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Abstract

We provide a convergence result for numerical schemes approximating nonlocal
front propagation equations. Our schemes are based on a recently investigated
notion of weak solution for these equations. We also give examples of such schemes,
for a dislocation dynamics equation, and for a Fitzhugh-Nagumo type system.
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1 Introduction

We are concerned with numerical approximation for nonlocal equations of the form

{ uy(x,t) = H[1y>04) (2, ¢, Du, D*u) in RN x (0,7), (1.1)
u(+,0) :

(' = Up in RN,

which, in the level-set approach for front propagation (see [18, 17, 12] for a complete
overview of this method), describe the movement of a family {/(t)};c0,7) of compact
subsets of RY such that

K(t) = {z ¢ RY; u(x,t) > 0}

for some function u : RY x [0, 7] — R. Here u;, Du and D?u denote respectively the time
derivative, space gradient and space Hessian matrix of u, while 14 denotes the indicator
function of any set A.

The function H corresponds to the velocity of the front. In our setting, it depends not
only on local properties of the front, such as its position, the time, the normal direction
and its curvature matrix, but also, at time ¢, on the family {K(s)}se[o,q itself. This
non-local dependence is carried by the notation H[1y,>0]: for any indicator function
X or more generally for any x € L>(RY x [0,T]) with values in [0, 1], the Hamiltonian
H|[x] depends on x in a nonlocal way; typically in our examples, it is obtained by a
convolution procedure between y and a physical kernel (either only in space or in space
and time). In particular, H[x] is continuous in space but has no particular regularity in
time. However, the H[x]—equation is always well-posed.
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The initial datum ug : RY — R is a bounded and Lipschitz continuous function on
RY which represents the initial front, i.e. such that

{UQ Z O} = KQ and {UQ = O} = 8K0

for some fixed compact set Ky C RY. Since in the level-set approach, the family
{K(t)}+efo,r) only depends on the O-level set of ug (see [12]), we assume for simplic-
ity that there exists Ry > 0 such that

up = —1 in RV \ B(0, Ry). (1.2)

The main issue linked with these nonlocal equations is the fact that they do not
satisfy a comparison principle (or, geometrically, an inclusion principle on the fronts).
Indeed, in general the fact that {u; > 0} C {uz > 0} does not imply that H[1{,,>03] <
H[1y,>01]- The consequence of this absence of monotonicity is that one cannot build
viscosity solutions to (1.1) by the classical methods, a comparison principle being crucial
for both existence and uniqueness of solutions.

To overcome these difficulties, a notion of weak solution to (1.1) has therefore been
introduced in [4, 5]. It uses the notion of L!-viscosity solution, a notion of solution
adapted to Hamiltonians H[yx] which are merely measurable in time, that is, we as-
sume that for any y € L=(RY x [0,T);[0,1]), H[x](x,t,p, A) defines a measurable func-
tion of (z,t,p,A) € RY x [0,T] x RN \ {0} x Sy, while for almost every ¢t € [0,T],
Hx|(x,t,p, A) defines a continuous function of (x,p, A). Here Sy denotes the set of
real square symmetric matrices of size N. We refer to [14, 15, 16, 8, 9] for a complete
presentation of the theory of L'-viscosity solutions. Moreover the equations we consider
are degenerate parabolic, which means that for any x € L= (RN x [0,77;[0,1]), for any
(z,p) € RN x RV \ {0}, for almost every ¢ € [0,7] and for all A, B € Sy, we have

H[x)(z,t,p, A) < H[x|(z,t,p,B) if A<B,
where < stands for the usual partial ordering for symmetric matrices.
Let us now recall the definition of a weak solution to (1.1):

Definition 1.1. Let u : RY x [0,T] — R be a continuous function. We say that u is a
weak solution of (1.1) if there exists x € L=(RY x [0,T];[0,1]) such that:

1. w is a L'-viscosity solution of

u(z,t) = H[x](z,t, Du, D*u) in RN x (0,T),
u(-,0) = uo in RV,

2. For almost all t € [0,T],
Loy t)>0) < x(+,t) < Iu(t)>0)  G-€. in RN,

Moreover, we say that u is a classical viscosity solution of (1.1) if in addition, for almost
all t € 10,77,
1y 1)>01 = Ifu(,>0) G-€ in RY.
In [5], Barles, Cardaliaguet, Ley and the author proved a general result of existence

of weak solutions for these nonlocal equations. The essential assumptions under which
existence is known are the following; they concern the local equation (1.3), where the



nonlocal dependence is frozen, that is to say, 1;,>0y is replaced by a fixed function
x € L=(RY x [0,T7; [0, 1]):

(A1) If y,, — x weakly-* in L>=(RY x [0,77; [0, 1]), and if Supp(x) is uniformly bounded,
then for all (z,t,p, A) € RN x [0,7] x RV \ {0} x Sy,

t t
/HM%wmAW‘—> Hx](z, 5,p, A)ds
0

n—-+4oo 0

locally uniformly in x, ¢, p, A.

(A2) A comparison principle holds for (1.3): for any fixed xy € L>=(RY x [0,7];[0,1]),
if u is a bounded and upper semicontinuous viscosity subsolution of (1.3) and v is a
bounded, lower semicontinuous viscosity supersolution of (1.3) with u(x,0) < v(zx,0) in
RY then v < v in RN x [0, 7).

These assumptions are the classical ingredients to carry out a stability argument: as-
sumption (A1) provides stability for L!-viscosity solutions under very weak convergence
of the Hamiltonians, thanks to a new stability result of Barles [3], while assumption (A2)
enables to identify the limit by a comparison principle. This is the idea of the proof of
the existence result of [5]. We assume throughout the paper that these assumptions hold,
and we refer to [11] for conditions on H[x] under which they hold. We also point out
that assumption (A2) implies that for any fixed y € L=(RY x [0,77];[0,1]), (1.3) has a
unique continuous L!-viscosity solution u : RN x [0, 7] — R.

Considering this existence result, our motivation is to provide numerical schemes,
and a general convergence result, for these nonlocal and non-monotone front propaga-
tion equations with L' dependence in time. This work is inspired by [7] where Barles
and Souganidis proved a general convergence result for monotone, stable and consis-
tent schemes in the local framework. We also refer to the works of Cardaliaguet and
Pasquignon [10] and Slep&ev [20] on the approximation of moving fronts in the nonlocal
but monotone case.

This paper is organized as follows: in Section 2, we define a class of approximation
schemes and prove the general convergence result. In Section 3, we give two explicit
examples of such schemes, for a dislocation dynamics equation and Fitzhugh-Nagumo
type system (see (3.1) and (3.3)).

Notation. In what follows, | - | denotes the standard euclidean norm on RY, B(z, R)
(resp. B(x, R)) is the open (resp. closed) ball of radius R centered at x € RY. We
denote the essential supremum of f € L>(RY) or f € L=¥(RY x [0,T]) by | f|lco-

2 Convergence of approximation schemes
Let h = T/n for some n € N*  and Ay,...,Ay € (0,1) be our respective time and

space steps: a choice of h determines fixed A;’s by the relation A; = A\; h for A\; > 0
fixed. We define for (iy,...,in) € ZN, m4,, iy = (1141,...,inAy), and

N
Qiroin = | [k — 1/2) Ak, (ix + 1/2)A).
k=1



Let us also define the space grid

II;, = U Tip,oin

(i1yeeyin ) EZN
and for = (x1,...,2y5) € RY, its projection on this grid,
Tp = ([l‘l/Al + 1/2}A17 e [LL'N/AN + 1/2]AN) e Iy,

where [-] denotes the integer part, so that if z € Q;, iy, then xp, =z iy.

For x € T, k € N such that kh < T, v : II;, — R and x : II; x [0,T] — [0, 1] with
bounded support, we define an approximate Hamiltonian Hy[x](z, kh,u) which depends
on

{X(l‘z‘l,...,z’wlh)}(il,...,iN)eZN,oglgk and {U(ﬂfil,...,z‘wkh)}(il,...,iN)ezN-

We keep in mind that H[x](z, kh,u) possibly depends on the entire history {x(-,1h)} for
[ up to k.

We consider approximation schemes of the following form: for any k € N such that
(k+1)h < T, and for any z € IIj, we set

uh(xv (k + l)h) = Uh(SC, kh) + hHh[l{u;LEO}K‘T7 kh, uh('a kh))a
(2.1)
up(x,0) = ug(x).
We finally extend wuy, to a piecewise constant function on RY x [0, 7] by setting for any
(z,1),

up(x,t) = up(xp, [t/h]R).

In particular we have for any = € RY,
up(x,0) = uo(xp).

Let us now state our assumptions on Hj; in what follows Cf (RN ; R) denotes the set
of C? functions on RY such that the norm [|¢|| = [|4]lc + [[D¢lloo + [|D?*|| is finite.
Let us first state an assumption on the behavior of Hy with respect to its last variable,
which represents space derivatives. It is a trivial assumption which is linked to the fact
that H|[x] is geometric for any fixed y; it will be satisfied for all reasonnable schemes at
no cost, so we state it separately:

(HO) consistency with respect to derivatives:
(i) For any x € I}, k,h with kh < T, u : II, — R, A € R, and any function
x : I x [0,T] — [0,1] with bounded support,

Hplx](x, kh,u+ X) = Hp[x](z, kh,u), and Hp[x](z, kh,0) = 0.

(i) There exists r € N* such that for any = € IIj, k,h with kh < T, and x :
X

I, x [0, 7] — [0, 1] with bounded support, for all u,v : II, — R,

ifu(y) =v(y) Yy € Iy, s.t. Vi, |z; — y;| < rd;, then Hy[x|(x, kh,u) = Hy[x|(z, kh,v).

We easily deduce from this and (1.2) that there exists R = R + rT max \; such that
if up, is defined by the scheme (2.1), then uy(z,t) = —1 if z € RY \ B(0, R), for all
t € [0,T); hence we only need to consider functions y with uniformly bounded support.



This shows in addition that the domain of space computation is uniformly bounded. In
particular we set By, (RY x [0, T]; [0, 1]) to be the set of functions y defined on RY x [0, T
with values in [0, 1] such that Supp(x) C B(0, R) x [0,T] and  is piecewise constant on
U Q’h,---,izv X [k‘h, (k + l)h)

Our assumptions are the following:

(H1) Hj is conditionally monotone: for any = € Il,, k,h with kh < T, and x €
By (RN x [0,T);[0,1)), for all u,v : I, — R,

u<wv = u(z)+ Hp[x](z, kh,u) <v(x) + Hplx](x, kh,v).

(H2) Hy, is stable: there exists L > 0 such that for any « € I, k, h with kh < T, and
X € Br(RY x [0,7];[0,1]), the solution uy, of (2.1) satisfies

lup (z, kh)| < L.
(H3) Hy, is consistent with H: for any z € RV, for any ¢ € CZ(RY;R), if x, €

Byr(RY x [0,T];[0,1]) is such that y; — x weakly-* in L>(RY x [0,7];[0,1]) as h — 0,
then

[t/h] -1 t
he D Hibolnih¢) — | HRd( s Dé(x), D¢(x)) ds
=0

locally uniformly for ¢ € [0,7] (the sum is set to 0 if ¢ < h).

(H4) Regularity: for any compact subset K of RN x CZ(RY;R), there exist uniformly
bounded moduli of continuity mp(n, €) such that for any h > 0, (z,¢), (y,4) € K with
x,y € I, for any k, h with kh < T, any x € B,(RY x [0,T];[0,1]),

|Hp[X](x, kh, ¢) — Hi[X](y, kb, ¥)] < ma(lz —y|, |Dé(x) — Dip(y)| + |D*¢(x) — D*p(y))),

and such that my(n,e) — 0 as h,n,e — 0.

Assumptions (H1) to (H3) are the classical assumptions introduced by Barles and
Souganidis in [7]. Moreover (H3) is the discrete equivalent of (A1) on the weak conver-
gence of the Hamiltonians. As a matter of fact, the proof of our convergence theorem
is based on the proof of the stability result of [3], the key assumption of which is (A1).
Finally assumption (H4) appears naturally alongside (H3), just like in the continous
case (see [3]).

Remark 2.1. Under assumption (HO) (é¢), if (H1) holds, then it also holds for all func-
tions w and v such that u(y) < v(y) for any y € I, with |z; —y;| < rA;foralli=1...N,
that is, also for functions that are comparable only locally. Indeed in this case, we can
change u and v to 0 out of the set {y € I; |z; —y;| <rA; Vi=1...N}. This provides
new functions @ and ¥ such that @ < o in II;, whence, using (H1),

’EL(I) + Hh[X](xv khvﬂ) < f}(x) + Hh[X](xv khv f})

But u(x) = w(z), Hp[x|(z, kh,a) = Hp[x](z, kh,u) thanks to (HO) (i), and the same
holds for v. This proves our assertion.
In the same spirit, we notice that assumption (H4) also holds for two functions ¢

and v in C?(RY;R), because one can always modify ¢ and v to obtain new functions in
CZ(RY;R) without changing the values of Hy[x](x, kh, ¢) or Hp[X](y, kh,v).

Let us now state our main result:



Theorem 2.2. Let ug be a bounded and Lipschitz continuous function which satisfies
(1.2). Let (up)n be defined by the scheme (2.1) satisfying assumptions (HO) to (H4).
Then there exist h, — 0 and u € CO(RN x [0,T];R) such that uj, — wu locally
uniformly in RN x [0,T), and u is a weak solution of (1.1).
If (1.1) has a unique weak solution u, then the whole sequence (uy) converges locally
uniformly to u.

Proof. By compactness of L>(RY x [0,77];[0,1]) for the weak-* topology, we can find
x € L= (RN x [0,T];[0,1]) and (h,,) converging to 0 such that

Lgu,, >0y — X weakly- * in LOO(RN x [0,T7; 10, 1]).

By the stability assumption (H2), there exists L > 0 such that ||up|ecc < L for any h.
We can therefore set

u(z,t) = limsup*(up, )(z,t)
= limsup{up: (¥n, knhy,); (hy,) C (hn), 2n — 2 with 2, € II;,,
knh! — t with k,, — +oc},

which defines an upper semi-continuous function on R x [0,T]. Let us prove that u
is an L!-viscosity subsolution of (1.3). We could prove in the same way that u(z,t) =
lim inf{up; (2n, knhl,); () C (hn),&n — @, kyhl, — t} is an L'-viscosity supersolution
of (1.3).

Step 1. We first prove that for any 2 € RY, 7(x,0) < ug. To do this we adapt the proof
of the same statement in the proof of Theorem 3.1 of [5]. First of all, ug is Lipschitz
continuous, so that for any fixed 0 < £ < 1, we have, for any z,y € RV,

|z —yl* | [[Duollooe
22 2

uo(y) < uo(w) + | Duol|clr — y| < up(z) +

We fix z and set ¢(y) = |z —y|?/2¢2. In the ball B(z, e+ rT max );), using (HO) (i), we
see that the function defined by

[Duglloce®

Ve, bha) = o ) + B(y) + 1%

+C.khy,

is a supersolution of (2.1) associated to H|[1y,, >oy] provided that C. is large enough,
namely as soon as

Hpy, 1w, >01](y, khn, @) < C. for all y with |z — y| < e +rT'max \; and kh,, < T.

This condition can be fulfilled using (H4) and the fact that H[x]|(z, kh,0) = 0 (assump-
tion (HO) (7)). Indeed, for some uniformly bounded moduli of continuity, we have

Hy, Liu,, >01) (s K, @) < mu, (|2 — yl, [Do(y)| + [D*¢(y)])

for any n € N, y € I, such that | — y| < e + rT max \;, and kh,, < T. The function
¢ does not belong to CZ2(RY;R), but using Remark 2.1, we recall that (H4) can also
be applied to two functions in C?(RY;R). By the conditional monotonicity assumption
(H1) (using again Remark 2.1), we obtain that for any y € II;, with |y —z| <e+r(T —
h,) max \;,

un,, (Y, hn) < e(y, hn).



Reproducing the argument, we get that for any y € I, with |y — x| < € and k, h,, with
khn, <T,
uhn (y? khn) S wa(ﬁ% khn)7

and in particular

||DUO||OO52

ﬂ(xvo) S lim Sup*ws(xa 0) = ’U,O(.’E) + 9

Sending ¢ to 0 proves the claim.

Step 2. Now let ¢ € C?(RY x (0,T);R) and b € L*((0,T);R) be such that

(x,t) — u(z,t) — P(x,t) — /o b(s) ds

has a global strict maximum at some (xg,to) € RY x (0,7). Let G be a continuous func-
tion such that for almost all ¢ in a neighborhood of ¢, for all (z,p, A) in a neighborhood

of (o, Dp(x0,t0), D*¢(x0,t0)),
H[x](z,t,p, A) = b(t) < G(z,t,p, A).
To check the L'-viscosity subsolution property, we have to prove that

b1(w0,to) < G(z0,t0, D(x0,t0), D*P(0, t0)).

We can assume without loss of generality that sup,cp 7 [|#(-,t)|| < +oc. Let us set for
simplicity z;, = (o) and introduce the functions

[t/h]-1

t
foit=sh Y Hh[l{uhzo}](ZCmlh7¢('7to))—/ H[X](x0, s, Dé(xo,t0), D*¢(z0,t0)) ds,
1=0 0

so that by the consistency assumption (H3), f;,, (t) — 0 as n — o0, locally uniformly
for t € [0,T]. As a consequence, the functions

on, + (2,8) o, (2,8) — Bz, 1) — / b(s) ds — fu. ()

satisfy
t
lim sup® (v, ) (2, t) = u(z,t) — ¢z, t) — / b(s)ds.
0

By a standard stability argument, there exists a subsequence of (h,), still denoted (h,,)
for simplicity, and a sequence (2, knhn) — (x0,tp) of global maximum points of vy,
with x,, € II;,. We set

&n = Vh,, (x'r‘m knhn)7

so that .
up, (z,t) < ¢z, t) + /0 b(s)ds + fn,(t) + & (2.2)

for every (z,t) € RN x (0,7), with equality at (z,,k,h,). Now the definition of the
scheme (2.1) shows that

Uh,, (x'ru knhn) = Uh,, ((En, (kn_l)hn)+hn th [1{uh,7120}}(xn7 (kn_l)h'ru uhn('7 (kn_l)hn))



Replacing up, in this expression thanks to (2.2), and using the assumption (H1) of
conditional monotonicity of the scheme, we therefore have

knhn
(@, Fonlin) + / b(s)ds + i, (Fultn) + €
’ (kn—1)hn
< b, (ki — 1)) + / b(s) ds + fu, (kn — 1)) + &0
0

(kn—1)hy,
+hon Hy,, 1w, >03] (%0, (kn — 1)hn, ¢(-, (ko — 1)hn) + / b(s)ds
0
+ fh,,((kn - ]-)hn) + gn)a

which, using assumption (HO) (i), reduces to

Knhn
Oz, knhy) + / b(s)ds + fn, (knhn)

0
(kn_l)hn
< @(zn, (kn — Dhy) + / b(s)ds + fn, ((kn — 1)hy)
0
+hy, th[]‘{Uh"ZO}](xn’ (kn = Db, (-, (kn — 1)hy)).
Replacing fp, by its value, this transforms into

(b(xnu knhn) - (b(mna (kn - 1)hn)
hy

1 [Enhn

SF {H[X](l'(),S,D¢($Q,t0),D2¢(!IIQ,tQ)) —b(S)}dS
n J(kn—1)hn

+th [1{unn20}](gjn7 (kn - 1)hn7 (,25(, (kn - 1)hn))
- th [1{uhn20}](3€h”, (kn - 1)hn7 ¢<7 tO))

We now use the definition of G to deduce that

(&, knhn) = G(@n, (kn = Dhn) _ 1 /knhn
(

hn = hn ken—1)hn,
+ Hh” [1{Uh,n20}](x”7 (kn - l)h’ru ¢<7 (kn - 1)h’ﬂ>)
- th [1{uhn ZO}](xhn’ (kn - l)hna ¢(7 tO))'

G(xo, S, D¢(Io, to), D2¢(IL'0, to)) ds

Since ¢ and G are sufficiently regular, we have

_ o knhn
¢(mn7knhn) ¢($na (kn 1)hn) _ 1 ‘/( G(LL'(),S,D¢($0,t0),D2¢($o,t0)) dS

hn hn k'n_l)hn
— (w0, to) — G(x0,to, Dp(0, to), D*¢(z0, t0))-

n—-+4oo

To conclude, it therefore suffices to prove that

Hp, [1{Uhn 20}](xna (kn - l)hna ¢(7 (kn - 1)hn)) —Hp, [1{uhn20}](xhn7 (kn - 1)hnv ¢(, tO))

has a non-positive upper limit as n — +o0o. But as n goes to +o0, z,, — o, Th,, — To,
and ¢(-, (kn, — 1)h,) — &(-, o), so that thanks to assumption (H4), we have for some



moduli of continuity myp, ,

|th[1{uhn ZO}](xna (kn = Dhn, (-, (kn — 1)hy))
— Hp, 11w, >03)(%h, s (kn — 1)k, 6(-, 10))]
< mp, (| — 2n, |, |DO(x, (kn — 1hy) — D(ap, , to)]
+ |D2¢(53m (kn — Dhy) — D2¢($hnvt0)‘)v

which converges to 0 as n — +o00, and the result follows.

Step 3. We just proved that % is a bounded upper semicontinuous L!-viscosity subsolution
of (1.3), while u is a bounded lower semicontinuous L!-viscosity supersolution of (1.3).
The comparison principle (A2) for this equation then implies that @ < u in RY x [0, T),
while the converse inequality is a direct consequence of their definition. This shows that
in RY x [0,T), @ = u coincide with the unique continuous L!-viscosity solution u of
(1.3), and that (uy, ) converges locally uniformly in RY x [0,T) to u. Since of course we
can extend H|x| by 0 after time T, and use the previous argument on the extended time
interval, we deduce that the convergence is in fact locally uniform in R x [0, T7.

Moreover, x being taken as the weak-x limit of (1, >0}), We can prove as in [5] that
for almost all ¢ € [0, 7],

Liu(,ty>0p < X(5 ) < Lgu( >0
This finally proves that u is a weak solution of (1.1).

In fact, this proof shows that any sequence (uy,, ) of solutions of the scheme (2.1)
admits a subsequence which converges locally uniformly to a weak solution of (1.1). As
a consequence if this equation has a unique weak solution, then the whole sequence (uy,)
converges locally uniformly to the weak solution u of (1.1). O

3 Applications

3.1 Dislocation dynamics

We are interested in particular in the dislocation dynamics equation (see [19, 2, 4]
and the references therein), namely

{ut = [eo(, 1) * Lgu(.p203 (@) +er (@, )] Dul - in RY x (0,7), 31)

u(+,0) = uo in RV,

where the nonlocal part of the velocity is defined by the space convolution

co(, ) * iy >0y (x) = /}RN co(z —y,t) Liu(,oy>01 (¥) dy.

We assume that ¢y and ¢; satisfy the following assumptions, under which (A1) and (A2)
are satisfied (see [4, 5]):
(D) (i) co € C°([0,T]; L' (RY)), ¢ € CO(RN x [0,T]; R).

(#4) For any t € [0,T], co(+,t) is locally Lipschitz continuous and there exists a constant
C > 0 such that ||DCO||L00([0_’T];L1(RN)) <C.



(iii) There exists a constant C' > 0 such that, for any x,y € RN and ¢ € [0, 7],

ler(@, )] <€ and  er(z,t) — er(y, )] < Cle —y.

Under these assumptions, there exists a weak solution of (3.1), as proved by Barles,
Cardaliaguet, Ley and Monneau [4, Theorem 1.2] or Barles, Cardaliaguet, Ley and the
author [5, Theorem 3.3]. We are going to study the convergence in any dimension of the
following approximation algorithm proposed by Alvarez, Carlini, Monneau and Rouy [1]
for N = 2, which is a particular case of (2.1). We set if z = x;,, ., € I},

Hy[X](z, kh, ¢)

= > @l —dussin =GN E) XA - iN AN ER) 3 [DRl(8) (i, i)
jl,,..jNEZ

+ Cl(il, . ,iN,kh) ‘Dh|(¢)(xi1,-~~7iN)7

where

%(mla"'amNak) :/ CO(yvkh) dya

and |Dy|(¢)(x) is a monotone approximation of |D¢(x)| adapted to the sign of the non-
local term, such as the one proposed by Osher and Sethian [18] and used in [1]: let
(e1,...,en) denote the canonical basis of RY; then for x € Iy,

D101 = { S (D001 Y (st )]

if the nonlocal term is nonnegative, and
2 _ 2y /2

|Dnrl(9 {Z min (x + Z)l ¢(x),0) + max (¢(x) _zfx — 62)70) }

otherwise. In particular Hj, satisfies (HO) with » = 1. Let M > 0 be such that
lco( D)l L1y +er(w,t) < M for any (x,t) € RY x [0,T].
The CFL condition to ensure the conditional monotonicity (H1) of the scheme is
\/ﬁM%Sl foranyi=1,...,N. (3.2)

The discrete convolution in the definition of Hj, is efficiently computed using Fast Fourier
Transform, see [1]. We now state our convergence result:

Theorem 3.1. Let ¢o and ¢y satisfy (D), and let ug be a bounded and Lipschitz contin-
uwous function which satisfies (1.2). Let us fix space steps A; = A\j h for anyi=1,...,N,
for some constants A; > 0 such that (3.2) holds.

Then there exists h, — 0 such that (up,) converges locally uniformly to a weak
solution of (3.1) in RN x [0, 7.

If in addition we have

10



(D’) There exist ¢,¢ > 0 such that, for any x € RN and t € [0,T],

lco(,t)| < ¢,
0<c< —[leo(,t)llLr@ny + ez, t) < el )llr@ny +ei(z,t) <7,

then the whole sequence (uy) converges locally uniformly in RN x [0,T] to the unique
weak solution of (3.1).

Proof. We check the assumptions of Theorem 2.2, but will assume to avoid repetition
that ¢; = 0; the treatment of the term ¢; is similar to — but easier than — the treatment
of the convolution term involving ¢g. To check the assumptions, we first notice as in [1]
that for x € IIj, and x € B, (RY x [0,T7; [0, 1]),

Hy[x](z, kh, ¢) = {co(-, kh) * x (-, kh)(2)} [ Dn|(¢) ().

Assumption (H2) is satisfied with L = ||ug||~, by & simple comparison with the constant
solutions =||ug|leo- It only remains to prove assumptions (H3) and (H4). Let us pick
z € RN, ¢ € CHRM;R), xr, € Br(RY x [0,7);]0,1]) such that y, — x weakly-* in
L= (RN x [0,71;[0,1]), and let us prove that

[t/h]-1 t
hoy {Co(',lh)*Xh(',lh)(fEh)}|Dh|(¢)($h)d5}:’)/0 {co(s8) * x (-, s)(z)} |[Do(z)| ds
=0

locally uniformly for ¢ € [0,7]. We decompose the difference of the two above terms as

/ ol 15 /H1B) % 00 )} 1D I(6) o) s
[ e s100) 0 5) a1 (0)n) — Do) s
DO [ ool I5/110) 015) o) — o) %0 5) )} s
HPO) [ fenls) 0 5) o) = eo5) 201 5)) s
HPO [ fen(5) o )(0) = o) 2 900} s

By definition of |Dp| and regularity of ¢, the first term of this expression satisfies

[t/h]h
/t {eo(:, [s/h]h) * xn (-, 8)(@n) } [Drl(¢)(xn) ds

< |t — [t/h)h| MV2N || D¢l s < MV2N || Do h,

while the second is estimated by

/0 {co(s [s/PIR) * xn (- 8)(@n)} (IDnl(¢)(zn) — [Do()]) ds
< T M ||Dy|(¢)(zn) = [Dé(z)] | ~— 0.
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The third term is, in absolute value, less than

¢
\D¢(I)|/ lleo (s [s/h]h) = co(:, 8)l| 12wy ds < [D(x)| T'm(h),
0
where m is a modulus of continuity for c¢q € C°([0,7]; L*(RY)). We estimate the fourth

term by
|Do(x)| T C |y — x| < gTC‘\qu( )| (max A;) b

using the facts that || Dcol| o (jo,77,01 rv)) < C and

2 = A; ? 1 = 2712 N 2712
|zn — x| SZ 5 :ZZ)‘ih Sz(max)\i) h=.
i=1 i=1

Finally, the last term is equal to

Do) [ [ ot =v.5) entons) = x(v.)} duds

which converges to 0 as h — 0 by definition of the weak-* convergence of (xp) to x. This
convergence is a priori merely pointwise in time but we notice as in [4, Remark 5.2] that
the bound

/ co(® —y,s) xnly,s)dy| < M
RN
valid for any (x,s5) € RY x [0,7] and h > 0 implies that the convergence is in fact

uniform, by Ascoli’s theorem.

To check (H4), let K be a compact set of RN and R be a positive constant, and let
us fix 7,y € K N1, k € N with kb < T, ¢,¢ € CZ(RY;R) with ||¢ — || < R and
X € Br(RY x [0,T];[0,1]). We want to prove that

| Hu[X) (2, kh, ¢) = Hu[X)(y, kh, ¥)| < ma (| = yl, |Dé(x) — D (y)| + |D*é(x) — D*(y))),

for some uniformly bounded moduli of continuity my. To do this we write

Hulx] (2, kh, ¢) — Ha[X](y, kh, )

={co(", kh) x x(-,kh)(x)} [Dnl(¢)(x) — {co(-, kh) * x(-, kh)(y)} | Dn| () (y)

={co(-,kh) * x (-, kh)(2)} | Dn|(¢)(x) — {co(-, kh) * X (-, kh)(2)} [Do(z)]

+{co(, kh) * X (-, kh)(2)} [Do(x)| — {co (-, kh) x X (-, kh) ()} [Do(y)|

+ {co(-, kh) x X (-, kh)(2)} [D(y)| — {co(-, kh) * x(-, kh)(y)} | Do (y)|

+{co(-,kh) x X(-,kh)(y) } [D(y)| — {co(-, kh) * X (-, kh)(y) } [ D (y)|

+{co(, kh) * X (-, kh)(y) } DY (y)| — {co(-, k) * x (-, kh)(y) } | Dp|(¥)(y)-
By definition of | Dy, the first and the last terms of this equality are respectively estimated
by

M | ID4I(@)@) — D@ | < M Y2 | D2 (max A
and M | |Dp|(¥)(y) — [DY(y)| | < M —— \/T D%l 0o (max A;) h
F

<M < (|[D?¢| o0 + R) (max \;) h.
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The second term is easily dominated by
M VN | D*@|los |z — g
by regularity of ¢, while the third term is, in absolute value, less than
Clz =yl | Do,
because || Dcol| o (jo,13;21 V) < C. Finally, the fourth term is estimated by
M (IDo(y)| — |DY(y)|) < M |Do(x) — Dip(y)| + M [D(x) — Dé(y)]
< M |Dg(x) = Dy(y)| + M VN [|D*¢|l e |z — 3.

This proves (H4) and concludes the proof of the first part of Theorem 3.1.

For the convergence of the entire sequence, we use the result of [6] which states that
under assumptions (D) and (D?), then (3.1) has a unique weak solution. The convergence
of the whole sequence (uy) to this solution then follows from Theorem 2.2. O

3.2 A Fitzhugh-Nagumo type system

We are also interested in the following system:

up = a(v)|Dul in RY x (0,7),
v —Av =gt (V)1gz0p + 97 (0)(1 = 1psey) i RY x (0,7), (3.3)
u('a O) = Uy, U('70) = o in RN,

which is obtained as the asymptotics as € — 0 of the following Fitzhugh-Nagumo system
arising in neural wave propagation or chemical kinetics:

{ u$ — eAuf = e f(uf,v°),

3.4
vy — Av® = g(u®,v%) (3.4)

in RN x (0,T), where for (u,v) € R?,

flu,v) =ul—u)(u—a)—v (O<a<l),

glu,v) = u— v (7> 0).
The functions o, g+ and g~ : R — R appearing in (3.3) are associated with f and g.
This system has been studied in particular by Giga, Goto and Ishii [13] and Soravia,

Souganidis [21]. They proved existence of a weak solution to (3.3). Moreover in [21], the
convergence of the solution of (3.4) to a solution of (3.3) as € — 0 is proved.

If for x € L=(RY x [0,T];[0,1]), v denotes the solution of

ve—Av=g*)x+g (L)1 -x) mRY x(0,T),
{U(', 0) = v inRY, (3:5)
and if ¢[x](z,t) := a(v(z,t)), then Problem (3.3) reduces to
ug(r,t) = c[lyy>o0y)(x, t)|[Du(z,t)| in RN x (0,T),
{u@0>uo in RY, (36)
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which is a particular case of (1.1), and where ¢[x] depends on x in a nonlocal way in
both space and time. In [5], Barles, Cardaliaguet, Ley and the author were therefore
able to recover the existence result of [13, 21], and in [6], they proved uniqueness in the
case where o > ¢ in R for some ¢ > 0.

Let us state the assumptions satisfied by the data; they imply that (A1) and (A2)
hold:

(F) (i) « is Lipschitz continuous on R,

(ii) g* and g~ are smooth on RY and there exist g and g in R such that
g<g (r)<g*(r)<g foralrinR.
We set v = max{]g|,|g|}. Moreover we assume that
g™ llse +11g™) o + 11(g7) lloe + 1g7) " loo < +o0.

(iii) wvo is of class C* on RN with || D7vgl/ee < 400 for any j =0,...,4.

Here we want to propose a numerical scheme to compute a weak solution, or the weak
solution if a > §, of (3.3)-(3.6). To solve the heat equation part

vy —Av=g"(v)x+9 (v)(1 - X),

we use an approximation scheme that we write in the following abstract form: we build

functions vy, : RY x [0,T] — R, such that v, is piecewise constant, i.e. for any (z,t) €

RN x [0, T], vn(z,t) = vn(xn, [t/h]h), and such that for any k € N with (k+ 1)h < T, for

any x € I,

vn(, (k+ 1)h) = Sulx](z, kh, vn),

(3.7
vp(z,0) = vo (),

where Sy, [x](z, kh,v) depends on {X (@i, ..ix>lh)}(,...in)ez~ for I € Nup to k+1, and
on {vp (@i, .. ins1h)} iy, .in)ezy for I € N up to k. Moreover vy is an approximation of
the initial datum vy.

The scheme solving the heat equation being fixed, we then use our scheme (2.1) in
the following form: for any k € N such that (k + 1)h < T, and for any = € II;, we set

(3.8)

up(z, (k+ 1)h) = up(x, kh) + ha(vy(z, kh))|Dp|(un (-, kh)),
on (e, (k+ 1)h) = Su[Ll,>01](, kh, vn),

with the initial condition

up(x,0) = ug(x)

on(,0) = v n(2).
We recall that | Dp|(¢)(x) is the monotone approximation of | D¢(z)| used in the previous
section. We easily see that this scheme is of the form (2.1) where H[x](x, kh,u) depends

on x through all the values x(-,lh) for 0 <1 < k. We now formulate assumptions on the
functions S;, which will guarantee convergence of (3.8) according to Theorem 2.2:

(S) (i) There exists M > 0 such that for any fixed x € L>®(RY x [0,T];[0,1]), the
solution v of (3.7) satisfies, for any x € II;, and k € N with kh < T,

|v(x, kh)| < M independently of h.
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(ii) If xn € Br(RY x[0,77; [0, 1]) is such that y, — x in L= (RN x [0, T7; [0, 1]) for
the weak-* topology as h — 0, then the solution v, of (3.7) associated to xp converges
pointwise to the solution v of (3.5) in B(0, R) x [0, 7], where we set R = Ry + T max \;
and Ry is given by (1.2).

(i7i) For any compact subset K of RY there exist uniformly bounded moduli of
continuity my () such that for any h > 0, z,y € K N1, any k, h > 0 with kh < T and
x € L= (RN x [0,7];1]0,1]), the solution v of (3.7) satisfies

[v(z, kh) — v(y, kh)| < mp(lz —yl),

and such that my(n) — 0 as h,n — 0.

Our convergence result is the following:

Theorem 3.2. Assume that o, g%, g~ and vy satisfy (F), while uo is a bounded and
Lipschitz continuous function which satisfies (1.2). Let uy, be defined by the scheme (3.8)
such that (S) holds and the A;’s satisfy

h
V2N max{|a(r)|,|r| < M}K <1 foranyi=1,...,N, (3.9)

where M is the constant given by assumption (S) (i). Then there exists h, — 0 such
that (up,) converges locally uniformly in RN x [0,T] to a weak solution of (3.6).

If in addition there exists § > 0 such that o(r) > & for any r € R, then the whole
sequence (uy) converges locally uniformly in RN x [0,T] to the weak solution of (3.6).

Proof. Assumption (S) (i) guarantees the existence of a constant M such that for any
fixed x € L=(RY x [0,77;[0,1]), the solution v € By,(RY x [0,T]) of (3.7) satisfies, for
any x,y € II, and k € N with kh < T,

|v(z,kh)] < M independently of h.

The CFL condition to ensure the conditional monotonicity of the first part of the scheme
(3.8) is exactly (3.9), while the stability of this scheme follows as in the dislocation case.
It only remains to check assumptions (H3) and (H4) of Theorem 2.2. This verification
is very similar to the above proof in the dislocation case: it uses assumption (S) and
the Lipschitz continuity of . As a consequence, Theorem 2.2 guarantees the existence
of a subsequence (uy,, ) converging locally uniformly in R x [0, 7] to a weak solution of
(3.6).

If in addition there exists § > 0 such that a(r) > ¢ for any r € R, then (3.6) has
a unique weak solution (see [6]). The convergence of the whole sequence (up) to this
solution follows once more from Theorem 2.2. O

Let us now give an example of scheme (3.7) which satisfies (S). Due to the lack of
regularity of the function x, we will solve an approximate equation in which the term
X is regularized by convolution: for ¢ > 0, let (p°) be a mollifier on RY x R such that
Supp(pf) C [—¢,e]N L, pf(—x, —t) = pf(x,t) for all (x,t) € RNV x R, ||p°|l; = 1 and

A .

%], < . 1o <

15



for some constant A > 0. To ensure that our scheme is non-anticipative, we shift p° in
time by € and set

T
X (z,t) = / / p°(x—y,t —s—e)x(y,s)dyds.
0o JrN

Let us fix the space steps A; by the relation A; = \; h for some fixed constants \; > 0
so that (3.9) holds with
M = |lvolloc + 7T

We also assume that ¢ is linked to h by the relation
eNFtL = pp (3.11)

for some fixed 3 € (0,1).

We are going to solve (3.5) by the standard forward Euler scheme, with the regular-
ization x° of x. For reasons linked to this choice of scheme that will appear later, we need
to solve (3.5) on a refined time grid: let A’ be another time step such that h/h’ =: p € N*;
the integer p may depend on h. We define the operator T,’f,h, [x] corresponding to the k-th
step of the forward Euler scheme for (3.5) on this refined grid, that is, for any function
v:10, — R, x € L°(RY x[0,T);[0,1]), for any = € ITj, and k, i’ such that (k+1)h' < T,

N
TR () (x) = v(z) + B Z v(x 4+ Aje;) — 2v(x) + vz — Aje;)

A2
i=1 i
+ 1 g (@)X (@, kh') + hg™ (v(@)(1 = X (=, kh)), (3.12)
where (ej,...,ey) is the canonical basis of RY.

Then we set for any v : I, — R, x € L®(RY x [0, T);[0,1]), for any x € II;, and k, h
such that (k+ 1)h < T,

Sulx] (@, kh,v) = T [ o o T [y o TN (0) (),
and we denote v5, the solution of (3.7) with initial condition

vo,n(®) = vg(2)

for some regularization v§ of vy of class C*° with [[Dv§|lec < [[D?vp|lee for any j =
0,...,4 and such that v§ — v uniformly as ¢ — 0.

This means that, to define v, (x, (k+1)h) knowing v, (x, kh), we split the time interval
[kh, (k4 1)h] in p = p(h) intervals of length A’ and make p iterations of the operator T},
starting from vj, (x, kh).

To explain the choice of k', we notice that the linear part of (3.12), which is repre-

sented by the operator

N

G(h') v = (v(2))zem, — (v(m) + K Z v(x + Aiei) — 2UA(2$) +ou(r — Aﬁi)) |
i=1 i e,

is monotone and satisfies
1G]l < [[vlloo
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under the CFL condition W )
max — <

AZ = 2N’
Since in addition we have for any k, h’ such that kh/ < T,

(3.13)

|1 g™ (v5 (@, kB)x (2, k') + h' g™ (v, (2, kh')) (1 = x5 (2, kh')) < v B,
it is easy to see that under condition (3.13), for any & and ¢ we have

[0 lloe < llvolloe +7T = M.

We therefore choose our time step h’ by the relation A; = pu; v/h' for some constant
wi > 0 such that h/h' € N* and (3.13) holds: more precisely, we fix constants p; > V2N
independent of h such that \;/u; =: v does not depend on ¢, and set

1
h' = (vh)?> where h= e

for some p € N*.

Let us now check the assumptions of Theorem 3.2 for the choice of ¢ given by (3.11).
First of all, (S) (i) is satisfied with M = |lvg||oc +~ T, and the A;’s were chosen so as to
satisfy (3.9) with this M.

To check (S) (i4), let us fix a sequence of functions x5 € Bx(RYN x [0,T];[0,1]) such
that y;, — x weakly-* in L>(RY x [0,7];[0,1]) as h — 0. We want to prove that for
the choice of e(h) given by (3.11), the solution v}, of (3.7) associated to xj, with initial
condition v§ converges pointwise to the solution v of (3.5) in B(0, R) x [0,T] as h — 0.
To do so, we set x5 := (x5)° and write

v, =0 = (vj, = wp) + (wf, — wp) + (wn =),

where wy, (resp. w§) denotes the solution of (3.5) associated to xp (resp. x5) with
initial condition vy (resp. v§). That is, we split the error in three parts, the first part
concerning the approximation error coming from the scheme, but with regular source
terms x5, the second part taking into account the error on exact solutions of (3.5), but
as we relax the regularity of x® by letting xj — X, and the third part dealing with the
weak convergence of xj, to x.

Step 1: the term vj — wj . Let us set
E* = (B*(x))sen, = (vf(x, kh') — wj, (. kA'))sem,

to be the approximation error at step k. Let us also set e* = (e*(2)),em, , where

b i (k4 DY) = G yu (a, k1)
e"(x) :=
h/
— g™ (Wi (=, kh'))xG (2, kh') — g™ (wj (2, k1) (1 = X, (2, kh')),
which represents the consistency error of the scheme. Classical error estimates on the

explicit Euler scheme for the heat equation imply that there exists a constant C' > 0 such
that for any = € IIj, and k, h’ with kh/ < T,

(@) < =
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Indeed, the theory of parabolic equations shows that wj is of class C*° with

A
= 22(N+1)

82w2
ot?

. S m and HD4w’€l||oo

for some constant A > 0, thanks to (3.10) and the bounds on the derivatives of the initial
datum vg. Then we remark that

= (x, (k+ DA) — wi(z, (k + D)
i ( k) () + b g (vF (2, kB)) G, (o, KR) + B g™ (vF (2, kR')) (1 = XG, (, kh'))
— G(W)Ywj (-, kh') () — 1" g™ (wj, (2, KR")xG, (2, kh') — b g™ (wj (x, k') (1 = Xj, (z, kh'))
(

which we rewrite

EF Y (@) = G [oi (-, k1) — wi (- k)] () — b " (x)
+h' (g (v (, kR') — g (wf, (2, KI)) ]G, (@, kR')
+ 1 g7 (vg (2, kR)) = g™ (wj, (2, kW) (1 = X, (2, k1)),

If D denotes a Lipschitz constant for g and ¢g—, then we obtain, using the fact that
G <1,

1B o < 1 E¥ e + WX oo + DB [ E¥loc = (1 DRI E¥|loc + ' [l

By induction, and using the fact that E° = 0, we easily deduce that for any k& with
kh' <T,
k . .
1B oo <h" Y (14 DR')" [[e"|oc-
i=0
Using (3.14), we obtain that for any k with kh/ < T,

| E¥|| o0 < TePT (h' 4+ max A?)

~2(N+1)

< TePT ¢

S m(l"‘maxuf)l/Q h27 (315)

thanks to the choices of A; = p;v/h/ and b’ = (vh)?. We therefore see that if we choose
g asin (3.11), i.e. eVt = hP for some B € (0,1), then v§ — w§ converges to 0 uniformly
on IT;, as h — 0. Moreover, an easy consequence of the explicit resolution of (3.5) (see
Lemma 3.5 in [5]) is that there exists a constant ky > 0 depending only on N such that
for any =,y € RV,

[wf,(z, kR) = w (9, k)| < (I Dvoloc + kn ¥ VT) |2 =yl

As a consequence, v; — wj, also converges to 0 uniformly on RY as h — 0.

Step 2: the term w§, — wy,. Let us first prove that x5 — x», — 0 in L>(RY x [0, 77;[0,1])
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weakly-* as h — 0. For any ¢ € L'(RY x [0,T];R),

/OT /RN X5 (z,t) p(z,t) dxdt—/oT /RN xn(z,t) ¢(x,t) dudt
- T T xn(y,8) p(x — y,t — s — &) dyds | d(x, t) dadt
L LAL L

_ /O ' /R Xn(,0) () dud

and (y, s) in the first integral, which is permitted by the

Exchanging the variables (z,t)
[0,1], and that p° and ¢ € L', we transform this difference

facts that y, takes values in
of integrals into

/OT /RN Xn(y,s) (/OT/RN Pz —y,t—s—e)p(x,t) d:cdt) dyds

- /OT /RN Xu (Y, s) oy, s) dyds

which, in absolute value, is less than

/OT/RN (/OT/RN,OE(m—y7t—8—8)¢($,t)d;cdt> — ¢(y, s)| dyds,

since |xp| < 1. Using the fact that p® is symmetric, this integral is equal to

/OT /RN (/OT /RN Py =5 —t+e)d(a.t) dmdt) — 0ly, )| dyds,

that is to say,

o (- +e) & — ¢~5||L1(1RNx[o,T])7

where ¢ is the extension of ¢ to RN x R by gg(-,t) =0ift ¢ [0,T]. Reproducing the
standard proof on approximation by convolution (using the approximation of q’; by a
function of class C!), we see that this term converges to 0 as e = (h) — 0. This proves
the claim.

We deduce from this assertion and the fact that v5 — vy uniformly, that w; — wy,
converges locally uniformly to 0 as h — 0. This verification is similar to the proof of
Theorem 3.4 of [5], based on the explicit resolution of (3.5) in terms of the Green function
of the heat equation.

Step 3: the term wy —v. We prove in the same manner that this term converges locally
uniformly to 0 as h — 0, since xj, — x weakly-* in L (R x [0, T]; [0, 1]). This concludes
the verification of (S) (i%).

Let us finally check (S) (éi¢) for the choice of € given by (3.11) : let K be a compact
subset of R, let z,y € K N1l,, kh < T and x € L=®(RY x [0,T];[0,1]). To estimate
v;, (x, kh) — v§ (y, kh), where v}, is the solution of (3.7), we write

vp, (2, kh) = vj(y, kh) = (vf, (2, kh) — wj, (2, kh)) + (wj, (2, kh) — wj,(y, kh))
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Using the error estimate (3.15), we know that

v (x, kh) — w§ (z, kh)| + |w, (y, kh) — v§ (y, kh)| < 2T ePT

m (1 + maXﬂ?) 1/2 hz.

Moreover, as recalled above, the solution wj, of (3.5) associated to xj, satisfies

[wi (. k) = iy, k)| < (| Dol + by Y VT ) & = yl.

With the previous choice of €, we therefore obtain that (S) (éi7) is satisfied with

mp(n) = 2T ePT C (1 + max p?) v? R2(=8) 4 (||Dv0||OO + kN’Y\/T) n.

This concludes the proof of convergence for this scheme.

Aknowledgment. I would like to thank Pierre Cardaliaguet for his kind advice and
support during the preparation of this article. This work was partially supported by the
ANR (Agence Nationale de la Recherche) through MICA project (ANR-~06-BLAN-0082).

References

1]

2]

3]

4]

5]

[6]

7]

18]

19]

O. Alvarez, E. Carlini, R. Monneau, and E. Rouy. A convergent scheme for a nonlocal
Hamilton-Jacobi equation, modeling dislocation dynamics. Numerische Mathematik,
104(4):413-572, 2006.

O. Alvarez, P. Hoch, Y. Le Bouar, and R. Monneau. Dislocation dynamics:
short-time existence and uniqueness of the solution. Arch. Ration. Mech. Anal.,
181(3):449-504, 2006.

G. Barles. A new stability result for viscosity solutions of nonlinear parabolic equa-
tions with weak convergence in time. C. R. Math. Acad. Sci. Paris, 343(3):173-178,
2006.

G. Barles, P. Cardaliaguet, O. Ley, and R. Monneau. Global existence results and
uniqueness for dislocation equations. to appear in SIAM J. Math. Anal.

G. Barles, P. Cardaliaguet, O. Ley, and A. Monteillet. Existence of weak solutions
for general nonlocal and nonlinear second-order parabolic equations. Preprint, 2008.

G. Barles, P. Cardaliaguet, O. Ley, and A. Monteillet. Uniqueness results for non-
local Hamilton-Jacobi equations. Preprint, 2008.

G. Barles and P. E. Souganidis. Convergence of approximation schemes for fully
nonlinear second order equations. Asymptotic Anal., 4(3):271-283, 1991.

M. Bourgoing. Vicosity solutions of fully nonlinear second order parabolic equa-
tions with L'-time dependence and Neumann boundary conditions. existence and
applications to the level-set approach. to appear in Discrete Contin. Dyn. Syst. Ser.
B.

M. Bourgoing. Viscosity solutions of fully nonlinear second order parabolic equations
with L'-time dependence and Neumann boundary conditions. to appear in Discrete
Contin. Dyn. Syst. Ser. B.

20



[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

P. Cardaliaguet and D. Pasquignon. On the approximation of front propagation
problems with nonlocal terms. M2AN Math. Model. Numer. Anal., 35(3):437-462,
2001.

M. G. Crandall, H. Ishii, and P.-L. Lions. User’s guide to viscosity solutions of second
order partial differential equations. Bull. Amer. Math. Soc. (N.S.), 27(1):1-67, 1992.

Y. Giga. Surface evolution equations. A level set approach, volume 99 of Monographs
in Mathematics. Birkh&user Verlag, Basel, 2006.

Y. Giga, S. Goto, and H. Ishii. Global existence of weak solutions for interface
equations coupled with diffusion equations. SIAM J. Math. Anal., 23(4):821-835,
1992.

H. Ishii. Hamilton-Jacobi equations with discontinuous Hamiltonians on arbitrary
open sets. Bull. Fac. Sci. Eng. Chuo Univ., 28:33-77, 1985.

D. Nunziante. Uniqueness of viscosity solutions of fully nonlinear second order
parabolic equations with discontinuous time-dependence. Differential Integral Equa-
tions, 3(1):77-91, 1990.

D. Nunziante.  Existence and uniqueness of unbounded viscosity solutions
of parabolic equations with discontinuous time-dependence. Nonlinear Anal.,
18(11):1033-1062, 1992.

S. Osher and R. Fedkiw. Level set methods and dynamic implicit surfaces, volume
153 of Applied Mathematical Sciences. Springer-Verlag, New York, 2003.

S. Osher and J. Sethian. Fronts propagating with curvature dependent speed: algo-
rithms based on Hamilton-Jacobi formulations. J. Comp. Physics, 79:12—49, 1988.

D. Rodney, Y. Le Bouar, and A. Finel. Phase field methods and dislocations. Acta
Materialia, 51:17-30, 2003.

D. Slep¢ev. Approximation schemes for propagation of fronts with nonlocal velocities
and Neumann boundary conditions. Nonlinear Anal., 52(1):79-115, 2003.

P. Soravia and P. E. Souganidis. Phase-field theory for FitzHugh-Nagumo-type
systems. SIAM J. Math. Anal., 27(5):1341-1359, 1996.

21



