®W is computed
from the terminal condition for W :

(I)W(T xr,p,q) = Zpl% A5, L)) = ZPi‘]j <aij’m>

This implies W is a dual solution of the Hamilton-Jacobi equation (7).
Uniqueness of the dual solution implies the value of the game is related to
the value of the non-revealing game through

V(t,z,p,q) = ®W(t,x,p,q)

3 Approximation of the value

In this section, we consider a zero-sum differential game with imperfect
information on both sides, with payoff functions non necessarily linear and
taking into accounts running payoffs and a dynamics that may depend on the
state of the system. Cardaliaguet proved in [5] that for general differential
games, there is no way to extend the previous connection between the value
of the game and the value of the non-revealing game, so that we seek to
build an approximation of the value function V' (¢, z, p, q) for discrete values
of time. Such an approximation was proposed in [6] for differential games
with imperfect information on one side and final payoff functions. We build
an approximation for games with imperfect information on both sides with
running payoff.

We will always assume that the regularity assumptions (3) are fulfilled
and assume Isaacs’condition, in order to ensure that the game has a value.

We set for large L € IN, 7 = % the time step and we denote by t; :=
kr for k€ {0,...L}.

11



We define the function V; : {0,...t1} x R™ x A(J) x A(J) — IR using
backward induction on k by

for k=L, Vo(T,,p,q) := Y _ pig;gij(x) (9)
i

and assuming V;(tgy1, -, -, ) is already built

VT(tk,fL',p, Q) = Q(minmax[v‘r(tk-‘rhx + Tf(%%”)a}% Q)

uelU veV
+ 7> pigilig(w,u,0)])
.3
Theorem 3.1. The sequence of functions V; converge to the value function

V' for the topology of uniform convergence on compacts of [0,T] x R™ x
A(T) x A(J).

In order to prove the theorem, we will need the following Lemma :

Lemma 3.2. The functions V;(tg,z,p,q) are Lipschitz continuous with a
Lipschitz constant independent of T.

Proof of Lemma 3.2 :

The Lipschitz continuity of V; w.r.t. x is clear for ¢;, = T because the g;;
are Lipschitz continuous. We assume first that V(tx+1, 2, p,q) is Lipschitz
continuous w.r.t. x with Lipschitz constant M} ;. Denoting by My an
upper-bound of the Lipschitz constants of f and the [;;, we prove that

Z = muin mz?*X[VT(tk-i-h T+ Tf(SU, u, U)apv Q) + 7 ZPZQJll](xa u, U)]
1]
is Lipschitz continuous. Fix (u,v) € U x V. For all (z,2') € R" x IR", we
have :

Vet @+ 7f(2,u,0),p,0) + 732, 5 pigjlij (@, u, v)
—Veltprr, 2"+ 7f(2',u,0),p,0) — 732, pigilii (2, u, v)
< Mk-i—le — '+ T(f(x>uvv) - f(x,7u>v))|‘
+7 32 Piti|lij (2, u,v) = 1(2 u,v)|
< (Mgy1 + (1 + Myy1)mMy)||2" — =

We now take the minimum on U and the maximum on V :

min, maxy [V (41, 2 + 7f(2,u,0),p,9) + 732, ; pigjlij(z, u,v)]
< min,, max, [VT(tk’-i-l) z’ + Tf($/7 Uu, U)a b, Q) +7 Zi,j pinlij ($/7 u, ’U)}
H(Myy1 + (14 My1)7My)||2" — ||

We deduce from the monotonicity of the operator ® that V,(tx,z,p, q)
is Lipschitz continuous w.r.t. = with Lipschitz constant (M1 + (1 +

12



Mj1)T7My). The function V; is then globally Lipschitz continuous w.r.t.

with Lipschitz constant My, := M ™ 4+ TM ¢ independent of 7 recalling

=T
T=T.

The Lipschitz continuity of V; w.r.t. p and ¢ can be proved the same
way. At time 7', it comes from the fact that the functions g;; are bounded.
Assuming V;(tx41,, -, ) is Lipschitz continuous w.r.t. p with Lipschitz con-
stant M,‘f_H for the L'-norm on A(I), we have, using the same arguments,
for all (p,p’) € A(I)? :

min, maxy [V (41, 2 + 7f(2,u,0),p,9) + 732, ; pigslij(z, u, v)]
< min,, max, [VT(tk+17 T+ Tf(xa u, U)ap/a Q) +T Zi,j pé‘]jlij (:B, u, ’U)]
(M + 7llloo)llp = Pl

As before, we deduce V;(tg,x,p,q) is Lipschitz continuous w.r.t. p with
Lipschitz constant (M} | + 7[|/l]|o) and V is globally Lipschitz continuous
w.r.t. p with Lipschitz constant (M, +T||l||~), independent of 7. The proof

is the same for Lipschitz continuity w.r.t. q.

In order to prove Lipschitz continuity w.r.t. tx, we fix (z,p,q). We use
the fact that V; is convex in p and concave in ¢ for any fixed (tx,z) and
Lipschitz continuous w.r.t. x with Lipschitz constant My, independent of T

‘V:r(tk—i-la z,p, Q) - ‘/;'(tk’$7p7 Q)’
= ‘Vr(tk+1,l’,p, Q)

— ®(minmax{Vy (tg41, 2 + 7f (2, u,0),p, q) + Y pigilij(z,u,v)))|
i,
S ‘V’T(tk+17x7p7 Q) - Q(VT(tkH*lvxapa q))|
+ T(MP ([ flloe + [[2]]o0)

< (M (| Flloo + lllloo) [t — til

because we assumed f and /;; are bounded. By induction on k, we deduce
that V; is Lipschitz continuous w.r.t. ¢ on {0,...,¢t; = T} with Lipschitz
constant (M| fllec + [|l]|cc) independent of 7.

As a conclusion, (tg, z,p, q) — Vi (tk,z,p,q) is Lipschitz continuous with
Lipschitz constant independent of 7. ]

Proof of theorem 3.1 :

We now prove that the sequence of Lipschitz continuous functions V; con-
verges to V for the topology of uniform convergence on the compact subsets
of [0, T] x R™ x A(I) x A(J).

The set of functions {V; } -0 is equicontinuous, so that using Arzel-Ascoli
theorem, {V;, 7 > 0} is relatively compact for the topology of uniform con-
vergence. Let w be a cluster point of the V, as 7 — 07. Then w is Lipschitz
continuous, convex in p, concave in ¢. It remains to prove that w is a dual
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solution of equation (4) : we already know thatw satisfies the terminal con-
dition because of (9).

We will prove w is a dual super-solution of (4). We fix ¢ € A(J).
Let ¢ = ¢(t,z,p) a test function C' convex in p such that (t,z,p) —
w(t,x,p,q) — ¢(t,x,p) has a strict global minimum at (t°,2°, p°). There ex-
ists a sequence (t,,z,,p,) converging to (t, 2°,p°) and such that (¢, z,p) —
Vi (t, x,p,q) — (¢, x, p) has a global minimum at (¢,, -, p;). In order to get
a strict minimum, we introduce some perturbation on ¢. We design by :

oo (t, 2, p) 1= ¢ — [z — 2|
ber (t, @) 1= Py (t, 2, p) + €|pl]* = ¢ + €|lpl]* — 7llw — 2

with € > 0 and v > 0. This way, V;(t,z,p,q) — ¢ey(t, 2, p) admits a global
minimum denoted by (tey, Tey, Pey) as continuous and coercive in x.
We introduce now

Q/)E,y(t,ﬂi,p) = Qse’y(tax:p) - 6Hp _pe’y”2 - GH(t’ 1:) - (tG’Y’ x67)||2

The function e, is convex in p and V,(t,z,p,q) — VYey(t, z,p) has a strict
global minimum at (tey, Tey, Pey)-

Notice that the sequence (tey, Zey, Dey) is bounded for v strictly positive.
We consider a subsequence converging to a point (t,z,py) as €,7 — 0
with fixed 4. This limit is a global minimum of w(-,-,-,q) — ¢,. We
know that w(,-,-,q) — ¢ admits (t,2°,p°) as strict global minimum so
that w(t,z,p,q) — ¢(t,x,p) = w(t,z,p,q) — é(t,x,p) + v|lz — 2°||* admits
the same strict global minimum and finally (¢, x~,p,) = (t°, 20, pY).

The condition of strict global minimum is : for all (7, X, p) # (0, Zey, Dey)

VT(tE’ya xe"yvpey: q) _wev(teva :Ue'yape'y) < VT(tE’Y +7—7 X7p7 q) - weﬁ(te’y +7_7 X>p)

The function 1., being convex in p, and the minimum being strict, re-
mark that pe, is an extreme point of p — Vi (tey, Zcy, p, ¢). Using the char-
acterization of the operator ® (cf. (8)) we have :

gg(I]l Iglea&{[v; (tefy + T, Tey + Tf(xe'ya u, 'U)vp6’ya Q)

+ 7 Zpevinlij (xeva u, U)] < VT(té’\/a Levyy Peys Q>'
i3

Writing the strict global minimum condition at (tey, Zey, Pey) gives :
gg{} Iglea&({d}w (te'y + T, Tey + Tf(xe'ya U, 'U)ape'y) + 7 Zpe'yinlij (xe'ya u, U)}
17‘7

- we'y(te'y; xswpev) <0
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so that by definition of v, and dividing by 7 :

. 1
min maX{f((ﬁ'y(te'y + T, Tey + Tf(xe'yv u, U>>pew) - ¢7(t677 xe’yape’y))

uel veV ~ T
+ Zpe'yinlij(xewuvv)} —er(1+flI12) <0
i’j

The function ¢, being C', as ¢,7 — 0, the limit of the previous inequality
is :

9 0,0 .0
a@ﬁv(t sy Ly P )
. 0 0,0 .0 0 0
+L%1(r]1%1€a‘3([<f($ 7u7v)aD¢’Y(t y L, P )) +,sz:plqjlw($ 7“7’0)] < Oa
Then, because of the definition of ¢, :
9 0.0 .0
—o(t
50,2 p)
+ IUnEIIIJl Igleaa'(Kf(xO?uvv)? D¢(t0,$0,p0)> + sz:ngjlij(x07uvv)] < 07

and finally w is a dual super-solution of the Hamilton-Jacobi equation(4).
We would prove symmetrically, using the same kind of arguments, that
w is a dual sub-solution of the Hamilton-Jacobi equation. The terminal
condition being fulfilled, the uniqueness of the dual solution of (4) implies
w =V, and the functions V; uniformly converge to the value of the game
on compacts. O
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