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Abstract Because of its very general formulation, the local volatility model does not
have an analytical solution for European options. In this article, we present a new
methodology to derive closed form solutions for the price of any European options.
The formula results from an asymptotic expansion, terms of which are Black-Scholes
price and related Greeks. The accuracy of the formula depends on the payoff smooth-
ness and it converges with very few terms.
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1 Introduction

The local volatility model, introduced by Dupire [Dup94], Rubinstein [Rub94] and
Derman Khani [ED94], has the main advantage of fitting all call and put option prices.
Howeyver, in contrast to the seminal Black-Scholes model, this model has no more
closed form solution for general European options. This comes from the very general
form of the local volatility function. Only in a few cases this model admits closed for-
mulas, as explained in [ACCLO1]. In the special case of a separable local volatility
function written as the product of two independent functions of time and underlying,
Oloc(t, f) = ot(t)A(f), one can derive an asymptotic expansion for the price of vanilla
options (call, put) using singular perturbation techniques as explained in [HW99].
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Another type of asymptotic expansion can be also derived from an expansion of the
heat kernel as shown in [Lab05]. However, for the general case, there is no method-
ology so far. This paper tackles precisely this challenge.

The overall idea is to do an asymptotic expansion directly on the diffusion using
Malliavin calculus. We will consider a local volatility model, in which the underlying
asset is classically related to the diffusion process

Xm:G(t,Xl)dm‘i‘u(t,X[)dt, X() = X0- (11)

Typically, in the following, X stands for the log-price of the underlying asset!. o (¢, X;)
is the volatility term whereas (L (¢, X;) is the drift term. Our aim is to give an analytical
accurate” approximation of any European option, written as the expected value under
the risk neutral probability measure of a payoff function & evaluated at the maturity
time 7

E(h(Xr)) (1.2)

where [E stands for the standard expectation operator. To accomplish this, we intro-
duce a parametrized process given by:

dX{ = e(o(t, X5 )dW, + (1, X5 )dr), X5 = xo, (1.3)

where the parameter € lies in the range [0, 1]. Obviously, this parametrized process is
equal to the initial one for € = 1. Remarkably, it is much easier to calculate the price
(1.2) as an expansion formula with respect to €. Once we have derived all the terms
of the expansion, we see that the price of the European option is obtained by taking
e=1.

Compared to standard expansion methods, the accuracy of this expansion is not re-
lated to the perturbation parameter €. Indeed, the limit value € = 1 is not small at
all. This is a significant difference compared to singular perturbation techniques. Our
expansion is just a way to derive convenient closed form solution. This asymptotic
expansion is achieved using the infinite dimensional analysis of Malliavin calculus.
A key feature of our approach is that we can provide explicit formulas for the terms at
any order and explicit upper bounds of the errors, for general forms of the drift term
U and the volatility term ¢. The derivation of expansion terms at any order completes
for pure diffusion some earlier work done in [BGMOS].

In practice, we compute a limited number of terms. The main term is the price in
a suitable Black-Scholes model, while the other terms are a weighted summation of
sensitivities (Greeks). These terms are straightforward to evaluate numerically, with a
computational cost equivalent to the Black-Scholes formula. The smaller the param-
eters L and o are, the smaller the maturity 7T is, or the smaller the derivatives of the
functions y and ¢ with respect to their second variable are, the faster the convergence
of the expansion is. This means that in practice, we need to calculate the expansion
up to the second order, or possibly to the third order, to achieve an excellent accuracy
(smaller than 2 bp on implied volatilities for various strikes and maturities). In addi-
tion, as a consequence of our approximation formulas, we establish that, for any fixed

1
2

when explicitely stated, X may alternatively stand for the asset price.
in some sense detailed later in this paper



maturity, a time dependent CEV model is equivalent to a CEV model with appropriate
constant parameters (parameter averaging principle).

Comparison with the literature. In previous works, like Hagan et al in [HKLWO02]
for the SABR model, or Fouque et al in [FPS00] for stochastic volatility models, or
Antonelli-Scarletti in [ASO7], authors do a perturbation analysis with respect to a
specific model parameter like the volatility, the mean reversion or the correlation.
Their approach relies on a perturbation of the corresponding PDE. In contrast, we do
not approximate the underlying PDE, or the related operator. We focus directly on the
law of the random variable X% at maturity time, given its initial condition Xy = xo,
using Malliavin calculus. Nicely, the extension to time dependent coefficients comes
without any extra efforts.

Outline of the paper. In the following, we give some notations and assumptions
used throughout the paper. The next section presents in an heuristic way our method-
ology to approximate the expected cost. We provide approximation formulas at the
second and third order, using a log-normal or a normal proxy. In Section 3, we detail
the approximation formulas for the case of time dependent CEV volatility. In Section
4, we analyse the magnitude of the correction and error terms of the general approx-
imation formula (and at any order). The analysis depends on the payoff smoothness.
The proofs of the main theorems 4.1-4.3-4.5 are postponed to section 5. In appendix
6, we bring together useful results to make our expansion explicit.

Definitions

Definition 1.1 As usual, we define €;°(R) as the space of real infinitely differen-
tiable functions i with compact support. We also define .77 as the space of functions
having at most an exponential growth. A function / belongs to .7 if |h(x)| < ;e
for any x, for two constants ¢; and c;.

Notations
The following notation will be used extensively throughout the paper.

Notation 1.1 Differentiation.
If these derivatives have a meaning, we write:

- lI,t(l') (x) = ?9:?1/ (t,x) for any function y of two variables.

iye

- Xt = aaiff- is the i'" derivative of the parametrized process with respect to €.
iy€

- X = % le=o - These processes play a crucial role in this work.

— 0, = o (t,%0), tr = 1(1,x%0), 6" = 5 (2,x0), 11" = D (2,x0).

The following notation of Greeks will be useful for interpreting the expansion
terms.

Notation 1.2 Greeks.
Let Z be a random variable. Given a payoff function h, we define the i'" Greek for the
variable Z by the quantity (if it has a meaning) :

_ IERZ+x)]

Greek (Z) % |x=0-



Assumptions. In order to derive accurate approximations, we may assume that co-
efficients o and u are smooth enough. In what follows, N is an integer greater than
4.

— Assumption (Ry). The functions & and |1 are bounded and of class CN w.r.t x.
Their derivatives up to order N are bounded.

This assumption may be restrictive because ¢ and u have to be bounded as well their
derivatives. Actually, this statement is made only to simplify a bit our analysis, but we
can prove that our approximation remains valid if some boundedness requirements
are partially relaxed.

Notation 1.3 Function amplitudes.
Under (Ry), we set

MO :max(|c|°°7"' 7‘0-(N)|°°7 |:u|°°a Tt 7|“(N)|°°)ﬂ (14)
Ml :max(|6(l)|°°7"' 7|G(N)|°°v “J'(l)|°°7 7‘:“<N)‘°°) (15)

Although My and M| may depend on N, we remove this dependence in our notation,
for the sake of simplicity.

Remark 1.2 The constant My measures the amplitude of the objective functions u, o
and their derivatives w.r.t. the second variable, whereas M| measures only the ampli-
tude of their derivatives. Notice that M; < Mj and in case of deterministic functions
o and u, one has M| =0.

To perform the infinitesimal analysis, we rely on smoothness properties not re-
lated to the payoff function itself but rather to the law of the underlying stochastic
models.

— Assumption (E). The function ¢ does not vanish and its oscillation is bounded,
meaning 1 < % < Cg where Ojyp = inf(; ) cr+ xR o(t,x).
in, v 7

The assumption (E) is commonly called an ellipticity assumption.
We also need to divide our analysis according to the payoff smoothness. We split
our analysis into three cases.

— Assumption (Hy). h belongs to €;°(R). This case corresponds to smooth payoffs.

— Assumption (H>). h and hM) belongs to . This case corresponds to vanilla
options (call-put).

— Assumption (Hz). h belongs to 5. This is the case of binary options (digital).

2 Smart Taylor Development

In the following, we provide several approximation formulas, at the second and third
order. These formulas are different if X models the logarithm of the underlying asset
price or if it models directly the asset price. In the first case, our approximation is
equivalent to take a lognormal proxy (or Black-Scholes proxy) for the asset price; in
the second case, it is equivalent to use a normal proxy.



2.1 Second order approximation

Here, we consider that the dynamics (1.1) for X models the logarithm of the underly-
ing asset. In the case of call option, the payoff is then h(x) = (¢* — K), where K is
the strike price.

Our perturbation approach relies on the Taylor expansion of the parameterized
process. We have paved the way in our previous work [BGMOS8]. For the sake of
completeness, we briefly recall the main steps to achieve a closed approximative for-
mula.

From the definitions, X;,; = % le=0, we can expand the perturbed process X+ as
follows:
&2
Xﬁ:Xf\£:o+£X1,T+§X27T+... 2.1)

Indeed, under the assumption (Rs), almost surely for any ¢, Xf is C* w.rt € (see
Theorem 2.3 in [Kun84]). The diffusion dynamics of (X = %),20 is obtained by

1
a straight differentiation of the parameters of the diffusion equation of X¢. The first

order term X7, is easily obtained as follows:

dXi, =0 (X[ )dW; + (X )dt
+ext, (o) (X aw; + ! (xXE)dr), XE o =0, 22)
From the definitions, we have 6; = 6 (¢,x0), W = U (t,x0), G,(i) =6\ (t,xp) and /J,,(i) =
w9 (z,x0). Then, we obtain

dX; =0;dW; + W, dt, X1 0 =0,
dXs; =21, (0 aw, + udt), X, 0 = 0.

Applying the expansion (2.1) at € = 1, we conclude that xo + X; 7 is a proxy for
Xr. This is a Gaussian proxy for X, hence a lognormal proxy for the asset price (or
Black-Scholes diffusion proxy). It justifies the notation

! !
XES = xo+ X1 = x0 +/0 “Sds+/o 05 dW;. (2.3)

To obtain an approximation formula, we use the Taylor formula twice: first, for X; at
the second order w.r.t € around xg, secondly for smooth function # at the first order
w.r.t x around X25. This leads to:
_ Bs , X1 _ BS (1) v BS\ X2.T
Elh(Xr)] = E[h(X7" + —= +..)] = Elh(X7") + E[nV (Xr°) =]
To achieve an explicit formula, it remains to transform the correction term involving
Xo 7 into a summation of greeks computed in the Black-Scholes proxy. This is per-
formed using the Malliavin calculus. We refer to [BGMO8] where the computations
are detailed, or to the proof of Theorem 2.3 in this paper. This leads to the following
theorem, which is a particular case of Theorem 2.1 of [BGMOS] when there is no
jump.



Theorem 2.1 (Second order approximation price formula using lognormal proxy).
Assume that the process (X;) fulfills (Rs) and (E), and that the payoff function fulfills
one of the assumptions (Hy), (H,) or (H3). Then

3
E[h(Xr)] =E[h(X7®*)]+ Y o 7Greek] (X7 ) + Residy, (2.4)

i=1

where

T T 1)
al-,T:/O “t(/ Us 'ds)dt,
'
T[T, )
alT:/O (o; (/ Us ds)+“t(/t oy0; 'ds))dt,
. t

T ’ T (1)
03,7 :/ o; (/ 0,0, 'ds)dt.
0 1

Additionally, estimates of the error term Resid; (otherwise stated as residual terms)
are given in Theorems 4.1, 4.3 and 4.5, according to the cases (H,), (H,) or (H3).

Formula (2.4) is refereed as a second order approximation formula because we estab-
lish, in Theorem 4.3 for call/put option, that the error term Resid, is of order three
with respect to the amplitudes of coefficients.

The above approximation of the price is a sum of two terms:

1. E[h(XﬁS )] is the leading order, corresponding to the price when the parameters ¢
and p are deterministic. In the case of call/put option, it is given by the Black-
Scholes formula. For other payoffs, we can use numerical integration because the
density of the random variable st is explicit.

2. Y3, a; 7Greek! (X£9) are the volatility and drift correction terms, which depend
on the first derivatives of u and o. These terms can be computed as easily as the
main term.

The above formula may be simplified when the asset (i.e. (eXf )r>0) is a martingale un-
der the pricing measure? (also refered to Dupire model). Then, p(t,x) = —402(t,x)
and the formula writes

1 3

Elh(X7)] = E[R(XE5)] + C; 7 (=Greek (X25) — ZGreek! (XB%) + Greek? (X5%)) + Resid,
T 5 2 1 T 2 2 T 3 T

with

T, T
Cir =/ o; (/ 0,05 'ds)dt. (2.5)
0 t

3 for instance, when one models the evolution of the forward price.



2.2 Third order approximation using a lognormal proxy

If the original model is close to its lognormal proxy, the formula (2.4) is very accurate
(see the numerical results in Section 3). Otherwise, we can obtain higher accuracy by
adding third order correction terms. The following result provides explicit expres-
sions for these terms in the Dupire model (1 (,x) = — 1062 (t,x)) for vanilla payoffs.
Before, we introduce an appropriate definition, which will enable us to represent the
coefficients of the greeks as iterated time integrals.

Definition 2.2 Integral Operator.
The integral operator @’ is defined as follows: for any integrable function I, we set

T
o) = /r Ludu

for 7 € [0, T]. Its n-times iteration is defined analogously: for any integrable functions
(L, 1), we set
ol b); = o(ho(l, - h)")]

forz €10,7].

Theorem 2.3 (Third order approximation price formula in the Dupire model using
lognormal proxy). Assume that the process (X;);>o fulfills (R7) and (E), and that the
payoff function fulfills the assumption (H). Then

6
Elh(Xr)] = E[h(XF%)]|+ Y. ni7Greek! (XF°) + Resids, (2.6)
i=1

i=

_Cl,T Gr Gr Gr GCgr GCer

3Cur |, Cr G 5Cr  SCr TGt  Crr | Ger

hr == 2 "2 4 4 2 2 T4
3Cs.r

N3, r =Cir —2C47 —2Cs 7 —6Ce 7 —3C7,1 — >

13Cr7 | 13Csr

Nar =Ca1 +Cs517+3Cs 1 +

2 4
Nsr =—6C; 7 —3Cy 1,
Ne,r =2C7 7 +Cg 1,4
and
Cir= a)(0'2,0'c7(1>)g, Cr= a)(cz, G(l))z)g7
Cir = w(0?,66)], Cir = 0(c?,6%, (c)))f,
Csr = 0(c%,6%,66Y)], Cor = 0(c% 006", ccT,
Crr = (062,606 6oM)] Csr = (0?06, 6% c06W)].

In addition, the estimate of the error term Resids is given in Theorem 4.3.



An application of Theorem 4.3 yields that Resid3 is of order four with respect to the
volatility coefficient.
The proof of Theorem 2.3 is postponed to subsection 6.3.

2.3 Third order approximation using a normal proxy

In the previous third order approximation formula, numerous correction terms appear
because the smart expansion involves simultaneously the volatility and the drift coef-
ficients. If we consider directly a model on the asset price (and not on its logarithm),
our expansion simplifies much because the drift in the Dupire model vanishes:

The above function ¢ for the asset price X and the volatility function ¢ in (1.1)
for the log-asset are different, they are simply related by a change of variables of
exponential type. Similarly, here the call payoff is equal to 4(x) = (x — K) . Then, we
can perform our expansion approach using the parametrized process X¢ that solves
dXF = eo(t,XF)dW,. We obtain that the model proxy for the asset price is defined by

it
XN = xo + / & (5,50)dWi, 2.8)
0

which is a Gaussian process. We call it normal proxy. Formal computations of our
smart expansion are analogous to those done for the lognormal proxy. We will skip
details regarding the proof and the assumptions. We do not provide a rigorous esti-
mation of the error term, we prefer to focus on the expressions of correction terms to
achieve a third order approximation formula.

Theorem 2.4 (Third order approximation price formula in the Dupire model using
normal proxy). For a vanilla payoff h, we have

6
E[h(Xr)] = E[h(X7)] + Y ni7Greek] (X7') + Error, (2.9)
i=1
where
C C
M,r =0, nZ,T:_%‘i‘%a M, =Cir,
NMar =C47+Cs7+3Cs7, N571 =0, Ne,r =2C77+Cs 1.

The coefficients (Cj1)1<<s are defined as in Theorem 2.3.

In the case of call/put option, the computations of the main term E[r(X})] and of
the related greeks (Greek (X&))i<;<¢ are straightforward because the proxy (2.8) is
normal. Numerical results are reported in Section 3.

If one prefers to restrict to a second order approximation formula, it simpy writes

E[h(Xr)] = E[h(X))] + C1 rGreek’ (X}) + Error. (2.10)



2.4 Parameter averaging in CEV model

The time dependent CEV model on the underlying asset is defined by
dx, = v,xPaw,.

We suppose that the risk-free rate (r;), and the dividend yield (g, ), are both determin-
istic. For simplicity in the following discussion, we assume Xp = 1 in order to have a
normalized model.

As discussed in [BGMOS], the time dependent CEV model is interesting because
it generates all the possible values of (o;); and (G,<1) ); by appropriate choices of (v;),
and (f3;);. Thus, in view of (2.4) and (2.10), this model may potentially generate all
the possible prices at the second order.

When the coefficients (v;), and (), are constant, there is a closed formula for
the call price (see [Sch89]). For general time dependent coefficients, we may use
our approximation formulas based on log-normal or normal proxy. Alternatively, we
may look for an equivalent CEV model with constant coefficients ¥ and 8, with
which the prices coincide at the second order. This is possible maturity by maturity.
This principle has been studied for stochastic volatility models by Piterbarg [Pit05].
Owing to our approximation formulas, we retrieve that

JEvEdr
T

v [5v3ds
o
Jo VP Jyvids

_ T
V= . B=[ Bpar.  withp = @.11)
JO

Proof In the context of lognormal proxy (f close to 1), we take
1 ,
o(t,x) =vieP% (e x) = —EO'Z(t,x), h(x) = e~ 0 7sds (oo (=a)dsgr _ gy

Then, our approximation formula (2.4) depends only on two constants fOT v,zdt and
fOT v? ftT (Bs — 1)v2dsdt. Consequently, two models must coincide with respect these
two quantities in order to provide the same approximation formula (with lognormal
proxy) up to second order. This easily leads to the identification (2.11).

When the model is close to normal proxy (8 close to 0), we take

G(t,x) — V,xB’, ,u(t,x) =0, h(x) — e*foTrsds(efoT(rs*qs)dxx_K)+.

Then, using a similar approach based on formula (2.10), one retrieves exactly the
same averaged parameters (2.11).

We conjecture that the averaging rule (2.11) is true not only for  close to O or 1,
but also for various values in between. A numerical result (see Table 3.4) illustrates
this averaging property. 0O
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3 Numerical Experiments

In this section, we compare approximation formulas given in Theorem 2.1, Theorem
2.3 and Theorem 2.4, applied to Dupire model for call option. We assume that the
risk-free rate and the dividend yield are both set at 0. For the following numerical
results, we choose a CEV-type function for the local volatility. When the model is
applied directly to the asset price (see (2.7) and Theorem 2.4), we have

ot,x)=vixP,  u@r,x)=0,  hx) =x—K)..

When the model is used for the log-asset price (see (1.1), Theorems 2.1 and 2.3), we
have

G(t’x) = Vte(ﬁtil))& ,u(t,x) = _%Gz(tax)7 h(x) = (ex_K)+'

When the functions (v;), and (f3;); do not depend on time (and thus are constant),
we use the closed formula for call price [Sch89] as a benchmark. Otherwise, for time
dependent functions, we use PDE methods to obtain reference values.

3.1 Accuracy of the second order formula (2.4) (based on a log-normal proxy)

Constant parameters.In the case of time independent volatility, the coefficient C; 7
becomes:

2

nT
C])T = GSG(E )7.

2
In Table 3.1, we report related numerical results, which show that our formula is very
accurate (errors in implied volatilities are smaller* than 2 bp) for 8 close to 1. This
is coherent with the estimate of the error term Resid,, because this model is close
to the lognormal one. In Table 3.2, analogous tests are reported with § = 0.2. Here,

Table 3.1 Errors on implied Black-Scholes volatilities (in bp) between the second order approximation
formula (2.4) and the closed formula for CEV model, expressed as a function of maturities in fractions of
years and relative strikes. Parameters: § = 0.8, v = 0.2 and xo = 0.

T/K 80% 90% 100% 110% 120%
6M -1.63 -0.22 -0.08 -0.17 -0.86
1Y -1.11 -0.26 -0.15 -0.22 -0.63
1.5Y -0.98 -0.32 -0.21 -0.28 -0.60
2Y -0.95 -0.38 -0.28 -0.34 -0.62
3Y -0.98 -0.51 -0.41 -0.46 -0.69
5Y -1.16 -0.77 -0.67 -0.70 -0.89
10Y -1.70 -1.37 -1.26 -1.27 -1.40

4 1 bp on implied volatilities is equal to 0.01%.
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the errors are roughly equal to 20 bp, which is quite satisfactory. This case motivates
the use of the third order approximation formula to obtain a better accuracy, this is
discussed in the following subsection (see Table 3.6).

Table 3.2 Errors on implied Black-Scholes volatilities (in bp) between the second order approximation
formula (2.4) and the closed formula for CEV model, expressed as a function of maturities in fractions of
years and relative strikes. Parameters: § = 0.2, v =0.2 and xo = 0.

T/K 80% 90% 100% 110% 120%
6M -22.85 -3.33 -1.07 -2.61 -14.87
1Y -16.60 -4.07 -2.14 -3.21 -10.20
1.5Y -15.21 -5.11 -3.21 -4.03 -9.31

2Y -15.13 -6.23 -4.27 -4.92 -9.29

3Y -16.36 -8.53 -6.39 -6.74 -10.12
5Y -20.47 -13.19 -10.60 -10.42 -12.74
10Y -32.01 -24.45 -20.77 -19.45 -20.26

Piecewise constant parameters.Here, the functions v and 3 are piecewise constant
on each interval [7;, 7,1 [ for each i < n. Therefore, C| . can be calculated recursively

i—1 2
1 Ti1—T; 1
Ci7;,, = Crg + (T —T)ogoy) Y 07 (T —Tj)+%"%"%)v
=

. 1) 7,2 . . :
with Cy 7, = o Gé )%. In our tests, the piecewise constant functions v and f are

equal respectively on each interval of the form [%, %[ to 25% — i x 0.11% and

100% — i % 0.75%. Results given in Table 3.3 show that our second order approxi-
mation formula is still very accurate for time dependent parameters v and 3. Using

Table 3.3 Errors on implied Black-Scholes volatilities (in bp) between the second order approximation
formula (2.4) and the PDE method, expressed as a function of maturities in fractions of years and relative
strikes. Parameters: time dependent v and 8, xo = 0.

T/K 80% 90% 100% 110% 120%
6M -0.67 -0.09 0.03 -0.07 -0.35
1Y -0.44 0.10 0.06 -0.09 -0.26
1.5Y -0.38 -0.13 0.09 0.11 -0.25
2Y 0.37 0.15 -0.11 -0.14 -0.26

the same time dependent coefficients, we test the parameter averaging principle, that
is described in paragraph 2.4. Results are reported in Table 3.4. The accuracy is still
very good.
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Table 3.4 Errors on implied Black-Scholes volatilities (in bp) between the closed CEV formula applied to
an equivalent CEV model (2.11) and the PDE method, expressed as a function of relative strikes. Parame-
ters: time dependent v and 8, xo =0 and 7 = 1Y.

T/K 80% 90% 100% 110% 120%

1Y 0,09 -0,27 -0,20 -0,07 0,00

3.2 Accuracy of the third order formula (2.6)

Constant parameters. Tables 3.5 and 3.6 show that the third order approximation (2.6)
is very good for various values of 3. The use of this formula has much improved the
accuracy in the case § = 0.2, for which the model is not close to the log-normal
Proxy.

Table 3.5 Error in implied Black-Scholes volatilities (in bp) between the third order approximation for-
mula (2.6) and the closed formula for CEV model, expressed as a function of maturities in fractions of
years and relative strikes. Parameters: § = 0.8, v = 0.2 and xo = 0.

T/K 80% 90% 100% 110% 120%
6M -0.08 -0.02 -0.01 0.00 0.00
1Y -0.06 -0.03 -0.01 -0.01 0.00
1.5Y -0.06 -0.03 -0.02 -0.01 0.00
2Y -0.06 -0.04 -0.02 -0.01 0.00
3Y -0.08 -0.05 -0.03 -0.01 0.00
5Y -0.10 -0.06 -0.04 -0.01 0.01
10Y -0.16 -0.10 -0.06 -0.02 0.01

Table 3.6 Error in implied Black-Scholes volatilities (in bp) between the third order approximation for-
mula (2.6) and the closed formula for CEV model, expressed as a function of maturities in fractions of
years and relative strikes. Parameters: § = 0.2, v =0.2 and xo = 0.

T/K 80% 90% 100% 110% 120%
6M -1.23 -0.18 -0.01 0.12 0.53
1Y -0.93 -0.34 -0.03 0.22 0.52
1.5Y -1.19 -0.51 -0.06 0.31 0.68
2Y -1.51 -0.68 -0.09 0.39 0.85
3Y -2.22 -1.05 -0.19 0.52 1.17
5Y -3.71 -1.87 -0.47 0.67 1.69
10Y -7.32 -4.13 -1.56 0.55 2.38




3.3 Accuracy of the third order formula using normal approximation

Constant parameters. Tables 3.7 and 3.8 show that the third order approximation
(2.9) is also very good for various values of 3. The computation of this formula is
slightly quicker than that with a log-normal proxy, because there are fewer terms.

Table 3.7 Error in implied Black-Scholes volatilities (in bp) between the third order approximation for-
mula (2.9) and the closed formula for CEV model, expressed as a function of maturities in fractions of
years and relative strikes. Parameters: § = 0.8, v = 0.2 and xo = 0.

T/K 80% 90% 100% 110% 120%
6M -1.61 -0.07 -0.01 0.03 0.77
1Y -0.88 -0.08 -0.02 0.03 0.45
1.5Y -0.61 -0.11 -0.02 0.04 0.31
2Y -0.51 -0.15 -0.03 0.06 0.25
3Y -0.49 -0.23 -0.05 0.10 0.23
5Y -0.71 -0.44 -0.11 0.16 0.30
10Y -1.70 -1.09 -0.37 0.22 0.56

Table 3.8 Error in implied Black-Scholes volatilities (in bp) between the third order approximation for-
mula (2.9) and the closed formula for CEV model, expressed as a function of maturities in fractions of
years and relative strikes. Parameters: § = 0.2, v =0.2 and xo = 0.

T/K 80% 90% 100% 110% 120%
6M 0.22 0.06 -0.01 -0.06 -0.16
1Y 0.41 0.11 0.00 -0.10 -0.26
1.5Y 0.56 0.17 0.00 -0.13 -0.34
2Y 0.71 0.24 0.02 -0.16 -0.41
3Y 1.02 0.39 0.06 -0.20 -0.53
5Y 1.75 0.79 0.21 -0.23 -0.71
10Y 4.71 2.55 1.15 0.10 -0.84

4 General results about error analysis

In this section, we analyse the error terms according to the payoff smoothness (smooth,
vanilla or binary). To accomplish this, we first give some notations that will be used
throughout the theorems and the proofs. Then, we provide a general expansion for-
mula of the price E[A(Xr)] at any order, making explicit the order of magnitude of
each term. This expansion is different according to the payoff smoothness: smooth
payoff in Theorem 4.1, vanilla payoff in Theorem 4.3 under an additional ellipticity
condition on ¢ and binay payoff in Theorem 4.5.



For the three cases, we discuss the form of error estimates. We show that the
second order approximation formula (2.4) (and those at any order) is accurate under
one of the following conditions:

— the maturity of the option 7 is small.

— the derivatives of the volatility ¢ and the drift 4 w.r.t. the second variables are
small. This is measured by the constant M; defined in (1.5). In particular, the
model and the proxy coincide (X = X BS) when these derivatives vanish (M, = 0,
see remark 1.2). This is coherent with our estimates since the correction and the
error terms are estimated as O(M;) where O is the Landau symbol.

— The volatility, the drift and their derivatives are small. This dependence is repre-
sented using the constant M, defined in (1.4).

Moreover, when the three conditions are all satisfied, the approximation formula be-
comes even more accurate.
All the proofs are given in Section 5.

Notations.

— About floating constants and upper bounds. In the following statements and proofs,
for the upper bounds we use numerous constants, that are not relabelled during
the computations. We simply use the unique notation

A<.B

to assert that A < ¢B, where ¢ is a positive constant depending on the model
parameters My, My, T, Cg (defined in assumption (E)) and on other universal
constants. The constant ¢ remains bounded when the model parameters go to 0,
and it is uniform w.r.t. the parameter € € [0, 1]. When informative, we make clear
the dependence of upper bounds w.r.t. My, M and T'.

— Model differentiation. In the proofs, the derivatives of the parameterized process
X¢ are useful: they are defined by X, = a(;ﬁs when these derivatives have a mean-
ing. Additionally, we write:

I"((¥F)H)

Vi=Xf-(oteXir),  Yir=—gl,

0
Yiir = Yk,i,T’

1-1) 4
fol Yk(,i-&-l,)T)‘ dA

Riirt = i

— Miscellaneous. As usual, the L,-norm of a real random variable Z is denoted by
1Z|l, = [ElzZ]7]"/7.

4.1 Error analysis for smooth payoff

Theorem 4.1 Asymptotic expansion for the price of smooth payoff ( h € €;°(R)).
For m > 2 assume that (Ry,+2) holds. If the payoff h fulfills Assumption (Hy), then
one has

E[h(X7)] = E[h(XE5)] + Z Ord; + Resid,y, (4.1)
=2

=



where different terms are estimated as follows.

— The contribution for order i € {2,...,m} : Ord; = Z,Eél E[AK) (X25) Y,’(‘,’l,T] and it
is estimated by

|Ordi| <, sup |19 | MM (VT (4.2)

1<j< L)1

— The residual term for order m is : Resid,, = E[Zl[ﬁ]l ht%) (XfS)Rkl‘c%’T

[F]+1 m m
OB D (X (1) (K89)) (1) 3], such thas

|Resid,,| <. sup |hY) | MyME (VT (4.3)
1<j<|%]
In the multiplicative case (o(t,x) = Aa(t,x) and Wu(z,x) = Ab(t,x)), we have
My <. A and M| <. A. Thus, we obtain

Ordi = O((AVTY) for2<i<m,  Residy=O0((AVT)""").

This justifies that Equation (4.1) should be viewed as an approximation formula of
order m.

Notice that the above theorem provides which terms have to be computed to
achieve a given accuracy. But to effectively compute these terms as a summation
of Greeks (as in Theorems 2.1 and 2.3), we shall use results in Appendix 6.

4.2 Error analysis for vanilla payoff

The payoff i for this kind of option is not necessarily smooth, it is almost every-
where differentiable and belongs to the space 7. The previous expansion in the case
of smooth payoff is no more valid. Indeed, the i-th order contribution Ord; has been
represented using the derivatives of 4(!) that do not necessarily exist anymore. There-
fore we introduce some new variables in order to represent higher contributions only
using 41) (and not higher order derivatives).

Lemma 4.2 Givenm > 2, assume (R3p_2) and (E). Let v € [0, 1]. There exist random
variables (Gi)a<i<m,Sm,Imy € Np>1 Ly, such that for any I € €5°(R), one has

o1 Yegvio1r .
Y Bl g = =EIV RG] for2<i<im,
k=1"" '
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Additionally, we have for any p > 1

Mo . . .
1Gillp <c (G.Of)’ MM (VT (4.4)
in,
My m—1 m m+1
mllp myllp <c 1My . )
ISmllp+ sup [ llp <e (—=)""'MiMg'(VT) (4.5)
vel0,1] cyinf

The proof of this lemma is postponed to Subsection 5.2.

The random variables in the above lemma are now used to represent conveniently
successive contributions in the general approximation formula for vanilla payoffs.
This is the following statement.

Theorem 4.3 Asymptotic expansion for the price of vanilla payoff (h € 5 and
nexn).
Given m > 2, assume (R3,—2) and (E). If the payoff h fulfills Assumption (H,), then
we have
m
Elh(Xr)] =E[h(X7*)]+ Y, Ord; + Resid,, (4.6)
i=2
where different terms are estimated as follows.
— The contribution of order i € {2,...,m} is Ord; = E[h)(XES)G;] and it is esti-
mated by:

|Ordi| < 1D (XS [o( =) 2MiMy (VT @7
inf
— The residual for order m is Residy, = E[h)(X5%)S,,] + [3 B[ (vX7 + (1 —
WXEN L, (1 —v)™ v, such that

|Resid| <c (|| (XF%) 2+ sup A (vXr + (1= v)X7)]|2)
vel0,1]

MO m—1 m m+1

— )" MM (VT (4.8)

Oinf

(

Notice that the error term in Theorem 2.1 for vanilla payoff is Resid,. For the third
order approximation formula of Theorem 2.3, it is Resids. Let us comment on the
above theorem.

— The label Ord; is due to the fact that this term is bounded by MM~ (v/T)' mul-
tiplied by an ellipticity factor of the form (%)”. This ellipticity factor is new
compared to the case of smooth payoffs. To have a clear view on each contri-
bution, one should have in mind the multiplicative case (o (¢,x) = Aa(t,x) and
w(t,x) = Ab(t,x)) which leads to max(M;,Mp) <. A and

Ord; = O((AVT)') for2 <i<m, Resid,, = O((AVT)"1).

That is why we refer to Equation (4.6) as an approximation formula of order m.
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— Correction terms are brought together in a different way than in the case of smooth
payoffs. Indeed, the hierarchy (in terms of amplitudes) is modified according to
the payoff smoothness. However, it is easy to check that the second order approx-
imation is the same for smooth payoffs and vanilla ones. For higher orders, there
is no more coincidence with the smooth case.

— Similarly to the smooth case, the above formula provides the appropriate terms
to compute to reach a given level of accuracy. It remains to explicitely compute
these terms as a summation of Greeks, using results in Appendix 6. This is done
in Theorems 2.1 and 2.3 for m =2 and m = 3.

— Finally to accommodate irregular payoffs, we require extra smoothness properties
on i and ©.

4.3 Error analysis for binary payoff

For this kind of option, the payoff / is not necessarily smooth, it is at least in .5#. The
results below are easy extensions of the case of vanilla options, we leave the proof to
the reader.

Lemma 4.4 Givenm > 1, assume (Rap12) and (E). Let v € [0, 1]. There exist random
variables (P;)1<i<m; Om, Tny € Np>1 L, such that, for any I € €;°(R), one has:

Vi kvi
E[10)(x55) kk+ *T} =E[(XEP] for1<i<m,

-
| =

= (k+i)!
m 1
Y Bl )R kim 7] = EUXT®) O,
k=1""
)" ) o VwBSY] —\vBS
B2 1D (X7 + (1= X)) = Ell0Xr + (1= v)X7) ).

Moreover, they are estimated in the L), norm as follows:

Mo ; . :
IPllp <e(—=)MiMy (VT)',

inf

MO m m
1Omllp+ sup [[Tuyllp <c( ) +1M1M(r)n(ﬁ) i
€[0,1] Oinf

Vel i

mn

We are now in a position to state an expansion formula of order m.

Theorem 4.5 Asymptotic expansion for the price of binary payoff (h € 7).
Given m > 1, assume (R3y12) and (E). If the payoff h fulfills Assumption (H3), then
we have

E[h(X7)] = E[h(XE5)] + i Ord; + Resid,y, 4.9)
=1

i=

where different terms are as follows.
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— The contribution for orderi € {1,...,m} is Ord; = E[h(XE5)P) and it is estimated
by:

My
Oinf

|Ordi| < |h(XF®)|2(—=) MMy (VT ). (4.10)

— The residual term for order m is Resid,, = E[h(XE%)Q,] + fol Eh(vXr + (1 —
VXE)T,, (1 —v)"dv, such that

Residy| <c(JH(XE)la+ sup [H(vXr + (1 —v)XE)]5)
vel0,1]

M
0y v M (VT @.11)

Oinf

(

Notice that the second order approximation for smooth payoffs and vanilla options is
only a first order approximation for binary options. This is due to the lack of regularity
of the binary payoffs.

5 Proofs

For the following, we use the same definitions and notations as in chapter 1 of
[Nua06]. Before giving the proofs for the main theorems, we need to upper bound
the L, norm of the derivatives X, to state Theorem 4.1, to upper bound also the L,

norm of the Malliavin derivatives D{l et X?,, and use the key lemma 5.5 in order to
state Theorems 4.3 and 4.5.

5.1 Proof of Theorem 4.1 (Smooth payoff)

The proof of Theorem 4.1 is performed through two steps:

— Step 1: Upper bound the L, norm of Xft.
— Step 2: Completion of the proof of Theorem 4.1.

We first recall that € — X¢ is almost surely CV~! w.r.t. € under assumption (Ry).
5.1.1 Step 1: Upper bounds for the L, norm ofot

We aim at proving the following result, which may be useful, independently of our
work.

Theorem 5.1 Given N > 2, assume (Ry). For every € € [0,1] and p > 1, we have
sup |Xf ||, <c MoV'T: (5.1)
t<T

SEEHXff”P < MM (VT Vie{2,...,N—1}. (5.2)
<
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A meaning of the first inequality is that the first derivative has the same amplitude
as the implicit total standard deviation My\/T. The second inequality shows that the
bounds of the derivative estimates decrease successively by the implicit total standard
deviation My+/T . Furthermore, the dependence w.r.t. the constant M shows that the
derivatives (X;;);>2 are null if the function ¢ and u are deterministic (see Remark
1.2). In this case, X is the Black-Scholes model.

Proof The existence of any moment is easy to establish, we will skip details. In the
following, we rather focus on their dependence w.r.t. My, M and VT.

Clearly, it is sufficient to prove estimates for p > 2. Take p > 2, note that Xf s
the solution of the linear SDE: '

dXf, = 0 (XE )W, + (X0 )di +-€XF, (0 (X)) aWs + ") (X7 ),
To estimate the L, norm of the solution of the above linear equation, we state a
lemma, that will be repeatedly used in the following computations.
Lemma 5.2 Assume that Z is an Itd process such that
i) sup,<r [|Z||p < oo for some p > 2;
ii) Z solves a linear equation

ot !
Z = /0 Z,(asdW, + byds) + /0 audW, + Byds,

where sup, <7 (|| ||, + || B || p) < +oo, a and b are bounded.

Then, for a constant c (depending only on p and T ), we have

(lales )P P/2
supl|Zi ||, < csup(|[ot |, + ||| p) VT el P T, (5.3)
t<T t<T

The proof is quite standard: it results from easy calculations using BDG inequalities
and Gronwall’s lemma. We omit further details.
From this, it readily follows that

sup [|XT, [ <, max(|]e, |.u|°°)ﬁ <c MV'T.
<t
This proves the first inequality (5.1).

We now prove the second inequality (5.2) which is not straightforward. To ac-
complish this, it is useful to scale the parameters. Let us define the new variables:

X =x""T, (5.4)
) oltx) ur,)
51 =T A =HE 55)
From Equation (1.3), one obtains the dynamics of the rescaled process (X£);:
- 2 eendWr o dt o
dXf = e(6:(XF) —= + 4 (XF) —=), X§ = xo, (5.6)

VT VT
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where € € [0,Mp VT ]. The advantage of this change of parameters is that the constant
M associated to the new coefficients & and i is bounded by 1 (thus, it is model-free):

max(|6|°°a"' a|6(N)|°°’ |na|°°7 7|.L~L<N)‘°°) =1L

Additionally, there is a simple relation between derivatives of X¢ and those of X¢:

IR _ I 1w

del (M()\F)’ b

Using this notation, the proof of Inequality (5.2) is reduced to prove that

sup | <c ! 6.7
for every € € [0,Mo\/T] and i € {2,...,N—1}.
Proof of (5.7) . By successive differentiation of (5.6), it is not hard to prove

SupH itllp <c 1. (5.8)

Indeed, we obtain linear SDEs> solved by Xf to which we can apply Lemma 5.2.
It gives uniform bounds because the arising processes (a,b,,8) are proportional
to 1/ /T and then multiplied by /T in Lemma 5.2. Another heuristic argument, to
get that the bound (5 8) is indeed equal to 1, is the following: on the one hand, the
integrands . \F and T in the SDE (5.6) are 0( ) over the maturity 7. On the other
hand, the uniform bounds for the derivatives of & and fi up to order N are smaller
than 1. Consequently, the L, estimates (5.8) remain uniformly bounded.

However, the inequality (5.8) is not equivalent to the inequality (5.7) because
% < 1. But this preliminary estimate is useful to establish the final one as follows.

To prove the required inequality, we first show that }?f solves a linear equation, this
is stated in the following proposition.

Proposition 5.3 Given N > 2, assume (Ry). For2 <i<N-—1, Y,-’, is the solution of
the linear SDE:

dRf, = dHE, + Xf,dL, X5 =0, (5.9)
~ dw; dt

s =e<o§ (%) i (R ),
. dW, dt

det Pcnt\f Pp,i,tﬁ?

where the processes (P%

5.1 )0 and (Pf; )i>0 are defined in the proof.

3 this is fully justified in Proposition 5.3.
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Proof Take i > 2, the SDE for the i’ derivative is obtained from Equation (5.6) using
differentiation under the integral sign (see [Kun84]):

~ (9’(86;(}28)) d”t a’(Sﬂl(f‘g)) dt =
e t 1 XS =0 5.10
dXi,t = (9 i 7\/» a i \/—, io— Y- ( N )

The application of the Leibniz formula for the i derivative of the product (that is

(ef(€)) D = ef(e) +ifli=V(¢)) gives:

9'(e6;,(Xf)) :eaf(é,()?f)) +i9i’l(5z(??,8))
o€l el dei~1 '

Using the Faa di Bruno formula for derivative of composite function (apply Lemma
6.4 with g(x) = 6;(x) and f(€) = X£), one obtains
J'(e6(1,XF))
del

k) e YT g ks
=€ Z a6, v (Xte) (Xje,t)kj

k=(ky - k;)EN J=1
Z;’:ljkj:i
. N(Zi';l]kj) S il SeNk:
+1 Z a6, (X; )H(X/',t) I
k=(ky - ki_1)eN—] J=1
):3; L jkj=i—1

thice that the i component k; can take only two values 0 or 1 (because ik; <
Z’j:l Jjkj =1). When k; = 1, one has k; = 0 for j <iand dy = 1 (see Lemma 6.4).
Thus, we obtain

81'(86([,}?8)) (1) e
# ZSGI( )(th)Xf,z
i—1 . i—1 B
te Y ae e [Te)w
k=(ky, k;i_1,0)€N Jj=1
Zj';lljkj:i
i~ i—1 5
LY ae e [T
k=(ky, ki )ENi—1 J=1
Y jkj=i=1
~ (D) oeNo
= 6" (XE)XE + PL.e (5.11)

We define analogously PEJJ by replacing & by ji in the expression (5.11). It writes

ACIE)

o eft (XF)XE, + P (5.12)

it

The two equalities (5.11) and (5.12) plugged into the relation (5.10) give immediately
the result. O
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End of proof of (5.7). Owing to Equation (5.3), f(iv is the solution of a linear SDE, to
which we apply Lemma 5.2. We obtain

sup | X1l <c sup||PE;, Il +sup || Pg Il
t<T t<T t<T

In view of the expression of P% ;. in Equation (5.11), using the Holder inequality and
the preliminary estimates (5.8), we obtain

=1 k. (yiel g
sup [|P5llp <c Yy 15E= 5|, 4 y &k
<7 k=(k1 -+ ki1 ,0)ENi ke (ko )ENI-
Y jkj=i Tk jkj=ic1

Since 23‘;11 Jkj > 1 and k; are integers, we have Zj;l k; > 1. It readily follows

max(|6Me., -, |6V V)
c

sup ([P [l p <c max(|6)]u, -, |60 V) = M
t<T 0

—c MO

The same inequality holds for Pﬁ,i,t’ which finishes the proof of (5.7). Consequently,
Theorem 5.1 is proved. 0O -

5.1.2 Step 2: Proof of Theorem 4.1 (Smooth payoff)

Before performing the Taylor expansion, we recall the notations:

9'((¥F)")

Yi = X7 — (xo+€X1.7), Yeir = del 7

k7i77 k,i,] ?
0 kvi 131

Riir = i
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Clearly one has X7 = X5 4 Y}. We write

3] 4
Elh(Xr)] =Elh(X7°)]+ ) E]E[hm (X7°)(¥1)"]
=1 K
1 NS AR YSTERNIE J NP
+/ ]E[(YT 2 Lm(Jl’ V) 2 h(L7J+l)(VXT+(1_V)XBS)]dV
7 .
BS &1 ) (ywBS\( \ YhiT
=B+ 3 BBV GE) (Y T+ Ry )
=1k i—k U
1 Wz l+tp Wzl .
+ ]E[(YT) - Lm(le ki RUEED (X + (1 —v)XES)]dv
2
m [%] 1 Y, :
=E[(xf)]+ Y. Y, B xF) =55
i=2k=1"% :
3] B
+1§1 EEW J(XF)Rim.r]
o1 Yl | 5]+1 1— %] m
+ [ BT M oty (1R
: 21

m
=E[h(X7*)]+ Y. Ord; + Residy,
=2

1

where we have used a Taylor expansion twice for the two first identities (notice that
Yvir =0 for i <2k —1), and we have interchanged the summations for the third one.
The equation (4.1) is proved.

Now we establish estimates (4.2) and (4.3). By differentiation of composite func-
tion using the Faa di Bruno formula (see Lemma 6.4 with g(x) = x* and f(€) = Y§),
we obtain

k! k—Yi . : .
Yéir = Y do = (V) = O[] )%, (5.13)
a:(a1,~~-7(x,»)eN" ( j=1 a./)' j=1
Yoy joy=i, Ty o<k

Here, we restrict to the indices o such that 23:1 oj < k because we have g():_’;zl ;) (x)=
0 when ):3.11 aj > k. Using Equation (5.2), one deduces for each j € {2,...,i} that

. _
1Y 7llp = 1XErllp <e MiM§™ (VT) (5.14)

for any p > 1. For j = 1, the inequality (5.14) is also available because we can write

YE, 7 = Jo Xj-7dA, which readily implies

1Y 70y <c MiMy(NT)? <. MiVT.
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For any indices @, we have the rough estimate ||(Y7§)kfz;:1af\|p <. 1. Using the
above estimate, (5.14) and the Holder inequality, we finally get

i
.- o
¥irllp <c Y, Jlenmg (V1))

a=(oy,,04)EN j=1

iy joj=i
S X (e
i 0
a=(ay,,0;)eN!
Yy joy=i
M . . ) )
< ﬁlM(’)(\/T)’ = MM (VT (5.15)
0

where we used % <land ):;‘:1 o > 1 (since (o) are integers that satisfy 25:1 jaj=
i > 1). The inequality (5.15) gives immediately the inequality (4.2). It also leads to

IRzl p < MiMG(VT)"™ . (5.16)
Since YT1 =Xor +Ri 1, one has

1Yy < 1 Xozllp + IR 2.7 ]lp S MiMo(VT)? + MiMG(VT)? < MiMo(V'T)?

(recall our definition of generic constants). Therefore

“(Y%)L%J+1||p SC MIL%J"FIMOL%JJFI(\/T)Z(L%J-FI) Sc M]Mgl(ﬁ)’n+l, (517)

where we have used M; < My and 2|5 | > m — 1. The inequalities (5.16) and (5.17)
readily leads to the inequality (4.3). The proof is complete. O

5.2 Proof of Lemma 4.2
For Malliavin calculus, we use the notation of Nualart [Nua06] for the Sobolev spaces
Dy , associated to the norm ||. || ,. We divide the proof of Lemma 4.2 into three steps:

— Step 1: Upper bounds for the DX norm of Xft.

— Step 2: Statement of a suitable integration by parts formula (Lemma 5.5) in order
to handle the irregularity of vanilla payoffs.

— Step 3: Completion of the proof of Lemma 4.2.

In all this subsection, we assume (R3,,—») for a given m > 2.

5.2.1 Step 1: Upper Bounds for the D*P norm ofol

The aim of this paragraph is to show that, for every € € [0, 1], we have
- X£ € D2 with

|DXE|3m—3,p <c |0|=VT, (5.18)
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— foreachi € {1,...,3m—3}, X belongs to D*" 37" with

||X1£,T||3m74.,p <c MOﬁa (5.19)
”XfT”Smefi,p Sc MlMé_l(ﬁ)i, i Z 2. (520)

Only the proofs of upper bounds need few details. To prove the inequality (5.18), we
use the following lemma.

Lemma 5.4 Foranyt € [0,T] and € € [0,1], X belongs to D=3, Moreover, the
J first Malliavin derivatives of XF satisfy the following estimates:

Sup ) ||DI]17---,II'X1‘€||P SC |6|°°
(t1,1j)€[0,T) 1€[0,T]

Proof We first take j = 1; for #; € [0,¢], using formula (2.59) in [Nua06] p.126, we
have

. ev I el e raw, (e B2 (xe)as)
Dy X[ =¢€o(t, X, )ern ™ TR ’ T

This leads to the announced estimate when j = 1. The result for j > 2 is easily ob-
tained by induction. O

From the definition of the D*” norm, it follows that

. 3m—3 T T o2 o1
DXl = (X L[ oo [ (D X1t B
j=1
3m—3

(YT

PI~.

; 1
sup [|Df, .. XF D)7 <. |o]VT
(r1,++1)€[0,T)J

using Lemma 5.4 at the last inequality. This proves the first inequality (5.18).
Now, to establish the upper bounds (5.19) and (5.20), we note that it is equivalent to
prove, for every € € [0, Mo+/T], that

IXE 7 ll3m—a,p <c 1, (5.21)
o My
HXi?T||3m73fi.,p <c MO’ i>2, (5.22)

where (X£), is the rescaled process introduced in (5.4). Using similar arguments as
for (5.8), we obtain

HXfTHN—l—i,p Sc 17 (523)

for any € € [0, My \/7] The inequality (5.21) is proved but not (5.22), because %—é <1.
To establish (5.22), we proceed as for the proof of Theorem 5.1. We will skip further
details.
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5.2.2 Step 2: Statement of the integration by part Lemma

To handle non-smooth payoffs, our computations rely on a non-degenerate condition
on the volatility (stated in assumption (E)). This type of condition is essential to
prove the following lemma.

Lemma 5.5 Assume (E) and (Ryy1) for a given k > 1 . Let Z belong to ﬁplek”’.
For any v € [0,1], there exists a random variable Z} in any L, (p > 1) such that for
any function | € 65°(R), we have

E[1 (vXr + (1= v)Xf%)Z) = E[l(vXr + (1 -v)X7*)Z).

1Zllx.2p . .
Mor I, Z|, < = T .
oreover, we have ||Z}||, <. Cr uniformly in v

This is a straightforward adaptation of Lemma 5.3 in [BGMOS], we omit the proof.

5.2.3 Step 3: Proof of Lemma 4.2

Starting from Equation (5.13) with i + k — 1 instead of i, we write

k! fyitk-1 a.i+k71 .
Vi1 = Y ey E— ,(Yﬁ Ljs % IT oF;n%.
a=(oy - ,05) €N (Zj=1 a;)! j=1

LA =itk <k
Using Equation (5.20) one deduces, for 2 < j <i+k—1, that

l—1p = 11X 7 lle—1,p <c MM (VT

[Dawrs
This inequality is also available for j = 1, since
€
%8 rllerp =1 [ XErdAllr, < MiMo(VT)? <cMIVT.
Additionally, we note that Y,fj k1T € DF-L>=_ Furthermore, using the Holder in-
equality for the spaces D¥~ 1 (see Proposition 1.5.6 in [Nua06]), we obtain
1Y i1 rll1.p <e MM (VT (5.24)

We omit the details of the above computations because they are very similar to those
used for (5.15). Then, Lemma 5.5 ensures the existence of a random variable G; in
L,. Its L, norm is estimated using Lemma 5.5 and Inequality (5.24):

i—1M1M6+k—2(\/T)i+k—l _ MlMé(H)*‘(\/T)i

||GiH17 <¢ Z =c i—2 )
k=1 (CinpV/T k! Opuf

using GM—Of > 1. For §,, and I, ,,, we proceed analogously.
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5.3 Statement of Theorem 4.3 (Vanilla options)

We first assume that % is a smooth function. We have

E[h(X7)] =E[n(X7")]

m_l LI A
(k) (x BS kk+i—1,T
+ Z k'IE (X7 )(i %li(k—i—i—l)! + Ry jrm—1,1)]
m—1
+ / )V‘) A (vXg + (1 —v)XES)dv
=E[h(XE )]+Zli_ZIE[h( >(X )M]
Sk (k+i—1)!

m—1
1
+Z k'E V(XP)Rickem-1.7]

m m—1
+/ YT ;‘) A (vXr 4 (1 —v)XES)|dv

7)) +ZE[h(”(XﬁS)Gi]
+E[! >( BS)Sm]

+ / DXy + (1= V)XE) ] (1 —v)" v,

where we have used a Taylor expansion in the first identity, interchanged the summa-
tions in the second equality, and used the Lemma 4.2 in the last one. So yields the
identity (4.6) for smooth payoff.

Additionally, using estimates (4.4) and (4.5) from Lemma 4.2, it is straightforward to
deduce the inequalities (4.7) and (4.8).

It remains to extend the result to vanilla options (instead of smooth function #). Since
all the estimates depend only on hM it can be achieved by a standard density argu-
ment. We refer to [BGMOS] for details.

6 Appendix
Here, we bring together the results (and their proofs) which allow us to derive the
explicit terms in the formulas (2.4), (2.6), (2.9) and (2.10).

In the following, (u,) (resp. (v;)) is a square integrable and predictable (resp. deter-
ministic) process and / is a smooth function with compact support.

6.1 Technical results related to explicit correction terms

The two first lemmas are proved in [BGMOS].
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Lemma 6.1 For any continuous (or piecewise continuous) function f, any continu-
ous semimartingale Z vanishing at t=0, one has:

T T T
0 Jo Jt
Lemma 6.2 One has:

([ waw [ )] =i [ [ vaw).

In the case of deterministic u, it is equal to fOT viuydt Greek! (fOT vedW,).

6.2 Explicit correction in the case of Dupire model

In this case (U = —%02), the SDEs solved by the derivatives X; become:

(72
Xm,t =0;dW; — TtdﬁXl,O = O,

dXy, =2X; (6" aw, — 6,6V dt), X2 = 0,
dXs, =3(X,, (6" aw, — 66V dr) + (X1.,)2(6 P aW, — (6,62 + (6V)2)dr)), X3 = 0.

Lemma 6.3 We have

E[(/OT lel,tdz)l(/OT 6, dW,)] = o(c*,v)g (JEUU)(/OT o:dW;)] — %E[l(/T o:dW,)]).

’ 6.1)
E[(/()Tvt%dl)l(/(f G dW,)] = (l)(O'z,GG(l)’v)g (E[1(2)(/0T o, dW,)]
3 T 1 T
— SEIM( /O ordW,)] + SElI( /0 GidW,))), 6.2)
2
EK/OT v (Xlz’l) ‘”>’</0T 0idW,)] = w(c?, 0% v)g (B[ /OT Giaw;)] — E[1)( /OT GdW,)))
+ (iw(cz,cz,v)£+ %a)(cz,v)g)]E[l(/oT 6, dW;)], (6.3)

T XX r 3 1 1 r
IE[(/ o) 22 l”dt)l(/ o,dw,)]:(_fcéj—fc”—7cg,T)E[1(/ GdW,)]
0 2 0 2 2 4 0

5 5 T
+(2Cs 7+ §C7,T + ZCS,T)EU“)(/O c:dW;)]

T
4 (—4Cy.r — 2G5 1)E[I?)( /O dW,)]

T
+(Crr +ConEI)( [ oam), 6.4)

where

Cor = w(az,ao(l),ca(l))g, Cir = a)(oz,cz,co('),acr(l))g,
Csr = 0(c?,606V, 62 6]
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Proof Applying first Lemma 6.1 to f(¢) = v, and Z; = X ;, we obtain:

E[( /0 X )i /0 " idw))] =E[( / " /, " ds)dX, ) /0 " dw)]

0

= [(/OT(/tT vsds) (o dW, — Gztzdf)l(/OT 0;dW;)]
=( /0 ! a’( /t ! veds)dt)E[1( /0 ! c:dW,)]
_ (/OT (;fz(/tT vsds)dt)E[l(/OT 6 dW,)],

and we have used Lemma 6.2 for the last equality. This gives (6.1).
To establish the equalities (6.2), (6.3) and (6.4), we proceed analogously. We only

detail the computations for (6.4). Using Lemma 6.1 (f(z) = G,G,(l), Z; = %) to
justify the first following identity and Lemma 6.2 for the second one, we can write

B[ ool >X2’2 i [ caw)

/ (oo X1z( ,(1>dVVt—Gth<1)dt)

X4 t (1) r
+ 2 (thW/t 2dt>+6;6[ X]tdt))l( 0 G[de[)]
(1) 52X (1) !
/ o(ca") (-a,0, Xu 5 + 0;0; Xl’,)dt)l(/o c:dW,)]

T
+B[([ (oot <otc,“)xl,+of S0t [ e

Then, we obtain the announced identity by an application of the three first identities
(6.1), (6.2) and (6.3). O

6.3 Proof of Theorem 2.3

Proof Using Theorem 4.3 and Lemma 4.2, the price is approximated at the third
order by

B BS\ X2,T BS\ X3.T 2) (yvB (@)2
B[] + (RO %) 2L+ B[O (00f%) 20+ B (xF) 2.
We compute each correction term separately.
Step 1: term with X, 7. Owing to Lemma 6.2, we have
X
E[n (x7) 227] / xi,(o"aw, — 6,61V ar))]

_ [h( )(X )(/0 G,G,( )Xl 1dt)]

T
— 'R (xB5)( / 6%, dr)).
0
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Apply Lemma 6.3 (equality (6.1)) to obtain

Xor

R0 (0f%) =2

| = Cur (B (%))~ SEBO (xf%)] + SERD (0],

where C 7 = w(c?,00))].
Step 2: term with X3 7. From Lemma 6.1 and 6.2, we obtain

X;, TUG(I)XZ dt
]E[h(l)(xfs)?f] :E[h<2)(xﬁs)f(>’+f]
T _ (1)
_ R (x5 Jo 0101 Xaudt,
T ) X 2
+E[h(2)(X71?S)f0 0,0, (X11) df]

X1 1 1 1 1 1

E[h(l)(XJES)T,!] :<_§C27T 56— ;G- Cr - §C6,T)E[h(l)(xygs)]
1 5
+ (§C3’T +Cs1+ ZCS’T + 2C6,T)E[h(2) (XZI?S)]

5
+(=Car —2Cs51 — §C6,T)E[h<3) (X7°)]

+(Csr + C6,T)E[h(4> (X7,

where
GCr= w(o-Zv (6(1))2)53 Gr= (D(GZ, 66(2))(7;7 Car = w(O.Z’ 0-27 (G(l))Z)g’
Csr = a)(0'2,0'2,c70'(2>)€, Cor = o(c?, 0'0(1)700'(”)5.
Step 3: term with (X, 7)2. Similarly, we have

%1y T XX X, X X7
E[n® (x55) ( 2 ) | =E[1® (x55) /0 (0',(1)7”2 2L aw, — o,6,.") 1”2 21 gr + (G,(l))Z%dt

T XX
:E[h@)(Xz@S)/ (Gth(l) ]Jz Z’Idt]
0
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Using Lemma 6.3 (third and fourth equalities), it follows

Ep® ) S0 ey Loy 30+ Lo Ao nEn® )
T 5 yar+ 3Cur+5Cer + 50+ 1 Cer T
7 3
+(—Car — ECG,T —3Ci 7 — EC&T)E[hG)(XﬁS)]
13 13
+(Car +2Ce 1 + S Gt ZC&,T)]EV’W (X7°)]
+ (—6C7.1 —3Cs.7)E[AD) (XBS))
+(2C7 1 +Cs 1) E[R® (XE5)),
where
Cl,T = w(GZ,GG(I))g’ CZ.T = 0)(62, (G(1>)2)gv
C4,T = (1)(0'2, 0-27 (6(1))2)ga CG,T = CO(C727 66(1)760(1))(7;7
Crr= (x)(O'Z,GZ,O'O'(l),O'G(l))g, Car = a)(O'Z,O'G(l),GZ,O'O'(l))OT.

Final step. To get the announced formula, we bring together all the previous contri-
butions and use that E(h()(X£5)) = Greek! (X25). O

6.4 Faa di Bruno’s formula [dB57]

Lemma 6.4 If g and f are functions that are sufficiently differentiable, then

N =" Y  de®" () [T )Y,
k=(ky - kn)EN" j=1
Z'jl-zl Jkj=n

where dj, are integer numbers depending only on k. Notice that when k, = 1 one has
k] = =Kp-1 =Oanddk: 1.
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