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Obsta
le problem for SPDE with nonlinear Neumannboundary 
ondition via re�e
ted generalized ba
kwarddoubly SDEsAuguste Aman∗ †U.F.R.M.I, université de Co
ody,582 Abidjan 22, (C�te d'Ivoire)N. Mrhardy‡F.S.S.M, université Cadi Ayyad,2390, Marrake
h, (Maro
)
Abstra
tThis paper is intended to give a probabilisti
 representation for sto
hasti
 vis
ositysolution of semi-linear re�e
ted sto
hasti
 partial di�erential equations with nonlinearNeumann boundary 
ondition. We use its 
onne
tion with re�e
ted generalized ba
kwarddoubly sto
hasti
 di�erential equations.Key Words: Ba
kward doubly SDEs, Sto
hasti
 PDEs, Obsta
le problem, sto
hasti
vis
osity solutions.MSC: 60H15; 60H201 Introdu
tionBa
kward sto
hasti
 di�erential equations (BSDEs, for short) were introdu
ed by Pardoux andPeng [10℄ in 1990, and it was shown in various papers that sto
hasti
 di�erential equations(SDEs) of this type give a probabilisti
 representation for solution (at least in the vis
osity
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sen
e) of a large 
lass of system of semi-linear paraboli
 partial di�erential equations (PDEs).Thereafter a new 
lass of BSDEs, 
alled ba
kward doubly sto
hasti
 (BDSDEs), was 
onsideredby Pardoux and Peng [11℄. The new kind of BSDEs seems suitable for giving a probabilisti
representation for a system of paraboli
 sto
hasti
 partial di�erential equations (SPDEs). Werefer to Pardoux and Peng [11℄ for the link between SPDEs and BDSDEs in the parti
ular 
asewhere solutions of SPDEs are regular. The more general situation is mu
h more deli
ate totreat be
ause of the di�
ulties of extending the notion of vis
osity solutions to SPDEs.The notion of vis
osity solution for PDEs was introdu
ed by Crandall, Ishii and Lions [5℄for 
ertain �rst-order Hamilton-Ja
obi equations. Today the theory has be
ome an importanttool in many applied �elds, espe
ially in optimal 
ontrol theory and numerous subje
ts relatedto it.The sto
hasti
 vis
osity solution for semi-linear SPDEs was introdu
ed for the �rst timein Lions and Souganidis [8℄. They use the so-
alled "sto
hasti
 
hara
teristi
" to remove thesto
hasti
 integrals from a SPDEs. On the other hand, two other ways of de�ning a sto
hasti
vis
osity solution of SPDEs is 
onsidered by Bu
kdahn and Ma respe
tively in [2, 3℄ and [4℄.In the two �rst paper, they used the "Doss-Sussman" transformation to 
onne
t the sto
hasti
vis
osity solution of SPDEs with the BDSDEs. In the se
ond one, they introdu
ed the sto
hasti
vis
osity solution by using the notion of sto
hasti
 sub and super jets. Next, in order to give aprobabilisti
 representation for vis
osity solution of SPDEs with nonlinear Neumann boundary
ondition, Boufoussi et al. [1℄ introdu
ed the so-
alled generalized BDSDEs. They refer the�rst te
hnique (Doss-Sussman transformation) of Bu
kdhan and Ma [2, 3℄.Based on the work of Boufoussi et al. [1℄ and employing the penalized method from Renet al. [13℄, the aim of this paper, is to establish the existen
e result for semi-linear re�e
tedSPDEs with nonlinear Neumann boundary 
ondition of the form:




min
{
u(t, x) − h(t, x), ∂

∂t
u(t, x) − [Lu(t, x) − f(t, x, u(t, x), σ∗(x)∇u(t, x))]

−g(t, x, u(t, x))♦Bs} = 0, (t, x) ∈ [0, T ] × Θ

u(0, x) = l(x), x ∈ IRd

∂u
∂n

(t, x) + φ(t, x, u(t, x)) = 0, x ∈ ∂Θ,where ♦ denotes the Wi
k produ
t and, thus, indi
ates that the di�erential is to understandin It�'s sense. Here B is a standard Brownian motion, L is an in�nitesimal generator of adi�usion pro
ess X, Θ is a 
onne
ted bounded domain and f, g, φ, l, h are some measurablefun
tions. More pre
isely, we give some dire
t links between the sto
hasti
 vis
osity solution
2



of the previous re�e
ted SPDE and the solution of the following re�e
ted generalized BDSDE:
Yt = ξ +

∫ t

0

f(s, Ys, Zs)ds+

∫ t

0

φ(s, Ys)dAs +

∫ t

0

g(s, Ys) dBs

−

∫ t

0

Zs ↓ dWs +Kt, 0 ≤ t ≤ T.

ξ is the terminal value, A is a positive real-valued in
reasing pro
ess and ↓ dWs denote the
lassi
al ba
kward It� integral with respe
t the Brownian motion W . Note that our work 
anbe 
onsidered as a generalization of two results. First the one given in [13℄, where the authorstreat deterministi
 re�e
ted PDEs with nonlinear Neumann boundary 
onditions i.e g ≡ 0. These
ond result appears in [1℄ where the non re�e
ted SPDE with nonlinear Neumann boundary
ondition is 
onsidered.The present paper is organized as follows. An existen
e and uniqueness result for solutionsto re�e
ted generalized BDSDEs is shown in Se
tion 2. Se
tion 3 is devoted to give a de�nitionof a re�e
ted sto
hasti
 solution to SPDEs and by the same o

asion establishes its existen
eresult.2 Re�e
ted generalized ba
kward doubly sto
hasti
 di�er-ential equation2.1 Notation, assumptions and de�nition.The s
alar produ
t of the spa
e IRd(d ≥ 2) will be denoted by < . > and the asso
iatedEu
lidian norm by ‖.‖.In what follows let us �x a positive real number T > 0. First of all {Wt, 0 ≤ t ≤ T}and {Bt, 0 ≤ t ≤ T} are two mutually independent standard Brownian motions with valuesrespe
tively in IRd and IRℓ, de�ned respe
tively on the two probability spa
es (Ω1,F1, IP1) and
(Ω2,F2, IP2). Let F

B = {FB
t }t≥0 denote the natural �ltration generated by B, augmented bythe IP1-null sets of F1; and let FB = FB

∞. On the other hand we 
onsider the following familyof σ-�elds:
FW

t,T = σ{Ws −WT , t ≤ s ≤ T} ∨ N2,where N2 denotes all the IP2− null sets in F2. Denote F
W
T = {FW

t,T}0≤t≤T .Next we 
onsider the produ
t spa
e (Ω,F , IP) where
Ω = Ω1 × Ω2, F = F1 ⊗F2 and IP = IP1 ⊗ IP2.For ea
h t ∈ [0, T ], we de�ne

Ft = FB
t ⊗ FW

t,T .3



Let us remark that the 
olle
tion F = {Ft, t ∈ [0, T ]} is neither in
reasing nor de
reasing andit does not 
onstitute a �ltration.Further, we assume that, random variables, ξ(ω1), ω1 ∈ Ω1 and ζ(ω2), ω2 ∈ Ω2 are 
onsideredas random variables on Ω via the following identi�
ation:
ξ(ω1, ω2) = ξ(ω1); ζ(ω1, ω2) = ζ(ω2).In the sequel, let {At, 0 ≤ t ≤ T} be a 
ontinuous, in
reasing and F-adapted real valuedpro
ess su
h that A0 = 0. For any d ≥ 1, we 
onsider the following spa
es of pro
esses:1. M2(0, T, IRd) denote the Bana
h spa
e of all equivalen
e 
lasses (with respe
t to the mea-sure dP × dt) where ea
h equivalen
e 
lass 
ontains an d-dimensional jointly measurablesto
hasti
 pro
ess ϕt; t ∈ [0, T ], whi
h satis�es :

(i) ‖ϕ‖2
M2 = IE ∫ T

0

|ϕt|
2dt <∞;

(ii) ϕt is Ft− measurable , for any t ∈ [0, T ].2. S2([0, T ], IR) is the set of one dimensional 
ontinuous sto
hasti
 pro
esses whi
h verify:
(iii) ‖ϕ‖2

S2 = IE( sup
0≤t≤T

|ϕt|
2) <∞;

(iv) ϕt is Ft− measurable , for any t ∈ [0, T ].Let us give the data (ξ, f, g, φ, S) whi
h satisfy:
(H1) ξ is a square integrable random variable whi
h is FT− mesurable su
h that for all µ > 0

E
(
eµAT |ξ|2

)
<∞.

(H2) f : Ω× [0, T ]× IR× IRd → IR, g : Ω× [0, T ]× IR× IRd → IRℓ, and φ : Ω× [0, T ]× IR → IR,are three fun
tions su
h that:
(a) There exist Ft−adapted pro
esses {ft, φt, gt : 0 ≤ t ≤ T} with values in [1,+∞)and with the property that for any (t, y, z) ∈ [0, T ] × IR × IRd, and µ > 0, thefollowing hypotheses are satis�ed for some stri
tly positive �nite 
onstant K:





f(t, y, z), φ(t, y), and g(t, y, z) areFt −measurable pro
esses,
|f(t, y, z)| ≤ ft +K(|y|+ ‖z‖),

|φ(t, y)| ≤ φt +K|y|,

|g(t, y, z)| ≤ gt +K(|y|+ ‖z‖),IE(∫ T

0

eµAtf 2
t dt+

∫ T

0

eµAtg2
t dt+

∫ T

0

eµAtφ2
tdAt

)
<∞.4



(b) There exist 
onstants c > 0, β < 0 and 0 < α < 1 su
h that for any (y1, z1), (y2, z2) ∈IR× IRd,




(i) |f(t, y1, z1) − f(t, y2, z2)|2 ≤ c(|y1 − y2|2 + ‖z1 − z2‖2),

(ii) |g(t, y1, z1) − g(t, y2, z2)|
2 ≤ c|y1 − y2|

2 + α‖z1 − z2‖
2,

(iii) 〈y1 − y2, φ(t, y1) − φ(t, y2)〉 ≤ β|y1 − y2|2.(H3) The obsta
le {St, 0 ≤ t ≤ T}, is a 
ontinuous Ft−progressively measurable real-valuedpro
ess satisfying
E

(
sup

0≤t≤T

∣∣S+
t

∣∣2
)
<∞.We shall always assume that ST ≤ ξ a.s.One of our main goal in this paper is the study of the general 
ase of re�e
ted generalizedBDSDE,

Yt = ξ +

∫ t

0

f(s, Ys, Zs)ds+

∫ t

0

φ(s, Ys)dAs +

∫ t

0

g(s, Ys, Zs) dBs

−

∫ t

0

Zs ↓ dWs +Kt, 0 ≤ t ≤ T. (2.1)First of all let us give a de�nition to the solution of this BDSDE.De�nition 2.1 By a solution of the re�e
ted generalized BSDE (ξ, f, φ, g, S) we mean a tripletof pro
esses (Y, Z,K) ∈ S2([0, T ]; IR)×M2(0, T ; IRd)×S2([0, T ]; IR), whi
h satis�es (2.1) su
hthat the following holds IP− a.s
(i) the map s 7→ Ys is 
ontinuous
(ii) Yt ≥ St, 0 ≤ t ≤ T ,
(iii) K is an in
reasing pro
ess su
h that K0 = 0 and ∫ T

0

(Yt − St) dKt = 0.Remark 2.1 We note that although the equation (2.1) looks like a forward SDE, it is indeeda ba
kward one be
ause a terminal 
ondition is given at t = 0 (Y0 = ξ). We use this te
hniqueof reversal time due to the set-up of our problem that is, its 
onne
tion to the obsta
le problemfor SPDE with nonlinear Neumann boundary 
ondition.In the sequel, C denotes a positive 
onstant whi
h may vary from one line the other.5



2.2 Comparison theoremLet us give this 
omparison theorem related of the generalized BDSDE, whi
h we will need inthe proof of our main result. The proof follows with the same 
omputation as in [14℄, withslight modi�
ation due to the presen
e of the integral with respe
t the in
reasing pro
ess A.So we just repeat the main step.Theorem 2.1 (Comparison theorem for generalized BDSDE) Let (Y, Z) and (Y ′, Z ′) be theunique solution of the non re�e
ted generalized BDSDE asso
iated to (ξ, f, φ, g) and (ξ′, f ′, φ, g)respe
tively. If ξ ≤ ξ′, f(t, Y ′
t , Z

′
t) ≤ f ′(t, Y ′

t , Z
′
t) and φ(t, Y ′

t ) ≤ φ
′

(t, Y ′
t ), then Yt ≤ Y ′

t , ∀ t ∈
[0, T ].Proof. Let us set ∆Y = Y −Y ′, ∆Z = Z−Z ′ and (∆Y )+ = (Y −Y ′)+ (with f+ = sup{f, 0}).Using It�'s formula, we get for all 0 ≤ t ≤ T

E((∆Yt)
+)2 + E

∫ t

0

‖∆Zs‖
2
1{Ys>Y ′

s}ds

≤(ξ − ξ′)+2

+ 2E

∫ t

0

(∆Ys)
+
1{Ys>Y ′

s} {f(s, Ys, Zs) − f ′(s, Y ′
s , Z

′
s)} ds

+ 2E

∫ t

0

(∆Ys)
+
1{Ys>Y ′

s} {φ(s, Ys) − φ′(s, Y ′
s )} dAs

+ E

∫ t

0

‖g(s, Ys, Zs) − g(s, Y ′
s , Z

′
s)‖

2
1{Ys>Y ′

s}ds, (2.2)where 1Γ denote the 
hara
teristi
 fun
tion of a given set Γ ∈ F de�ned by
1Γ(ω) =

{
1 if ω ∈ Γ
0 if ω ∈ Γ.From (H2)(b) we have

2(∆Ys)
+ {f(s, Ys, Zs) − f ′(s, Y ′

s , Z
′
s)} ≤ 2(∆Ys)

+ {f(s, Ys, Zs) − f(s, Y ′
s , Z

′
s)}

≤ (
1

ε
+ εc)((∆Ys)

+)2 + εc‖∆Zs‖
2,

2(∆Ys)
+ {φ(s, Ys) − φ′(s, Y ′

s)} ≤ 2(∆Ys)
+ {φ(s, Ys) − φ(s, Y ′

s )}

≤ β((∆Ys)
+)2and

‖g(s, Ys, Zs) − g(s, Y ′
s , Z

′
s)‖

2
1{Ys>Y ′

s} ≤ c((∆Ys)
+)2

1{Ys>Y ′

s} + α‖∆Zs‖
2
1{Ys>Y ′

s}.Plugging these inequalities on (2.2) and 
hoosing ε =
1 − α

2c
, we 
on
lude that

E((∆Yt)
+)2 ≤ 0whi
h leads to ∆Y +

t = 0 a.s. and so Y ′
t ≥ Yt a.s. for all t ≤ T .6



2.3 Existen
e and Uniqueness resultOur main goal in this se
tion is to prove the following theorem.Theorem 2.2 Under the hypotheses (H1), (H2) and (H3), there exists a unique solution forthe re�e
ted generalized BDSDE (ξ, f, φ, g, S).Our proof is based on a penalization method but is slightly di�erent from El Karoui et al[7℄, be
ause of the presen
e of the two integral with respe
t the in
reasing pro
ess A and theBrownian motion B, and also be
ause of the time reversal.For ea
h n ∈ IN∗ we set
fn(s, y, z) = f(s, y, z) + n(y − Ss)

− (2.3)and 
onsider the generalized BDSDE
Y n

t = ξ +

∫ t

0

fn(s, Y n
s , Z

n
s )ds+

∫ t

0

φ(s, Y n
s )dAs

+

∫ t

0

g(s, Y n
s , Z

n
s ) dBs −

∫ t

0

Zn
s ↓ dWs, (2.4)obtained by the penalized method. We point out that the previous version of generalizedBDSDE is, in fa
t, the time reversal version of that 
onsidered in Boufoussi et al [1℄, due tothe set-up of our problem. We nonetheless use the same name be
ause they are similar innature. Consequently, it is well known (see Boufoussi et al., [1℄) that, there exist a unique

(Y n, Zn) ∈ S2([0, T ]; IR)×M2(0, T ; IRd) solution of the generalized BDSDE (2.4) su
h that forea
h n ∈ IN∗, IE(
sup

0≤t≤T
|Y n

t |2 +

∫ T

0

‖Zn
s ‖

2
ds

)
<∞.In order to prove Theorem 2.2, we state the following lemmas that will be useful.Lemma 2.1 Let us 
onsider (Y n, Zn) ∈ S2([0, T ]; IR)×M2(0, T ; IRd) solution of BDSDE (2.4).Then there exists C > 0 su
h that,

sup
n∈IN∗

IE(
sup

0≤t≤T
|Y n

t |2 +

∫ T

0

|Y n
s ‖2

dAs +

∫ T

0

‖Zn
s ‖

2
ds+ |Kn

T |
2

)
< Cwhere

Kn
t = n

∫ t

0

(Y n
s − Ss)

−ds, 0 ≤ t ≤ T. (2.5)7



Proof. From It�'s formula, it follows that
|Y n

t |2 +

∫ t

0

‖Zn
s ‖

2
ds

≤ |ξ|2 + 2

∫ t

0

Y n
s f(s, Y n

s , Z
n
s )ds+ 2

∫ t

0

Y n
s φ(s, Y n

s )dAs +

∫ t

0

‖g(s, Y n
s , Z

n
s )‖2ds

+ 2

∫ t

0

SsdK
n
s + 2

∫ t

0

〈Y n
s , g(s, Y

n
s , Z

n
s )dBs〉 − 2

∫ t

0

〈Y n
s , Z

n
s ↓ dWs〉, (2.6)where we have used ∫ t

0

(Y n
s − Ss)dK

n
s ≤ 0 and the fa
t that

∫ t

0

Y n
s dK

n
s =

∫ t

0

(Y n
s − Ss)dK

n
s +

∫ t

0

SsdK
n
s ≤

∫ t

0

SsdK
n
s .Using (H2) and the elementary inequality 2ab ≤ γa2 + 1

γ
b2, ∀γ > 0,

2Y n
s f(s, Y n

s , Z
n
s ) ≤ (cγ1 +

1

γ1
)|Y n

s |2 + 2cγ1‖Z
n
s ‖

2 + 2γ1f
2
s ,

2Y n
s φ(s, Y n

s ) ≤ (γ2 − 2|β|)|Y n
s |

2 +
1

γ2
φ2

s,

‖g(s, Y n
s , Z

n
s )‖2 ≤ (1 + γ3)c|Y

n
s |2 + α(1 + γ3)‖Z

n
s ‖

2 + (
1

γ3
+ 1)g2

s .Taking expe
tation in both sides of the inequality (2.6) and 
hoosing γ1 =
1 − α

6c
, γ2 = |β| and

γ3 =
1 − α

2α
we obtain for all ε > 0IE |Y n

t |2 + |β|IE ∫ t

0

|Y n
s |2 dAs +

1 − α

6
IE ∫ t

0

‖Zn
s ‖

2
ds

≤ CIE{
|ξ|2 +

∫ t

0

|Y n
s |2ds+

∫ t

0

f 2
s ds+

∫ t

0

φ2
sdAs +

∫ t

0

g2
sds

}

+
1

ε
IE(

sup
0≤s≤t

(S+
s )2

)
+ εIE (Kn

t )2
. (2.7)On the other hand, we get from (2.4) that for all 0 ≤ t ≤ T ,

Kn
t = Y n

t −ξ−

∫ t

0

f(s, Y n
s , Z

n
s )ds−

∫ t

0

φ(s, Y n
s )dAs−

∫ t

0

g(s, Y n
s , Z

n
s )dBs+

∫ t

0

Zn
s ↓ dWs. (2.8)Then we have IE(Kn

t )2 ≤ 5IE{
|ξ|2 + |Y n

t |2 +

∣∣∣∣
∫ t

0

f(s, Y n
s , Z

n
s )ds

∣∣∣∣
2

+

∣∣∣∣
∫ t

0

φ(s, Y n
s )dAs

∣∣∣∣
2

+

∣∣∣∣
∫ t

0

g(s, Y n
s , Z

n
s )dBs

∣∣∣∣
2

+

∣∣∣∣
∫ t

0

Zn
s ↓ dWs

∣∣∣∣
2
}
. (2.9)8



It follows by Hölder inequality and the isometry equality, together with assumptions (H2)(a)that
∣∣∣∣
∫ t

0

f(s, Y n
s , Z

n
s )ds

∣∣∣∣
2

≤ 3T

∫ t

0

(f 2
s +K2|Y n

s |2 +K2‖Zn
s ‖

2)ds,IE ∣∣∣∣
∫ t

0

g(s, Y n
s , Z

n
s )dBs

∣∣∣∣
2

≤ 3IE ∫ t

0

[g2
s +K2|Y n

s |2 +K2‖Zn
s ‖

2]ds.and IE ∣∣∣∣
∫ t

0

Zn
s ↓ dWs

∣∣∣∣
2

≤ IE ∫ t

0

|Zn
s |

2ds.Next, to estimate ∣∣∣
∫ t

0
φ(s, Y n

s )dAs

∣∣∣
2, let us assume �rst that AT is a bounded real variable. Forany µ > 0 given in assumptions (H1) or (H2)(a), we have

∣∣∣∣
∫ t

0

φ(s, Y n
s )dAs

∣∣∣∣
2

≤

(∫ t

0

e−µAsdAs

) (∫ t

0

eµAs |φ(s, Y n
s )|2dAs

)

≤
2

µ

∫ t

0

eµAs(φ2
s +K2|Y n

s |
2)dAs

≤ C

∫ t

0

(φ2
s + |Y n

s |2)dAs,sin
e
(∫ t

0

e−µAsdAs

)
≤

1

µ
[1 − e−µAT ] ≤

1

µ
.The general 
ase then follows from Fatou's lemma. Therefore, from (2.9) together with theprevious inequalities, we getIE(Kn

t )2 ≤ CIE{
|ξ|2 +

∫ t

0

f 2
s ds+

∫ t

0

φ2
sdAs +

∫ t

0

g2
sds+

∫ t

0

|Y n
s |2 ds

+IE(
sup

0≤s≤t
(S+

s )2

)
+

∫ t

0

|Y n
s |2 dAs +

∫ t

0

‖Zn
s ‖

2ds

}
. (2.10)Re
alling again (2.7) and taking ε small enough su
h that εC < min{|β|, 1−α

6
}, we obtainIE |Y n

t |2 + IE ∫ t

0

|Y n
s |2 dAs + IE ∫ t

0

‖Zn
s ‖

2
ds

≤ CIE{
|ξ|2 +

∫ t

0

|Y n
s |2ds+

∫ t

0

f 2
s ds+

∫ t

0

φ2
sdAs +

∫ t

0

g2
sds+ IE(

sup
0≤s≤T

(S+
s )2

)}9



Consequently, it follows from Gronwall's lemma and (2.10) thatIE{
|Y n

t |2 +

∫ t

0

|Y n
s |2 dAs +

∫ t

0

‖Zn
s ‖

2ds+ |Kn
T |

2

}

≤ CIE{
|ξ|2 +

∫ T

0

f 2
s ds+

∫ T

0

φ2
sdAs +

∫ T

0

g2
sds+ sup

0≤t≤T
(S+

t )2

}
.Finally, by appli
ation of Burkholder-Davis-Gundy inequality we obtain from (2.6)IE{

sup
0≤t≤T

|Y n
t |2 +

∫ T

0

‖Zn
s ‖

2ds+ |Kn
T |

2

}
≤ CIE{

|ξ|2 +

∫ T

0

f 2
s ds+

∫ T

0

φ2
sdAs

+

∫ T

0

g2
sds+ sup

0≤t≤T
(S+

t )2

}
,whi
h end the proof of this Lemma.Now we give a 
onvergen
e result whi
h is the key point on the proof of our main result.We begin by supposing that g is independent from (Y, Z). More pre
isely, we 
onsider thefollowing equation

Yt = ξ +

∫ t

0

f(s, Ys, Zs)ds+

∫ t

0

φ(s, Ys)dAs +

∫ t

0

g(s) dBs −

∫ t

0

Zs ↓ dWs +Kt. (2.11)The penalized equation is given by
Y n

t = ξ +

∫ t

0

f(s, Y n
s , Z

n
s )ds+ n

∫ t

0

(Y n
s − Ss)

−ds+

∫ t

0

φ(s, Y n
s )dAs

+

∫ t

0

g(s) dBs −

∫ t

0

Zn
s ↓ dWs. (2.12)Sin
e the sequen
e of fun
tions (y 7→ n(y − St)

−)n≥1 is nonde
reasing, then thanks to the
omparison theorem 2.1, the sequen
e (Y n)n>0 is non-de
reasing. Hen
e, Lemma 2.1 impliesthat there exists a Ft- progressively measurable pro
ess Y su
h that Y n
t ր Yt a.s. So thefollowing result holds.Lemma 2.2 If g does not dependent on (Y, Z), then for ea
h n ∈ IN∗,IE(

sup
0≤t≤T

∣∣(Y n
t − St)

−
∣∣2

)
−→ 0, as n −→ ∞.Proof. Sin
e Y n

t ≥ Y 0
t , we 
an w.l.o.g. repla
e St by St ∨ Y 0

t , i.e. we may assume thatIE(sup0≤t≤T S
2
t ) < ∞. We want to 
ompare a.s. Yt and St for all t ∈ [0, T ], while we do not10



know yet if Y is a.s. 
ontinuous. Indeed, let us introdu
e the following pro
esses




ξ := ξ +

∫ T

0

g (s) dBs

St := St +

∫ T

t

g (s) dBs

Y
n

t := Y n
t +

∫ T

t

g (s) dBsHen
e,
Y

n

t = ξ +

∫ t

0

f (s, Y n
s , Z

n
s ) ds+ n

∫ t

0

(
Y

n

s − Ss

)−
ds+

∫ t

0

φ (s, Y n
s ) dAs −

∫ t

0

Zn
s ↓ dWs. (2.13)and we de�ne Y t := sup

n
Y

n

t .FromTheorem 2.1, we have that a.s., Y n

t ≥ Ỹ n
t , 0 ≤ t ≤ T, n ∈ IN∗, where {

(Ỹt

n
, Z̃n

t ), 0 ≤ t ≤ T
}is the unique solution of the BSDE

Ỹ n
t = ST +

∫ t

0

f (s, Y n
s , Z

n
s ) ds+ n

∫ t

0

(Ss − Ỹ n
s )ds+

∫ t

0

φ (s, Y n
s ) dAs −

∫ t

0

Z̃n
s ↓ dWs.Let G = (Gt)0≤t≤T be a �ltration de�ned by Gt = FW

t,T ⊗ FB
0,T . We 
onsider ν a G-stoppingtime su
h that 0 ≤ ν ≤ T . So we 
an write

Ỹ n
ν = IE{

e−nνST +

∫ ν

0

e−n(ν−s)f(s, Y n
s , Z

n
s )ds+ n

∫ ν

0

e−n(ν−s)Ssds

+

∫ ν

0

e−n(ν−s)φ(s, Y n
s )dAs | Gν

}
. (2.14)First, with the help of Hölder inequality and assumptions (H2)(a), we haveIE(∫ ν

0

e−n(ν−s)f(s, Y n
s , Z

n
s )ds

)2

≤
1

2n
IE(∫ ν

0

|f(s, Y n
s , Z

n
s |

2ds

)

≤
C

2n
IE(∫ T

0

(f 2
s + |Y n

s |2 + ‖Zn
s ‖

2)ds

)
,whi
h provide IE(∫ ν

0

e−n(ν−s)f(s, Y n
s , Z

n
s )ds

)2

−→ 0 asn→ ∞, (2.15)sin
e IE(∫ T

0
(f 2

s + |Y n
s |2 + ‖Zn

s ‖
2)ds

)
< C (see Lemma 2.1 and (H2)(a)).Next, to prove that IE(∫ ν

0

e−n(ν−s)φ(s, Y n
s )dAs

)2

−→ 0 as n→ ∞, (2.16)11



let us suppose that AT is a bounded random variable. Using again Hölder inequality andassumption (H2)(a), we getIE(∫ ν

0

e−n(ν−s)φ(s, Y n
s )dAs

)2

≤ IE [(∫ T

0

e−2n(ν−s)dAs

) (∫ T

0

|φ(s, Y n
s )|2dAs

)]

≤ IE [
|AT |

(∫ T

0

(φ2
s +K2|Y n

s |2)dAs

)]
< C.The result follows by Lebesgue dominated Theorem, sin
e ∫ ν

0
e−n(ν−s)φ(s, Y n

s )dAs → 0 a.s. as n→
∞. The general 
ase follows also by the approximation argument and Fatou's lemma. On theother hand it is easily seen that

e−nνST + n

∫ ν

0

e−n(ν−s)Ssds→ Sν1{ν>0} + ST1{ν=0} a.s. as n→ ∞. (2.17)A

ording to (2.15)-(2.17), the equality (2.14) provides
Ỹ n

ν −→ Sν1{ν>0} + ST1{ν=0} a.s.and in L2(Ω), as n → ∞, and Y ν ≥ Sν a.s. whi
h yields that Yν ≥ Sν a.s. From this and theSe
tion Theorem in Della
herie and Meyer [6℄, it follows that the last inequality holds for all
t ∈ [0, T ]. Further (Y n

t − St)
− ↓ 0, a.s. and from Dini's theorem, the 
onvergen
e is uniformin t. Finally, as (Y n

t − St)
− ≤ (St − Y 0

t )+ ≤ |St| +
∣∣Y 0

t

∣∣, the dominated 
onvergen
e theoremensures that
lim

n−→+∞
IE( sup

0≤t≤T
| (Y n

t − St)
− |2) = 0.Proof of Theorem 2.2. Existen
e The proof of existen
e will be divided in two steps.Step 1. g does not dependent on (Y, Z).Re
all that Y n

t ր Yt a.s. Then, Fatou's lemma and Lemma 2.1 ensureIE(
sup

0≤t≤T
|Yt|

2

)
< +∞,It then follows from Lemma 2.1 and Lebegue's dominated 
onvergen
e theorem thatIE(∫ T

0

|Y n
s − Ys|

2
ds

)
−→ 0, as n→ ∞. (2.18)
12



Next, we will prove that the sequen
e of pro
esses Zn 
onverges in M2(0, T ; IRd). To this end,for n ≥ p ≥ 1, It�'s formula gives,
|Y n

t − Y
p
t |

2
+

∫ t

0

‖Zn
s − Zp

s‖
2ds

= 2

∫ t

0

(Y n
s − Y p

s )[f(s, Y n
s , Z

n
s ) − f(s, Y p

s , Z
p
s )]ds+ 2

∫ t

0

(Y n
s − Y p

s )[φ(s, Y n
s ) − φ(s, Y p

s )]dAs

+2

∫ t

0

〈(Y n
s − Y p

s ), [g(s, Y n
s , Z

n
s ) − g(s, Y p

s , Z
p
s )]dBs〉 +

∫ t

0

‖g(s, Y n
s , Z

n
s ) − g(s, Y p

s , Z
p
s )‖

2ds〉

−2

∫ t

0

〈Y n
s − Y p

s , [Z
n
s − Zp

s ] ↓ dWs〉 + 2

∫ t

0

(Y n
s − Y p

s )(dKn
s − dKp

s ).From the same step as before, by using again assumptions (H2), we see that there exists a
onstant C > 0, su
h thatIE{
|Y n

t − Y
p
t |

2
+

∫ t

0

|Y n
s − Y p

s |
2
dAs +

∫ t

0

‖Zn
s − Zp

s‖
2
ds

}

≤ CIE{∫ t

0

|Y n
s − Y p

s |
2ds+ sup

0≤s≤T
(Y n

s − Ss)
−
K

p
T + sup

0≤s≤T
(Y p

s − Ss)
−
Kn

T

}
,whi
h, by Gronwall lemma, Hölder inequality and Lemma 2.1 respe
tively, impliesIE{

|Y n
t − Y

p
t |

2 +

∫ t

0

‖Zn
s − Zp

s‖
2
ds

}
≤ C

{IE(
sup

0≤s≤T
| (Y n

s − Ss)
− |2

)}1/2

+C

{IE(
sup

0≤s≤T
| (Y p

s − Ss)
− |2

)}1/2

. (2.19)Consequently, it follows from Lemma 2.2 that,IE{
|Y n

s − Y p
s |

2 +

∫ t

0

‖Zn
s − Zp

s‖
2
ds

}
−→ 0, as n, p −→ ∞.Finally, from Burkhölder-Davis-Gundy's inequality, we obtainIE(

sup
0≤s≤T

|Y n
s − Y p

s |
2 +

∫ T

0

‖Zn
s − Zp

s‖
2
ds

)
−→ 0, as n, p −→ ∞,and from (2.8) we 
an dedu
eIE{

sup
0≤s≤T

|Kn
s −Kp

s |
2

)
−→ 0, as n, p→ ∞,

13



whi
h provides that the sequen
e of pro
esses (Y n, Zn, Kn) is Cau
hy in the Bana
h spa
e
S2([0, T ]; IR) ×M2(0, T ; IRd) × S2([0, T ]; IR). Consequently, there exists a triplet (Y, Z,K) ∈
S2([0, T ]; IR) ×M2(0, T ; IRd) × S2([0, T ]; IR) su
h thatIE{

sup
0≤s≤T

|Y n
s − Ys|

2 +

∫ T

0

‖Zn
s − Zs‖

2
ds+ sup

0≤s≤T
|Kn

s −Ks|
2

)
→ 0, as n→ ∞.It remains to show that (Y, Z,K) solves the re�e
ted BSDE (ξ, f, φ, g, S). In this fa
t, sin
e

(Y n
t , K

n
t )0≤t≤T tends to (Yt, Kt)0≤t≤T uniformly in t in probability, the measure dKn 
onvergesto dK weakly in probability, so that ∫ T

0
(Y n

s − Ss)dK
n
s →

∫ T

0
(Ys − Ss)dKs in probability as

n→ ∞. On the other hand, in view of Lemma 2.2, Yt ≥ St a.s., and thus ∫ T

0
(Ys −Ss)dKs ≥ 0.Moreover, ∫ T

0
(Y n

s − Ss)dK
n
s = −n

∫ T

0
|(Y n

s − Ss)
−|2ds ≤ 0 and passing to the limit we get∫ T

0
(Ys − Ss)dKs ≤ 0, whi
h together with the above proved (ii) of the de�nition. Finally,passing to the limit in (2.12) we proved that (Y, Z,K) veri�es (2.11).Step 2. The general 
ase. In light of the above step, the BDSDE
Yt = ξ +

∫ t

0

f(s, Ys, Zs)ds+

∫ t

0

φ(s, Ys)dAs +

∫ t

0

g(s, Ȳs, Z̄s) dBs −

∫ t

0

Zs ↓ dWs +Kthas a unique solution (Y, Z,K). So, we 
an de�ne the mapping
Ψ : S2([0, T ]; IR) ×M2(0, T ; IRd) −→ S2([0, T ]; IR) ×M2(0, T ; IRd)

(Ȳ , Z̄) 7−→ (Y, Z) = Ψ(Ȳ , Z̄).Now, let (Y, Z), (Y ′, Z ′), (Ȳ , Z̄) and (Ȳ ′, Z̄ ′) ∈ S2([0, T ]; IR)×M2(0, T ; IRd) su
h that (Y, Z) =
Ψ(Ȳ , Z̄) and (Y ′, Z ′) = Ψ(Ȳ ′, Z̄ ′). Put ∆η = η−η′ for η = Y, Ȳ , Z, Z̄. By virtue of It�'s formula,we haveIEe−µt|∆Yt|

2 + IE ∫ t

0

e−µs‖∆Zs‖
2ds

= 2IE ∫ t

0

e−µs∆Ys {f(s, Ys, Zs) − f(s, Y ′
s, Z

′
s)} ds+ 2IE ∫ t

0

e−µs∆Ys {φ(s, Ys) − φ(s, Y ′
s)} dAs

+2IE ∫ t

0

e−µs∆Ysd(∆Ks) +

∫ t

0

e−µs
∥∥g(s, Ȳs, Z̄s) − g(s, Ȳ ′

s, Z̄ ′
s)

∥∥2
ds− µIE ∫ t

0

e−µs |∆Ys|
2
ds.But sin
e IE ∫ t

0

e−µs∆Ysd(Ks −K ′
s) ≤ 0, then we obtain from (H2)IEe−µt|∆Yt|

2 + |β|E

∫ t

0

e−µs|∆Ys|
2dAs + µIE ∫ t

0

e−µs |∆Ys|
2
ds+ IE ∫ t

0

e−µs‖∆Zs‖
2ds

≤ 2IE ∫ t

0

e−µs∆Ys {f(s, Ys, Zs) − f(s, Y ′
s, Z

′
s)} ds+

∫ t

0

e−µs
∥∥g(s, Ȳs, Z̄s) − g(s, Ȳ ′

s, Z̄ ′
s)

∥∥2
ds14



By use again assumptions (H2), there exists 
onstants c(α) > 0, su
h that,
(µ− c(α))IE ∫ t

0

e−µs |∆Ys|
2
ds+ IE ∫ t

0

e−µs‖∆Zs‖
2ds

≤
1 + α

2

(
c̄IE ∫ t

0

e−µs
∣∣∆Ȳs

∣∣2 ds+ IE ∫ t

0

e−µs
∥∥∆Z̄s)

∥∥2
ds

)Choosing µ su
h that µ− c(α) = c̄ > 0, we obtain
c̄IE ∫ t

0

e−µs |∆Ys|
2
ds+ IE ∫ t

0

e−µs‖∆Zs‖
2ds

≤
1 + α

2

(
c̄IE ∫ t

0

e−µs
∣∣∆Ȳs

∣∣2 ds+ IE ∫ t

0

e−µs
∥∥∆Z̄s)

∥∥2
ds

)Sin
e 1 + α

2
< 1, then it follows that Ψ is a 
ontra
tion and its unique �xed point solves ourBDSDE.Uniqueness Let us de�ne

{(∆Yt,∆Zt,∆Kt) , 0 ≤ t ≤ T} = {(Yt − Y ′
t , Zt − Z ′

t, Kt −K ′
t), 0 ≤ t ≤ T}where {(Yt, Zt, Kt) , 0 ≤ t ≤ T} and {(Y ′

t , Z
′
t, K

′
t), 0 ≤ t ≤ T} denote two solutions of the re-�e
ted BDSDE asso
iated to the data (ξ, f, g, φ, S). Let us �rst note that

∫ T

0

∆Ysd(∆Ks) ≤ 0. (2.20)Moreover, It� formula yields that for every 0 ≤ t ≤ T

|∆Yt|
2 +

∫ t

0

‖∆Zs‖
2ds

= 2

∫ t

0

∆Ys(f(s, Ys, Zs) − f(s, Y ′
s , Z

′
s))ds+

∫ t

0

‖g(s, Ys, Zs) − g(s, Y ′
s , Z

′
s)‖

2ds

+2

∫ t

0

∆Ys(φ(s, Ys) − φ(s, Y ′
s ))dAs +

∫ t

0

〈∆Ys, (g(s, Ys, Zs) − g(s, Y ′
s , Z

′
s))dBs〉

−2

∫ t

0

〈∆Ys,∆ZsdWs〉 + 2

∫ t

0

∆Ysd(∆Ks).Then, by using similar 
omputation as in the proof of existen
e and (2.20) we haveIE{
|∆Yt|

2 +

∫ T

0

|∆Ys|dAs +

∫ T

0

‖∆Zs‖
2ds

}
≤ CIE ∫ T

0

|∆Ys|
2ds,15



from whi
h, we dedu
e that ∆Yt = 0 and further ∆Zt = 0. On the other hand sin
e
∆Kt = ∆Yt −

∫ t

0

(f(s, Ys, Zs) − f(s, Y ′
s , Z

′
s)) ds−

∫ t

0

(φ(s, Ys) − φ(s, Y ′
s)) dAs

−

∫ t

0

(g(s, Ys, Zs) − g(s, Y ′
s , Z

′
s)) dBs +

∫ t

0

∆Zs ↓ dWs,we have ∆Kt = 0. The proof is 
omplete now.3 Conne
tion to sto
hasti
 vis
osity solution for re�e
tedSPDEs with nonlinear Neumann boundary 
onditionIn this se
tion we will investigate the re�e
ted generalized BDSDEs studied in the previousse
tion in order to give a probabilisti
 interpretation for the sto
hasti
 vis
osity solution of a
lass of nonlinear re�e
ted SPDEs with nonlinear Neumann boundary 
ondition.3.1 Notion of sto
hasti
 vis
osity solution for re�e
ted SPDEs withnonlinear Neumann boundary 
onditionWith the same notations as in Se
tion 2, let F
B = {FB

t }0≤t≤T be the �ltartion generated by B,where B is a one dimensional Brownian motion. By MB
0,T we denote all the F

B-stopping times
τ su
h 0 ≤ τ ≤ T , a.s. MB

∞ is the set of all F
B-stopping times that are almost surely �nite.For generi
 Eu
lidean spa
es E and E1 we introdu
e the following ve
tor spa
es of fun
tions:1. The symbol Ck,n([0, T ] × E;E1) stands for the spa
e of all E1-valued fun
tions de�nedon [0, T ]×E whi
h are k-times 
ontinuously di�erentiable in t and n-times 
ontinuouslydi�erentiable in x, and Ck,n

b ([0, T ]×E;E1) denotes the subspa
e of Ck,n([0, T ]×E;E1) inwhi
h all fun
tions have uniformly bounded partial derivatives.2. For any sub-σ-�eld G ⊆ FB
T , Ck,n(G, [0, T ]×E;E1) (resp. Ck,n

b (G, [0, T ]×E;E1)) denotesthe spa
e of all Ck,n([0, T ] × E;E1) (resp. Ck,n
b ([0, T ] × E;E1)-valued random variablethat are G ⊗ B([0, T ] ×E)-measurable;3. Ck,n(FB, [0, T ] × E;E1) (resp.Ck,n

b (FB, [0, T ] × E;E1)) is the spa
e of all random �elds
φ ∈ Ck,n(FT , [0, T ] × E;E1 (resp. Ck,n(FT , [0, T ] × E;E1), su
h that for �xed x ∈ E, themapping (t, ω1) → α(t, ω1, x) is F

B-progressively measurable.4. For any sub-σ-�eld G ⊆ FB and a real number p ≥ 0, Lp(G;E) to be all E-valued
G-measurable random variable ξ su
h that IE|ξ|p <∞.16



Furthermore, regardless their dimensions we denote by < ., . > and |.| the inner produ
t andnorm in E and E1, respe
tively. For (t, x, y) ∈ [0, T ]× IRd × IR, we denote Dx = ( ∂
∂x1

, ...., ∂
∂xd

),

Dxx = (∂2
xixj

)d
i,j=1, Dy = ∂

∂y
, Dt = ∂

∂t
. The meaning of Dxy and Dyy is then self-explanatory.Let Θ be an open 
onne
ted bounded domain of IRd (d ≥ 1). We suppose that Θ is smoothdomain, whi
h is su
h that for a fun
tion ψ ∈ C2

b (IRd), Θ and its boundary ∂Θ are 
hara
terizedby Θ = {ψ > 0}, ∂Θ = {ψ = 0} and, for any x ∈ ∂Θ, ∇ψ(x) is the unit normal ve
tor pointingtowards the interior of Θ.In this se
tion, we 
onsider the 
ontinuous 
oe�
ients f and φ,
f : Ω1 × [0, T ] × Θ × IR× IRd −→ IR
φ : Ω1 × [0, T ] × Θ × IR −→ IRwith the property that for all x ∈ Θ, f(., x, ., .) and g(., x, .) are Lips
hitz 
ontinuous in x andsatisfy the 
onditions (H′

1) and (H2), uniformly in x, where, for some 
onstant K > 0, the
ondition (H′
1) is:

(H ′
1)

{
|f(t, x, y, z)| ≤ K(1 + |x| + |y|+ ‖z‖),
|φ(t, x, y)| ≤ K(1 + |x| + |y|).Furthermore, we shall make use of the following assumptions:

(H3) The fun
tion σ : IRd −→ IRd×d and b : IRd −→ IRd are uniformly Lips
hitz 
ontinuous ,with 
ommon Lips
hitz 
onstant K > 0.
(H4) The fun
tions l : Θ −→ IR and h : [0, T ] × Θ −→ IR are 
ontinuous su
h that, for some

K > 0,

|l(x)| ≤ K(1 + |x|)

|h(t, x)| ≤ K(1 + |x|)

h(0, x) ≤ l(x), x ∈ Θ.

(H5) The fun
tion g ∈ C0,2,3
b ([0, T ] × Θ × IR; IR).

17



Let us 
onsider the related obsta
le problem for SPDEs with nonlinear Neumann boundary
ondition:
OP (f,φ,g,h,l)





min

{
u(t, x) − h(t, x), −

∂u(t, x)

∂t
− [Lu(t, x) + f(t, x, u(t, x), σ∗(x)Dxu(t, x))]dt

−g(t, x, u(t, x))♦Bs} = 0, (t, x) ∈ [0, T ] × Θ

u(0, x) = l(x), x ∈ Θ

∂u

∂n
(t, x) + φ(t, x, u(t, x)) = 0, (t, x) ∈ [0, T ] × ∂Θ,where

L =
1

2

d∑

i,j=1

(σ(x)σ∗(x))i,j
∂2

∂xi∂xj

+
d∑

i=1

bi(x)
∂

∂xi

, ∀x ∈ Θ,and
∂

∂n
=

d∑

i=1

∂ψ

∂xi
(x)

∂

∂xi
, ∀x ∈ ∂Θ.As in the work of Bu
kdahn-Ma [2, 3℄, our next goal is to de�ne the notion of sto
hasti
 vis
osityto OP (f,φ,g,h). So, we shall re
all some of their notation. Let η ∈ C(FB, [0, T ]× IRd × IR) be thesolution to the equation

η(t, x, y) = y +

∫ t

0

〈g(s, x, η(s, x, y)), ◦dBs〉,where the sto
hasti
 integrals have to be interpreted in Stratonowi
h sense. We have thefollowing relation with the standard It� integral:
∫ t

0

〈g(s, x, η(s, x, y)), ◦dBs〉 =
1

2

∫ t

0

〈g,Dyg〉(s, x, η(s, x, y)ds+

∫ t

0

〈g(s, x, η(s, x, y)dBs.Under the assumption (H5) the mapping y 7→ η(s, x, y) de�nes a di�eomorphism for all t, x, a.s.Hen
e if we denote by ε(s, x, y) its y-inverse, one 
an show that (
f. Bu
kdahn and Ma [2℄)
ε(t, x, y) = y −

∫ t

0

〈Dyε(s, x, y)g(s, x, y), ◦dBs〉. (3.1)To simplify the notation in the sequel we denote
Af,g(ϕ(t, x)) = Lϕ(t, x) + f(t, x, ϕ(t, x), σ∗Dxϕ(t, x)) −

1

2
(g,Dyg)(t, x, ϕ(t, x))andΨ(t, x) = η(t, x, ϕ(t, x)). 18



De�nition 3.1 A random �eld u ∈ C
(
F

B, [0, T ] × Θ
) is 
alled a sto
hasti
 vis
osity subso-lution of the sto
hasti
 obsta
le problem OP(f,φ,g,h,l) if u (0, x) ≤ l (x), for all x ∈ Θ, and iffor any stopping time τ ∈ MB

0,T , any state variable ξ ∈ L0
(
FB

τ ,Θ
), and any random �eld

ϕ ∈ C1,2
(
FB

τ , [0, T ] × R
d
), with the property that for P-almost all ω ∈ {0 < τ < T} the in-equality

u (t, ω, x) − Ψ (t, ω, x) ≤ 0 = u (τ(ω), ξ(ω))− Ψ (τ(ω), ξ(ω))is ful�lled for all (t, x) in some neighborhood V (ω, τ (ω) , ξ (ω)) of (τ (ω) , ξ (ω)), the following
onditions are satis�ed:(a) on the event {0 < τ < T} ∩ {ξ ∈ Θ} the inequality
min {u(τ, ξ) − h(τ, ξ),Af,g (Ψ (τ, ξ)) −DyΨ (τ, ξ)Dtϕ (τ, ξ)} ≤ 0 (3.2)holds, P-almost surely;(b) on the event {0 < τ < T} ∩ {ξ ∈ ∂Θ} the inequality

min [min {u(τ, ξ) − h(τ, ξ),Af,g (Ψ (τ, ξ)) −DyΨ (τ, ξ)Dtϕ (τ, ξ)} ,

−
∂Ψ

∂n
(τ, ξ) − φ (τ, ξ, ψ (τ, ξ))

]
≤ 0 (3.3)holds, P-almost surely.A random �eld u ∈ C

(
F

B, [0, T ] × Θ
) is 
alled a sto
hasti
 vis
osity supersolution of the sto
has-ti
 obsta
le problem OP (f,φ,g,h,l) if u (0, x) ≥ l (x), for all x ∈ Θ, and if for any stopping time

τ ∈ MB
0,T , any state variable ξ ∈ L0

(
FB

τ ,Θ
), and any random �eld ϕ ∈ C1,2

(
FB

τ , [0, T ] × R
d
),with the property that for P-almost all ω ∈ {0 < τ < T} the inequality

u (t, ω, x) − Ψ (t, ω, x) ≥ 0 = u (τ(ω), ξ(ω))− Ψ (τ(ω), ξ(ω))is ful�lled for all (t, x) in some neighborhood V (ω, τ (ω) , ξ (ω)) of (τ (ω) , ξ (ω)), the following
onditions are satis�ed:(a) on the event {0 < τ < T} ∩ {ξ ∈ Θ} the inequality
min {u(τ, ξ) − h(τ, ξ),Af,g (Ψ (τ, ξ)) −DyΨ (τ, ξ)Dtϕ (τ, ξ)} ≥ 0 (3.4)holds, P-almost surely;(b) on the event {0 < τ < T} ∩ {ξ ∈ ∂Θ} the inequality

max [min {u(τ, ξ)− h(τ, ξ),Af,g (Ψ (τ, ξ)) −DyΨ (τ, ξ)Dtϕ (τ, ξ)} ,

−
∂Ψ

∂n
(τ, ξ) − φ (τ, ξ, ψ (τ, ξ))

]
≥ 0 (3.5)holds, P-almost surely. 19



Finally, a random �eld u ∈ C
(
F

B, [0, T ] × Θ
) is 
alled a sto
hasti
 vis
osity solution of thesto
hasti
 obsta
le problem OP(f,φ,g,h,l) , if it is both a sto
hasti
 vis
osity subsolution and asupersolution.Remark 3.1 Observe that if f, φ are deterministi
 and g ≡ 0 the de�nition 3.1 
oin
ides withthe de�nition of (deterministi
) vis
osity solution of PDE OP(f,φ,0,h,l) given by Ren et al [13℄.3.2 Existen
e of sto
hasti
 vis
osity solutions for SPDE with nonlin-ear Neumann boundary 
onditionThe main obje
tive of this subse
tion is to show how the sto
hasti
 obsta
le problemOP (f,φ,g,h,l)is related to re�e
ted generalized BDSDE (2.1) introdu
ed in Se
tion 1. For this end we re
allsome known results on re�e
ted di�usions. We 
onsider

s 7→At,x
s is in
reasing

X t,x
s = x+

∫ t

s

b
(
X t,x

r

)
dr +

∫ t

s

σ
(
X t,x

r

)
d ↓Wr +

∫ t

s

∇ψ
(
X t,x

r

)
dAt,x

r , ∀ s ∈ [0, t] ,

At,x
s =

∫ t

s

I{Xt,x
r ∈∂Θ} dA

t,x
r . (3.6)We note here that due to the dire
tion of the It� integral, (3.6) should be viewed as going from

t to 0 (i.e., X t,x
0 should be understood as the terminal value of the solution X t,x ). It is then
lear (see [9℄) that under 
onditions (H3) on the 
oe�
ients b and σ, (3.6) has a unique strong

F
W -adapted solution. We refer to Pardoux and Zhang [12℄: Propositions 3.1 and 3.2, for thefollowing regularity results.Proposition 3.1 There exists a 
onstant C > 0 su
h that for all x, x′ ∈ Θ the followinginequality holds: IE [

sup
0≤s≤t

∣∣∣X t,x
s −X t,x′

s

∣∣∣
2
]
≤ C |x− x′|

2
,

E

(
sup

0≤s≤t

∣∣∣At,x
s −At,x′

s

∣∣∣
2
)

≤ C|x− x′|2.Moreover, for all p ≥ 1, there exists a 
onstant Cp su
h that for all (t, x) ∈ R+ × Θ,
E

(∣∣At,x
s

∣∣p) ≤ Cp(1 + tp)and for ea
h µ, 0 < s < t, there exists a 
onstant C(µ, t) su
h that for all x ∈ Θ,
E

(
eµAt,x

s

)
≤ C(µ, t).20



On the other hand, let us 
onsider the following re�e
ted generalized BDSDE:




Y t,x
s = l

(
X

t,x
0

)
+

∫ s

0

f
(
r,X t,x

r , Y t,x
r , Zt,x

r

)
dr +

∫ s

0

g
(
r,X t,x

r , Y t,x
r

)
dBr

+

∫ s

0

φ
(
r,X t,x

r , Y t.x
r

)
dAt,x

r +Kt,x
s −

∫ s

0

〈
Zt,x

r , ↓ dWr

〉
, 0 ≤ t ≤ s ≤ T,

h(s,X t,x
s ) ≤ Y t,x

s , ∀ t ≤ s ≤ T and ∫ T

0

(
Y t,x

r − h(r,X t,x
r )

)
dKt,x

r = 0,

(3.7)
where the 
oe�
ients l, f , g, φ and h satisfy the hypotheses (H′

1), (H2), (H4) and (H5).Proposition 3.2 Let the ordered triplet (Y t,x
s , Zt,x

s , Kt,x
s ) be a solution of the BDSDE (3.7).Then the random �eld (s, t, x) 7→ Y t,x

s , (s, t, x) ∈ [0, T ]× [0, T ]×Θ is almost surely 
ontinuous.Proof. If we denote by E
Fs the 
onditional expe
tation with respe
t to Fs, then we 
an showthat there exists a 
onstant C > 0 su
h that for all (t, x), (t′, x′) ∈ [0, T ] × Θ the followinginequality holds

∣∣∣Y t,x
s − Y t′,x′

s

∣∣∣
2

≤ CE
Fs

[
eµkT

∣∣∣l(X t,x
0 ) − l(X t′,x′

0 )
∣∣∣
2

+

∫ T

0

eµkr

∣∣∣f
(
r,X t,x

r , Y t,x
r , Zt,x

r

)
− f

(
r,X t′,x′

r , Y t,x
r , Zt,x

r

)∣∣∣
2

dr

+

∫ T

0

eµkr
∣∣φ

(
r,X t,x

r , Y t,x
r

)∣∣2 dAr +

∫ T

0

eµkr

∣∣∣φ
(
r,X t,x

r , Y t,x
r

)
− φ

(
r,X t′,x′

r , Y t,x
r

)∣∣∣
2

dAt′,x′

r

+

∫ T

0

eµkr

(
h(r,X t′,x′

r ) − h(r,X t,x
r )

)
d∆Kr

]
,where ∆K := Kt,x−Kt′,x′, A = At,x−At′,x′ and k ,

∣∣A
∣∣+At′,x′ where ∣∣A

∣∣ is the total variationof the pro
ess A. Using the assumptions (H′
1) and (H2), we get

∣∣∣Y t,x
s − Y t′,x′

s

∣∣∣
2

≤ CE
Fs

[
eµkT

∣∣∣l(X t,x
0 ) − l(X t′,x′

0 )
∣∣∣
2

+

∫ T

0

eµkr

∣∣∣X t,x
r −X t′,x′

r

∣∣∣
2

dr

+

∫ T

0

eµkr

∣∣∣X t,x
r −X t′,x′

r

∣∣∣
2

dAt′,x′

r +

∫ T

0

eµkr

(
h(r,X t′,x′

r ) − h(r,X t,x
r )

)
d∆Kr

+ sup
0≤s≤T

eµkT

(
1 +

∣∣X t,x
s

∣∣2 +
∣∣Y t,x

s

∣∣2
) ∣∣∣At,x − At′,x′

∣∣∣
T

]The 
ontinuity follows from standard arguments using Proposition 3.1 and the 
ontinuity ofthe fun
tions l and h. 21



Let now de�ne
u(t, x) = Y

t,x
t , (t, x) ∈ [0, T ] × Θ. (3.8)Theorem 3.1 u ∈ C(FB, [0, T ] × Θ) is a sto
hasti
 vis
osity solution of obsta
le problem

OP (f,φ,g,h,l).Proof. For ea
h (t, x) ∈ [0, T ] × Θ, n ≥ 1, let {nY t,x
s , nZt,x

s , 0 ≤ s ≤ t} denote the solution ofthe generalized BDSDE
nY t,x

s = l(X t,x
0 ) +

∫ s

0

f(r,X t,x
r , nY t,x

r , nZt,x
r )dr + n

∫ s

0

(nY t,x
r − h(r,X t,x

r ))−dr

+

∫ s

0

φ(r,X t,x
r ,n Y t,x

r )dAt,x
r

∫ s

0

g(r,X t,x
r ,n Y t,x

r )dBr −

∫ s

0

nZt,x
r ↓ dWr.It is know from Boufoussi et al [1℄ that

un(t, x) = nY
t,x
t , (t, x) ∈ [0, T ] × Θ,is the sto
hasti
 vis
osity solution of the paraboli
 SPDE:





∂un(t, x)
∂t

+ [Lun(t, x) + fn(t, x, un(t, x), σ
∗Dxun(t, x))] + g(t, x, un(t, x))♦Bt = 0,

(t, x) ∈ [0, T ] × Θ,

un(0, x) = l(x), x ∈ Θ,

∂un
∂n

(t, x) + φ(t, x, un(t, x)) = 0, (t, x) ∈ [0, T ] × ∂Θ.

(3.9)
where fn(t, x, y, z) = f(t, x, y, z) + n(y − h(t, x))−. However, from the results of the previousse
tion, for ea
h (t, x) ∈ [0, T ] × IRd,

un(t, x) ↑ u(t, x) a.s. as n→ ∞.Sin
e un and u are 
ontinuous, it follows from Dini's theorem that the above 
onvergen
e isuniform on any 
ompa
ts. We now show that u is a sto
hasti
 vis
osity subsolution of obsta
leproblem of OP (f,φ,g,h,l). Let (τ, ξ) ∈ MB
0,T × L0(FB

τ ; Θ) and ϕ ∈ C1,2
(
FB

τ , [0, T ] × Θ
) be su
hthat, for u(τ, ξ) > h(τ, ξ), IP-a.s. and for IP− almost all ω ∈ {0 < τ < T}, we have

u(ω, t, x) − Ψ(ω, t, x) < 0 = u(ω, τ(ω), ξ(ω))− Ψ(ω, τ(ω), ξ(ω)) (3.10)for all (t, x) in some neighborhood V (ω, τ (ω) , ξ (ω)) of (τ (ω) , ξ (ω)). From the assumptionthat u(t, x) > h(t, x) and the uniformly 
onvergen
e of un, there exists (τk, ξk)k≥0 ⊂ MB
0,T ×22



L0(FB
τ ; Θ) an (τ, ξ)-approximation sequen
e (e.g. De�nition 2.1 [4℄) su
h that unk

(τk, ξk) >
h(τk, ξk), IP-a.s. Moreover, in virtue of (3.10), we get

unk
(ω, t, x) − Ψ(ω, t, x) < 0 = unk

(ω, τk(ω), ξk(ω)) − Ψ(ω, τk(ω), ξk(ω)) (3.11)for all (t, x) in some neighborhood V (ω, τk (ω) , ξk (ω)) ⊂ V (ω, τ (ω) , ξ (ω)) for k large enough.To have ξk in L0(FB
τk

; Θ), we must and do take τk > τ on {τ < T} and τk ↓ τ ; what is possiblefrom the de�nition of (τ, ξ)-approximation sequen
e (e.g. [4℄). On the other hand, sin
e un isa vis
osity solution of SPDE (3.9) and a

ording to (3.11), we get the following:(a) On the event {0 < τk < T} ∩ {ξk ∈ Θ} the inequality
Afnk

,g (Ψ (τk, ξk)) −DyΨ (τk, ξk)Dtϕ (τk, ξk) ≤ 0holds, P-a.s.(b) On the event{0 < τk < T} ∩ {ξk ∈ ∂Θ} the inequality
min

[
Afnk

,g (Ψ (τk, ξk)) −DyΨ (τk, ξk)Dtϕ (τk, ξk) ,

−
∂Ψ

∂n
(τk, ξk) − φnk

(τk, ξk,Ψ(τk, ξk))

]
≤ 0holds, P-a.s.Therefore, taking the limit as k → ∞ in the above inequality yields:(a) On the event {0 < τ < T} ∩ {ξ ∈ Θ} the inequality

Af,g (Ψ (τ, ξ)) −DyΨ (τ, ξ)Dtϕ (τ, ξ) ≤ 0holds, P-a.s.(b) On the event{0 < τ < T} ∩ {ξ ∈ ∂Θ} the inequality
min [Af,g (Ψ (τ, ξ)) −DyΨ (τ, ξ)Dtϕ (τ, ξ) ,

−
∂Ψ

∂n
(τ, ξ) − φ(τ, ξ,Ψ(τ, ξ))

]
≤ 0holds, P-a.s.This proved that u is a sto
hasti
 vis
osity subsolution of OPf,φ,g,h,l. By the same argumentas above one 
an show that u given by (3.8) is also a sto
hasti
 vis
osity supersolution of

OPf,φ,g,h,l. So we 
on
lude that u is a sto
hasti
 vis
osity of OPf,φ,g,h,l, that end the proof.A
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