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Abstract

For estimating the unknown parameters in an unstable autoregres-
sive AR(p), the paper proposes sequential least squares estimates with
a special stopping time defined by the trace of the observed Fisher in-
formation matrix. The limiting distribution of the sequential LSE is
shown to be normal for the parameter vector lying both inside the
stability region and on some part of its boundary in contrast to the
ordinary LSE. The asymptotic normality of the sequential LSE is pro-
vided by a new property of the observed Fisher information matrix
which holds both inside the stability region of AR(p) process and on
the part of its boundary. The asymptotic distribution of the stopping
time is derived.
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1 Introduction
Consider the autoregressive AR(p) model
Ty =01xp 1+ ... +0,x,p+e,,n=12 .., (1.1)

where (z,,) is the observation, (e,) is the noise which is a sequence of inde-
pendent identically distributed (i.i.d.) random variables with Ee; = 0 and

0 < Ee? = 0% < 00, 0% is known, 29 = x_; = ... = x;_, = 0; parameters
of the model 6,,..., 0, are unknown. This model can be expressed in vector
form as

Xn = AXn—l + gna (12)
where X,, = (Tp, Tn-1,. .-, Tnpi1), & = (€n,0,...,0),

6. 6,
(b ) »
the prime denotes the transposition.

A commonly used estimate of the parameter vector § = (6,,...,6,)" is
the least squares estimate (LSE)

O(n) = M;'> " Xjoame, My=> X1 X, (1.4)
k=1 k=1

where M1 denotes the inverse of matrix M, if det M,, > 0 and M;! =0
otherwise. Let
P(z) =2 — 0,21 — ... -0, (1.5)

denote the characteristic polynomial of the autoregressive model ([.I]). The
process ([.1]) is said to be stable (asymptotically stationary) if all roots
z; = z;(0) of the characteristic polynomial ([[.5]) lie inside the unit circle, that
is the parameter vector § = (1, ...,0,)" belongs to the parametric stability
region A, defined as

Ay={0€ R |u(0)|<li=1,...0p}. (1.6)

The process ([L.1]) is called unstable if the roots of P(z) lie on or inside the
unit circle, that is, 6 € [A,]; [A,] denotes the closure of the stability region
A,.

It is well known (see,e.g. Anderson (1971), Th.5.5.7) that the LSE 6(n)
is asymptotically normal for all § € A,, that is

Vn(f(n) — 6) == N(0, F), as n — oo,
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where F' = F(0) is a positive definite matrix, £+ indicates convergence in
law. It should be noted that the asymptotic normality of 6(n) is provided by
the following asymptotic property of the observed Fisher information matrix

lim M, /n = F as. (1.7)

for all € A,. On the boundary A, of the stability region A,, this property
does not hold and the distribution of §(n) is no longer asymptotically normal.
The investigation of the asymptotic distribution of LSE 6(n) when z, is
unstable goes back to the late fifties with the paper of White (1958) (see
also Ahtola and Tiao (1987), Dickey and Fuller (1979), Rao (1978), Sriram
(1987),(1988)) who considered the AR(1) model with i.i.d. A(0,¢?) random
errors £, and #; = 1 and established that

n(6(n) — 1) <> (W2(1) - 1) / W2(t)dt,

where W (t) is a standard brownian motion. Subsequently the research of the
limiting distribution of 6(n) for unstable AR(p) processes has been receiving
considerable attention due to important applications in time series analysis,
in modeling economic and financial data and in system identification and
control. We can not go into the detail here and refer the reader to the paper
by Chan and Wei (1988) who derived the limiting distribution of LSE 6(n) for
the general unstable AR(p) model. By making use of the functional central
limit theorem approach, Chan and Wei expressed the limiting distribution
of LSE 6(n) in terms of functionals of standard brownian motions. However,
the closed forms of the distribution functions of these functionals are not
known and that may cause difficulties in practice (see section 4 in Chan and
Wei).

For the unstable AR(1) model with i.i.d. random errors and —1 < 6; <
1, Lai and Siegmund (1983) proposed to use the sequential least squares
estimate for 6; which is obtained from the LSE

Ou(n) = Y wpmn/ Y 7iy
k=1 k=1

by replacing n with a special stopping time 7 based on the observed Fisher
information. They proved that, in contrast with the ordinary LSE 6 (n), the
sequential LSE is asymptotically normal uniformly in § € [—1,1]. For the
unstable AR(2) model, Galtchouk and Konev (2006) applied the sequential
LSE with a particular stopping time and established that it is asymptotically
normal not only inside the stability rigion A but also for its boundary points
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6 corresponding to a pair of conjugate complex roots z; = €%, zy = e~ of
the polynomial ([.5]).

In this paper, for the case of unstable AR(p) process, we propose a se-
quential LSE for € and find the conditions on 6 (see Conditions 1-3 in the
next section) ensuring its asymptotic normality. The set /N\p of the points 6 ,
satisfying these conditions includes the stability region A, and some part of
its boundary. It is shown that the convergence of the sequential LSE to the
normal distribution is uniform in § € K for any compact set K € /~\p (see
Theorem 2.1). The extension of the property of asymptotic normality of the
sequential estimate to the part of the boundary JA, is achieved by making
use of a new property of observed Fisher information matrix M,,, which holds
in a broader subset of [A,] as compared with ([:7]) (see Lemma 3.3).

The remainder of this paper is arranged as follows. In Section 2 we
introduce a sequential procedure for estimating the parameter vector § =
(01,...,60,) in (I.I]) and study its properties. Section 3 gives a new property
of the observed Fisher information matrix and establishes some technical
results. In Section 4 we prove Theorem 2.2 from Section 2 on asymptotic
distribution of the stopping time.

2 Sequential least squares estimate.
Uniform asymptotic normality.

In this section we consider the sequential least squares estimate and study

its asymptotic properties. We define the sequential LSE for the parameter
vector § = (0y,...,0,) in model ([[.1]) as

(h)
O(r(h) = M) > Xy as, (2.1)
k=1
where
7(h) =inf {n > 1:tr M, > ho®}, inf{0} = +oo, (2.2)

is stopping time, h is a positive number (threshold).

Assume that the parameter vector § = (6y,...,60,)" in ([.I]) satisfies the
following Conditions.

Condition 1. Parameter § = (6;,...,6,)" is such that all roots z; = 2;(6)
of the characteristic polynomial ([[.5]) lie inside or on the unite circle.

Condition 2. All the roots z; = 2;(6) of P(z), which are equal to one in
modulus, are simple.



Condition 3. The system of linear equations with respect to Y7, ...,Y,_;

Y — Z;?ZQ OYi1=6,
=1 Ok Y = 3207 O i = 05, (2.3)

has a unique solution (Y7,...,Y,1),Y; = k;(0),1 <i < p—1, and the matrix

1 k1(0)  ka(0) ... Kp_1(0)
L(by,....0,) = m:(e) 1 51:(9) o R”?w) (2.4)
I{p_l(e) /{p_g(e) Ce K1 (9) 1

is positive definite.

Let A, denote all & = (61,...,6,) in (L1]) which satisfy Conditions 1,2,
and A,— all 0 = (64, ...,0,) satisfying all Conditions 1-3.

Ezample 2.1. For AR(2) process, one finds

A2:{0:(91,02)':—1+92 <01 < 1—92,|02| <]_},
[AQ] :{0: (91,02),2—1+92 §91 S 1—92,|02| S ]_},

Ap = [A2] \ {(_27 _1>7 (27 _1)}7
[~\2:{9:(91’92)I:—1+92 <¢91 < 1_‘927_1 §‘92 < 1}7

1 01/(1— 0,
10000 = (g )

Ezample 2.2. By numerical calculation for AR(3) process, one can check that
Conditions 1-3 are satisfied, for example, for the values of § = (6, 05, 03) such
that 2(0) = €, 2,(0) = e with 37/10 < ¢ < 37/5 and —1 < 23(0) <
—0.5.

As is shown in Lemma 3.3 (Section 3), Conditions 1-3, imposed on the
parameter § = (0y,...,6,)" in ([[.LI]), provide the convergence of the ratio
M,/ > r_, xi_; to the matrix L(6;,...,6,) given in (2:4]). This property
can be viewed as an extension of ([.7]) outside the stability region ([.6]).

Remark 2.1 [t will be observed that A, C /~\p and, for all 6 € 1~\p, one has

M, pF
l =P A6, 6,) as. 2.5
s, T E o M) as, (25)




where F' is the same as in ({I.7]). Indeed, by making use of the identity

szkl_ EZHXkﬂ|+ 2: E: Ty, (2.6)

12ln2+2

one obtains

—1
M, M (1 M " P "
== — | = tr—(1+ (Y [ X! i) |
A ( (3 S

=2 l=n—i+2
Limiting n — oo, one comes to (B.5]), in view of ([L.7]).

Theorem 2.1 Suppose that in the AR (p) model ([.1]), (€,) is a sequence of
i.i.d. random variables with Ee,, = 0 and Ec2 = 0® < oo and the parameter
vector 8 = (0y,...,0,)" satisfies Conditions 1-3. Then for any compact set
K CA,

Py (MU0 —0) 1) —B()| =0, (27)

o

lim sup sup
h—o0 geK teRP

where @, (t) = O(ty) - - - ®(t,), D is the standard normal distribution function,
A, is defined in Condition 3.

Proof. Substituting ([.I]) in (B-1]) yields

M:{%(@(T(h) 7—_(}11/2 Z Xk 1€k = _1§2L1/2(01, ceey Qp)yh, (28)
where -
Yh = — L_l/z(el,...,e )Xk—lek (29)
Vi 2 :

and L(6,...,0,) is given in (.4]). Denote
Grny = L7201, ..., 0,) My L7V2(04, . .., 6,).
One can easily verify that

1/2 2

L7V, .., 9,,)

G2
H T(h p

< W Gy — Ll)? <tr L7641, ..., 0,)[|h My — L(61, ..., 6,)]]>.



From here, by making use of Lemma 3.4 from Section 3, one gets, for any

compact set K C /~\p and § > 0,

lim sup Py (H\/EM;(%QLI/Q(&, 0~ L > 5) —0.

h—o0 gc K

(2.10)

Now we prove that for any compact set K C /N\p and for each constant vector

v € RP with |jv]| =1

lim sup sup |[Py(v'Y), < t) — ®(t)| =0.
h—0o0pek teR

In view of (.9]), one has

7(h)

1 _
ﬁ Z Gk—1€k, Jk—1 = V'L 1/2(017 cee 70p)Xk;—1-
k=1

For each h > 0, we define an auxiliary stopping time as

’U,Yh =

70 ="To(h) =inf{n >1: Z gi_, > h}, inf{0} = +oo.

k=1
Further we make use of the representation

T0(h)

% Y grack+n(h) +AR),

where A(h) = Z?:l A(h),

UIYh =

Ay(h) = h™ P I my=ngoer, Da(h) = K™ gry1.ny ,

As(h) = _h71/2[(m(h):1)g081’ Ag(h) = hfl/zgro(h)—lgm(h) ’

1 T0(h)—1

n(h) =

S

7(h)—1 1
1€ — —=
. ; Jk—1Ek \/ﬁ

[(To(h)>1)gk715k .
k=1

Now we show that

1 T0(h)

lim sup sup |Py(—= & <t)—P()] =0
hﬂweefgteg‘ 9(\/E;gk 1€ < ) ()]

and for any 0 > 0
lim sup Py(|n(h)| > 6) =0,

h—o0 gc i

(2.11)

(2.12)

(2.13)



lim sup Py(|A(R)| > 0) =0. (2.14)

h—oo gc i

The proof of (R.12]) is based on Proposition 3.1 from the paper by Lai and
Siegmund (1983). Actually one needs to check only the condition Ag, that
is, for each § > 0,

lim supPy(g> > 52 gi_, for some n >m) =0. (2.15)
m—00 e K —1

Conditions A; — Aj are evidently satisfied. It will be noted that

> gt = (z/Ll/Q(Mn/Z 7ioy — DL 0+ 1) > oo
k=1 k=1 k=1
Proceeding from this equality one gets the inclusion

{g2 > 52 gi_, for some n > m} C
k=1

C{IX.l? > & Z gi_, for some n > m}
k=1

= {1 X,.|I* > & Z w2 [+ L7V (M, Z z2 | —L)L~'%y] for somen > m}
k=1 k=1

C{IXall? 2 6 ) @i a[L = ILY20)P(1M,/ Y afy = L] for some n > m}

k=1 k=1

C {1 X.* >0 Z ry 1 — a*HMn/Z x3_, — LJ|] for some n > m}

k=1 k=1

C {HM"/Z x;_, — L|| > (2a*)! for some n > m}
k=1

5 n
U{ || X,|1? > 51 E x}_, for some n > m},
k=1

where §; = 0/a*, a* = supye ||[v/L~Y2|%



This, in view of Lemmas 3.1,3.3, yields (B.I5]). It will be observed that
(B.I5]) enables one to show (by the same argument as in Lemma 3.5) that,
for any compact set K C A, and 6 > 0

T0—1
lim sup Py( 2 2 >6=0. 2.16
’HOO(;EII() 0 gm 1/; 9k = ) ( )

Now we check (EI3]). One can easily verify that

Eon?(h) = Egu(h),u(h) = %

Eonl
Il

—_
Eonl
=

The random variable u(h) is uniformly bounded from above uniformly in
0 € K because

1
u(h) < - gii+ 1=V LYAM gy L7V + 1

-1
a*
—EEZHXFJP+1§a“+L
k=1

Therefore, it suffices to show that for each § > 0

lim sup Py(u(h) > d) =0. (2.17)

h—o0 VeK

To this end, one can use the following estimate

T0—1

1 _ _
u(h) = 3 |0 L7 2 Mgy 1 L0 = Y gty
k=1
T—1 7—1
=ht a2 v L2 (M’T(h)—l/z TR — L) L™V
k=1 k=1
7—1 T0—1
+h7 Z wi o — b7 Z -
k=1 k=1
7(h)—1 7(h)—1 T0(h)—1
< a*||[Mz(ny-1/ Z TEy — LHJFxT(h 1/ Z i 1+970(h) v/ Z i1
k=1 k=1

From here, by making use of (2.16]) and Lemmas 3.4,3.5 one comes to (2.17
[ ]) which implies (EI3]). By a similar argument, one can check (E:I4]). This
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completes the proof of (E.IT]). Combining (E.I0]) and (2.I1]) one arrives at
(B-7]). Hence Theorem 2.1. O

Now we will study the properties of the stopping time 7(h) defined by
(2:2]). Further we need the following functionals

Ji(w;t) = [y a?

J2(x y7 fo ))dS

Js(z,y;t) = [ (x +M1?/ ?(s))ds, (2.18)
Ju(z, y,z t) = J2<5L’ y;t) + padi(z;t),

Js(x,y, z,uyt) = Jo(z,y; ) + psJi(z5 1) + paJi(us t),

where 1,1 = 1,4 are defined by (E17]),[27]) and (fE28]). For the set A, of
the parameter vector 6 = (6, ..., 0,)" satisfying Conditions 1-3, we introduce
the following subsets belonging to its boundary 0A,

Ti(p) ={0 € 07, : 21(0) = 1, |2(0)] < 1,k = 2,p}

La(p) ={0 € 0A, - 2 1(«9)—1\%( )|<1l{;—2p}

L3(p) ={0 € 0N, : z1(0) = e 2 (0) = e, ¢ € (0,7), |2(0)] < 1,k =3,p}
Ly(p) ={0 € 0N, : 21(0) = —1, 22(0) = 1, |2(0)| < 1,k = 3,p}

[s(p) = {0 € 0N, : 21(0) = —1,2(0) = €, 23(0) = e, ¢ € (0, ),

|2:(0)] < 1,k =4, p},

Lo(p) = {0 € aAp 21(0) = 1, 25(0) = €, 23(0) = ¢, ¢ € (0, )

2x(®) < 1,k = 4.7}

L7(p) ={0 € OA, : 21(0) = —1,2(0) = 1, 23(0) = €, z4(0) = e, ¢ € (0, 7),

24(0)] < 1,k =5, p}.
(2.19)
where z;(6) are roots of the characteristic polynomial ([.5]).
It will be noted that all these sets will be used only for the AR(p) model
(L1]) with p > 5. In the case when p < 4, it is obious which of the sets T';(p)
are odd and how to amend the remaining subsets I';(p).

Theorem 2.2 Suppose that in the AR(p) model ([I]), (€n)n>1 is a sequence
of i.i.d. random variables with Ee, = 0, 0 < Ee2 = 0* < oo and the
parameter vector 0 = (61, . ..,0,) satisfies Conditions 1-3. Let T(h) be defined
by (2-2]). Then, for each 6 € A,

2
P, — lim L}?) -7 (2.20)

Moreover, for each 0 € 6[\1,, as h — 00,
7(h)
biv'h

=1, if0eTi(p),1<i<T, (2.21)
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where A, is given in (I26]);

vy =1inf {t > 0: Jy(Wy;t) > 1},
vo =1inf {t > 0: Jy(Wyt) > 1},
vy =1inf{t > 0: J

V4Iinf{tZOIJ3 Wl,WQ;t) > 1},
Vi:inf{tZOZJ4<W1,W2,W3;t) Z 1}, ’i:5,6,
5

(

(

2 (W, Wy t) > 1},

(

Vr = inf{t Z 0:J (Wl,WQ,Wg,W4;t) Z 1},

bi,...,by are defined by ¥.71),(-81),{-101),{-171), ¢-27]) and ([{.28]),

respectively; Wi(t), ..., Wy(t) are independent standard brownian motions.

The proof of Theorem 2.2 is given in the Appendix.

3 Auxiliary propositions.

In this Section we establish some properties of the process ([.I]) and the
observed Fisher information matrix M,, used in Section 2.

We need some notations. Let z(6),...,2,(0) denote all the distinct
roots of the characteristic polynomial ([.5]), m;(6) be the multiplicity of
z(0), (21, m;(0) =p). Let

0) = max(m;(0) : |z;(0)] = 1) if max|z;(0)| =1,
PRI = 0 if max|z;(0)] # 1 foralli=1,q.

Formally the set A, introduced in Condition 3 can be written as

Ap =N, U{0: max |z(0)| =1, p(0) =1}. (3.1)

1<i<q

It includes both the stability region A, and the points 6 of its boundary for
which all the roots of the polynomial ([.5]), lying on the unit circle, are
simple.

Lemma 3.1 Let (z,,),>0 be an autoregressive process defined by ([[.1]). Then
for any compact set K C /O\p and o > 0

n
lim sup Py( max 22 ,>§ E x;_, for some n >m) =0.
m— o0 0<i<p—1
0eK P 1
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Proof. Taking into account the equation ([.2]), it suffices to show that for
any compact set K C /cip and § >0

lim sup Py(B,,(9)) =0,

m—0o0 GEK

where

B (8) = {||X.|* > 52 | Xx_1]]* for some n > m}.
k=1

Now we estimate the ratio || X,[|?/ > p_, [[Xk—1]|* from above. For each 1 <
s < n, we introduce the quantity

l, =min{l <i<s: min || X, ;||* = | Xssl?}
1<j<s
and have the inequality

2 (3.2)

n S
DXl 2 ) Xkl 2 s X,
k=1 k=1

On the other hand, it follows from ([.1]) that

ls—1

X, = Alanfls + Z Azfnﬂ

=0
and, therefore, one gets

ls—1

P2l Y Al

1=0

IXal[* < 20| A" 17| X,

s—1 2 s—1
< 20| A" X, 1242 <Z ||Ai€n—i||> < 2| A% ||| X [P 428D 1Al

=0 i=1
s—1
<2 A% X 1P 425D A Pen (3.3)
i=1

Further it will be observed that, for every compact set K C A,, there exists
a positive number x such that

sup |[A™||* <k, n>1. (3.4)
0eK

12



Indeed, we express A in its Jordan normal form
A=SDS™, (3.5)
where D = diag(Jy,. .., Jy), J; is the my x m; submatrix of the form

1 0
le

&

Ji =

—_— O O

21

o O O

<l

if z; is a multiple root with multiplicity m; > 2, and J; = z; if z; is a simple
root.

By direct computation with (B.5]) one finds A" = SD"S~!, D" =
diag(J7, ..., Jq"), where the powers of the matrix J; are equal to 2 for a
simple root z; and consist of the elements (see, R.Varga (2000))

0, 7<1,
n P
< JJ >iu= (j —i) 270 i < j < min(my,n +1),
0, n+i<j<my,

for the roots z; with multiplicity m; > 2, ( Jj— z) is the binomial coefficient.
From here, in view of the definition (B.1]), one comes to (B.4]). By making
use of (B3]) and (B-4]), one obtains

s—1

1 X017 < 26| X0 ||? + 25,4252

n—i*
=0

Combining this inequality and (B-2]) yields

2 s—=1 2
_ ”Xn” - S 2_’% + 25K nzi:O en—i =
Ek:l [ Xl S Ek:l | Xe—1]|

It remains to use elementary inequality

n—1 n
D e <21+ [JAIP) Y I1Xkall?,
=0 k=1

which follows from ([[.2]), to derive the desired estimate for the ratio

X, 2 201+ ||Al2) S5t e2
_ || || 5 S _K' + 28/{ ( ” Hn_)lz:;_o n—iu
D e [ Xl S k=1 Sk

13



This inequality implies the inclusion

B, (0) C {2k/s > §/2 for some n > m}

s—1 n—1
J
U{4(1 + ”AHz)SHZSfI/Zlaz >3 for some n > m}.

Therefore, for sufficiently large s, one gets

sup Py (B, <P{1/Zel 1/Zz—:k>§for some n > m},

0eK

where v = supyc i 4(1 + ||A||*)sk. Limiting m — oo and applying the law of
large numbers one comes to the assertion of Lemma 3.1.

Lemma 3.2 Let (x,),>0 be an autoregressive process defined by ([.I]). Then
for any compact set K C /o\p and each | =1,p—1

E Tr—IEk

>5Z x3_, for some n >m) =0, (3.6)

lim sup Py(

where /O\p is given in (5.1])
Proof. We will apply Lemma 2.2 from the paper by Lai and Siegmund (1983))

given in the Appendix. Let ¢, = n®*. For the set of interest one has the
following inclusions

n n
{| Z$k—15k| > 5Zx%_1 for some n > m}

k=1 k=1

n n
C {| Zxk_l€k| > 5in4 for some n > m}
k=1 k=1
_ { [Spmnas]  (pa e ) Ve,
(

22:1 xifl)w’ V ey Ek:l "Ekfl

- { ( | 2 e Tt > V/§ for some n > m} U

Dokt Thg)? PV ey
{(Z z2 )V cn(z 22_)7' > /6 for some n > m}
k=1 k=1

14
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-1

n n
C 4 Zl‘k—l5k| <(Z z2 )3V cn> > /6 for some n > m p U
k=1 k=1

n
U {( z2 )7 > 6% for some n > m} U
k=1

n
U {C"(Z 22 )7t > /0§ for some n > m}
k=1
n n
C {| Zxk,l&tk| > 5(2 55%4)2/3 V ¢,, for some n > m}
k=1 k=1

U {C"(Z 22_ )7t > V6 A 6% for some n > m} .
k=1

From here, it follows that

n n
Py <| fok—l5k| > 52:102_1 for some n > m)

k=1 k=1

" " 2/3
| Z%—ZEM > 0 (Z le> V ¢, for some n > m
k=1 k=1
Py {n3/4(2 22 )7 > V6 A 6%2 for some n > m} : (3.7)
k.i

By making use of ([.1]) and the elementary inequalities, one obtains

n n

2 2

€ = (l‘k — 01{L‘k_1 — ... — prk_p)
k=1 k=1

(zxwzwzxk )
7j=1
<@+l &%922%22%

7=1 k=1

<(p+1) Mkzxkl<1+ Z xk/zxk z>v

k=n—Il+1
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where s = supgese 6]
Therefore the second summand in the right-hand side of (B.6]) can be
estimated as

Py {n3/4(z 22 )7t > V6 A 62 for some n > m}
k=1

<Py {Z(p + 1)2,ukn3/4(z et > V5 A 6% for some n > m}

k=1

+P9{ Z xi/in_l > 1 for some n > m} :

k=n—I1+1 k=1

Combining this and (B.7]) and applying Lemma 3.1, and Lemma 2.2 by Lai
and Siegmund (see Section 4) yield (B.6]).
This completes the proof of Lemma 3.2. O

Lemma 3.3 Let parameters 61, ...,0, in the equation ([[.I1]) satisfy Condi-
tions 1-3 and p X p matriz M, be given by (.3]). Then, for any compact set
K C A, and each § > 0,

M,

lim sup Py (Hﬁ — L(64,...,0,)]| > 0 for some n > m) =0,
M0 ge K D k1 Thot

where L(6y,...,60,) is defined in (£-4]).

Proof. Each diagonal element of the matrix M, can be expressed through

Dim1 Ty as

n—i+1 n

n n
< M, >;= in_l = Z x| = lez_l — Z xl,2<i<p. (3.8)
k=i =1 =1

l=n—142

Further it will be observed that each element < M, >;;, 2 < i < j < p,
of M,, standing above the principal diadonal and below the first row can be
expressed through some element of the first row as

n n n
< M, >4= E T iTh—j = E Ty AT 14ij — E T T—14i—;  (3.9)
=1

k=1 l=n—1i+2

n
=< M, >ij_iv1 — E Tt—14i—j -

t=n—i+2

16



Now we derive the equations relating the elements of the first row, that is,
< M, >15, 2 < s < p. Making use of the equation ([[.I]), one gets

n n p
< M, >i= Zxkflxkfs = Z (Z O1x—_1—1 + 5k1> Ti_s

k=1 k=1 =1

—E 91§$k11$ks+g$ks€k1
=1 k=1

Since
<M, >, ifl=s-—1,

n
prk—l—lxk—s = < M, >s041s ifl > S,
= < Mn >l+1,37 if { S S — 27

this implies the following system of equations

p n
< M, >19= 01 < M,, > +Z‘9l < M, >2141 +Z$k728k717

s—2
< My >15= Zel < M, >l+1,s +93—1 < My >
=2

p n
+29l < M, >s141 +Zxk735k717 3<s5<p.

l=s k=1

Taking into account (B.8]),(B.9]) one can represent this system as

<M, >12—912$k 1+Z¢9[<M >1l—|—7]12< ) (310)
k=1 =

s—2

< My >15= 291<M >1,5-1 0, 129% 1+291<M >10-s+2 +1,s(n),

l=s

where 3 < 5 < p,

p n
2
ma(n) = =0z, | — 5 01 xn 1 Tpy + 5 Tk—2Ek—1,
=2 k=1

7715 Zel Z Ty 1Tpq1—s — Os—1 Z xll

=1 t=n—I1+1 l=n—s+2

17



_Eel E xtlxt+sl2+g~rk35k1

=s t=n—s+2

Denote
<My >1i41 . mit1(n) .
zi(n) = =<5 Mit1 = =n—5— t=1,p—1.
ko1 i 2 ko1 Tho
Then the system of equations (B.I0]) takes the form
( ) Zz 2 0izi-1(n) = 01 + 72,
11 O rze(n) + 25(n) = 3207 Okgai(n) = 05 + g, (3.11)

j=2,p—1
In virtue of Lemmas 3.1,3.2, for any compact set K C /~\p and 0 > 0, one has

lim supPg(maX |71.s(n)| > § for some n > m) = 0.
m—0o0 ge ¢ 2<

From here and the Condition 3, which holds for each vector 6 € K, it follows
that the solution of the system (B.I1]) converges, as n — oo, to the unique
solution of system (R.3]) uniformly in 0 € K, that is,

lim sup Py( max \zl( ) — Ki(0)] > 6 for some n > m) = 0.
m—00 gc ¢ 1<e<

This, in view of (B-9]) and Lemma 3.1, implies the desired convergence of the
remaining elements of the matrix M,,. Hence Lemma 3.3. O

Lemma 3.4 Let M,,7(h) and L() = L(6y,...,6,) be given by (L.4]), (2.2
) and (2.4]), respectively. Then, for any compact set K C /cip and § > 0,

L6y,....6,)] >5) =0, (3.12)

lim sup Py <

h—00 ek
where /cip 1s defined in Condition 3.
Proof. By making use of the equality

M M 1 1
(h) __ My
no PO =om , — HO+ M <ﬁ RS0 )

2
k=1 Tk—1 Zk:l Th—1
one gets the estimate

MTh
==~ L) <|

__L0)]
k=1 Tk—1
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7(h)

7(h)
+ | 1Mz ||/Z$k1 Y @i —h|/h
k=1

Therefore

{145 ww>§c{wé%%——uwwwm} (313

k=1 LTk—1

T(h ( Z(:hl) xi—l - h> 5 9
s R > 8

Further one has the inclusions

Uql

{W—%%%——wa>5ﬂ}§{NMSﬂﬂ

{ ZkM _ ()H>5/2forsomen>m}

1

(Z L —h|/h>68/2% c{r(h) <m}

k=1

ni— 0)|| > ¢/2 for some n > m
D hm1 Tha
M (h) 7(h)
”W” dowi—h|/h>5/2 3 C{r(h) <m}
k=1 Tk—1  \ k=1

M. 2
U u ”H2 : nxnl 12 > §/2 for some n>m .
> k=1 Tk Do X

k—1

From here and (B.13]), it follows that

{H ") L)) > 5} < 2Py{7(h) < m} (3.14)
Mn
+P {H L(0)|| > ¢/2 for somenzm}
D k1T
[ Myl 902_1
+Py > = > §/2 for some n >m .
{Zk—l T Ek:i T34



By the definition of 7(h) in (2:2])

m

{r(h) <m} = {Z(azil ol ) > h}

k=1

:{Z(a:z_l—i— -+ xj_,) > h, max (a3 1+-~-+x§_p)<l}

1<9<m
k= ==

[y

1<j<m

+{Z(azzl+ -+ ai_,) > h, max (2} 1+-~-+x?p)2l}
k=1

C{ml>h}UUL {(27  +--+a7 ) >1} (3.15)
This yields

Po{r(h) <m} < Ipnsn) + ZPe{ﬁ,l +ee x> 1)
k=1

Consider the last term in (B.I4]). By the inequality

| M| 0
7 <<= = LO)[ + L@
> k1 x2—1 > k1 37%—1
one has
M,, 2
Py |T|L |l : f”l 12 > /2 for some n > m
D k1 Thot > ko1 Tho

{|| ST o — L(#)|| > /6/4 for some n > m} (3.16)

> 0/4 for some n > m},

1P, {Lk nnl >\/ forsomen>m}
D1t
72
P L*nni
> ke T
where L = supgey || L(0) ||
1])-

Combining (B.14])-(B.16]) yields

sup Py (n ") _ L 6)] > 5)

e K
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< 2 (misn) + 2ZSUPP9{HXk =0
j=1?

l=——=— —LOI> 5 ((5/\\/_)forsomen>m
Pl }
z;?;k >3

Limiting h — oo, | — 0o, m — oo and taking into account Lemma 3.3, one

comes to (B.12]). Hence Lemma 3.4. O

(\V]

+2Py {Lz (6 AV6) for somen>m}

Lemma 3.5 Let x; and 7(h) be defined by (I.I]) and (2.2]). Then for any
compact set K C /cio and 6 > 0

7(h)—
lim sup Py h) 1/ Z >8] =0. (3.17)

h—oo gc i

Proof. In view of the inclusion

22
7(h)—1
{W }C{T <m}U{ >5forsomen2m}.
k-1 1 T

k=1

one has

2 m
'TT h)—1
sup Py % >0 ¢ < Iinisn) + E sup Py {||Xj—1||2 = l}
Tp—1 j=1 0K

0eK k1

n—1 9
9ekK k=1 Tk—1

2
+ sup Py {L > § for some n > m} )
Limiting h — oo, | — 0o, m — oo and applying Lemma 3.1 lead to (B.I7]).

This completes the proof of Lemma 3.5. O

4 Appendix.

In this Section we cite the probabilistic result from the paper of Lai and
Siegmund (1983) used in Section 3 and give the proof of Theorem 2.2.
Lemma 2.2 (by Lai and Siegmund (1983)). Let (F,)n>0 be a filtration
on a measurable space (2, F), (z,)n>0 and (€,)n>0 be sequences of random
variables adapted to (F,)n>0- Let (Pg,0 € ©) be a family of probability
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measures on ({2, F) such that under every Py ¢, is independent of F,,_; for
each n > 1. Then, for each v > 1/2,0 > 0, and increasing sequence of
positive constants ¢, — o0,

sup Py (| in_lz—:” > dmax(cy, (Z x7 ,)7) for some n > m) — 0,
0€o i=1 i=1
as m — 0o.

Proof of Theorem 2.2. Assertion (R.20]) easely follows from Lemma 3.12
in [6]. For the points 6 belonging to A, we decompose the original time
series ([[.2]) into several components depending on the number of the roots
of the characteristic polynomial ([L.5]) lying on the unit circle and their values.
To this end, the characteristic polynomial ([[.5]) is represented as

P(z) = (2 + 1) (2 — 1)%2(2% — 2zcos ¢ + 1)%¢p(2),

where 9; are either zero or 1 with d; + dy + 3 > 1, ¢(2) is the polynomial of
order r = p—9; — 9o — 203 which has all roots inside the unit circle. Assuming
(without loss of generality) that > 1, one has

p(z) =2+ /2" + .+ 5,

1

By applying the backshift operator ¢! (i.e. ¢ 'z, = z,_1) one can write

down ([.T]) as
¢ (q+1)"q(g = )¢ (¢ — 2qcos 6 + 1) " p(q) 1 = €0 (4.1)
Let 6 € I'y(p). Then this equation, in view of (R.19]), takes the form

g g+ 1)g " e(q)z, = en.

Denote
un = q " o(q)en
Un = q_l(q + 1)ZL‘n,
that is
Up = Ty + ﬁlxn—l +...+ ﬁp—lxn—p-i-l ’ (4 2)
Up = Ty + Tpe1 - '
Introducing the vector V,, = (vy, ..., Uy—p+1)" and the matrix
1 ﬁl ﬁ2 ﬁpfl
1 1 0 0
Q=101 1 0 (4.3)
0 1 1
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one can rewrite equations (f.2]) in the vector form

( g: ) 01X, X = (s n 1) (4.4)
The processes u,, and v,, satisfy the equations
Up = —Up—1+Ep, Vn+ B1Un_1+ ...+ Bp1Un_pt1 = €n -
Substituting (£4]) in ([4]) yields
tr My, tr(Q1Q)) ! ( n2 e Ui n2 Y e we1Vig ) . (4.5)

n? 2y e w1 Veer n? o VeV
By Theorem 3.4.2. in Chan and Wei (1988)

n
_ P
n=? E ug—1Vi_y — 0, as n — .
k=1

Since the process V,, is stable
lim n 2 Z ViiVi_1 =0 as.
k=1

n—oo

By Donsker’s theorem

[nt]

t
n=? Zui_l N 02/ Wi(s)ds, 0<t <1,
k=1 0

as n — o0o. By making use of these limiting relations in ([.5]), one get

tr M, ‘
il LN m/ W2(s)ds, 0<t<1, (4.6)
0

n2

where
=0 < (QQY) ' >u1 .
Now by definition of 7(h) in (R.2]) one has

7(h) tr Mg, viy
<) = Pyltr M, ;1> h) = Py(——Lvil
bivh ) = Poltr My, sy = h) = Pol b3h

This and ([.6]) imply the validity of (R.21]) for # € T'y(p) with
b =1/K11 . (4.7)

Py( b2 >1).
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By a similar argument, one check (B.2T]) for 6 € I'y(p) with

by =1/(0% < (@Q2Q5)~" >11), (4.8)
where
1 B B ... B
1 -1 0 ... 0
Q=] 0 1 -1 .. 0
: 0
0 o1 —1

Assume that 6 € I's(p). Then using the equation

¢ 2(¢* —2qcos ¢ — 1)qg P 2p(q)xn = €n,
we decompose the process ([.2]) into two processes

Up = (Uny 1)y Voo = (Upy ooy 0npra),

which obey the equations

Un:(20(1)8¢ _Ol)Un—lJr(gg) | (4.9)

Up, + ﬁlvn—l +...+ ﬁp—Z’Un—p-‘rQ =E&n.

These processes are related with X, = (xp,...,Zn—ps1)" by the following
transformation
Un

with

1 51 . Bp—2 0

0 1 1 . Bp—2

1 —2cos¢ 1 0 e 0

@GB=10 1  —2cosp 1 0
0 e 0 1 —2cosgp 1

Further, by the same argument, one shows that

n” 2 tr Mg £, tr(QsQ5) ! ( foft 8 ) 0<t <1,

where

o2 t 1 coso
= s [ wionas (1, G0

cos ¢
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that is,
2

_9 L
tr Mi,n =
no M 4sin? ¢

[ vz + Wi,
where
r? =0’ tr(QsQ4) ( C01s<;5 Cols<;5 ) .
From here one comes to (R.21]) with
by = (2sin¢)/r. (4.10)

Now assume that 6 € T'y(p). In this case the process ([.2]) is decomposed
into two vector processes

Up = (Uny 1)y Voo = (Uny oy Un_pra),
which are defined by the formulae
Uy = Tp + B1%n—1 + ...+ Bp—2Tn_pi2, Un = Tp — Ty_2
and satisfy the equations
Up = Up—2 + Ep, Up + P1Un—1 + ...+ Bp_oUn_pro = €p .

These processes are related to the original process ([.2]) by the transforma-
tion

U,
(V) -emx. (1)
where
1 G ... Bpa 0
0 1 ﬁl P /Bp—Q
Qs = 1 0 -1 0 ... 0
0o ... 0 1 0 -1

Further we represent U,, as

Uy =T" ( Yn ) , (4.12)

Zn
where processes y, and z, satisfy the equations

Yn =Yn-1tE, Zpn=—2p-1F¢, (4.13)
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1 1
(1 4)-
By making use of ([.1T])-({.12]) one gets

tr M, _ n—?2 an Uk_lU/ n=?2 Zn, Uk_ﬂ/’
L -1 %1 k—1 17971 k—1 :
n? T<Q4Q4) ( n-? Zk:l V;ﬂ—lUllcfl n-> Ek:l Vk—lvklfl

(4.14)

n —2 "\ 2 —2 N\
-2 / _ -1 n Ek:l Y n Ek:1 Yk—12k—1 —1\/
n U _1U _1 = T _ n — n (T ) .
k k—1 n—2 Z p n=2 Z .

k—1 k=1 Yk—1”k—1 k=1 *k—1

By Theorems 3.4.1 and 2.3 in Chan and Wei (1988), one has, as n — oo,

n n
—92 / P _9 P
n E Up—1Vie1 — 0, n E Ye—12k—1 — 0,

=1 k=1
[nt] [nt] .

o2 n? Z vio,m 2y 22| = (Lh(Wht), JL(Wait))
k=1 k=1

where 0 < ¢t < 1. From here and ({.11]), it follows that

n”"2tr Mg £ o*tr(Q.Q,) ' Dy, (4.15)
where
St 0 -1 ft WE(S)dS 0 —1v\/
D, = =T 0 T )
t ( 0 0) S ( 0 [y Wi(s)ds ™)

It easy to check that

¢
o tr(Q4Q4) Dy = / (riWE(s) + W5 (s)) ds, (4.16)
0
where
222 222
= ZZ <(QuQ)) ™ >y, ra = 1 ZZ(_UHJ < (QuQy) ™ >y
i=1 j=1 i=1 j=1
Denote
bizl/ﬂl, ,u1:7“2/7’1. (417)

It remains to note that (.I5]),(EI6]) imply

Py(7(h) < thyV'h) — Po(Js(Wi, Wy) > 1), as h — oo,
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where J3 is defined in (E.I8]).
Assume that 6 € I's(p). Then equation (f.I]) has the form

¢ (g +1)q*(¢* — 2qco8 ¢ + 1)q"p(q)wn = €n, 7 =p — 3.
Decompose x,, into three processes

Un = q (4% = 2qcos ¢+ 1)q7"p(Q)n = Tp + V%01 + o+ Ypo1Tnpi
Un = qil(q +1)g"o(q)ry = Tp + frTm—1 + ...+ Jp—2%n—pt2,
wy, =q (g4 1)g7*(¢* —2qcos ¢+ 1)z, = Ty + t1Zn_1 + ton_o + t3Tp_3,
(4.18)
where v;, f;, tr are the coefficients of the corresponding polynomials. These
processes satisfy the following equations

Up = —Up—1 + En,
Vp = 20,1 COS P — Up_o + €y,
Wy = _ﬁlwnfl e ﬁp73wnfp+3 +En.
Introducing vectors V,, = (v, vp—1)', Wy = (Wy, W1, ..., Wn_p+a)" and the
matrix
I m ... Tp—1
I fi.. Jo2 0
01 Ao foos
Qs = 1 ¢t ty tg 0 ... 0 , (4.19)
0 t1 ty t3 O 0
0 ... 0 1 t ty ts

we write down ([L.I8]) as

Un
Vi | =@Q5X,. (4.20)
W,
From here and ([.4])
n"2tr My = tr(QsQ5) " Clag/n*, 0 <t <1, (4.21)

where

n 2 n ! n /

;k:l U1 Zlflzl kalvk_l Zlfzzl kalwk_l
— ’ /

Cn = Zrlle Vi—1up—1 271521 Vk‘flvk—l 275:1 Vk‘flwk—l
/ !

Zk:l Wk—luk‘—l Zk:l Wk_1Vk_1 Zk:l Wk_ka;—l
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By Theorems 3.4.1, 3.4.2 in Chan and Wei (1988),

n-? Y ore Ve—1tp—1 20 ,
n=2 S Wiug — 0, (4.22)
’I’L_2 ZZZl Wk_l‘/;c,fl 3 0 )

as n — 00. Due to the stability of the process W,

lim n > ) Wi Wi, =0 aus. (4.23)
By the Theorem 2.3 therein
[nt] [nt] .
n=2 Z ui_l, n~2 Z Vk_lvkl_l — o2 (JQ(Wl, Wa; t)H, Jl(Wg; t)) s
k=1 k=1

(4.24)
where J; and J; are defined in (R.18]),

1
H= 1 cos¢ .
4sin®¢ \ cos¢ 1
Limiting n — oo in (f.2T]) and taking into account ([:22])-({.24]) one gets

n=2tr My £ m(t) as n — oo, (4.25)

where

m(t) = o*tr(QsQ5) " ( Sot 8 ) ) (4.26)
g, — Ji(Ws;t) 0
e 0 Jo(Wi, Wy t)H )
By easy calculation in (.26]) one finds

Jo(Wh, Was t)

TTL(t) = H11J1<W3; t) + 4Sin2 ¢

(Kaa + K3z + (Kas + K32) cos @) ,

where KRij = o? < <Q5Qg)_1 >
Now by the definition of 7(h) in (2.2]) and (f.25]) we obtain

P(r(h) < bsVht) = P(tr M,z > h),

(t’l“ M[tb5 \/E]

2L > 1) — P(m()b: > 1).
hb?
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Setting
b2 = {4sin® ¢} /{koz + K3z + (ka3 + K32) cos @} (4.27)
Ho = /mb% '
yields

P(m(t)b2 > 1) = P(J,(Wy, Wa, Wy t) > 1),

where Jj is defined in (R.18]), that is, (2.21]) holds for 6 € T'5(p).

One can check that for § € I'g(p) the limiting distribution of 7(h) coincides
with that for 6§ € I's(p) with bg = bs.

By a similar argument it can be shown that for 6 € I'z(p)

lim P(7(h) < bitvVh) = P(m(t)b2 > 1),

h—oo

where
Th(t) = I~*€11J1(W3; t) + /%22J1(W4; t)+
Jo (W, Wost)
4sin? ¢
Rij = 0% < (Q7Q%) ™! >;;, Q7 is corresponding transformation matrix which

relates the original process with the decomposed ones.
Setting

(Rsg + Ras + (R34 + Raz) cOS )

b2 = (4sin” @)/ (Ras + Faa + (Rsa + Faz) cos @)

U3 = 7111b$a Ha = /202219? (4.28>

one comes to (B-2T]). This completes the proof of Theorem 2.2. O
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