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Abstract

This paper can be considered as the sequel of [ﬂ], where the authors have proposed
an abstract construction of Hardy spaces H'. They shew an interpolation result for these
Hardy spaces with the Lebesgue spaces. Here we describe a more precise result using the
real interpolation theory and we clarify the use of Hardy spaces. Then with the help of
the bilinear interpolation theory, we then give applications to study bilinear operators on
Lebesgue spaces. These ideas permit us to study singular operators with singularities similar
to those of bilinear Calderén-Zygmund operators in a far more abstract framework as in
the euclidean case.
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1 Introduction.

The theory of real Hardy spaces started in the 60’s, and in the 70’s the atomic Hardy
space appeared. Let us recall its definition first (see []).

Let (X, d, 1) be a space of homogeneous type and € > 0 be a fixed parameter. A function
m € L, (X) is called an e-molecule associated to a ball Q if [, mdu = 0 and if for all

loc

1> 0,

1/2 1/2
([ mPde) < ue@ 2z ([ k) <@
2i+1Q\2iQ Q

We call m an atom if in addition we have supp(m) C . Then a function f belongs to
H}y (X) if there exists a decomposition

F=Sm -
1€N

where m; are e-molecules and \; are coefficients which satisfy

> Nl < 0.

(2

It was proved in [BJ] that the whole space H/}yy, (X ) does not depend on e, as in fact one
obtains the same space replacing e-molecules by atoms or ¢ -molecules with ¢ > 0.

In the Euclidean case (X = R" equipped with the Lebesgue measure) this space has
different characterizations, thanks to B3] :

feHLy (R < feH = {f e L'R"); V(V=A)"\(f) € Ll(R",Rn)} (1.1)

< rr— sup e_tm(f)(y)} € L*(R") (1.2)
i
> dydr\ "
— 7 </ tVe VA ()(y) %) e L'(R"), (1.3)
rEn r

where V(y/—A)~!is the Riesz transform. The space H* defined by ([T)) was the original
Hardy space of E.M. Stein (see [B3]) and [B3] provided the equivalence with the definition
using the maximal function and the area integral. The link with Hly, (R™) (due to R.
Coifman [1§]) comes from the identification of the two dual spaces (Hly,)* = (H')*.

The space Hly (X) is a good substitute of L'(X) for many reasons. For instance,
Calderén-Zygmund operators map Hly, (X) to L'(X) whereas they do not map L'(X)
to L'(X). In addition, H}y (X) (and its dual) interpolates with Lebesgue spaces LP(X),
1 < p < oo. That is why Hly (X) is a good space to extend the scale of Lebesgue spaces

2



(LP(X))1<p<co When p tends to 1 and its dual BMO when p tends to co. In addition
its atomic decomposition is very useful : for example to check that the set of atoms is
sent by a Calderén-Zygmund operator in a L'-bounded set, is very easy. That is why
we are interested to work with this main property of the atomic (or molecular) structure.
We would like also to emphasize that we are more interested by the set of atoms and
the vectorial space generated by this collection than by the whole Hardy space. As we
will see, only the behaviour of an operator on the atoms is necessary to use interpolation
with Lebesgue spaces. The whole Hardy space is more interesting for example to obtain
a characterization of the dual space.

We invite the reader to read [ in order to understand the construction of our Hardy
spaces. The work is based on the following remark : there are situations where Hy, (X)
is not the right substitute to L'(X) and there are many works where adapted Hardy
spaces are defined : [[I, B, i, [3, [, [4, [Ld, (3, [F, B7T. That is why in [f], we have defined

an abstract method to construct Hardy spaces by a molecular (or atomic) decomposition.
In several recent works [R1], [R]], [Bf and [[I] X.T. Duong, L. Grafakos, N. Kalton, R.
Torres and L. Yan have studied in details some multilinear operators related to multilinear
Calderén-Zygmund operators on the Euclidean space.

Concerning the linear theory, the abstract Hardy spaces constructed in [ff] allow us to
study linear operators generalizing the study of linear Calderén-Zygmund operators. In
this paper, we make use of these Hardy spaces to construct a bilinear theory in a most
abstract background. Bilinear interpolation theory requires to have a real linear inter-
polation result. This motives us to use more precisely the ideas of [[f] to characterize
some intermediate spaces between Hardy and Lebesgue spaces for the real interpolation
theory (Section ). Then in Section [], we give applications for linear and bilinear oper-
ators. By using bilinear interpolation, we will be able to generalize the study of bilinear
Calderén-Zygmund operators to far more general bilinear operators associated to other
cancellations and give examples in Section fj.

2 Definitions and properties of Hardy spaces.

Let (X, d, ) be a space of homogeneous type. We shall write L? for the Lebesgue space
LP(X,R) if no confusion arises. Here we are working with real valued functions and we
will use "real” duality. We have the same results with complex duality and complex
valued functions.

By “space of homogeneous type” we mean that d is a quasi-distance on the space X and
1 a Borel measure satisfying the doubling property :

p(B(z, tr))
p(B(z, 7))

where B(z,7) is the open ball with center x € X and radius » > 0. We call ¢ the

homogeneous dimension of X. For @ a ball, and ¢ > 0, we write 5;(Q) the scaled corona
around the ball @ :

JA >0, 35 > 0, Vo e X,Vr > 0,Vt > 1, < At°, (2.1)

Si(@Q) = {:c, 20 <1+ d(z,¢(Q)) - 2z'+1} ’

rQ
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where r¢ is the radius of the ball @ and ¢(Q) its center. Note that Sy(Q) corresponds to
the ball Q and S;(Q) C 2°7Q for i > 1, where AQ is as usual the ball with center ¢(Q)

and radius Arq.

Before we describe our Hardy spaces, let us recall the definition of Lorentz spaces and
give their main properties (for more details see Section 1.4 of [[d]) :

Definition 2.1. For 0 < p,s < oo we denote LP* = LP*(X) the Lorentz space defined

by the following norm :
> R AN
e = ([T 10r@) F)
0

where f* is the decreasing rearrangement of f :

f @) :=inf{u >0, p{|f| >u} <t}.

Proposition 2.2. 1) For all exponent 1 < p < oo, LPP = LP.

2) For all exponents 0 < p,s < oo, the space LP* is a metric complete space. Morevover
if p € (1,00], LP* is a Banach space.

3) For all exponents p € (1,00) and s € [1,00), the dual space (LP*)* is equivalent to the
space LP"¥.

We now define the Hardy spaces. Let us denote by Q the collection of all balls of the
space X :

Q= {B(:c,'r), re X, r> O}.

Let 8 € (1,00] be a fixed exponent and B := (Bg)geo be a collection of LP-bounded
linear operators, indexed by the collection Q. We assume that these operators B are
uniformly bounded on L? : there exists a constant 0 < A’ < oo so that :

vfeLl, vQball,  [|Bo(f)lls < Al flls. (2.2)

In the rest of the paper, we allow the constants to depend on A, A’, 5 and §.

We define atoms and molecules by using the collection B. We have to think these operators

B as the “oscillation operators” associated to the ball Q.
Definition 2.3. Let ¢ > 0 be a fixed parameter. A function m € L}

e-molecule associated to a ball () if there exists a real function f such that

m = Bq(fq),

is called an

with " A
Vi >0, I follze.s. @) < (1(2'Q)) 27

We call m = Bg(fg) an atom if in addition we have supp(fg) C (). So an atom is exactly
an oo-molecule.



The functions fg in this definition are normalized in L'. It is easy to show that

ol 1 and  lfolles S n(@)7.

It follows from the L°-boundedness of the operators Bg that each molecule belongs to
the space L®. However a molecule is not (for the moment) in the space L'. Now we are
able to define our abstract Hardy spaces :

Definition 2.4. A measurable function h belongs to the molecular Hardy space H; , ; if
there exists a decomposition :

h = Z i [ — a.e,

where for all 7, m; is an e-molecule and \; are real numbers satisfying

> il < 0.

1€N

We equip H! , with the norm :

€,M0

7]

I = inf E [\
’ h:ZiEN Aimi i

Similarly we define the atomic space H], replacing e-molecules by atoms.

In the notations, we forget the exponent § and the collection B. As we will explain in
Subsection 1], we need to use a smaller space :

Definition 2.5. According to the collection B, we introduce the set Hf, ., C H! (L,
given by the finite sum of e-molecules with the following norm

1 Uiy, = ,_nf DA
7

We take the infimum over all the finite molecular decompositions. Similarly we define the
atomic space H};vaw.
As we will see in Subsection [L], it is quite easy to estimate the behaviour of an operator
on the whole collection of atoms or molecules. Then by linearity, we can control the
operator on the previous “finite” Hardy spaces with the corresponding norm. However to
extend the operator on the whole Hardy space (in a continuous way with its smaller norm)
is an abstract problem which seems quite difficult and requires some extra assumptions
(see Subsection [L.1]). Fortunately, we will see that we do not need to study if the operator
can be extended or not, its behaviour on the sets of atoms will be sufficient.

To understand in a better way our definition, we refer the reader to Section 3 of [[], where
we compare our Hardy spaces with some already studied Hardy spaces. Let us make some
remarks.



Remark 2.6. 1—) For the Hardy space H!

e,mol>’

h(z) = Z A ()

we only ask that the decomposition

is well defined for almost every x € X. So the assumption is very weak and it is possible
that the measurable function h does not belong to L} .. It is not clear whether these
abstract normed vector spaces are complete. The problem is that we do not know whether
the decompositions of h converge absolutely.

2—) We have the following continuous embeddings :

/ 1 1 1 1
VOo<e<e, Hp oo = Hypo — Ho oy — H

ato € e,mol*

(2.3)
In fact the space H!

L corresponds to the space H!

somot- For 0 < € < ¢ < oo the space
H el/mol is dense in H Elmwl. In the general case, it seems to be very difficult to study
the dependence of H! , with the parameter ¢ and we will not study this question here.
Similarly the dependence of the Hardy spaces on the exponent (3 is an interesting question,
but seems difficult and will not be studied here.
3—) The norm on the molecular spaces H/,,, and on the finite molecular spaces Hp, ..,
may not be equivalent (see Subsection [L.]] and a counterexample of Y. Meyer for the
Coifman-Weiss space in [B{]).
Remark 2.7. We have seen that each molecule is an L? function. So it is obvious that

Hp o C LPOVH!  is dense in H!, , and H}, ., C L° N H,,, is dense in H,

ato ato ato*

To work with a vector normed space, we often need the completness of this one. The
following proposition gives us some conditions to get the completness of our Hardy spaces.

Proposition 2.8. Take e €]0,00] and assume that the space H!, , is continuously em-
bedded in Lj,,. Then H!, , is a Banach space.

loc*

Proof : We have just to verify the completeness. The proof is easy by using the following
well-known criterion : for € > 0, H/  , is a Banach space if for all sequences (h;)ien of
H 617m01 satisfying

S il <o,

i>0 ’
the series ) h; converges in the Hardy space H!, . This is true because each molecular
decomposition is absolutely convergent in L}, -sense. We therefore define the series Y, h;
as a measurable function in L}, . Finally, it is easy to prove the convergence of the series
for the H/,,, norm. U

The next proposition explains that under some “fast” decays for the operators By, the
Hardy spaces are included in L!.

Proposition 2.9. Assume that the operators Bg satisfy that for M > 6/3" a large enough
integer, there exists a constant C' such that for all i,k > 0

vfe Ll supp(f) C2'Q  1Bo(f)llss,0i0) < C27 M I f N0 2ic (2.4)
Then the following inclusions hold :
Ve > 0, H;to — Hel’mol — L'

Consequently, the Hardy spaces are Banach spaces.
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Proof : We claim that all e-molecules (and atoms) are bounded in L'. In fact, using

()]
IBo(fo)ll <D |Balfolsio)ll <D [Bo(folsi@)|l 5,0

1>0 120 k>0

S Z Z N(2i+kQ)1/ﬁ/ HBQ(fQ]‘Si(Q)) HLB,Sk(ZiQ)

i>0 k>0

S 2T gl o

i>0 k>0

5 Z ZM(2Z+kQ)1/ﬁ 27Mk,ul<21Q)fl/ﬁ 276i

i>0 k>0

< Z Z oko/B' 9= Mhg—eci <

i>0 k>0

Here we use the estimates for fg, the doubling property of ;1 and the fact that M is large
enough (M > §/3" works with 3’ < 0o). Thus we obtain that all e-molecules are bounded
in L', and we can deduce the embedding from the definition of the Hardy spaces. U

We have seen that all the molecular spaces contain the atomic space. In the next section,
we will study the intermediate spaces, obtained by real interpolation between the Hardy
spaces and the Lebesgue spaces. We will see that under reasonnable assumptions, they
“do not depend” on the considered Hardy space.

3 Real Interpolation between Hardy and Lebesgue
spaces.

3.1 Preliminaries about Real interpolation theory.

Let us begin to remember the definition of the real interpolation theory (see for more
details the book [f]).

Definition 3.1. Let E and F' be two vector normed spaces. For every a € E + F' and
every t > (0, we define the K-functional as

K(t.a, B, F) = it [ells+t]fllr

ecE
FEF

For every a € N F' and every t > 0, we define the J-functional as
J(t,a, E, F) := max {||a||E, t||f||F}

In addition we say that the couple (F, F') is compatible if the space F N F is dense in
E+F.

Now with these two functionals, we can define some particular intermediate spaces.



Definition 3.2. Let E and F' be two vector normed spaces. Then for § € (0,1) and
s € [1,00], we denote by (E, F)g s x and (E, F)g s s the following spaces

. ) L dt 1/s
(B, Fo = {aemF, lallce, Py = ( | Ko pm) 7) <OO}
0

and similarly

(E, F)073,J = {CL e FE+ F, ”aH(E,F) < OO} R

0,s,J

with

) sdt 1/s
||a'||(E7F)6,s,J = inf </0 (t_eK(t,u(t),E,F)) —) )

a= [y u(t) L t

We recall the well-known results about these spaces (for the proofs of the following results
and any details about the real interpolation, we refer to the book [{] of J. Bergh and J.
Lofstrom).

Theorem 3.3 (Equivalence Theorem). Let E and F be two vector normed spaces.
For all § € (0,1) and s € [1,00], the two spaces (E, F)g sk and (E,F)g .5 are equal with
equivalent norms. From now, we denote these spaces (E, F)gs. In addition this space is
an intermediate space, that is

ENF < (E,F)g,— E+F

with continuous embeddings.

We will use the link between the spaces and their completed spaces :

Theorem 3.4. Let E and F be two vector normed spaces. We set E and F for the

completed spaces. Then for all 6 € (0,1) and s € [1,00], the two spaces (E, F)y s and
(E, F)gs are equal (with equivalent norms). So we deduce that

(B, Flos = {uc E+F, |ulgg),, <o}

Let us recall the following notion due to 2§ :

Definition 3.5. The couple (E, F)) is said to be a doolittle couple if the “diagonal” space
ENF~{(x,z),r € ENF}isclosed in E x F.

For the interpolation of dual spaces, we have the following theorem :

Theorem 3.6 (Duality Theorem). Assume that the couple (E, F) is a compatible (or
a doolittle) couple of Banach spaces then for all 6 € (0,1) and s € [1,00] we have

[(Ev F)G,s]* = (E*v F*)G,s’u

where

s s
The proof is given in [[] for a compatible couple and in [B§] for a doolittle couple. The
completeness is important to use Hahn-Banach Theorem in order to obtain this equiva-
lence.



3.2 Interpolation between Hardy and Lebesgue spaces.

After recalling these results, we want to study the real interpolation between our Hardy
spaces and Lebesgue spaces. Let 5 € (1,00] be always fixed, we work with the Hardy
space H' equal to one of the following Hardy spaces : Hp 410, Hyor Hp oy 08 H! .- The

ato?’ e,mol*
space H' may be the completed space of H. ., or Hp, ., too. We will need the following
definitions :

ato

Definition 3.7. We set Ag for the operator Id — Bg. For o € [1,00] we define the
maximal operator :

1/o
e X, M= (oo [ 1A ) (5.

where A7, is the adjoint operator.
For all s > 0, we define a maximal sharp function adapted to our operators :

1 1/s
Vr e X, Mgfx::sup(—/ B5(£)(2)|" d z) .
(D@ = e (55 BN du()
The standard maximal “Hardy-Littlewood” operator is defined for s > 0 by
1 1/s
Vo € X, M 78fx::sup<—/fzsduz> .

Qball
z€EQ

Lemma 3.8. For each ball Q) of X, the operator By, which is defined on L% can be
extended to an operator acting on (H')* to L'y,.. Keeping the same notation Bg, for the
extension, we have that for all s € [1, ]

vie ), [[MAH|| < I lany-

Proof : Let us fix an element f € (H')* and a ball Q. For all function &, supported in
@ and normalized by ||h||3 = 1 then we set g := u(Q)~/%h. Then it is obvious that
m = Bg(¢g) is an atom. By duality, we obtain

(s Bo(@))| < 1 f llary--

Therefore
vhe L(Q), ks =1, Kf, Bo(h) < n(@YZ I fllany- 17l aq-
Hence we can define, By(f) € L7 (Q) = (L?(Q))* such that
(Bo(f); h) := (f; Ba(h)).
We obtain also the estimate
1B iy < 1@ 1 flly-

which concludes the proof. U

The dual space (H')* is always a (Banach) normed vector space, and we can use real
interpolation with an L? space. For the K-functional, we prove :

9



Proposition 3.9. Assume that for o > (', the operator M, is bounded by My, 3. Then
for q € [',00) there exist a constant ¢; = c1(q) and for all kK > 2 an other constant
co = ¢o(q, k) > 1 such that for allt > 0, s € [1, '], we have the following estimates for
the K functional : for every function f € L¥

K(t, f, L% (H")) > et K(t, MJ(f), L9, L), (3.2)
and
K(t, Myp o(f), L&, L®) < ¢y [K(t, fo L (HY))

R (R0, Mo (f), L%, L) + 1101 f | o L) <oo | - (3.3)
If (X)) < oo, we allow the constant ¢y to depend on the measure pu(X).

The proof of this proposition requires the following lemma.

Lemma 3.10. Suppose that M, is bounded by My g with o > (3. Then for all p
large enough and for all v < 1 we have a “good lambdas inequality” : for all X > 0 (or
AZ Al e if p(X) < o0)

i ({Murs () > pA M5 (@) <) S (7707 + 977 ) i (Mg () > AD).

The implicit constant does not depend on p and . In addition, for all exponent q € (3',0)
there exists a constant ¢ = c(q) such that for all function h € L”

cllhllze < MG (W)lzo + Lucy<oollll o < € IR 2o (3-4)

Proof : This lemma is a consequence of Theorem 3.1 in [f]. With its notations, take

F = |h|?" and for all balls @
Gq = cy|Byh|” and Hg = cy|Aph|”,

where cg is a constant such that (u +v)* < cg(u” +v%). Then for all z € Q, we get
F(z) < Gg(x) + Hg(x). For all balls @ 5 z, we have

By assumption, for all balls ) > z and T € ), we obtain
1 /8 e B/ 1 e B/ e
— Hp|°7 d </’ —/A*h"d) <,/ "M, (h)(x
(g [ 1Haran) < 7 (s [ Maran) < mas (i@
S Mypp(h) (@) = Mppa(F)(@).

Applying Theorem 3.1 of [(] (proved for spaces of homogeneous type in Section 5 of [f]),
we obtain the desired “good lambdas inequality” :

1 ({MHL,B’(h)B/ > pA, M, (h) ()" < M}) < (%0‘1 + p‘””’) p ({MHL,B’(h)B/ > A}) :

10



By the same theorem, we also have that for all exponent t € [1,0/3') and for F' € L!
(which is equivalent to h € L%)

IE||ze < I Maza(F)llze S I1ME ()7 |2 = | MG (W)} (3.5)

Lth'

Therefore for all g € [, 0)
£l ze S MG (B[ -

The extra term, which appears when u(X) < oo, is explained in Section 5 of [{]. The
other inequality for (B.4) is much more easy and is a direct consequence of the fact that
My, g is Li-bounded and

M, (h) S Mg, gr(h) + Mg (h) S Murp.

0

Remark 3.11. Assume that u(X) = oco. Then for f' < ¢ < o, we obtained a “Fefferman-
Stein” inequality :
clhlle < 1ME (B)||za < ¢ ||| Lo

In fact the proof shows that the right inequality is true for all ¢ > '.

Now we can prove Proposition B.9

Proof : By definition of the K-functional, we have :

K (b £ L0 (YY) = inf gl + 10l -

geLd
he(HL)*

We want to use the maximal function M¥?. From the assumption on the maximal function
M, , it is easy to see that for every function ¢

ME(9) S Mups(9) + My() S Mrrq(6).

So M? is of weak type (q,q) as s < 3/ < q. We have also :

Kt £, L0 (YY) 2 inf M) Lo + ] -

geLd
hE(Hl)*

z fi:];}_{h ||Msﬁ(g)||Lq°° +t||h||(H1)*
ME(g)eLa:00
he(HL)*

By the same way, using Lemma B.§, we have

Kt f L0 (HY)) 2 nf o [[ME(g)||pase + tIME(R) L.

f=g+h
HOD AR
hE(Hl)*

Now we note that for f = g+ h, we have M?(f) < M?*(g) + M!(h) and so we can conclude

Mi(h) = |Mi(f) — Mi(g)|-

11



We get also

Kt f,L (HY)) 2 inf - [|ME(g)l|zase + ] ME(S) — M (g)]| 1=
Mgt (g)eLd0
hE(Hl)*

2 inf IMF(9) | oo + HIME(F) — M)
Mgt (g)eLa:>
Mt (f)—Mst(g)eL™>®

> K(t, MF(f), L%, L™). (3.6)

So we have proved the first desired inequality (B.2). Now we will use the fact that we
exactly know the K-functional for the Lebesgue spaces. Let us remember the following
result (see [{], p109) :

K(t, ¢, L7, L) ~ [%upu {v e [0,#7], ¢*(v) > u}\l/q} =07 oo ooy, (37)
<u
where we write ¢* for the decreasing rearrangement function
¢*(v) :==1nf{A > 0, p(lo| > A) < wv}.

We have also to estimate the function [M g,( f )} *. By Lemma B.I0, we obtain : for all
A >0 (or A2 [ fllw if pu(X) < o0)

7 ({MHL,q(f) > pA, M (f) < M}) < (’Vﬁ/p’ﬁ' + p"’) 1 ({Mpry(f) > A}).

Let 6 := 4% p=% + p=2. We deduce that (with C' > 1 a constant independent on the
important parameters)

i ({(Mirng(f) > pA}) < Cp ({ME(1) > 90 }) + Con({Miry (1) > AD).

Then it follows easily that

Mus (P () < pmax {57 [ME ()] (5/C). [Munal ] (57'5/C) } + Doy <oos

where )\ satisfies A\g < || f]| - To prove (B3)), we distinguish 2 cases :
1—) First case : assume that p(X) = oco.
With (B.6) and (B.7), we obtain

K(t, MHL,q(f)a Lq’ooa LOO) = ||MHL7q(f)*||Lq,00([07tq})
MO+ 2 M0 OO oy B5)

St HMﬁ,(f)*(-) + 0 Mg ()Nl e (0,510 -

<prt

L0 ([0,19])

In all these last estimates, the implicit constant depends on the constant C' > 1 and is
uniform on the two important constants p > 2 and v < 1. By using the equivalence (B1)
and (B.9), we obtain the desired inequality :

K(t, Mypo(f), L9, L) < py 'K (¢, f, L% (HY)*) + pS" 1K (679, My, o(f), LT, L*).
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(e

We choose v = p~/#+1 small enough to have § ~ 2p~
2—) Second case : pu(X) < oo.
In this case, there is an extra term in (B.§) which corresponds to

and then we take Kk >~ p.

[ Aol Zawoe (0,241

This term is bounded by Ay and one has just to consider t? < p(X). Using Ao < || f1] 167
we obtain the result with an implicit constant which depends on u(X). The previous
study holds with the same arguments for the main terms. The proof is also completed.

0

Having good estimates for the interpolation K functional between the Hardy space H*
and the Lebesgue spaces, we now prove the following result :

Theorem 3.12. Assume that for o > (', the operator M, is bounded by My g . Let 0
be in (0,1], s € [1,00], ¢ € [, 00) and t satisfying

1-60 1 1

— = >

q t o
Then there exists a constant ¢ = c(0, s, 0,q) such that for all function f € L% U L7 : if
fe (L, (H"))gs then f € L and
1£lzes < e [l lzacryo. + 1 Luo <o) -

Proof : To compute the norm of the intermediate space, we have to integrate the K-
functional as decribed in Definition B.7 :

o . . di 1/s
s, = ([ (K@ s ) )

We will only deal with the interesting case u(X) = oo. The other case uses the same
arguments with an extra term which is very easy to control (as t is bounded). We use the
inequality obtained in Theorem B.9.

K<t7 MHL,q(f), Lq,oo’ LOO) 5 K<t7 f7 qu (Hl)*> + Hlia/qK(HU/qu MHL,Q(f)7 Lq,oo’ LOO)
By a formally integration with a change of variable, we get
1Mz g (| oo oy, S WF gy, + &N Mg g ()l o, roy,,- (3.9)
So for k large enough as 1 — o /q + 0o /q < 0, we obtain that

I Murq(f)ll(ace roye, S Wz, -

Here we have assumed that the left side of (B.9) is finite to conclude. In fact, by the same
arguments as used in Theorem 3.1 of [[J, it suffices to have that f € L% or f € L9 to
prove this last inequality. In addition the arguments in Section 5 of [B] allow us to obtain
the extra term when p(X) < co. The proof is also finished since we know (see [[]) that

(L9, L®)g s = L.

Now by duality, we look for a real interpolation result for our Hardy space.

13



Proposition 3.13. Assume that the Hardy space H' is complete and satisfies :
H'— L'

Assume that p(X) = oo and that for o > (', the operator M, is bounded by My, 3. Then
for all8 € (0,1),s € [1,00), for all exponents p € (1,3) and t € (1,00) such that

1 1-0 1
=<,
P o

we have the following equivalence :
LY ~ (L, HY)y.,. (3.10)

Proof : First we note that under our assumption, the Hardy space H' is a Banach space

(due to Proposition 2.§) if H' = H,,, or H! . Now the result is well known for H' = L*
so we already have the inclusion
E:= (P, H"Y)pq — L"*. (3.11)

Let us write F := (L?, H')y , and (F,|| ||z+s) be the closure of E for the L** norm. So F
is a closed subspace of L**. Assume that F' C L"*. Then by Hahn-Banach Theorem (and
the duality result in Proposition B.3), there exists a function ¢ € L' with ||¢|| v = 1
such that ¢ =0 in F'*. We have ¢ € F* and so by (B.I1]), we have that ¢ € E*.

In addition, we claim that (L?, H') is a doolittle couple of Banach spaces. We have to
check that the (diagonal) space LP N H' is a closed sub-space of H' x LP. Take a sequence
(7, z,) which converges to (z,y) in H' x LP. From the above assumption, ,, converges
to x in L'-sense and to y in L? sense. We deduce that x = y € H' N LP. Using the duality
Theorem (Theorem B.§), we obtain that

E* — (Lp” (Hl)*)a,s'-
Theorem B.19 gives us also that
L= l¢llpes S llol

By the embedding (B.11]) and the duality properties of Banach spaces, we have

. (3.12)

10l = sup [{e,@)| S sup (e, )| < ||
eckE eck
llel g<1 llell 7 ¢,s <1

These two inequalities with the properties of ¢ are impossible. Therefore we deduce that
F = L' and so that F is dense into L"*. Finally (B.19) gives us that E is equal to L"*
with equivalent norms (due to the completeness of the spaces). U

Make a mixture with Theorem B.4, then we finally obtain the main result :

Theorem 3.14. Assume that (X) = oo and the Hardy space H' satisfies :

H' < L'

14



Assume that for o > ', the operator M, is bounded by My, . Then for all@ € (0,1),s €
[1,00), for all exponents p € (1,5] and t € (1,00) such that

1 1-4 1
—=—+40<—,
t P o’

we have the equivalence between the two norms

- zes 2= {1 [l ez, a,.,

and

(LP,HY)p, = LY N (H' + LP).
Remark 3.15. Note that the norm of the intermediate space does not depend on the Hardy
space H' considered.

Remark 3.16. We have seen in [[] with the example of Riesz transforms, that the range of
exponents where we can obtain Lebesgues spaces as intermediate spaces is optimal under
the above assumption.

3.3 Interpolation between Hardy spaces and weighted Lebesgue
spaces.

We present in this subsection the weighted version of the previous results. For convenience,
we assume that p(X) = oo. We firstly recall the different class of weights :

Definition 3.17 (The Muckenhoupt classes). A nonnegative function w on X belongs
to the class A, for p € (1, 00) if

B L ey )p_l
sip (g o) (g [ van) <0

Definition 3.18 (The Reverse Holder classes). A nonnegative function w on X
belongs to the class RH, for g € (1,00), if there is a constant C' such that for every ball

QCX »
(i fye) =€ G )

For the weight w, we define the associated measure (written by the same symbol) w by
dw = wdp and we denote LP := LP(X,dw) the corresponding weighted Lebesgue space.
For the considered weights, the space LY does not depend on w and will always be equal
to L°°.

We have the well-known following properties (chapter 9 of [I9] for the Euclidean case) :

Proposition 3.19. 1) For s € (1,00) the mazimal operator Myy, s is bounded on LP(w)
for all p € (5,00) and w € A, ;.

2) Forp € (1,00) and w an Ay-weight, there exists some constants C,e > 0 such that for
all balls () and all measurable subsets A C (), we have :

w(4) n(A)\*
2Q) SC(u(@)) ' (3.13)

15



3) For w a nonnegative function and p € (1,00), we have the following equivalence :

wEA, = W' A,

We give the weighted version of Theorem B.12 :

Theorem 3.20. Assume that for o > (', the operator M, is bounded by Myy g . Let
0 € (0,1], s € [l,00], g € [#/,00) and t satisfying

1-6 1 1
— = >
q t o
Let w be a weight belonging to RH(, /1y NAgg. Then there exists a constant ¢ = c(0, s, 0, q)
such that for all function f € L# U L2 : if f € (LZ, (H")" ) then f € LY® and

1fllzee < ellflles, iy,

Proof : The proof is similar to the one of Theorem B.13. It is based on Lemma B.10.
Using the same ideas and the weighted Theorem 3.1 of [J], we prove this following one :

Lemma 3.21. Assume that for o > ', M, is bounded by My, 5. Let for s € (1, %], w
be a weight belonging to RHy. Then for all p large enough and for all v < 1 we have a

“good lambdas inequality” : for all A > 0

o (M 0) > o0 Mu @) <2} € (07 +077) 0 (M) > )

The implicit constant does not depend and p and ~v. In addition we have that for all
exponent q € [3', ) there exists a constant ¢ = C(q) such that for all function h € L”

clhlls < M5 (M)l < Al g, (3.14)

Then we obtain the weighted version of Proposition B.9 :

Proposition 3.22. Assume that for o > (', the operator M, is bounded by My g .
Then for q € [#',00), s € (1, %] and a weight w € RHy N Ay, for all K > 2 there is a
constant ca = c3(q, k) > 1 such that for all t > 0 we have the following estimate of the
K -functional : for every function f € L¥

K(t7 MHL,q(f)v Lg),oo’LOO) S Co K(ta f7 Lr.quv (Hl)*)

+r!To/ ) | (/D) My o(f), LE=, L) (3.15)

Proof : The proof is exactly the same as the one of Theorem B.9. We just have to
check that the maximal operator M g, is of weak type (g, q) for the new measure w. Under
our assumption, this operator is bounded by Mgy, 5, which is well bounded on LY as
w e Aq /3 0

Then the end of the proof is the same, and so Theorem is proved (by taking s = o/t).
We obtain also the following result :

16



Theorem 3.23. Assume that the Hardy space H' is complete, u(X) = oo and that for
o > [, the operator M, is bounded by My g. Let p € (1,0], 0 € (0,1),s € [1,00) and
t € (1,00) satisfying

1 1-4 1
— =+ 0 < —
D o
Let w be a weight in RH v N Aye and assume that H?' is continuously embedded into

D
=y

LY. Then we have the following equivalence :
L~ (L2, H").,. (3.16)

Proof : We let the detailled proof to the reader. The proof is analog to the one of
Theorem using in addition some weighted arguments. We use the fact that (see
Proposition 2.1 of [{]) : for 1 <z <ooand 1 <y < oo

we AN RHy — w¥ € Ay(a}—l)—i—l- (317)

So we can compute that

we RH 1t/ N At/al — 't e RH 51y N Ap//ﬁz.

p
=%

Then we use Theorem .20 with the weight w!'™. We have to be careful because we are
using duality with respect to the measure p therefore

() = 1

U
Remark 3.24. The constant appearing in (B.16) for the embedding
LZZS — (Lfn Hl)@,s (318)

is independent on the constant of the embedding H' < L. So to check this last inclusion,
we can also assume that the weight is bounded and that H' < L. Then the implicit
constant in (B.1§) does not depend on [|w/||se-

We introduce the following definition due to [J] :

Definition 3.25. For w a nonnegative function on X and 0 < py < qo < 0o two exponents,
we introduce the set

W.,(Po, q0) == {p € (P, %), w € Ap/py N RHgopy } -

Remark 3.26. With the notation of Theorem B.23 since ¢’ < p’ then

|

11:2_/,/ > (%) Thus if
w is a weight in RH ,_y N Ay, then t € W, (o', p).

p
ey
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4 Applications.

4.1 The linear theory.

To apply the previous abstract results, it is important to know when an operator is
continuously acting in our Hardy spaces. We recall the following result of [f] :

Proposition 4.1. Let T a linear operator satisfying the following “off-diagonal” esti-
mates : for all ball Q, for all j > 0 there exist coefficients ; such that for all L -functions
f supported in Q)

1 A Q) 1 8 e
<M(2J+IQ)[SJ(Q)|T(BQ(f))|dM>S%M(WQ) (g fyraw) - a

If the coefficients v; satisfy

A= Z’y] < 00, (42)

=0

then there exists a constant C' = C(A) such that for all atom f € H},,
17l < €.

Consequently T is continuous from Hp,,,, into L*.

In [[], the authors have given a molecular version too.

Remark 4.2. 1—) The coefficients 7; may depend on the ball v; = 7;(Q) and then we have
to replace ([L.2) by

2—) We can just assume that 7" is a sublinear operator or a positive linearizable operator
which is meaning that there exists a Banach space B and a linear operator U defined from

L? into LP(X, B) such that

viell,  T(f)) =0 @)l  p—ae.
This improvement is useful to study some maximal operators.

We would like to deduce that T can be continuously extended on the whole Hardy space
H},,. We know from the work [§] of M. Bownik that it is not sufficient in the general case
to have boundedness on all the atoms. Using ideas of [f], we can found an operator U
bounded from H,,, into L', which coincides with 7" on Hp,,,,. However we do not know
if U and T coincide on more general functions in the Hardy space.

Fortunately to use interpolation, it is not a problem. So we will describe our interpolation
result and we will finish this section by giving some conditions that permit us to extend

our operator to the whole Hardy space.
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Theorem 4.3. Let us assume 1 < o’ < py < 3, HL,, — L' and u(X) = co. Let T be an
LPo-bounded sublinear operator such that for all balls () and for all functions f supported

1/po
T(B P d 5d)
L) M) <l (o | v

(4.3)

and

/8
] # _ B o
¥j 20 (ﬂ@m@ [ 7= patn) du) <ol (=g [ )

where the coefficients «y; satisfy
Z ¥ < Q.

Jj=0

Then for all exponents p € (o', py), there exists a constant C' = C(p) such that
vierrnrr, Tl < Clfllee-

Remark 4.4. We have seen in [f] that for this particular application, we can choose a
space X of finite measure then the extra term is not a problem.

In [, we have already proved this result without the assumption H}, < L' for lineariz-
able operators. Here we want to explain the proof using real interpolation theory and so
the result is true and new for general sublinear operators.

Proof : In [[j], we shew that under these assumptions, the maximal operator M, (de-
fined by (B.1])) is bounded by My 5. In addition we know that 7" is LP-bounded. From
Proposition [ we know that 7' is bounded from Hp,, into L'. We can use real in-
terpolation theory and obtain for € (0,1) and s € (1,00) the boundedness of T" from
(LP, HE y0)6,s to (LP, L')g,s. We know that this last intermediate space corresponds to the

Lebesgue space. In addition from Theorem B.14, we know that the norm || || (Lo L s,
ato s

is equivalent to the norm in L"® and that

(Lp’ H;’,ato)978 = Lt,s M Lp’

with
1 1—-6 1
— =40 + _
t Do o’
We then obtain the desired conclusion with ¢t = p = s. U

Remark 4.5. In [f], we have already obtained a weighted result for linearizable operators
satifying ({.3) : consider T' a linearizable operator of Theorem [.3 then for all weight w
and every exponent p € W, (o', 3), there is a constant C' such that

vierrnly, Tl <Clfl-

With our previous weighted results, we can describe a similar weighted version for a
general sublinear operator but we have to require

W€ RH 1y N Ay,



which is a stronger assumption due to Remark .26. However it is interesting to note that
this stronger assumption permit us to obtain a weighted interpolation result for sublinear
operators, where as the weaker condition (p € W, (¢', 3)) requires a linearizable operator
due to the use of duality.

We finish this subsection by studying the following problem : let 7" be an operator bounded
on all the atoms in the space L'. Can we extend it continuously in the whole Hardy space
H},, with its natural norm ? This problem was studied for particular case in several

papers (see [B9] and [B4]). Following the ideas of [R9], we have the following result :

Proposition 4.6. Assume that the Hardy space H}, — L' and that

ato

ﬂ ker(Bg) C L™.
Q balls
Here we use the notation of Lemma [7.§ : By, is acting on L7+ (HL,)"

Let T be a LP-bounded linear operator with a constant C' such that for all atoms f € H}
we have

to’

[Tl < C.

Then it can be continuously extended on HY, into L.

Proof : We know (see [d] or BJ]) that there exists an operator U continuous from H},,
into L! such that for each atom m : U(m) = T(m). We have to prove that

VfeLINHy,  Uf)=T(f).

To prove this fact, we use duality. Let f € L? compactly supported and ¢ € L* N L.
For all balls Q, Bq(f) € Hf ,, because i is a borelian measure. So

ato

(T'(Bqf),9) = (U(Bq(f)), 9)-
We deduce that
(f, BoT g) = (f, BoU™g).
Hence for all compactly supported functions f € LP,
(f. Bo(T"g —U"g)) =0,

therefore By, (T*g — U*g) = 0. We know that h :=T"g - U"g € LA+ (H}

ato)"- Under our
assumption, we conclude that h € L> and so for each atom m

(m,h) = 0.

As the Hardy space H},, is embedded into L', by the duality L' — L>, we know that

(m,h) = [ mhdp. Thus for all functions f € H,, we have

(f,hy =0.
In particular for f € L° N H}

ato’

(fil) =0=p6 (f,T7g) o —m1,, (S U 91,y =15 {T(f): 9) o — 2

ato

we get

<U<f)7 g>(H;tO)* .

This is true for all functions g € L* N L?. We deduce that T(f) = U(f) in (L*N L")
and so T'(f)(x) = U(f)(x) for almost every z € X. 0
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4.2 The bilinear theory.

In all this subsection, we implicitly use a space of homogeneous type X with an infinite
measure : (X ) = 0o, in order to use our interpolation result of Theorem B.14.

We are interested in a bilinear version of Theorem [[.3. We choose two collections B! :=
(BH)qgeo and B* := (B3)qgeeo and two exponents [y, 32 € (1,00]. We assume that B is a
collection of L?'-bounded operators and that B? is a collection of L?-bounded operators.
We can also define two kinds of Hardy spaces Hy, and Hg,. According to Definition
B.9, we can construct the spaces H}17ato g and H}17ato p2- In this context, we have also the
following bilinear results : o o

Proposition 4.7. Let T' be a bilinear operator with coefficients (vy;);>0 satisfying for all
balls QQ1, Qo and for all functions f, g supported in Q)1 and ()2, we have for | = 1,2 and
Jor all j1,ja > 0

1
— T Bl B2 d <
(N@”“Qz) /le(Ql)mch(QQ)‘ ( Ql(f)7 %(9))‘ N) ~

s o (@ Ly ) Ry o) s

with coefficients ~y, satisfying

Z% S L (4.5)

1>0

- - 1 1 - 1/2
Then the operator T is continuous from Hip ot X Hp o m2 tto L7=

ato

Proof : We will use ideas of BI]. Let f € H}, we can also write

them with a finite atomic decomposition :

f= Z MoBo(fa) 9= ZTRBIQ'%<9R)
Q R

g and g € Hp,

ato ato, B2

with the appropriate properties for fgo and gr : fo is supported in @ with || follz <
u(@)~1"7,
> Pal <20 flla, (4.6)
Q

and similarly for gg, relatively to the ball R. So we have to study

T(f,9) = Xo7rT(Bbfo, Bhgr).
QR
We decompose with the coronas around the balls
T(f,9) =Y XarT(Bbfa, Bhgr)le, e, m)-

QR 1,j20

To estimate the norm ||T(f, )|/ ;12 by symmetry we need just to study the sum over the

extra condition
QZTQ < 2]TR7 (47)

where 7 corresponds to the radius of the ball. We recall Lemma 2.1 of [PT] :
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Lemma 4.8. Forr <1, there exists a constant C' and 6 > 1 such that for all collection
(Qr)r of balls and (gx)r collection of nonnegative integrable functions supported in Q) we

have
;gk ) C ;(@/gk) Lsq,

Proof : The proof is explained in the particular case of R", using the dyadic structure
of the euclidean space. However the proof can easily be extended to a general space of
homogeneous type using its dyadic structure (proved in [[[(]) so we let the details to the
reader. U

<

L’l‘

Now using this Lemma with r = 1/2, we get

||T(f>9)||L1/2 S Z Z |)\Q| TR ‘T(BclngaB}Q%gR)} 1Ci(Q)ﬂCj(R)

Q,R 1,720 L1/2
S el | X 17wl [T(Bh fa, Brgr)| 1oi@nc,m | 12q
Qi i /2
<3 S el (13 ) TP B ) 2
Q,R i,j>0 Gi(Q)NC; (R) 1172

We can use the doubling property of the measure, the estimates (f.4) and ([L7) to finally
obtain

ITCH M S

> > Pallrrlvyg

Q,R i,5>0

/B 1/B2
w@Q)u(R / 8 ' 1 / 8
4 'd — 2d Lssiology
M(ZZQ)M ZJR < |fQ| M(R) R|gR| : QTR L1/2

We can “add” the function 1,555z due to the condition (f7]). With the estimates on fg
and ggr, we have

Vi
IT(f ) e S Z Z [ Aql [7r] ; s 1s2iglaseir
N p2'Q)u(Z R)

S ZZ|>\Q||TR| (2’@) Lsoiq (2JR) Losair

Q,R 1,720

L1/2

L1/2

By using Holder inequality, we get

Z|Q\ 22 Lo

Then the proof is finished with the properties (@) and ([L.6) and the doubling property
of the measure p. O

1T/ Dl e S

i
Z |7r| oy L2s2ir
o MR

Lt

If we would like to use the Hardy space for just one of the two functions, we have the
following version :
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Proposition 4.9. Let assume 1 < (31, 3s. Let T be a bilinear operator with coefficients
(75)j>0 such that for all balls Q1 and all balls Qy with radius rg, = 1, for all functions
f, g supported in Q)1 and Qz, we have for |l = 1,2 and for all ji,jo > 0

a0 )|
S T(Bof.g)ldu ) <
(M(2]l+1Ql) Cj, (Q1)NCjy (R2) | ( @ )|

o A2 Q0 (] mdy%< | “dy% y
Vi1 Vi N(leQl) M(ZjQQQ) M(Ql) o, |f| 1% N(QQ) o, |g| I ( . )
with coefficients ~, satisfying

d wst (4.9)
1>0
Then the operator T is continuous from Hy, . o X L™ into L" for all exponents satisfying

0< Py <1y <00 and
1

! =—+ L (4.10)
T
Remark 4.10. The scale rg, = 1, taken for the balls ()2 is not important. The important
fact is to have these “off-diagonal” decays for all balls ()2 at a fixed scale.
Remark 4.11. Let assume that T satisfies Proposition [E.9 with 3, = oo then, by the same
arguments as we will explain in the proof, we can show that for each function g € L,
the linear operator f — T'(f, g) satisfies Theorem about linear operators.
Proof : The proof is similar to the previous one with choosing BéQ = Id. First we will
prove a weak type estimate for the bilinear operator. So let R be a set of finite measure.
We fix a function g supported on R and bounded by 1. We use a bounded covering of the
space X with balls of radius 1 : (Q2)g,. We decompose the function g over this covering
and so as previously with ry > (35 we get :

> Z Lssio Vi (Q2) (u(Rﬁ Q2))w2 12527
1 i 7 Qo
2z 2 p2Q) \ (@)
By Hélder inequality and property ([£G), as 7 > 1 we obtain
/T2
Iz W(RNQa)\'
wvmm<mmm;%§jw%( g R
L2

However there exists a constant C' = C'(X) such that for all x € X, for all j >0

,u
Z 2JQ2 (4.11)

wG?JQQ

This is due to the following fact : all the balls @, have the same radius so for Q3, Q3 two
balls considered in the sum, we have 1(27Q3}) ~ u(27Q%). Then we use that the collection
of the balls ()5 is a bounded covering. Usmg (E.1T)), we obtain

:u RﬂQ2) 1/r2 | RQQQQ M(Qz) .
Z 2JQ2 ( 1(Q2) ) 1252]Q2 /Z< w(Qs) )M(ng2)1252jdeﬂ

1T ) S

LT

2

52# (BNQ2) S (k).
Qs
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We have (again) used at the last inequality the fact that the collection of the balls is a
bounded covering. We deduce also that

IT(, 9, S Ay, pe(R2)2

Then for f fixed, the linear operator T'(f,.) is of weak type (rq,r) for all exponents (ry, )
satisfying (f.I0). The strong continuities are obtained by real interpolation for Lorentz
spaces. U

These two propositions will permit us to refind results about bilinear Calderén-Zygmund
and related operators. We will explain these examples in the following section.

For convenience, we will use the following definition :

Definition 4.12. Let py < 8 be exponents and H! be a Hardy space defined by a
collection B of L?-bounded linear operators. We say that the space H' is “LP> — L?
regularizing” if the maximal operator M, (defined by B.I)) is bounded by the Hardy-
Littlewood operator My, g and if the Hardy space is embedded into L'.

Remark 4.13. Under the previous notations, we have seen that if H! < L! there exist
coefficients 7; such that for all balls () and all functions f supported on @

1/6 1/po

satisfying
D% <00,

Jj=0

then the Hardy space is LP* — L? regularizing.
Now using bilinear interpolation, we obtain the following theorems.

Theorem 4.14. Let assume that the Hardy space H}%to’Bi is L% — LPi reqularizing for
1 = 1,2 and for exponents 1 < q; < ;. Let T be a bilinear operator satisfying the
assumptions of Proposition[{.1 and bounded from LP* x LP? into LP for exponents satisfying

pi € (¢, 6;] and

1 1 1
0<-=—+—<1

p P P2

Then for all 8 € (0,1) such that

1 1—4 1
— = +0< —
1 b1 1
1 1—-46 1
— = +0 < —
T2 D2 42

there exists a constant C' = C(0) satisfying

Ve L" 0Lk, |T(fi, f)ller < Cllfillerll fallzre,
with an exponent r given by
1 11
T1 T2 B T



1/7‘2

1 L ‘v,>< L1 = (1,1)
L3
1/‘12 <+
1/p2 | /
/p2 Lo
1 1 1
1/p1 /@ 1 1/r1

Figure 1: Bilinear interpolation with the two Hardy spaces.

We can summarize this result with Figure 1.

So we have a strong continuity in the point L,. Proposition [L.7 describes the continuity
at the point L; and then by bilinear interpolation, we obtain strong continuities for all
the points between Lo, and Ls.

Proof : We have shown (in Proposition [L.7) that the operator 7' is continuous from
H]él X H]ég into L'/2. We know by assumption that it is continuous from LP' x LP? into
LP with p,p1,po > 1. We use then bilinear real interpolation. We work with a Lorentz
space L'/? (which is a quasi-Banach space), the bilinear interpolation for these spaces is
studied in [R]] by L. Grafakos and M. Mastylo. By the Corollary 5.1 of their paper, we
obtain that our operator 7" is continuous from (LP', Hg, )g.s, X (LP2, Hg,)g s, into the space
(LP, LM?%)y , for all § € (0,1) and all parameters s;, s € [1, o] satisfying

S1 S9 ’
With our assumptions and taking s; = 1, Theorem B.IJ gives us that
(LPi, Hy)gs, =~ L7075 = L',
We already know that
(LpaLl/Q)G,S ~ Lr,l s [0

So by bilinear interpolation, we know that 7" is continuous from L™ x L™! into L™
We now use bilinear interpolation for Lorentz spaces (see [B4] and [B]]) to conclude the
proof and to obtain strong continuity from L™ x L™ into L". U

We can use interpolation on just one side and not on the two sides together.

Theorem 4.15. Let assume that the Hardy space H}. , g is L7 — L reqularizing for an
exponent q; < (1. Let T be a bilinear operator satisfying the assumptions of Proposition
.9 and bounded from LP* x LP? into LP with
1 1 1
0<-=—+—<1,
p P P2
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po = [y and py € (q1, £1). Then for all exponent (r1,re,7) such that

1 1 1
T T T9
and
1 _ 1 1
D2 T2 P2
O<L_1<L_ ,
p1 1 P1

the operator T' admits a continuous extension from L™ x L' into L.

We can “think” this result with Figure 2.

1/7‘2

1/p2

1/p1 /¢ 1 1/r1

Figure 2: Bilinear interpolation with one of the two Hardy spaces.

Proof : Proposition [L.9 shows us that we have a strong continuity for 7" on the line
r1 = 1 (with 75 > (5). We assume that we have a first strong continuity on a point
(p1,p2) (which is the point L, on the figure with p, = (35). By bilinear interpolation,
we can deduce strong continuities in all the hatched region. We conclude the proof by
using Theorem : we know that for r; > ¢; the intermediate space corresponds to the
Lebesgue space. So in the most hatched region, we have strong continuities in Lebesgue
space. This domain is exactly decribes by the condition over the exponents. U

Then we can compute the two previous Theorems and combine them with duality and
bilinear interpolation to get other results, we let that to the reader. Similarly, we could
use interpolation with weighted Lebesgue spaces. For the moment, it is not clear what
kind of results in weighted spaces should be reasonnable. That is why we decide to not
describe the weighted version. However it is interesting to note that we could obtain
continuities in L7} x L2 in L[, with different weights wi,ws,w. In addition, as we will
see in the examples, it seems interesting to mixt these weighted results with the weighted
extrapolation theory, described by L. Grafakos and J.M. Martell in [Z].

We would like to finish this section by an application of duality to obtain other bilinear
continuities. We follow ideas of [Rd] and [[L1]. In these two articles, the authors use duality
and the end point estimate (the continuity from H}Q X H};vaw into L'/?) to obtain other
continuities.

ato
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Definition 4.16. Let T be a bilinear operator bounded from L% x L% into L? for
exponents 3, 31, B2 € [1,00), we define its two adjoints T*! and T** by

(T(f,9),h) == (T (h, ), f) == (T"*(f,h),9).
So T*! is bounded from L? x LP into LP and T*2 is bounded from L' x L° into L.

Theorem 4.17. Let assume that we have parameters 1 < q < 8 < oo and a class BS of
bilinear operators such that :

1. For T € BS, its two adjoints T**, T** belong to the class BS.

ato

L1 — LP regularizing such that T is continuous from Hp , wi X HL oo into LY2.

2. For each operator T € BS, there exist two Hardy spaces (H}U g and H}%to g2)

Let T be an operator of this class BS. Assume that there exists three exponents py, pa,p’ €

(q,B) satisfying
1 1 1

PP P
such that T is continuous from LP'* x LP? into LP. Then for any exponents r1,79,7" € (q, )
satisfying

1 1 1

r T1 T2

the operator T is continuous from L™ x L™ into L".

Proof : The arguments are written in details in [R]. We describe them by the figures 3
and 4. In the first one (Figure 3), we have drawn the domain for the exponents ry, rs.

1/7’2

18T

1/q

1/q' T

1/p2t ‘
1/8 + —

1/8 1/pr 1/¢ 1/q 1/8' 1 1/m

Figure 3: Domain of admissible exponents.

Now we will prove how to obtain the continuity near the point A, with the next figure.

We start from the continuity on the point Ly. Then we use bilinear interpolation with the
end point estimate at Ly (this is described in Theorem [.14). We obtain also continuity
in Lebesgue space at the point Ls. Then we use duality to obtain continuity for 7*! at
the point Ly. By assumption 1—) of the class BS, we can repeat this procedure to T* so
we have continuity for it on the point Ls. By duality, we obtain also continuity for 7" at
a point Lg (that we have not drawn for convenience) which is between the first point Lo
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Figure 4: Scheme of the proof.

and A. By iterating this procedure, we can approach the point A, as closed as we want.
By duality and symmetry, we obtain continuities for points as near as we want of the
extremal points. Then by bilinear interpolation, we get continuities in whole the convex
envelop, which corresponds to the hatched domain. U

All these results can seem to be technical. We will give examples in some well known
cases to show how use them.

5 Examples

We remember that in [[]], we have already described an application of the linear theory
for the problem of maximal LP-regularity associated to a Cauchy problem.

In this section, we give examples and we explain how to use the previous bilinear abstract
results.

5.1 The bilinear Calderon-Zygmund operators.

Let X be a space of homogeneous type with (X)) = co. Choose for our B operator, the

exact oscillation .
= — | —= d )
Bo(f) = f(x) (u(@) /Q / M) 1o

In this case, we know that the Hardy space H},, corresponds to the classical Hardy space

of Coifman-Weiss Hlyy (due to the work of E.M. Stein [B7] and [B3]). Then the operator

Ag is given by 1
Ag(f) = <m/@fd/i) 1o

and we have that Ay = A*Q. We deduce also that

Mo (f) < Mura(f),

where M, is defined by (B.]). So from Theorem B.13, the Hardy space Hp,

regularizing.

is LV — L™

ato
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In this case, let T" be a bilinear operator associated to a bilinear kernel k such that for
all f, g compactly supported and for all x € supp(f)° U supp(g)¢, we have the integral

representation :
/ / (2, 9, 2) F ()9 (2)da(y)dp2).

Let us assume that k satisfy the “standard” bilinear estimates (for a certain € > 0) :

ke d(y,h) ‘ 1
o) = oo 5 (i) e e e e O
for d(y,h) < d(x,y)/2 and
k(e d(z, h) ‘ 1
)= a1 5 (70 ) woma e O

for d(z,h) < d(x,z)/2.
5.1.1 Continuities in Lebesgue spaces.

Suppose in addition that we already know a strong continuity for 7" : T is continuous
from LP' x LP? to LP with 1 < py, pe, p < 0o and

1 1 1
p pP1 P2

Then we claim that this bilinear Calderén-Zygmund operator satisfies the required prop-

erties of Proposition [I7] with 8, = B = oo and Hi, = Hg, = Hlyy. We quickly check

this fact. With the notations of this proposition : for j; = js = 0, we only use the strong

continuity. For j; > 0 and j; = 0, we use the cancellation with Bg, : by the classical

arguments, we have that for x € S;,(Q1) N Q2 and g = Bg,(f2)

T(Bo,(f1). g Ql / | / | / k(. 2) — k(b ) |1 @) 9() [da(2)duy) duh).

By using the estimate about the kernel, we obtain :

16019 < ([ gt e gy ) ) il el

We can compute the integral over the variable z € X and then we get

M(Ql)e < 9—jde_\wl) ( )
) e 2 L

This inequality implies what we want with ; < 27/%. When the two index jj, j» are non
vanishing, we use the cancellation for the smallest ball and then we obtain by the same
arguments the desired inequality with v; < 2779¢/2 So the assumptions of Proposition
[.7q are satisfied. Therefore we can apply Theorem and obtain the continuity from
Hp 4o X H oy, into L2, This result was already obtained by L. Grafakos and N. Kalton

I T(Bg, (f1),9)(x)] < [ fllooll f2lloo-
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in BT for X = R". In [g], L. Grafakos and R. Torres have obtained the weak type
estimate L' x L' into L'/>> for the euclidean space.

Now, we add the dual assumption of (B.1)) and (F.2) :

d(x, h) )6 1
(z,y) +d(z,2) ) p(B(x,d(y,x))) + p(B(z,d(z1)))*

for d(z, h) < d(z,y)/2+ d(z, 2)/2.

Then this class of bilinear Calderén-Zygmund operators (satisfying (5-])),(p-3) and (5-3))
is stable by duality. By using Theorem and combining it with the continuity from
Hp 1o X Hp gy tO LY? we deduce that for all exponents r, 71,75 such that 1 < 7,75 < 00
and

o) = k9 S (5 53)

1 1 1
0<-—=—+—<2
r 1 T2
the operator T can be continuously extended from L™ x L' into L". So for these bilinear
Calderén-Zygmund operators (under the three assumptions (B.1), (B-3) and (£.3)), one

strong continuity implies all these continuities.

In addition in this case, using Proposition [I.g, we obtain the continuity of 7" from H}; X

L™ into L" for 1 < r; < oo satisfying

ato

1 1

-=—+1.

T T
Applying this to 7! with 7, = oo, we obtain that 7" admits a continuous extension from
L x LY into BMO. Here we note L2° for the set of compactly supported and bounded
functions.

All these results are already proved in [Bf] in the euclidean case and the authors have
described a “T(1)-bilinear Theorem” for this kind of operators to obtain a criterion to get
the important first strong continuity.

5.1.2 Continuities in weighted Lebesgue spaces.

Now we are interesting to weighted inequalities. In [RF], L. Grafakos and R. Torres have
studied some weighted estimates for such bilinear Calderén-Zygmund operators in the
euclidean case. They succeed to obtain results to prove boundedness from L7} x L2 into
L7 when the three weights are equal : w; = wy = w and belong to a certain class using a
pointwise Cotlar’s inequality. Then in [BJ], L. Grafakos and J.M. Martell have described a
multiple weight extrapolation theory and have shown that a bilinear Calderén-Zygmund
operator is continuous from L[} x L[? into L[, for w; € A, |, wp € A, and w := w;/ ”w;”/ "
These results are based on the pointwise estimates (p.1]) and (B.2). If we just have local
estimates on the kernel, we could not have Cotlar’s inequality. So it is interesting to
describe what our weighted results (Subsection B.3) gives for bilinear operators satisfying

only similar local estimates.

We could probably improve our weighted results with ideas of the weighted multilinear
extrapolation results of [BJ. Let us give an example.
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Let T be a bilinear Calderén-Zygmund operator satisfying one strong continuity. From
the previous discussion and according to Remark [[.T1], we can deduce that U, := T'(., g)
satisfies Theorem for g € L*°. By using Remark [L.5, we can also deduce that for a
weight w; € A, the operator U, admits a continuous extension from LP! into LP! for
an exponent 1 < p; < oo. So we get that 1" is continuous from LZ! x L* into LP!. By
symmetry for a weight wy € A, with 1 < p, < oo, we obtain that 7" is continuous from
L% x LP?2 into LP2. Now by bilinear interpolation, we obtain that 7" is bounded from
L7} x L2 into L[, for exponents 1 < 7,71, 75 such that there exists 6 €]0, 1] with

and with the weight w = " w72/ The real interpolation theory of weighted

Lebesgue spaces is described in the book [{] at Sections 5.4 and 5.5. However this result
is weaker as the one described in [R9]. Using their main weighted extrapolation result,
from the two continuities LF! x L* into LP! and from L* x LP2 into LF? we can regain
their results described in ). So it seems to be useful to make a mixture of our weighted
results and the weighted extrapolation theory to obtain the strongest results.

5.2 The generalized bilinear Calderén-Zygmund operators.
In [[J], X.T. Duong, L. Grafakos and L. Yan have generalized the previous example in

considering the same kind of bilinear operators associated to other oscillations. We explain
in this subsection, how we can regain their results.

On R", they choose operators A;, which are given by their kernels a, satisfying

—n/s |ZL‘—y|
el < e (5,

where s > 0 is a fixed parameter and h is a positive bounded decreasing function satisfying

lim r*"*"h(r®) = 0

r—00

for a parameter n > 0. So the operator A; is uniformly L*>-bounded and uniformly

L'-bounded.

According to these notations, we define for () = B(x,r) a ball the operator Ag = A,1/s,
and then By = Id — Ag. It is obvious to check that the assumptions on the kernel a,
give us that our maximal operator M, (defined by (B.I])) is bounded by the maximal
function My, 1. So with the exponent 3 = oo, we can define our Hardy space H}, , which
is L' — L™ regularizing.

In [[1], the authors used two Assumptions : Assumption 2.1 and Assumption 2.2, we recall.
The bilinear operator (f,g) — T(Bg(f),g) has a bilinear kernel k(x,y, z) satisfying the
following estimate

TEQ + 1[*”@#’@](19 - z)
r—yl+ |z =zt (lo—y[+ |z —2])>

ko (2,y,2)| S 0
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for | — y| > rg and similarly for the operator (f,g) — T'(f, Bo(g)). These assumptions
permit to the operator T to satisfy ([£4) of our Proposition .7 when one the index ji, jo
is non vanishing. The proof is similar to the one of the previous example, here there is
an extra term to be studied but similar arguments permit to obtain the desired estimates
(we let the details to the reader). So as for the previous example, if we already have
one strong continuity for this operator T', then we have the continuity in Hp, ., X Hp ,,
into L'/2, which can be compared to the weak type estimate L' x L' — L/2% obtained
in [II]. Then by the assumptions 3.1 and 3.2 of [[I]] (which correspond to the previous
assumptions for the operator 7' and its two adjoints), we construct a class of bilinear
operators which is stable by duality and so we can apply our Theorem [L.17 to obtain a
new proof of Theorem 3.1 of [[L].

ato

Using the same arguments as for the previous example, we can deduce that such operators
admit a continuous extension from L2 x L2 into the space BMO 4, which is defined by

the norm .
=sup | —= — Af .
| flBaro, = sup ( ) / ’f Q(f)’ du)

To prove this claim, we use Proposition 9.2 of [fJ], which “characterizes” the dual space
(Hp q10)" N L? by this BMO space. This end-point estimate seems to be new compared
to results in [L1]].

So our results permit us to obtain a new proof of the main theorem of [[1)]. We have proved
our results with the most abstract framework and assumptions and so we can generalize
this example with restriction for exponents, more general operators A; and work on a
space of homogeneous type. In addition as for the previous example, we can develop a

multiple weight theory for these operators. In [I], the authors show how multilinear
Calderén commutators could be thought as a particular case of these generalized bilinear
Calderén-Zygmund operators.

5.3 Applications to quadratic functionals.

In this subsection, we would like to describe how we can use this bilinear theory to study
quadratic linear functionals. For example let X = R™ and A be an n x n matrix-valued
function satisfying the ellipticity condition : there exist two constants A > A > 0 such
that

VE,CeC", AP <Re(AS-8) and |AS-C < AJgllC.

We define the second order divergence form operator
L(f) := =div(AVY),

and then we compute the quadratic linear functional :

suni) = [ leny et s @)m |

t

We define the limit exponent p_ as
p_ :=inf {p > 1, sup |l || < oo} :
>0
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In [, P. Auscher have proved that for p € (p_, 2], the sublinear operator Sy, is L? bounded.
We describe how we can regain this result. We bilinearize the square function with the
following bilinear operator :

BSuUg)w) = [ L))y et ()

0 t
We have the direct equivalence for 1 < p < oo : Sp is L” bounded if and only if BSy,
is bounded on LP x LP in LP/?. By the L? functional calculus, we start from the L2
boundedness of S; so BS; is bounded from L? x L? into L'. Now we will use an adapted
Hardy space to obtain other continuities : for every ball ), we choose our oscillation
operator

Bo(f) = r3L)Me @ (f) o Bo(f):= (Id — (Id+r3L) )" (f).

Then we can construct the atomic Hardy space H}%to. Using the L? off-diagonal decays
of the semigroup (see Section 2.3 of []), it is quite “classical” to obtain the assumptions
of our Proposition .7 (the arguments are very similar to those of Theorem 6.1 in [g]
(step3) and those in [B7]). Then we get the boundedness of BSy from Hy ., X Hp 4,
into L'/2. In addition for all py € (p_,2) we have LP° — L? off diagonal estimates for the
semi group e'*. Using Remark [ET3, we know that our Hardy space Hyp,, is LP° — L?
regularizing. Applying Theorem [L.14, we also deduce that for all exponent p € (p_, 2]
our bilinear operator BS; admits a continuous extension from LP x LP into LP/?, which
is equivalent to the LP boundedness of Sy.

M

We have let the details to the interested reader. Here we want just explain how use the
bilinear theory to study quadratic functionals. It is interesting to note that this point of
view permit us to obtain the desired result without resorting [? valued arguments.

5.4 The bilinear Marcinkiewicz multipliers.

In 0], L. Grafakos and N. Kalton have studied bilinear Marcinkiewicz multipliers on R™.
A bilinear operator T is a bilinear Marcinkiewicz multiplier if it is associated to a symbol
o by

T(f.9)e)i= [ e Fa)gBola, Bdads

satisfying
Va,be N, [0:dhe(a, B)] < |a| |5,

These operators are a little more singular than bilinear Calderén-Zygmund operators.
Such an operator has a bilinear kernel k(z — y, x — z) satisfying

Va,b e N", ‘8“8b —y,x—2)| < |z — y| el — L (5.4)

We want in this subsection to explain what results can we obtain for these bilinear oper-
ators.
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From (p-4), a bilinear Marcinkiewicz multiplier is almost a bilinear Calderén-Zygmund
operator. So as for the first example, let us take our operators By equal to the exact

oscillation operator
1
= — | — d :
Bo(f) = f(x) (M(Q)/Qf M) 1q

We would like to apply Proposition [.7 Let us take its notations. When the two index
J1,J2 are non vanishing, we can use cancellation on the two balls and as for the classical
bilinear Calderon-Zygmund operators, we can find very fast decay and so we can choose
for the coefficients v; = 27772 When the two indexes are equal to 0, we will use as
previously a strong continuity (assumed on the bilinear operator) to obtain the desired
inequality. The main difficulty is when one of the two index is equal to 0.

In [P0], the authors obtained an equivalent condition over the symbol o to a strong
continuity for the operator 7T'. It is interesting to note that this condition is independent
on the different exponents. So they proved that if such an operator is continuous from
L™ x L™ into L™ with 1 < rq,ry < oo and

then it is continuous for all the exponents satisfying the same properties. Due to the
similarity, we probably can show the assumptions of Proposition [I.] when one of the two
index 71, 72 is equal to 0, assuming one strong continuity. But today this fact is not clear
for us.

We finish to underline the improvement of these ideas, compared with the ideas based
on a Calderén-Zygmund decomposition (used in [T}, PG, P5]). The use of an appropriate
Hardy space and the bilinear interpolation theory permit us to reduce the problem to the
linear theory of Hardy spaces. In addition, it permits to study kindly the two arguments
of bilinear operators and so we hope to deduce a multiple weight theory for these kind
of operators. It will be interesting to combine our results with those of the weighted
extrapolation theory. In addition, we have given in Proposition [[.7, a criterion for a
bilinear operator to act on a Hardy space H}%to. It will be interesting to obtain a weaker
condition, for example we have just seen that for a Marcinkiewicz multiplier this condition
is not obvious.
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