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Abstract

We study a family of memory-based persistent random walks and we prove weak conver-
gences after space-time rescaling. The limit processes are not only Brownian motions with
drift. We have obtained a continuous but non-Markov process (Z;) which can be easely ex-
pressed in terms of a counting process (Nt). In a particular case the counting process is a
Poisson process, and (Z;) permits to represent the solution of the telegraph equation. We
study in detail the Markov process ((Z¢, N¢); t > 0).

1 The setting of persistent random walks.

1) The simplest way to present and define a persistent random walk with value in Z is to
introduce the process of its increments (Y;, ¢ € IN). In the classical symmetric random walk
case, this process is just a sequence of independent random variables satisfying IP(Y; = 1) =
P(Y; =-1) = % for any ¢ > 0. Here we shall introduce some short range memory in these
increments in order to create the persistence phenomenon. Namely (Y7) is a {—1, 1}-valued
Markov chain: the law of Yi41 given F; = o(Yo, Y1, ..., Y:) depends only on the value of Y;.
This dependence is represented by the transition probability m(z,y) = IP(Yiy1 = y|Y: = x)
with (z,y) € {—1,1}*:

l1—«a «
™= 0<a<l, 0<p<l.
( & 1*5) 7

The persistent random walk is the corresponding process of partial sums:

t
Xe=)» Vi with Xo=Yp=1lor —1. (1.1)

i=0
Let us discuss two particular cases:

e If o + 3 = 1, then increments are independent and therefore the short range memory
disappears. (X, t € IN) is a classical Bernoulli random walk.

e The symmetric case a« = 3 was historically suggested by Fiirth [ﬂ] and precisely defined
by Taylor [@] Goldstein [E] developed the calculation of the random walk law and
clarified the link between this process and the so-called telegraph equation. Some nice
presentation of these results can be found in Weiss’ book | and . This partic-
ular short memory process is often called either persistent or correlated random walk
or Kac walks (see, for instance, [E]) An interesting presentation of different limiting
distributions for this correlated random walk has been given by Renshaw and Henderson

i)

2) Recently, Vallois and Tapiero [@] studied the influence of the persistence phenomenon on
the first and second moments of a counting process whose increments takes their values in



{0,1} instead of {—1,1}. They obtained some nearly linear behaviour for the expectation.
Using the transformation y — 2y — 1, it is easy to deduce that, in our setting, we have:

E_[X:] =E[X/Xo=Yy=—-1] = % (t+1) - (1370‘0)2 (1—p"th. (1.2)
a—pf 203

Eii[X¢] :=E[X:|Xo =Yo = +1] = (t+1)— (1—p'th. (1.3)

1-p (1-p)?

An application to insurance has been given in .
It is actually possible to determine the moment generating function (see Proposition @ in

Section f).
: d(\ 1) = BN, (A eRL).

However it seems difficult to invert this transformation; i.e. to give the law of X;.

3) This leads us to investigate limit distributions. It is well-known that the correctly normal-
ized symmetric random walk converges towards the Brownian motion. Let us define the time
and space normalizations. Let ap and [y denote two real numbers satisfying:

0<ap<1, 0<pBo<I1. (1.4)
Let A be a positive small parameter so that:
0<ap+ coAy <1, 0< ﬂo + 1Az <1, (15)

where ¢o and c¢1 belong to R (see in subsection @ the allowed range of parameters).
Let (Y%, t € IN) be a Markov chain whose transition probabilities are given by the matrix:

A 1— oo —coAs a0 + coAx (1.6)
o Bo + c1Az 1—-00—al: ) ’

Let (X, t € IN) be the random walk associated with (Y;) (cf. @)) Define the normalized
random walk (Z2, s € A;IN) by the relation:

Z8 = NuXojn,, (Ar>0, Ay > 0). (1.7)

Set (ZSA, s > 0) the continuous time process obtained by linear interpolation of (Z2).
We introduce two essential parameters:

po=1—ao—Fo (the asymmetry coefficient), (1.8)

No = ﬁo — Q. (19)

In this paper, we will aim at showing the existence of a normalization (i.e. to express A; in

terms of A,) which depends on ag, fo, so that (Z2) converges in distribution, as A, — 0.
Our main results and the organization of the paper will be given in Section E

2 The main results

21 Case: pg=1

Obviously po = 1 implies that ap = By = 0, and the transition probabilities matrix is given
as

A 1—coAs oAy
o = ( G A, 1-eA, ) (co,c1 > 0).

In order to describe the limiting process, we introduce a sequence of independent identically
exponentially distributed random variables (e,,n > 1) with IE[e,] = 1. We construct the
following counting process:

co,c1
N = Z LT e rseat ot Apen<ths (2.1)
k>1



where

- 1/co if k is odd
Ak 7{ 1/c1 otherwise. (2:2)
Finally we define
t cp,c
Z50°1 = / (=DM du. (2.3)
0

For simplicity of notations, in the symmetric case (i.e. co = ¢1), N;° (resp. Z;°) will stand
for N;O (resp. Z;>°°). The process (Z;°) has been introduced by Stroock (in [E] p. 37).
It is possible to show that if we rescale (Z;°), this process converges in distribution to the
standard Brownian motion. This property has been widely generalized. For instance Bardina
and Jolis [ﬂ] have given weak approximation of the Brownian sheet from a Poisson process in
the plane.

Theorem 2.1. Let A, = Ay and Yo = Xo = —1. Then the interpolated persistent random
walk (ZSA, s > 0) converges in distribution, as Ay — 0, to the process (—Z5°°, s > 0).

In particular if co = c1, then (Ng°) is the Poisson process with parameter co.

If Yo = Xo = 1 then the interpolated persistent random walk (ZSA, s > 0) converges in
distribution, as Ay — 0, to the process (ZSV°, s > 0).

Proof. See Section H O

Next, in Section B7 we investigate the process (Z;°', N;>“!; ¢ > 0). In particular we
prove that it is Markov, we determine its semigroup and the law of (Z;0!, N/O°t) ¢ bemg
fixed. This permits to prove, when ¢y = c1, the well-known relatlon (cf. [E [E
between the solutions of the wave equation and the telegraph equatlon For this reason the
process (Z;2!) will be called the integrated telegraph noise (ITN for short).

We emphasize that our approach based on stochastic processes gives a better understanding
of analytical properties.
We will give in Section fjj below two extensions of Theorem Ell to the cases where (Y7) is
1) a Markov chain which takes its values in {y1,..., ¥k},
2) a Markov chain with order 2 and valued in {—1,1}.

22 Case: pg#1

In this case, the limit process is Markov. We shall prove two kind of convergence results. The
first one corresponds to the law of large numbers and the second one looks like functional
central limit theorem.

Recall that (Z&, ¢t > 0) is the linear interpolation of (Z£) and po (resp. 70) has been defined
by @) (resp. (D).

Theorem 2.2. 1) Suppose that rAy = Ay withr > 0. Then Z8 converges to the deterministic
limit — rﬁpo when Ay — 0.

2) Suppose that rAy = A2 with v > 0, then the process (€5, t > 0) defined by

t\/rmo
(1= po)VA:

converges in distribution to the process (€7, t > 0), as Ay — 0, where

§?=2r( T )2)t+\/r(1+00)(1_( Ui )Q)Wn (2.4)

T—po  (1—po 1—po

& =28+

(W, t > 0) is a one-dimensional Brownian motion, T = (co + ¢1)/2 and T = (c1 — co)/2.
Proof. See Section H O

Gruber and Schweizer have proved in [E] a weak convergence result for a large class of
generalized correlated random walks. However these results and ours can be only compared
in the case ap = fo.



Note that

2
o
I = —0.
0= po)? O<= ap=0 or (=0
Suppose for instance that ag = 0. Then [, co > 0 and
A =5A t\/7_“ 0 27“00
=7, +—— and = t.
£t t \/A_t £t ﬂ()
Obviously, the diffusion coefficient of (£)) can also cancel when po = —1.
Since po = —1 <= ap = Po = 1, then cp,c1 < 0 and
ftA = ZtA and f? = —rTt.

This shows that, in the symmetric case (i.e. co = c1), we have £ = 0. This means that the
normalization is not the right one since the limit is null. Changing the rescaling we can obtain
a non-trivial limit.

Proposition 2.3. Suppose ap = ﬁo =1,co=c1 <0 and rA; = Ai with r > 0.
The interpolated persistent walk (Z&, t > 0) converges in law, as Ay — 0, to (v/—rcoWe, t >
0) where (W) is a standard Brownian motion.

Proof. See subsection @ O

2.3 Organization of the paper

The third section presents few properties of the process (Z;°'“*, ¢ > 0) which has been defined
by (@) Theorem @ will be proven in Section E Section ﬂ will be devoted to two extensions
of Theorem E In subsection @ we determine the generating function of X; (recall that X
has been defined by ()) This is the main tool which permits to prove Theorem and
Proposition (see subsections E and @)

3 Properties of the integrated telegraph noise

The aim of this section is to study the two dimensional process (Z;©t, N/ ¢ > 0) in-
troduced in (@) and (E) In the particular symmetric case cop = c1, the study is simpler
since the process (IN;°, t > 0) is a Poisson process with rate ¢o (IE(N;®) = cot) and Ng° = 0.
However we shall study the general case.

First, we determine in Proposition @ the conditional density of Z;°“ given N;°“t =n,.
As a by product we obtain the distribution of Z;°“* (see Proposition E) Second, we prove
in Proposition @ that (Z;°°1, N1 ¢ > 0) is Markov and we determine its semi-group. We
conclude this section by showing that the solution of the telegraph equation can be expressed
in terms of the associated wave equation and (Z;°°°);>¢. For this reason, (Z;°°!):>o will be
called the integrated telegraph noise (ITN for short). Recall that:
Tzco+01 =_ G~ ¢
2 7 2

Proposition 3.1. 1) P(N;°' =0) = e " and given N;*" =0, we have Z;°' = t.
2) The counting process takes even values with probability:

(3.1)

k t B
P(NFO°L = 2k) = Wg” with ay(t) :/ (t— 2Nt +2)k e dz,  (32)
Ik —1)! .

and the conditional distribution of Z;°°! is given by

P(Z{ € d2|N{O™ = 2k) = —— (t—2)* Mt + )% 1 Log(z) (k21).  (33)

(077 (t)
3) The counting process takes odd values with probability:
k41 k t

co.c coerag(t) i L -
P(N;t =2k 4+ 1) = Wa b with ak(t):/it(tfz)k(t+z)ke dz, (3.4)



and the conditional distribution of Z;°t is given by

1
IP(Z € dzIN;O =2k 4+ 1) = —
( t | t ) Oék(t)

Corollary 3.2. In the particular symmetric case co = c1, the conditional density function of
70 given N{° = n is the centered beta density, i.e.

(t+42)F(t — 2)F?

(t—2)"(t+2) % 1t q(2) (k>0). (3.5)

forn =2k, keN": [f.(t,2)= X%tQ—kl[,m](z), (3.6)
t+2)"(t —2)"
form=2k+1, keN: f.(tz)= ngH%l[_m](z), (3.7)
with
1 (2k + 1)!

X2k+1 X2k+2 22’€+1B(k+ 1,k+ 1) 22k+1(k!)2 ( = )7

(B is the beta function (first Euler function): B(r,s) = FF((TT)}:(:)))
Proof of Proposition @ Associated with n > 0 and a bounded continuous function f, we
define

Anlf) = B [F(Z7 ) (ygoer ]
a) When n = 0, we obtain
Bo(f) =B [F(Z5 ) pienseny] -
If t < Aieq, then Z;2' =t and
Do(f) = fOP(t < Mer) = f(t)e .
b) When n > 1, using (@) we obtain

An(f) =TE |:f(Zt007CI)1{)\161+4.4+>\nen§t<)\151+m+>\n+1en+1} .
If Mier 4+ ... 4+ dnen <t < Aie1+ ...+ Apt1ent1 then

ey o Arer+Azen Arert-FAnen 1
zow = [entas [ (-Ddu+...+ [ (=)™ du
0 A

1€1 Areit.FAp_1ep_1

t
+ / (—1)"du.
Arer+...+dnen

Hence
Z5 = Aer — Aaez + Aseg + o+ (1) Anen + (D)t — Mer — ... = Auen). (3.8)

c) Evaluation of Agx(f), k> 1.
We introduce two sequences of random variables associated with (en):

622624—...-"-62}“ 52261-5-4“4—62]@,17 (kZI) (39)

By (@)7 (E) and (@) we obtain the simpler expression
Aop(f) =1TE [f(t — 285/c1)1{eg jeotes fer <t<€D/co+EQ Jer+eanin /ot |-

Note that from our assumptions, &, &, and ear41 are independent r.v.’s, £ and &}, are both
gamma distributed with parameter k. Consequently:

o
((k =1)1)?

cketeo

= ICE /th f(t—2x/er)z™ (- :v/cl)kexp{<2—(1) — 1>gly}dac7

Aok (f) / exp{—co(t —y/co —x/c1)} f(t — 2z /cr)e a1y da dy
Dy



where Dy = R3 N {y/co + z/c1 < t}. Using the change of variable z = t — 2z/c1, we obtain
r=cE, t—x/cn = 2= and

)k ef(cg+c1)t/2

Aok (f) = (60;1 T /t 7e)( t;Z)k_l(t;Z)kexp{(cl ~co)z/2}dz. (3.10)

—t

Finally () and (@) imply (E) and (@)

d) Evaluation of Agp41(f) for £ > 0. The arguments are similar to those presented in part c).
On the event &7 1 /co+&/c1 <t <& 1 /co+E&L/c1+eanya/c1, we have: Z700 =267, [co—t;
this implies

Azs1(f) = B [Lgg,  seoreg ser<y exp = ex(t — €4 /e — €6 /1)) F(26R 41 /co — 1)].

Since &, and & are independent and gamma distributed with parameter k + 1 (resp. k),
we get

Asesr (f) = f(;;fe—<cU+C1>t/2 /jtf(z)< t;Z>k<t;Z>kexp{(cl —co)z/2}de. (311)

This leads directly to @) and @) O

Let us recall the definition of the modified Bessel functions:

2 v+2m
Li©) = Z>O m!I(“é(/V —)l— m+1)

Proposition 3.3. The distribution of Z;*' is given by

P(Z{"° € dz) = e 6y (dx) + e "' f(t, 7)1 [—¢ (), (3.12)
where
_ 17 Jeper(t + ) R )\ ] 7=
f(t,x) = 5 [ I [1( coc1(t? — x )) + co[o( cocr (82 — x ))}e . (3.13)

Remark 3.4. Let us focus our attention to the symmetric case co = c1. We can introduce
some randomization of the initial condition as follows: let € be a {—1,1}-valued random
variable, independent from the Poisson process N;°, with p:=P(e=1)=1—-1P(e = —1). It
is easy to deduce from ( that we have

P(eZ5 /t € da) = <p51(d:v) + (1 = p)d_a(dz) + g(t, x)dx)efcot, (3.14)

with

g(t,xz) = %t{lo (cot\/ 1-— :c2) + %Il (Cot\/ 1- 372) }1[71,1] (z)

and 61(dzx) (resp. 0—1(dx)) is the Dirac measure at 1 (resp. —1).
In the particular case p = 1/2, x — g(t,z) is an even function. G.H. Weiss (1@/ p.393)
proved () using an analytic method based on Fourier-Laplace transform.

Proof of Proposition @ The proof is a direct consequence of the expression of Proposition
. Indeed, for each bounded continuous function ¢ we denote

A =TBlp(Z )] = e(B)e™ " + 3 Aar(p) + D Aoksr(9) = p(t)e " + Ac + A,
E>1 k>0

where An() = BA(Z® ) yzo.cs_,y ). Using () and () we set

t
A. = efn/ ©0(2)Se(2)e™*dz,

—t



with

1 (cocl)k t—2z\k—1/t 4 z\Fk
Se(2) = Q;k!(k—l)!< 2 ) < 2 )
1 t+z 1 coct (12 — 22)\ 2k+1
T2 Cocl\/t—zzk!(k+1)!( 2 )
k>0
1 t
= 51/0001 ti_—ill( CoC1(t2—Z2))A

For the odd indexes, by (@) and (@) we get

with

O
Proposition 3.5. 1) (Z;°°, N;/>; ¢t > 0) is a R x N-valued Markov process.
2) Let s > 0 andn > 0. Conditionally on Z5' = x and NSOt = n, ((Zfi;cl,Nf_‘ﬁ;cl), t> 0)
is distributed as

((x + fg(—l)Nﬁowol du,n + Nf"’cl>, t> 0) when n is even,
((& = o =Y dusn+ N;10), 42 0)  otherwise.

Remark 3.6. Note that Propositions @ and @ permit to determine the semigroup of
((Zf“’cl,Nf“’Cl), t > O) ie. P(Z;0° € do, NJO = n|Zo1 = y, N§1 = m) where
t>s,n>mandy € [—s,s].

Proof of Proposition @ Let t > s > 0. Using (@) we get

co,e t—s s
ziver =z (M [ Vi,
0
where N2 = NZOTt — NGOt u > 0.
Note that (N3; u > 0) 2 (N0t 4 > 0) if Nt € 2N and (N2; u > 0) 2L (N&veo; 4 > 0)
if NJ©t € 2IN +1. This shows Proposition . O

Next, we determine (in Proposition @ below) the Laplace transform of the r.v. Z;° . It
is possible to use the distribution of Z;**“* (cf Proposition @), but this method has the
disadvantage of leading to heavy calculations. We develop here a method which uses the fact
that (Z52°'; s > 0) is a stochastic process given by (E) The key tool is Lemma @ below.
Roughly speaking Lemma @ gives the generator of the Markov process (Z;“, N/).
Lemma is an important ingredient in the proof of Proposition besides.

Lemma 3.7. Let ' : R x IN — R denote a bounded and continuous function such that

z — F(z,n) is of class C* for all m. Then

F cp,c
G EFE Nl =B e N )

+E [ (F(Zf(”Cl,Nf”’cl +1) - F(Zf"’cl,NfO’cl))

X(Cll{N£0v01€2m+1} +601{Ntc0’01€2]1\1})]' (315)

Proof. Let us denote by A(t) = E[F(Z;°, N;>)]. In order to compute the ¢-derivative
we shall decompose the increment of ¢ — A(t) in a sum of two terms:

A(t+h) — A(t)

=B
h n+ Ch,



with

1 co,c cg,c co,cC co,cC

By = 3 { BIF(Z0, Nioh)) - BIF(Z0 Nyl
1

Cr = T { BIF(Z{ Nigi)] - EIF (27, Nfo)] .

Since F'(-,n) is continuously differentiable with respect to the variable z and t — Z;°! is
differentiable (cf (@))7 using the change of variable formula we obtain

1 co,C cp,C cQ,C cp,C 1 t+haF cp,C cp,C c0-°1
E{F(Zt_‘;’hl,Nti;ll) — F(Z I,thhl)} = E/ 55 (Z2 7 NG (=DM du.
t
Therefore oF
: _ YL 1 r7cosce1 co,C1\(__ NCO’Cl]
}E%B*L*E[az (zeoer, Neoeny(—1)Ne . (3.16)

In order to study the limit of C},, we consider two cases: N;° ' € 2IN and N;*' € 2IN +1:
1 cp,c cQ,C \7C1,C co,C cp,C
Cp = EIE[(F(Zt“’ LUNFOS 4 NG9O — F(Z2 NSO 1))1{Nfo’clele+1}]
1 cp,c cQ,C \7CO,C co,C cp,C
+ E]E[(F(Ztm lthO 1+Nh0 1)7F(Zt0 17Nt0 1))1{Nf°’61€21N}]’

where N, = NEOEr — Nyoet,
According to Proposition @, conditionally on Zf°! and N1 € 2IN (resp. N €
2IN+1), Ny is distributed as N;°* (resp. N;"“°). Note that Proposition @ implies that

IP(N, "t > 2) = o(h) and

o 1o eh e Thy B
P(NO % =1) = - (——=—Je = coh + o(h).
2 T
Consequently
,lff})ch = alE [(F(ZEO,C17N50,C1 +1)— F(Zfo’cl7Nf°’cl ))1{N§0,c1 62]N+1}]

+ R [(F(ZfU’CaNfO’Cl +1) - F(Zfo’caN;O’CI)>1{N;0,C162]N}]. (3.17)

Then, (B.1¢) and () clearly imply Lemma @ O

Let us introduce the two quantities:

Le(t) =IE [e_ﬂzto’ 1 Lincocten IN}] and Lo(t) = IE [e_ﬂzto’ 1 Lingorer 62]N+1}]7 (t=0,u€R).
(3.18)

Since |Z;9t| < t, then L¢(t) and Lo(t) are well defined for any 1 € R. Note that u — Le(t)

(resp. i — Lo(t)) is a Laplace transform. We have mentioned the ¢-dependency only because

it will play an important role in our proof of Proposition @ below.

Proposition 3.8. Let Lc(t) and Lo(t) be defined by (B.1§). Then

Lo(t) = % (=114 7) sinh(+VE) + VE cosh(tv/E) ) ¢, (3.19)

Lo(t) = % sinh(tVE€)e ™, (3.20)
]E[e_”ztco’cl] = % [(—N + 7) sinh(tVE) + \/Ecosh(t\/g)} e (3.21)

where £ = p? — 27y + 72,
Proof. Applying Lemma @ with the particular function F'(z,n) = e **1{,c21v}, we have:

cp,c1 1 NCO-C1

—uZz
ZLe(t) = —TE [ AT ()M oo |
+ Ele 2" (1, oo — 1, pe0e
{N;Ote2IN +1} {N;0“te2IN}

X (Cll{Nf“’Cl c2oN+1} T COl{NfO’“1 62]1\1})}



We deduce

d
DLty = ~(u+ eo)Lelt) + e Loft).
Similarly
d _,70:c1 cg,c1
ZLo(t) = —u]E[e nz (N 1{N50,C1€21N+1}]

_,zc0°c1
+ E[e He (1{N§U’Cle21N} - 1{N§°’Cle21N+1})
X <611{N:U’Cl coN+41} T COl{N,f“’C1 €2 11\1})] .

We get therefore
d
S Lo(t) = (5 — e1)Lo(t) + coLe().

A= ) (0l

We deduce the expressions of L. (t) and Lo (t):

To sum up

A

Le(t) = aye™' +a_er? Lo(t) = bye™t +b_e*-" (3.22)

where Ae = —7 4+ /2 — 27 + 72 = —7 £ VE.
The constants a+ and b+ are evaluated with the initial conditions:

Lo(0) =P(N € 2IN) =1,  Lo(0) = PNt € 2N +1) = 0,

dLe
P (0) = — -+ o) Le(0) + exLo(0) = — o,
dL,
7t (0) = (1= c1)Lo(0) + coLe(0) = co.
We obtain 1 1
ay = —=(—p+74+VE and a- = —= —F—i—\/g7 3.23
o= gl ) el ) (3.23)
Cco Co
by = and b =-——— 3.24
T aVE 20/E (324
Using )7 () and ()7 Proposition @ follows. O

It is easy to deduce two direct consequences of Proposition @ First, taking p = 0 we
obtain IP(N;*“! € 2IN) and IP(N;*“! € 2IN+1). Second, taking the expectation in @) we
get the mean of Z;°“!.

Corollary 3.9. We have:
1 _
IP(N>t € 2IN) = - [?sinh(rt) + TCOSh(Tt)]e ™

P(Nf € 2IN+1) = 2 sinh(rt)e ™,
T
and _
co,c1] I Co 27t
B[Z) = —t+ 55 (1—e7"T).

Remark 3.10. The Laplace transform with respect to the time variable can also be explicitly
computed. We define F(p,s) = [ e ]E[ef“zto’ 1]dt. Integrating () with respect to dt
we get

F(pu,s) (\/_+( u—i—T))S ! + ! (\/E—(—u-&-r))

2f —-VE+T 2/E
(VE—p+m)(s+VE+T)+(VE+pu—1)(s—VE+T)
WE((s+7)% =€)
28\/54’47’\/5*2}14\/5_ S+21 —p
WE(s+7)2—-€)  (s+7)2-¢

1
s+VE+T




In the symmetric case, £ equals u> + c2, then

s+ 2co —

L 3.25
82 4 2s¢co — p? ( )

F(p,s) =
Let (Z:) be the symmetrization of (Z;°) which is defined by an initial randomization:
Zy=eZ, >0,

where € is independent of Z;° and IP(e = +1) = 1/2.
Relation (B.29) implies

o _ 2
/ e st IE[e Nzt]dt _ . s+ 2co )
0 82+ 2sco — p?

This identity has been obtained by Weiss in /@/

Let us now present a link between the ITN process and the telegraph equation in the
particular symmetric case ¢co = ¢1 = ¢ > 0. Recall that (Nf) is a Poisson process with
parameter c.

Let f : R — R be a function of class C* whose first and second derivatives are bounded. We
define

u(x,t) = l{f(gt?Jrat)Jrf(:pfat)}, zeR, t>0.

2
Then (cf [ﬂ]) u is the unique solution of the wave equation
Pu_ 0%
o2 Ox?’ 5
u(@,0) = f(2), 5 (2,0)=0.

Proposition 3.11. The function

w(z,t) =1 [u(m,/ot(—l)Nscds)]7 (z eR,t>0)

is the solution of the telegraph equation (TE)

0w P 8_w B 2 0%w
o "ot ~ " o
0
w(z,0) = f(z), 8—15(%0) =0.

This result can be proved using asymptotic analysis applied to difference equation asso-
ciated with the persistent random walk [@ or using Fourier transforms . Here we shall
present a new proof.

Proof of Proposition . Applying twice Lemma E to (z,n) — u(z,2) and (z,n) —
U (2 2)(—1)" we obtain:

ot
aa—l;)(m,t) =IE [g—? (x7 /Ot(—l)Nscds) (_1)Ntci|_
and

9w

ety =[S (o [ 0 as)] —2em [ B i, [ (-1 as) (1)

Since u solves the wave equation we have

0*w 0w ow
W(x,t) =d’ 92 (z,t) — 2ca(x,t).

The function w is actually the solution of the telegraph equation. It is easy to prove that w
satisfies the boundary conditions. |

Let us note that Proposition can be extended to the asymmetric case co # c1. In
this general case the telegraph equation is replaced by a linear system of partial differential
equations.

10



Remark 3.12. 1) In /E/, /@], an extension of Proposition has been proved. Let A be the
generator of a strongly continuous group of bounded linear operators on a Banach space. If w
is the unique solution of this abstract *wave equation”:

9w

ot?

ow
at

= A%w; w(-,0) = f, (,0)=Ag (f,g € D(A))

then u(z,t) = IE [w (m, fg(—l)Nsc ds)] solves the abstract "telegraph equation”:

9%*u 2 ou ou
o = Au—2eg w0 =, o (,

— Ag.
o 0) g

2) In the same vein as [E], Enriquez /ﬂ/ has introduced processes with jumps to represent
solutions of some linear differential equations and biharmonic equations in the presence of a
potential term. Moreover useful references are given in [ff].
3) It is easy to deduce from Lemma @’ that the functions

t cp,c
(o t) = [u<x/0 1)V 1d5>1{N50,c162]N}}, (z € R,t>0)

NCO »C1

wo(z,t) = IE [u(%/ot(_l) s ds)l{Nfo’clezn\I+1}]7 (x e R,t>0)

are solutions of the general telegraph system (TS)

) 2
88:2)6 = (coc1 — Cg)we + (coc1 — C%)wo —2¢o aauze +a’ 88;:;67
] 2
88:2)0 = (coc1 — C?))we + (coc1 — C%)wo —2a 857)50 o 885;07
Sw. Jw,

we(z,0) = f(x), wo(xz,0) =0

S @,0) = —cof(s) 5 (2,0) = of (@)

4 Convergence of the persistent walk to the ITN

Suppose po = 1. The aim of this section is to prove the convergence of the interpolated
ersistent random walk towards the generalized integrated telegraph noise (ITN) i.e. Theorem
. Let us start with preliminary results.
First, let us recall that (X,,n € IN) is the persistent random walk starting in 0 defined by
the increments process (Y, n € IN) (see Section ) with transition probabilities

A 1— COAt C()At
g o ClAt 1-— ClAt ’

Let (Tk; k > 1) be the sign changes sequence of times :

T1:1nf{t21 Y;;éYo}

(4.1)
Tor =inf{t >Ty : Vi #Yr}; k>1.
We put 7o = 0 and
Ay =Ty —Teor k>1 (4.2)
Let N¢ be the number of times over [0, ¢] so that the sign of (Y},) changes:
Ne=> lyr<n (4.3)

jz1
The definition of N; implies that:

Ne=k<= T, <t <Tg+1

11



We suppose in this subsection that Yo = —1.
We deduce from the identities above:

k
Xe =Y (-1 A; + (=)' (¢t =T +1) where k= N;. (4.4)
j=1
By (@) we obtain:
Tk:A1+...+Ak kzl. (45)
Hence the equations (E), (@) and (@) permit to emphasize the bijective correspondence
between (X,; n € IN) and (Ax; k € IN).
We introduce the normalization of (X,; n € IN) given by (E) with Ay = Ay:

Z8 = AiXyn, (8/A € N). (4.6)
Let us define:
A
N2 = ; Ui aja,<sy 520 (4.7)
J=

Let us note that
NSA: s/Ay ifS/AteIN.

That permits to extend the definition of Z2 to any s > 0 by setting

(=17 (AcA)) + ()" (s = AT + Ay) k= N2 (4.8)

M-

78 =

j=1

Obviously Z2 = Z2 if s/A; € IN.

In order to study the asymptotic behaviour of (ZSA) as A¢ — 0, we shall first prove the
convergence in distribution of (A;A;);>1 and (N&)s>o.

We recall that some random variable £ is exponentially distributed with parameter A > 0 if
its density is given by %eﬂ”/kl{zzo}.

Lemma 4.1. The random variables (Ay) are independent and A¢Asy (resp. ArAsg+1) con-
verges in distribution, as Ay — 0, to the exponential law with parameter i (resp. %)

Proof. Since (Y;,) is a Markov chain, then the (Ax) are independent. First let us study the
convergence in distribution of the sequence A¢As,. We use the Laplace transform of At Agy:
o(u) = Ble™#At42k] 1, > 0. Since Agy, is geometrically distributed with parameter i A, we
obtain
pp) = Y e (l—al) T tal,
j=1
c1A¢ c1ly c1

b (1—cdy)  (pte)ditod) pta *

o(Ay) (4.9)

The function ¢(u) converges for any p > 0 to the Laplace transform of some exponential law
with parameter ¢ L. This proves the convergence in distribution of A;As,. Concerning Ask—1
the arguments are similar. O

Let us recall that the counting process (N;°°!, t > 0) has been defined through the se-
quence of jumps (en;n > 1) via (él)7 and (en; n > 1) are i.i.d. and exponentially distributed.
Lemma 4.2. Let s >0, k> 1 and &, : R* — R be a bounded continuous function. Then

1) AlirEOIP(NSA =0) = P(N”t = 0)

2) AliIEOIE[(I)k(AtAh AtAz, .. AcAr)Liya—gy] = E[®r(Aier, A2ez, ..., Aver) 1 yeo.e1_y, ], where
i has been defined by (@)

Proof. 1) Statement 1) follows from:

P(N2 =0) = IP(Nya, =0)=P(Ty > [s/A])
P(Ar > [s/A¢]) = IP(ArAL > Ags/A])

12



where |a| denotes the integer part of a.
2) Set k > 1. The event { N2 = k} can be decomposed as follows:

k k+1
(N2 =k} = {AtZAj §s} N {AtZAj > s}.
j=1 Jj=1
This identity imply existence of a bounded Borel function )y : R¥+! — R so that
D (ALAL, ..., AvAr)l na_py
= Pp(AAy, ..., AtAk)l{At LN Ajés}l{At Zfill Ay>s)
= YRp(AtA1, AtAg, .o, At Apyr).

Since ¥y, is continuous, the discontinuity points of 1, are included in:

k k1
U= {ZEERk+1: Z:cj :s}U{xERkH: Z:cj :s}.
Jj=1 j=1

By Lemma @, (A¢tAq, ..., AtAgy1) converges in distribution towards (Aiei, ..., Agt1€k+1)
as A¢ — 0. Since the Lebesgue measure of U is null, the limit law does not charge U. We can
conclude evoking for instance Theorem 14 p.247 in B]) O

Let us formulate a straightforward generalization of Lemma @

Lemma 4.3. Let n € IN, (ki,...,kn) € IN” such that kv < ks <...<kp and (s1,...,8,) €
RY with s1 < s2 <...<8n. Let @: R — R be a bounded and continuous function. Then

,,,,,

= BBt - Aty ek )L et iy, e i) (4.10)

Proposition 4.4. The random variable Vis converges in distribution towards —Z%°', for
any s >0, as Ay — 0.

Proof. Let f : R — R be a continuous function which is bounded by M. Identities (@) and
() imply that BF(Z2)] = 72, Ea(k), with

Ea(k) = E [f( (—1) ArA; + (—1)FH! (s A, zk: A+ At))1{NSA:k}]

=1 =1

Applying Lemma @ and (@), we obtain for any k > 0,

k

lim Ea(k) = E[f(i(l)ijeml)’““(sijxjej))lmgo’q_k}]

A0
= E[f(=Z) 1 yeoer gyl
Moreover since f is bounded by M, we get
|Ea(k)| < MTP(NS = k).

Suppose that k > 1. Then, using the Markov inequality and the independence property of
the random sequence (A,, n > 0), we obtain

k k+1
P(NS =k) = IP(AtZAJ’§5<AtZAj)
j=1 j=1
< ]P(Atg,q]gs)_w(exp{AtgA]}zes)
< GSIE[GXP*AtiA]’ :esﬁ%'(l)
j=1 j=1



where @; (1) = IE[e”**t%i]. Since (Y;,) is a Markov chain starting at Yo = —1, for any j > 1,
Agj_1 (resp. Aszj) is geometrically distributed with parameter coA; (resp. c1A¢). According
to (@) we get

[GYAY) c1A¢ 1

; = < = .
¢2J(1) eAt — 1+01At - At +01At 1+c <1

By the same way, we have:
Co

i—1(1) < 1
P2j 1()_1+Co<
As a result, there exists 0 < r < 1 so that
P(NS = k) < e*rF. (4.11)

We are now allowed to apply the dominated convergence theorem:

dim, BIZD] =37 Jim, Ba() = 3B Z5 )1 ngon ) = B (-2,

k>0
|

P~rop0siti~on 4.5. For any (s1,...,8n) € RT such that s1 < s < ... < sy, the random vector
(ZSA17 ceey ZSATL) converges in distribution to (—Z51, ..., =Z0°1), as A tends to 0.

Proof. We follow the approach developed in the proof of Proposition @ Let f:R"™ — R be
a bounded and continuous function. We have:

]E[f(ZsAl,...,ZsAn)]: S Ba(k,... ka),

where the sum is extended to (ki,...,kn) € IN" so that k1 < k2 < ... <k, and
SA 5A
Balku,. o k) =B [f(Z8, . Z0) 18—t 32—y
Identity @) implies the existence of a bounded continuous function ¥, : R*» — R so that

Ea(ky, ... kn) =1E [Qp"(AtAh EEER) AtAkn)l{NsAl =k1,...N&, :kn}:| :
Applying Lemma @, we get
AI?BO EA(kh ey kn) = E[lpn(Aleh ey )‘knekn)l{Nscg’q:kl """ Nscgyvq:kn}]A

According to the definition of the process Z:°“1, we may deduce :

s HVsp =

Al?ll() EA(k17 R kn) = IE[f(iz,:?’CI7 R 7252,’C1)1{N;:?’C1:]€1,m NCO’lekn}]'

In order to obtain that

Jim BIf(Z5,. ., Z0)) = B (=250, =250,
m

it suffices (cf the proof of Proposition @) to prove that

Z sup |Ea(ki, ..., kn)| < oco.
Ay

k1, kpn—1

Since f is bounded,
|Ea(ki,. .. kn)| < MIP(NS = ky)

Using moreover (J.11) we get

S° 1Balky,. ko)l < Me™ 3 (k)" < 00

k1,oskn kn

since r < 1. O
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We are now able to complete the proof of Theorem R.1. Since (Z2) and (Z5°“1) are both
continuous processes, the convergence of the process (Z5) to the process (—Z5%“') will be
proved as soon as the following measure tension criterium (cf Theorem 8.3 p.56 in é]) holds
: for all € > 0 and 7o, there exists some constants ¢ €]0, 1] and p > 0 such that

lIP ( sup |Z5 —Z2| > 5) <mno, forany A; < p. (4.12)
0 s<u<s+4

Since (ZSA7 s > 0) is the interpolated persistent random walk, its slope is always equal to 1
or —1. Hence we obtain for any (u,s) € RZ,

|20 = Z3| < Ju—sl.
Consequently R R
sup | Zy — 25| <6
s<u<s+4

By choosing § = £/2 we get the tension criterium and so the convergence of the process (ZSA)
to the process (—Zg50°°1).

5 Two extensions of Theorem 2]

First of all, the extensions presented in this section concerns the regime A, = A;.

5.1 The case when (Y;) takes k values.

Let us introduce our parameters. Let k > 2, y1, ...,y denote k real numbers, and (c(4, j); 1 <
1,7 < k) a matrix so that

c(i,5) > 0 for any i # j, c(i,i) =0, »_c(i,1) >0 Vi. (5.1)

=1

We directly consider the asymptotic regime. Let (Y:) be a {y1,...,yr}-valued Markov chain,
with transition probability matrix:

A C(i7 J)At { 7é J
T (Yi,yj) = 5.2
( J) 1 (Zf:l C(i,l))At i = j, ( )
where A; > 0 is supposed to be small so that
c(i, j)Ar < 1, (Zc(u))At <1
=1
Similarly to the case k =2 and y1 = —1, y2 = 1, we are interested in the linear interpolation

(Z2; s > 0) of the process (Z2; s > 0) defined by (B)
Theorem 5.1. Suppose Yo = yi. Then (ZSA; s > 0) converges in distribution, as Ay — 0,
to the process (fot Reds; t > 0) where (Rs) is a {y1, ..., yx}-valued continuous-time Markov
chain starting at level y;, whose dynamic is the following: (R:) stays on level y; an ex-
ponential time with parameter 1/(2;“:1 c(j,l)) and jumps to y; (j' # j) with probability
G/ (S elin).
Remark 5.2. In the case k =2, y1 = —1 and y2 = 1, then ((fl)NtCOYCI; t>0) (cf (@))
may be chosen as a realization of (R:) when it starts at Ro = —1.
Proof of Theorem m We proceed as in the proof of Theorem @ developed in Section E
Let (T )n>1 be the sequence of stopping times defined by (@) Then:

yi(t+1) 0<t<T
. =

yTh+Yr,(t—T1+1) Th <t<T.
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Recall that (Z2; s/A; € IN) has been defined by (@) From the relations above, it is easy
to deduce:

ZA yi(S + At) 0<s< ATy
° Yi(ATY) + Y (s — AT+ Ay) AT < s < AT

Let us determine the limit distribution of (A;Th, Y7, ) as Ay — 0. Set
VA = E [e*Mle 1{YT1:yj}], A>0, A
Proceeding as in the proof of Lemma @, we obtain:
e Mre(i, ) Ay
1 [1 - (Zf:1 (4, l))At] e

Using standard analysis, we deduce that (A;T1, Y7, ) converges in distribution as A; — 0 to
(e1,Ur) where:

VA(Avj) =

E |:6—>\e/11 Ui :| — 0(17.7) .
{U1=34} )\+ Zf;l C(i,l)
As a result, e; and U; are independent, €} is exponentially distributed with parameter
1/ Zle c(i,1) and

PU=D) -5 S

Using the approach developed in Section E, we can prove Theorem @ The details are left
to the reader. ]

5.2 The case when (Y;) is a Markov chain of order 2.

Let (Y:) be a Markov chain with order 2. For simplicity we suppose that it takes its values in
{—1,1}. Obviously (Y%, Yi41):>0 is a Markov chain with state space

E= {(_17 _1)7 (_17 1)7 (17 _1)7 (17 1)}

Let 72 be the transition probability matrix:

1-— C()At C()At O O
A 0 0 1 —1po Po
o = - 1-p 0 0 (5.3)
0 0 aly 1 -l

where Ay, co, c1,p0,p1 > 0 and coA¢, c1 ¢, po,p1 < 1.

Let us introduce:
Pi

1= =po)A—p1)
Recall that (Z£) and (Z{) have been defined by (@), resp. @), (N;°°1) is the counting
process defined by (@)7 and

Vs ¢ =cvi, i=0,1. (5.4)

€0-€1

t
VAR :/ (=) du, t > 0.
0

Theorem 5.3. 1) Suppose that Yo = Y1 = —1 (resp. Yo = Y1 = 1) then (Z2; s > 0)
converges in distribution, as Ay — 0, to (—Z5"V; s > 0) (resp. (ZsV'; s> 0)).

2) Suppose Yo = 1 and Y1 = —1 (resp. Yo = —1, Y1 = 1) then (Z2; s > 0) converges in
distribution, as Ay — 0, to

ch,eh el el

((6—1) /OS(—1)Nu° ldu—l—e/os(—l)N“I * du 520)

/ ’ ’ ’
where € is independent from (Nu°V), (Nu'"°) and

Pe=0)=1-IP(e=1)=wv1 (resp. P(e=1)=1—1P(e =0) = wo).
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Remark 5.4. 1) Note that (Yi)iew is a Markov chain if and only if 1 — coA¢y = p1 and
1—c1A¢ = po. If we replace formally po (resp. p1) by 1 —c1; (resp. 1 —col) in (@) and
take the limit Ay — 0, we obtain v; = p; and c; = c;. We recover Theorem .

2) The fact that (Y:) is a Markov chain with order 2 does not modify drastically the limit.

The limit process can be expressed in terms of processes of the type (Zsa’ﬁ; s> 0).

Proof of Theorem . 1) We only consider the case Yo = Y1 = 1. Let us define 71, 7> and
T3 as follows:

T = inf{t >1, = 71}, T = inf{t >Ti+1, Y = Y;gfl}, T3 = inf{t >To+1, Vs 75 YT2}.
Using the definition (cf (DI)) of (X¢) we easely obtain:

v _[t+1 0<t<m
Tl T+ X T<t<T

where Xt equals either —1 or 0.
Moreover, when T> <t < T3, we have:

X_ T1—2—(t—T2) ifTQ—T1iSOdd
T\ Ti4 14 (t—Ts) otherwise.

According to (m)7 we can deduce:

s+ At 0 S S S AtTl

AtTl + Ath/At AtTl S s < AtT2

AT — 20 — (S — AtTg) ATo <s< AtTg, YT2 =—1
ATy 4+ A+ s — AT ATy < s < ATz, Y, =1

78 =

(note that T> — T4 is odd if and only if Y7, = —1).

2) a) Proceeding as in the proof of Theorem , we can prove that A;T7 converges in
distribution, as Ay — 0, to e}, where €] is exponentially distributed with parameter 1/c;.
Then (Z2; 0 < s < AT) o), (s; s <el),as Ay — 0.

b) The distribution of 7> — Ti does not depend on A;. Moreover |X.| < 1, then the limit of
the length of the interval [A;T1, A¢T5] is null. We have

1
P(Yr, = —-1) = Z ((1 —p1)(1 *po)) p1 =01,
1>0

c) Using the strong Markov property, we easely show that (ZSAJrAtTQ; 0<s<A(T3—T1)) @,
(14 Yrs; 0<s<eb), as Ay — 0, where (e, Yr,) (vesp. (e}, e5)) are independent r.v.’s and
conditionally on Y7, = 1 (resp. Yp, = —1) e is exponentially distributed with parameter
1/c1 (resp. 1/co).

d) Let us summarize the former analysis. We have proved that (Z5; s > 0) 9@, Js Rydu, s >
0), where (R,,) is a continuous-time Markov chain which takes its values in {—1,1} and Ry = 1.
Moreover the dynamic of (Ru) is the following: (Ru) stays in 1 (resp. —1) an exponential
time with parameter 1/c1 (resp. 1/co) and moves to —1 (resp. 1) with probability v1 (resp.

vo). Note that (R,) is allowed to stay in the same site. It is classical (cf @]) to prove that
(Ru)u>o0 @ (Zzll’cz’)uzo where ¢j and ¢} are defined by (@) O

6 Convergence of the persistent random walk to-
wards the Brownian motion with drift

In subsection EI below we determine the generating function of X, where X; is the persistent

random walk defined by (@) This allows to prove Theorem @ and Proposition @ in
subsections @,
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6.1 The moment generating function of X,

Let us recall that the increments process (Y;, ¢ € N) is a Markov chain valued in the state
space F = {—1,1}. Its transition probability is given by

11—« o'
w:( 3 1—ﬁ) O<a<l, 0<p<l1.

The persistent random walk (X, ¢ € N) is defined by the partial sum:

t
Xt:ZYi with Xo=Yy=1or — 1.

=0

Lemma 6.1. Let us define the functions a; and by:

at(j) = IP(Xt = j,Yt = —1) and bt(j) = IP(Xt = ],Yt = 1) (61)

Then,
ar+1(j) = (1 — )ar(j + 1) + Bbe(5 + 1) (6.2)
be+1() = as(j — 1) + (1 = B)be(4 — 1). (6.3)

Proof. Using the Markov property of (Y;) we have:

arr1(j) = PXp1 =5V =-1.Yi=-1)+P(Xip1 =5, Vi = -1,V =1)
PX:=j+1,Yip=—-1Yi=-1)+P(Xy=j+1,Yin=-1Y:=1)
(I—a)ar(j+1) +Bbe(j+1).

The second recursive formula involving (b+(j)) can be obtained similarly. |

Let us define the moment generating function ®(\,t) = IE[AXt], (A > 0). We decompose
D(A,t) as
(I)(Avt) = (I)*(Avt) + (I)+()‘7t)7 (64)
with
d_(\t) = BN " 1gy— 1y, Dy (N t) = BN 1y,213)- (6.5)
Lemma 6.2. 1) ®_(),0) = +IP(Yo = —1) and ®4(X,0) = AP(Yo = 1).
2) The moment generating function verifies the following induction equations:

d_(A\t+1)= “TO‘ D_(\1) +§ D (1) (6.6)

QLN t+1) =adP_(\ 1)+ (1 — B)ADL(A) (6.7)
Proof. Definition (@) implies that
. L1 .
(ANt =Y Na@)= > Na().
JEZ j=—t—1

Hence,

d_(A\t+1)

S Na() =1 —a)d Na(G+1)+ 8> Nbi(j+1)
= (1- a)% ij N ay(G+1) + §; Ny +1)
11—« 164

= T(b—()ﬂt)""xq)ﬁ-()ﬁt)

The proof of (E) is similar. O
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Lemma 6.3. Let f(\,t) be equal to either ®_(\,t) or &4 (\,t), then

FOLt+2) — (1*70‘ +(1- ﬁ)/\)f(A,t S+ (1—a—B)f\t) =0. (6.8)

Proof. By (@)7 we get

<I>+()\,t):{¢>7()\,t+1)f _o‘@,(A,t)}%. (6.9)
Replacing ¢ by ¢ + 1 in (6.d), we obtain
<I>+()\,t+1):{<I>_()\,t+2)—1_Ta<I>_()\7t+1)}% (6.10)
Using successively (b.4), (6.1d) and (b.9), we have:
AAB_(\ 1) = BL(\t+1)— (1- GADL(\D)
= %{ (Mt +2) —1T<1> ()\,t—l—l)}
1-8 . 1

7%)\ {(b,()\,t+ 1) — %aé,(/\,t)}.

Finally

(Mt +2) - (“TO‘ + (1-5») S_(\t+1)+ ((1 —a)(1-p) —oz,@)@_()\,t) —0.

The proof concerning f(A,¢) = ®_(\, ) is similar and is left to the reader. |

In order to obtain the explicit form of ®_ (A, t) and 4 (A, t) in terms of A and ¢, it suffices
to compute the roots ¥_ and ¥4 of the following polynomial

1927(1;a+(175)A)19+17a7ﬂ:0 (6.11)

Its discriminant equals

D:(1;a+(1—,6))\>2—4(1—o¢—,6)4 (6.12)

It is clear that

D

(52 +a-pr+2yp) (F52+ 0 - Hr-24p)
1/1

T(FE+a=-r+2v5) (- AN —2/pA+1-a). (6.13)

Since the discriminant of A — (1 — 8)A% — 2\/pA+1—a is equal to —4a3 then D > 0 for any
A>0.
Consequently the roots of () are:

ﬁi:%(lz\a—f—(l—ﬁ))\i\/l_)) (6.14)

We deduce the following result.
Proposition 6.4. 1) The moment generating function ®(\,t) satisfies

D\ t) = ard’ +a_9" (6.15)
with l—a+Ada—19-) 1 .
ay = /D and a- =5 —a4 if Xo=Yy=—
ond (1— BN+ B — I
ay = 75 and a- =X—ay if Xo=Yo=1.
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Proof. Suppose that Xo = Yo = —1. Let us first determine the values of the generating
function at time t = 0 and ¢t = 1:

B(N,0) = D4 (A, 0) + B_(),0) = %]P(Yo )4 AP(Yo=1) =

X:a++a,

Moreover, using (@) and (E) with ¢ =0, we get

11—«

B 1) = & (A1) + 2 (A1) = (52 +ar) 8- (A,0) = l1-a

22
It is clear that Lemma @ and ®(\,t) = O (A, t)+P_ (A, ¢) implies that ®(\, t) satisfies (@)
Then () follows by standard arguments. The second case Xo = Yy = 1 can be proved in
a similar way. O

+a=a194y +a_9_.

6.2 Proof of Theorem P.2

We keep the notations given in Section [|. Let co and By be two real numbers in [0,1]. Let

A, be a small space parameter so that:
0<ao+coA; <1, 0<Bo+ciAr <1,

where cp and ¢; belong to R.
Note that ap > 0 (resp. Bo > 0) implies that g + coAz > 0 (resp. Bo + c1Az > 0) when A,
is small enough. If ap < 1 (resp. Bo < 1), similarly ag + coAz < 1 (resp. fo + 1z < 1)
as soon as A, is small. In the case ap = 1 (resp. Bo = 1) co (resp. c¢1) has to be chosen in
] — 00, 0].
We assume that the coefficients of the transition probability matrix 72 of the Markov chain
(V) satisfy:

a=ag+ colAyg, ﬂ = ﬂo + 1A, (616)
ie. 7 is given by (E) (X¢) is defined by (@) and (Z2) is the normalized persistent
random walk:

Z8 = AuXja,, (Ar>0, Ay >0, s€ A N).

(Z£; t > 0) denotes the linear interpolation of (Z2).
Recall that po =1 — ao — Bo and 1o = Bo — ap. Note that po # 1 <= ao + o # 0

Proposition 6.5. Let po # 1,

1) if rAy = Ay with v > 0 then ZtA converges towards the deterministic limit flr—f”;’a as Ay
tends to 0.

2) if rAy = A2 with v > 0, Z5 + _tv/ro__ converges in distribution to the Gaussian law

(1=po)VAt
with mean _
—C e
m = rt( + ) 6.17
L—po  (1—po)? (6.17)
and variance ( ) )
o r(1+po < 70 )
o° = 1-— t, 6.18
1= po (1= po)? (6.18)
where
c=co+c and €=c1 —co. (6.19)

Proof. We shall prove the statement under the condition Xo = Yy = —1. If Xo = Yy = +1,
the limit is obtained by changing the sign and replacing cg (resp. ¢1) by c1 (resp. o).

1) Let ®(\,t) be the generating function associated with X;. In order to determine the limit
distribution of Z2, let us introduce:

$(u,t) = E_y[e 0], (6.20)
where I[E_; denotes the expectation when Yy = —1. Observe that
_ t _
Bl ) = BleS7, ) = By[e A X080 (6.21)

when t/A; € IN.
According to Proposition @7 when t/A; € IN, ¢(p,t) can be expressed in terms of a, a—
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and vD.
First let us study the asymptotic expansion of the discriminant D as A, — 0. It is convenient
to set:

5 =coA, and 6 =c1A,. (6.22)

Applying (p.19) with o = oo + & and 8 = By + & we have:
D= ((1- a0~ 8¢ + (1 fio - 5)6-“%)2 41— a0 —fo—5— ).
By (£:22) we get
D = ( (2—a0—fo) + Az <M(ﬁo — o) —co — cl) (6.23)

+A2 (“; (2= a0 = Bo) + pler — CO)) + O(Ai))Q

- 4(1 — a0 — fo — Ag(co + c1)> (6.24)
It is clear that D admits the following asymptotic expansion, as A, — 0:
D= Ao+ A1 A, + A2 A2 + o(A2)
It is usefull to note that ap and (p can be expressed in terms of 79 and po:

1+mn0— po

1— 1o —
ap =T hd Gy = s

2

Let us compute Ag, A1 and Az using standard analysis:

A = (2 —ag — 50)2 — 4(1 — Qo — ﬂo) = OL?) +ﬂ§ + 20060 = (OL() + 50)2 = (1 — p0)2.

A1 = 22—a0—Bo) (,u(ﬁo —ap) — (co + C1)) +4(co+c1)
= 2u(2—a0— Bo)(Bo— o) —4(co + c1) + 2(ao + Bo)(co + c1) + 4(co + ¢1)
= 2{u(2— a0 — B)(Bo — a0) + (a0 + Bo) (co + 1) |
= 2(no(1+ po) + (1 = po) ). (6.25)
Ay = 22- a0~ ) (%2~ a0 = o) + uler = ) + (1B = a0) = (eo )

= u ((2 — a0 — fo)’ + (Bo — 060)2)
+271((2 = a0 = Bo)ex = o) = (B — a0)(co + 1)) + (eo + 1)
- 2u2<(a0 —1)%+ (Bo — 1)2) + 4u<(1 — Bo)er — (1 — ao)co> +(co+ 1)
= 223+ (1+ po)?) +2,u<(1+p0)577706) e (6.26)

Under the condition pg # 1, we have

A A
N aare

(1= po)? (1= po)
Hence
\/1_) = Bo + B1A, + B2A§ + O(Ai)
with
BO =1- PO,
1 A 1
B, = 371 *lpo = 1= o {M(Q — a0 — B0)(Bo — ao) + (a0 + Bo)(co + Cl)}
no(1 + po)
= —— = +c
w 1—po
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AR

1 A1
8(1—po)?

El—po

B2 (6.27)

As a result, Bs is a second order polynomial function with respect to the p-variable:
By = MQB22 + uB21 + Bao.
Identities ()7 (b.2¢) and () imply:
2
2 (20(1 - po)) B

T 2(1-po) 81— po)?

2<(1+90)E*7706) ~ 18noc(1 = po)(1 + po) Elero __2noc

By — L
T2 1—po 8 (1= po)? L=po (1—po)?

(7 + (1+ p0)) (1 = po)* = (1 + po)”
(1 —po)?

By — 1o+ (1 +p0)? 14n3(14p0)® 1
2T 2 1= p 8 (1—po)® 2
(

2

+p0)°  2n8po

1
(I=po) (1—=po)?

Consequently

B s (R e (G - )

_1+4+po  2noc 2 2
Jr,u(c T ) }Az +o(A2). (6.28)

2) The first order development suffices to determine the limit of ¢(u,t) as A, — 0. Indeed

VD = 1—po+ 1 ézpo {w]o(l + po) + (1 — po)} + o(Ag). (6.29)

From (j.14) and (.14) we can easely deduce

1 A, 1 #10(1 + po)
vy = 2(1+po)+ 2(uno—0)i2{1—po+Ax( g +C)}+0(Ax)-
Then
V9 =14+ A, /L o(Az) and Y- =po— Ax(m + c) + o(Az). (6.30)
l—po l—po

Let t' = \_ALtJAt. Since Z2 = ZtA, +(t— t/)AacYLt/A,,J-o-l and |Y,| < 1, then

[¢(n,t) — (p, )] < CAGA, (6.31)

where C'is a constant which only depends on .
Recall that identity () and Proposition lead to

B(ut') = ay 0’/ B 4 a_9"/A (6.32)

where N A
1 _ M _ _ HAx
ay = (L= a)e ta-voc and a_ =" —a,. (6.33)

vD

It is obvious that () and () imply: lima,—oa4+ =1 and lima, ~oa- = 0.
Since lima,; —~o Y- = po and —1 < pg < 1 then

lim a_0"/2 =0. (6.34)

Ag Ay—0

Consequently, the second term in () tends to 0. It is important to note that the initial
condition Xg = Yy = —1 disappears. Let us study the first term in the right hand side of
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() Note that lima, oY+ = 1, then if A, is small enough, we can take the logarithm of
Y. From () a straightforward calculation gives

log ¥y = A, 1”_"(;0 +o(Ar)

Choosing 7Ay = A, and using ()7 (.34) and ()7 we obtain the following limit:

. . runot
A (u,t) = exp{— - o 2

Since the convergence holds for any u € R, we can conclude (cf Theorem 3 in [E]) that

. - wurnot
AlglcrgoIEfl[exp(zuZtA)] = exp{ — 17—”[)00}, for any u € R.

rnot

S5A . . . . .
Thus Z;~ converges in distribution, as A; — 0, to the Dirac measure at — oo

3) Next, we consider the convergence of the process

A SA tno/7
I (LA —
&t t (1= po) A,

Hence we define
utng T

() = Boale "] = ¢ Tr0VA ().
To determine the limit of ¢(u,t) as As, A, — 0, from (B.39) and (b.34) we may deduce that

it suffices to compute the second order development of the root ¥;. Using ) and ()
we get:
9 = 1(14_ )+£( _C)+A_?”(M+ 5)
+ = 3 Po 5 (ko 3 5 0
L—po , Ag(pno(l+ po) )
+ S2+5 ( L e

2(1=po) (1 =po)3

Jr%?c( 2<(1+Po)2 203 po )+ (Eijzz (12_77(;;)2))+0(A§).

As a result

2 2
H10 2(K (14po  2n5po c noc )
9y = 144, +az(5( - )+ ( - ))+o(a2). (6.35
* 1—po 2 \1—po (1—po) ® 1—po (1—po)? (Az)- ( )

We take rA; = A% Then

. . rt/A2 prnot 1
Jdim ety = Jim (0% exp { 705 )
. . B purnot 1 rt }
= Alfﬂoe"p{ 1= po B, T azlogdy

It is straightforward to deduce

2 2
. _ B e
Alirgoz/)(u, t) = exp { mp + 5 } (6.36)
with B
_ —c Noc )
m=r + t 6.37
(1*/)0 (1= po)? (6.57)
o _ r(1+po) < 0 )
o° = 1-— t. 6.38
1—po (1= po)? (6.38)
4) Since () holds for any p € R, this implies that £ converges in distribution, as A, — 0,
to the Gaussian distribution with mean m and variance o2. (see Theorem 3 in [E]) |
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Proposition 6.6. Assume that po # 1 and rA, = (Az)?. Let us denote &2 the process

defined by
= t
6 =20+
(1= po)vVA:
Then (£5,&5, ..., &r) converges in distribution, as Ay — 0, towards (£,,&7,,. ..

&% is given by

o_ (_—C Moc r(L+po) M
£tT(l—po+(1—/)0)2)t+\/ L—=po (1 (1—/)0)2)Wt'

(Wi, t > 0) is the one-dimensional Brownian motion starting at 0.

, f?n) where

Proof. The proof is only presented in the case n = 2. For simplicity let s = t1 < t2 = t.
We are interested in the limit of the random vector ({SA,&A) Let us then compute the two

dimensional Fourier transform
‘I’A(IM N=FE_ [eiu(ﬁtA—ﬁsA)ei/\ESA]7 (\ i €R).
Since the process (X¢, Y:) is Markovian, we obtain
WA N) = B [ B [Ty an=1ye™ |
+ En [ei”gtA*S] B, [1{Y<s/m):+1}6w?],

when s/A; and ¢/A; belongs to IN.
Note that |£f - §f,| < AzA; when v/ = {A‘—ZJ A;. Consequently

. LA ixed
VA (p,A) o~ Ty [e”*gt’*s’] B [1{y(s//m):71}6 Aés/}

Agyz—0

il el
+1E 4 {6 ”ét"sl] E_y [1{Y(s'/m)=+1}€ Ags'} (s" = [s/Ac]As, £ = [t/ Ac] D).

According to Proposition E,
lim E71 [eiuﬁﬁfs/] = lim E+1 |:6iN5tA/,S/:| — e(’i#m*é #2)(1575)
Ay —0 Ay —0
where m and o2 are defined by ()7 resp. () Then we can deduce:
, o2 .
AlimO\I/A(,u, A) = erm= p(=) iy B, [elk&ﬁ]

B L [ BTN [6&5?]
Ap—0

. 2 . 2
e(z,u,mf% uZ)(tfs)e(zAmf% A?)s

= [exp{in(e! - &) + )]

O

We are now able to end the proof of Theorem E (item 2). We may apply, without any
change, the measure tension criterium used in the proof of convergence of (Z£) in the case
ap = o = 1 (see the end of Section @) This, and Proposition f.6]show that (£7)¢>0 converges

in distribution as A, — 0 to the Brownian motion with drift (£;):>0.

6.3 Proof of Proposition
We suppose ap = o =1, ¢c1 = co < 0 and rA; = Ai where r > 0.

We briefly sketch the proof of Proposition @ The approach is similar to the one developed
in the case 2) of Theorem @ We only prove that Z{* converges to the Gaussian distribution
with 0-mean and variance equals —rcot. Using Theorem 3 in [E], it is equivalent to show

> A —1rc tuQ
AlirgolEﬂ [ef“zt ] —e 2, Vi € R.
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We have already observed that we may reduce to the case t/A; € IN; in this case we have

Z8 = ZA and
E_ [ef“ZtA] = @(equI, Ait)

where ®(\,t) is the moment generating function associated with (X;) (see the beginning of
subsection p.1)). Recall that ®(X,¢) is given by identity ()
Note that:

a=ap+colAr =1+ colsz, [=P0o+coAr =1+ coAs.

Since a and ( have to belong to [0, 1], this implies that co < 0. Recall that D, ¥+ and 9_ are
the real numbers which have been defined by (p.19) resp. (p.14) (with A = e #4=). We have:

D = 40(2)Ai cosh? (1A) +4(1 4 2c0As),

Y1 = —coAy cosh(pAy) + \/C%A% cosh?(uAz) + 1+ 2c0A,.

Using classical analysis we get:

VD2 = \/1+200Ax+ch§+o(Ag):1+00Ax+0(Ai)7

2
By =1-— %Ai +o(AY), 9_=—1—2c0A, +0(A,).

2 2
lim ay =1 lim 9/ = lim exp{ _ L oon AS} = exp{ — coru— t}
Ap—0 b A0 T Ap—0 Ay 2 7F 2 )

. _ . t/A _ t }: . {2607‘t
o =0, Jim [0 % = Jim exp { 102008} = Jim e {55

Relation () implies that the variable Z is asymptotically normal distributed with
variance —rcot.

}:0 (co < 0).
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