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ABSTRACT
In a previous paper, we have found that the resonance structure of the present Jupiter
Trojans swarms could be split up into four different families of resonances. Here, in
a first step, we generalize these families in order to describe the resonances occurring
in Trojans swarms embedded in a generic planetary system. The location of these
families changing under a modification of the fundamental frequencies of the planets,
we show how the resonant structure would evolve during a planetary migration. We
present a general method, based on the knowledge of the fundamental frequencies of
the planets and on those that can be reached by the Trojans, which makes possible
the prediction and the localization of the main events arising in the swarms during
migration. In particular, we show how the size and stability of the Trojans swarms
are affected by the modification of the frequencies of the planets. Finally, we use this
method to study the global dynamics of the Jovian Trojans swarms when Saturn
migrates outward. Besides the two resonances found by Morbidelli et al. (2005) which
could have led to the capture of the current population just after the crossing of the
2:1 orbital resonance, we also point out several sequences of chaotic events having
been able to influence the Trojan population.

Key words: celestial mechanics – minor planets, asteroids – Solar system: general.

1 INTRODUCTION

The discovery of Achilles by Wolf in 1907, and of four other
Jovian Trojans the next year, gives a new impulse to the
study of the triangular configurations of the three-body
problem which existence was proved by Lagrange in 1772.
An important problem was to establish the existence of a
stable area surrounding the triangular equilibrium points
L4 and L5 associated to the Sun and Jupiter. From a math-
ematical point of view, the application of the K.A.M. theory
to the circular restricted three-body problem, gives for its
planar restriction, a result of confinement between two in-
variant torii, ensuring the stability of the neighborhood of
L4 and L5 for an infinite time (Leontovitch 1962; Deprit &
Deprit-Bartholome 1967; Markeev 1972; Meyer & Schmidt
1998). In the case of the spatial restricted three-body prob-
lem, where K.A.M. theory does not ensure infinite time sta-
bility anymore, Benettin et al. (1998) applied an extension
of the Nekhoroshev theorem (1977) to quasi-convex Hamil-
tonian in order to prove exponentially long-time stability.

⋆ E-mails: robutel@imcce.fr (PR); bodossian@imcce.fr (JB)

But these two complementary theories do not give any in-
formation about the size of the stable region surrounding
the triangular equilibrium points. In order to get estimates
of this width, several authors developed Nekhoroshev-like
estimates based on normalization up to an optimal order
(Giorgilli et al. 1989; Celletti & Giorgilli 1991; Giorgilli &
Skokos 1997; Skokos & Dokoumetzidis 2001). More recent
results, based on improvement of these methods, can be
found in (Gabern et al. 2005; Efthymiopoulos & Sándor
2005; Lhotka et al. 2008). Another very interesting result
was published by Rabe (1967). In this work, based on the
change of stability of the family of long-period Lyaponov or-
bits emanating from L4, the author gives an approximation
of the limit eccentricity of stable tadpole orbits with respect
to their amplitude of libration.

Excepted Gabern and Jorba who applied the same
methods as in (Giorgilli et al. 1989) to the bicircular, tri-
circular and biannular coherent problems (Gabern 2003;
Gabern & Jorba 2004), all the above mentioned works were
developed in the circular restricted three-bodies problem
(RTBP) framework, planar or spatial, which is not a very
realistic model for the purpose of studying the long-term

c© 0000 RAS



2 P. Robutel and J. Bodossian

dynamics of the Jovian Trojans. To overcome this problem,
several authors have performed full numerical integrations.
In 1993, Holman & Wisdom, integrating test-particles dur-
ing 20 Myr, obtained the first global stability result con-
cerning the Trojans of our giant planets. Four years later,
Levison et al. (1997) described the long-time erosion of the
Jovian Trojans swarms without identifing its mechanism. A
few years later, Michtchenko et al. (2001), Nesvorny & Dones
(2002) and Marzari et al. (2003), shown the existence of two
sets of unstable structures lying inside the Jovian Trojans
swarms which could be related to the long-time erosion. The
authors suggested that one of these sets was connected to
the great inequality (between Jupiter and Saturn) while the
second one may has been generated by the commensurability
between the libration frequency of the co-orbital resonance
and the frequency nJup − 2nSat. In 2005, Robutel et al.
identified these singularities and exhibited their underlying
resonances, this leading to the decomposition of the ”reso-
nance structure” in four families of resonances. In (Robutel
& Gabern 2006), hereafter called Paper I , a new description
of this resonant structure was given, and the link between
these resonances and the long-term stability (or instability)
of Jovian Trojan was established.

The structures described in Paper I , generated by com-
mensurability between the proper frequencies of the Trojans
and the fundamental frequencies of the planetary system,
are particularly dependent on the planetary configurations.
Therefore, a small modification of the geometry of the sys-
tem is able to modify the Trojans swarms’s resonant struc-
ture, changing dramatically the global dynamics, and the
consequently stability, of the co-orbital region. The plan-
etary migration in a planetesimal disc (see Gomes et al.
(2004) and references therein) provides a natural mechanism
of evolution of planetary systems. According to Morbidelli
et al. (2005), the Jovian co-orbital population is not primor-
dial, but has rather been captured during chaotic events dur-
ing the planetary migration. The so-called Nice model (Tsi-
ganis et al. 2005) predicts that during the migration (inward
for Jupiter, and outward for Saturn, Uranus and Neptune),
the couple Jupiter-Saturn has crossed the 2:1 orbital reso-
nance. Morbidelli et al. (2005) suggest that the Trojans have
been captured in co-orbital motion just after the crossing of
this resonance, when the dynamics of the Trojan region was
completely chaotic. The authors show that this global chaos
arises when the libration frequency of the Trojans is close to
the combinations 3(nJup − 2nSat) or 2(nJup − 2nSat). This
result was recently confirmed by Marzari & Scholl (2007),
showing that these resonances are the main generators of
the depletion (and probably the capture) of the Trojan pop-
ulation.

The results reported in Paper I are directly related to
the phenomenon described in Morbidelli et al. (2005) and
Marzari & Scholl (2007). More precisely, the resonances in-
volved in this process are members of one of the four families
of resonances presented in Paper I . Consequently, this pre-
vious paper contains the necessary material to derive tools
making possible the study of the evolution of the Trojans
resonant structure induced by changes of the geometry of
the considered planetary system. Indeed, our goal is not to
give an accurate and realistic description of the behavior of
the Trojans swarms during a migration process, but rather
to know what are the planetary configurations for which the

Trojans swarms become globally chaotic. Moreover, we want
to develop a model of prediction applicable to a large class
of problems, in order to be not restricted to the study of
the Jovian Trojans. This method is based one three differ-
ent points. The first one rests on the understanding of the
Trojans resonant structure, and its decomposition. It will
be shown in section 2 that, for a generic Trojans swarm,
almost all resonances driving its global dynamics are mem-
bers of four different families which generalize the one de-
scribed in Paper I . All the resonances of these families in-
volve both Trojan’s fundamental frequencies and the basic
planetary frequencies. These families establish the link be-
tween the behavior of the Trojans swarm and the geometry
of its planetary system. The two others ingredients on which
the method is based are respectively the fundamental plan-
etary frequencies and the frequency domain to which belong
the main frequencies of the whole Trojans swarm. In section
3 our method is applied to the study of the Jovian Tro-
jans perturbed by Saturn, model used in Paper I but also in
(Morbidelli et al. 2005; Marzari & Scholl 2007). This appli-
cation reveals the dynamical richness of the Trojans swarms
under the action of numerous resonances of different nature,
resonance web which cannot be fully understood without
knowing the fundamental frequencies of the considered dy-
namical system.

2 THE RESONANCE STRUCTURE OF A
GENERAL TROJANS SWARM

2.1 General setting

Let us consider a general case: the planet harboring Tro-
jans swarms is the pth planet of a given planetary sys-
tem composed of N planets orbiting a central star. We
denote by mj , respectively aj , the masses and the semi-
major axes of the planets, and m0 the mass of the star.
The small mass parameter µ is defined by the expres-
sion µ = max(m1/M, · · · , mN/M), where M is the total
mass of the system. A linear combination of secular fre-
quencies will be denoted: kg · σg + ls · σs where kg and
ls are elements of Z

N . If we assume that the planetary
system is stable enough to be considered as quasiperiodic
for a given time length (see paper I), its fundamental fre-
quencies are denoted: (n1, · · · , nN ), σg = (g1, · · · , gN ) and
σs = (s1, · · · , sN ) 1, where the nj denote the proper mean
motions which are of order 0 with respect to the planetary
masses. The vectors σg and σs correspond to the secular
frequencies of the planetary system (respectively associated
to the precession of the perihelia and to the precession of
the ascending nodes) which are of order µ.

2.2 Restricted three-body problem

In a first step, we retain only the gravitational interaction
of the p’th planet (and of the star) on the Trojans. We
are thus brought back to the restricted three-body prob-
lem (R.T.B.P). This model gives, at least for the outer
planets of the solar system, results which are quite real-
istic (it is not the case for our inner planets, see section

1 Owing to invariance by rotation, one of the sj is zero.
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2.3). In this model, the triangular equilibrium points L4

or L5 are well defined, even for an elliptic motion of the
planet (paper I). When the motion of the secondary is cir-
cular, these fixed points are elliptic (linearly stable) while
the inequality 27mpm0 < (mp +m0)

2 is satisfied (Gascheau
1843). This ensures the linear stability of the equilateral
equilibria as soon as µ belongs to the interval [0, µ0], with
µ0 = (1 −

√

23/27)/2 ≈ 0.0385. For eccentric motions of
the secondary, the (linear) stability criterion depends on its
eccentricity, and stability exists for values of µ greater than
µ0 (see (Danby 1964; Roberts 2002) for numerical estimates
and (Meyer & Schmidt 2005) for analytical ones) . When the
equilibrium is linearly stable, the eigenfrequencies (modulus
of the eigenvalues) νL4,5 , gL4,5 and sL4,5 , respectively the
fundamental frequency associated to libration, to the peri-
helion of the Trojan and to its ascending node, are given by:

νL4,5 =
√

(27/4)εnp + o(
√

ε) = O(
√

µ),

gL4,5 = (27/8)εnp + o(ε) = O(µ)

sL4,5 = 0 with ε =
mp

m0 + mp

= O(µ).

(1)

General theory gives the values of the frequencies not
only at the Lagrangian points, but in the tadpole region and
also for horseshoes orbits (Garfinkel 1976; Morais 2001). Ac-
cording to these theories, the frequency magnitude remains
the same in the whole phase space, except for s which reach
the order O(µ) but remains always lower than g (absolute
value). Owing to these three different time scales, significant
resonances between these frequencies are very unlikely (at
least asymptotically). In the present solar system, these res-
onances are negligible as long as µ is lower than 10−3 (close
to Jupiter mass). Several regions of the Jupiter’s Trojans
swarms are deeply affected by secondary resonances involv-
ing commensurability between the libration frequency and
Jupiter’s proper mean motion. In Paper I , these resonances,
elements of Family I , are defined by:

iν + jnp + kg = 0, (i, j, k) ∈ Z
3. (2)

For Jupiter’s Trojans swarms, among this family, the in-
fluence of the resonances satisfying j = 1 and i ∈ {12, 13, 14}
is dominant for moderate to high libration amplitude. In the
present paper, the three resonances can be seen in Fig. 5 (see
section 2.3). Although the dynamical implication of these
resonances is weaker in the circular RTBP than in the el-
liptic one, Family I is well known in the first model. Indeed,
the existence of denominators associated to the resonances
(i, j) ∈ {(11 : −1), (12 : −1), (13 : −1), (14 : −1)} during
the Birkhoff normalization process is already mentioned in
(Deprit et al. 1967) . But these terms do not generate any
difficulty up to degree 15. More over, those resonances are
identified in (Giorgilli et al. 1989) as the factor of divergence
of the normal forms in the spatial circular RTBP. Érdi et al.
(2007) study in details these secondary resonances in the
elliptic RTBP. and their dependence on the mass and eccen-
tricity of the secondary.

2.3 Restricted (N+2)-body problem

The first difficulty comes from the fact that, in the restricted
(N+2)-body problem, since N is greater or equal to 2, the
triangular equilibrium points do not exist. These points are
at most replaced by elliptic quasiperiodic trajectories (see
(Jorba & Simó 1996; Jorba 2000; Gabern 2003)). But numer-
ical experiments show that, if the additional planetary per-
turbations are not too large, a stable region remains in the
neighborhood of the equilateral points. Like in the RTBP,
these equilateral points, which are always properly defined,
are usually called L4 and L5.

Once this point clarified, let us study the influence of
planetary perturbations on the Trojans associated to the
pth planet. These dynamical effects on the Trojans swarms
can be mainly split in two classes: the direct influences, due
to the gravitational attraction of the planets on the Tro-
jans; and the indirect effects, coming from the fact that the
pth planet evolves no more on a Keplerian trajectory 2. Al-
though this difference between direct and indirect perturba-
tion is quite arbitrary, we will see later that in some cases
these two phenomena are mixed together, it has the advan-
tage to simplify the discussion. In terms of frequencies, the
main effect of the direct influences is to modify the proper
frequencies (ν, g, s) of the Trojans. Assuming that the mo-
tion of the additional planets is circular (we consider here
the N-circular problem), according to the Laplace-Lagrange
theory, the secular linear contribution of the jth planet to
the proper precession frequency g can be roughly approxi-
mated at L4 (or L5) by the expression:

g
(j)
L4,5

=
1

4
npµjαjb

(1)

3/2
(αj), if αj =

aj

ap
< 1. (3)

g
(j)
L4,5

=
1

4
npµjα

2
jb

(1)
3/2(αj), if αj =

ap

aj
< 1. (4)

where b
(1)

3/2
is a Laplace coefficient and µj = mj/m0 (see

for example (Murray & Dermott 1999)). Then, the secular
frequencies at the triangular equilibrium points are given by:

g
(Tot)
L4,5

= g
(R.T.B)
L4,5

+
∑

j 6=p

g
(j)
L4,5

(5)

s
(Tot)
L4,5

= s
(R.T.B)
L4,5

−
∑

j 6=p

g
(j)
L4,5

(6)

where g
(R.T.B)
L4,5

= (27/8)εnp and s
(R.T.B)
L4,5

= 0, see formulas

(1). The frequencies g
(Tot)
L4,5

and s
(Tot)
L4,5

as well as g
(R.T.B)
L4,5

and the planetary contribution g
(plan)
L4,5

=
∑

j 6=p g
(j)
L4,5

are

gathered in Table (1), for every planet of the solar sys-
tem. Although the results of Table (1) are valid only at
the triangular points and for circular and coplanar plane-
tary orbits, they are enough to deduce striking conclusions.
As we can see by comparison of the second and third col-
umn, the planetary contribution g

(plan)
L4,5

is not always a per-
turbation, but, at least for Mercury, Mars and Uranus, the
main contribution to the precession frequencies. It is only
for Saturn and mainly for Jupiter that the direct planetary

2 In order to clarify the following discussion, we consider in this
section that the motions are quasiperiodic, which is note necessary
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perturbations impose only small perturbations to their Tro-
jans. Consequently, except for Jupiter, the planetary direct
gravitational attraction drastically modified the dynamics
predicted by the RTBP. This phenomenon has been empha-
sized by Tabachnik & Evans (2000) in the case of Mercury’s
Trojans. Indeed, in the full solar system model, the authors
found that the most stable zones (100 Mys stability) did not
contain the Lagrange points. Another striking point is that,
in an outer solar system simulation, the region of smallest
amplitude of libration of Uranian and Neptunian Trojans is
shifted by more than 0.1AU from its predicted location in
the RTBP (Nesvorny & Dones 2002).

The indirect perturbations act on a more subtle way
than the direct ones: the introduction of forcing frequen-
cies enables resonances between the Trojan’s frequencies and
these additional frequencies. Obviously, the secondary reso-
nances with the orbital frequency np is directly affected by
the additional secular frequencies. These forcing frequencies
increase the number of possible resonant harmonics, impos-
ing a generalization of Family I by:

iν + jnp = −(kg + ls + kg · σg + ls · σs) . (7)

with i 6= 0, j 6= 0 and j+k+ l+kg ·1+ ls ·1 = 0. In these ex-
pressions the dot denotes the Euclidian scalar product and
1 = (1, · · · , 1). The enrichment of this family may generate
large chaotic regions generated by the overlap of those res-
onances. Another expected consequence is the introduction
of secular resonances. As is shown by the two last columns
of Table 1, except for the frequency g of Jupiter and Saturn
Trojans, in the solar system, the secular frequencies at L4

are very close to the fundamental frequencies of the perihelia
and of the nodes of the planets (Laskar 1990; Laskar et al.
2004). Indeed, the resonance s = s2 which limits the long-
term stability region of low inclination Jovian Trojans was
first mentioned by Yoder (1979), other secular resonances
involving s are discussed in (Milani 1993, 1994). The role
of secular resonances on the motion of the Trojans of Ter-
restrial planets was investigated by Brasser & Lehto (2002).
More accurate studies were dedicated to secular resonances
and the dynamics of Venus Trojans (Michel 1997; Scholl
et al. 2005b) and Mars Trojans (Scholl et al. 2005a). Like in
Paper I , the family containing secular resonances is denoted
Family III and defined by:

kg + ls + kgσg + lsσs = 0. (8)

Contrarily to Paper I , where k is always equal to zero, the
opportunity that k 6= 0 in Jupiter’s Trojans swarms is dis-
cussed in sections 3.1.2 and 3.3.

The conjunction of both direct perturbations and sec-
ular resonances prevents tellurian planets, Mars excepted
(Scholl et al. 2005a), from having long-live Trojans. For this
reason, the Trojans of the three first planets of the solar sys-
tem are generally transient objects, which spend only a few
hundreds of thousand years in the co-orbital region (Morais
& Morbidelli 2002, 2006).

Until now, only secular forcing frequencies have been
taken into consideration, but combinations of planetary
mean-motions play also a major role in some specific con-
figurations of the planetary system. If we consider an β : α
MMR between the pth planet and another one 3, let say the

3 Three-bodies and more MMR are not taken into account here.

Table 1. Linear secular frequencies evaluated at the triangular
points of the planets of the solar system expressed in arcsec yr−1.
In the first column is given the name of the planets. The second
one gives the precession frequency of the perihelion derived from
the circular RTBP: formula (1), while the third one gathered the
contribution of the planets to this frequency (formula 6). Finally,
the precession frequencies g and s at L4 or L5 are given in fourth
and fifth columns.

g
(R.T.B.)
L4,5

g
(plan)
L4,5

g
(Tot)
L4,5

s
(Tot)
L4,5

Me 3.0 5.5 8.5 −5.5
V 17.3 12.2 29.5 −12.2
E 13.3 12.9 26.2 −12.9

Ma 0.7 17.8 18.6 −17.8

J 352.3 7.4 359.8 −7.4
S 42.3 18.3 60.6 −18.3
U 2.3 2.7 5.0 −2.7
N 1.4 0.7 2.0 −0.7

qth, which critical angle is

θ = αλp − βλq + · · · , (9)

where the dots represent a linear combination of longitudes
of the nodes and of the perihelia such that d’Alembert rules
are satisfied, the modulus of the quantity να,β = αnp − βnq

will depend on the closeness of the planetary system to the
resonance. The closest to the resonance the system will be,
the smallest |να,β | will be (see Fig. 1). Hence, far from the
MMR, να,β = O(1) (same order of the one of the planetary
mean motions). If the two planets are closer to the reso-
nance, the frequency να,β becomes of order O(

√
ε) which is

of the same order than ν. This makes possible commensu-
rabilities of these frequencies leading to the family of reso-
nances called Family II , defined by:

iν − jνα,β = −(kg + ls + kg · σg + ls · σs) (10)

with j(β − α) + k + l + kg · 1 + ls · 1 = 0. This generalize
Family II defined in Paper I . Very close to the MMR, να,β

reaches the oder O(ε) and commensurability between να,β

and g can arise. These resonances are described by Family

IV satisfying:

jνα,β + kg = −(ls + kg · σg + ls · σs) (11)

with j(α − β) + k + l + kg · 1 + ls · 1 = 0. This generalizes
the family Family IV defined in Paper I .

3 AN APPLICATION TO JUPITER’S
TROJANS

3.1 One paremeter model

3.1.1 Model and method of analysis

In this section, the evolution of the resonant structure in
the Trojans swarms mentioned in section 2.3 will be illus-
trated using a concrete planetary system. To this purpose,
the methods described in Paper I will be followed. We con-
sider the planetary system made of the Sun, Jupiter and
Saturn. In order to be consistent with the previous section
3.1.1, the index 1 is associated to Jupiter and 2 to Saturn. In
Paper I , the system, in its present configuration, is close to
the 5:2 MMR, consequently, resonances of Family IV should

c© 0000 RAS, MNRAS 000, 000–000
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Figure 1. Fundamental frequencies of the planetary system versus a2. Top: combinations of frequencies |ν1,2|, |ν3,7| and |ν2,5| which are
associated to the resonances of Family II . Bottom: secular frequencies g1, g2 and s2. The empty intervals correspond to the MMR 2:1, 7:3
and 5:2 where the secular frequencies are singular. The frequencies associated to the ”elliptic” section of the phase space (M2 = 340.04◦)
are plotted in red, while the ”hyperbolic” section (M2 = 24.14◦) is in green. See the text for more details

be present in the Trojans phase space. Indeed, several reso-
nances of this family (for j = 1 and k = 4 in formula (11)),
have been clearly identified in Paper I . We have shown in
this paper, that these resonances are associated to the long-
term erosion of the Trojans swarm.

Despite the long distance between the theoretical loca-
tion of the 2:1 and the present couple of giant planets (more
than 1.2AU) resonances members of Family II associated to
ν2,1 have been also clearly identified. Owing this distance,
the combinations between ν and ν1,2 are of high order: i = 5
and j = −2 in formula (10). Obviously, secondary reso-
nances of Family I and secular resonances numbers of Family

III play a major role in the present Jupiter’s Trojans swarms
(Paper I ). But, as these families are only weakly affected by
migration (section 3.1.2), except very close to MMR (sec-
tions 3.3), we will not really pay attention to these reso-
nances.

In order to appreciate the modifications of the resonant
structure of Jupiter’s Trojans due to different relative posi-
tions (and distances) between the two planets, we consider
a sequence of independent planetary initial conditions. The
fundamental frequencies of the planetary system depend-
ing mainly on the semi-major axes of the planets, or more
precisely on its ratio, we have decided to change only one
parameter: the semi-major axis of Saturn a2. Hence, we are
left with a one-parameter model. More concretely, for every
values of the parameter a2, we integrate the Sun, Jupiter,

Saturn and a set of fictitious Jupiter’s Trojans (considered
as test-particles). Except for the initial Saturn’s semi-major
axis, which is chosen in-between 8 and 9.7 AU, the ini-
tial conditions of Jupiter and Saturn are the ones given by
DE405 at the Julian date 245 2200.5 (2001 October 10). As
regards the Trojans swarms, the initial elements of its mem-
bers are independent of the parameter. In each run, 200 ini-
tial semi-major axis and 40 eccentricities are equally spaced
in the domain A = [5.2035, 5.4030] × [0.05, 0.30] (8000 test-
particles), while the other elements are fixed to the following
values: σ = λ − λ1 = π/3, σg = ̟ − ̟1 = π/3, Ω = Ω1

and I = I1 + I⋆. Because the resonant structure depends on
the initial inclination (Paper I ), I⋆ is fixed to three differ-
ent values: 2◦, 20◦ and 30◦. In this paper, this set of initial
conditions is denoted DI⋆ .

The numerical simulations are performed by the sym-
plectic integrator SABA4 (Laskar & Robutel 2001) with an
integration step of 1/2 year. Trojans and planets are inte-
grated on two consecutive time-span of 5Myr. For parti-
cles surviving the integration (bodies which are not ejected
from the co-orbital region before the end of the integration)
fundamental frequencies are computed for each of these two
time-intervals by the mean of frequency analysis method de-
veloped by Laskar (1990). If we denote by F the map which
associates to each Trojan of DI⋆ its fundamental frequen-
cies (ν, g, s) (see Laskar 1999 and Paper I ), the domain of the
frequency space reached by the Trojans is: ΘI⋆ = F(DI⋆ ).
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6 P. Robutel and J. Bodossian

Consequently, three complementary informations are de-
rived from the study of DI⋆ . The most straightforward in-
formation is given by the escape rate: number of Trojans
escaping the co-orbital region before the end of the integra-
tion (10 My), divided by the initial number of Trojans inside
DI⋆ (see Fig.8). Owing a lost of accuracy of our integrator
during close encounter with Jupiter, the depletion of DI⋆ is
probably over estimated, but in any case, this ejection rate
is always correlated to the global instability of the consid-
ered region (see section 3.3). The other informations regard
the fundamental frequencies. As a detailed discussion of the
application of Frequency Map Analysis to the Trojans can
be found in Paper I , let us just sum up two applications of
this method. Firstly, the comparison of the set of frequen-
cies computed on the two steps of 5Myr makes it possible
to derive the diffusion rate of every Trojan (index related
to its stability). From this index, a dynamical map of the
domain DI⋆ is derived. Secondly, the study of the frequency
domain ΘI⋆ enable us to understand how the chaotic regions
are generated, by the determination of the underlying reso-
nances. Fig.5 and 6 provide illustrations of the application
of these complementary techniques.

Once known the fundamental planetary frequencies
along the segment a2 ∈ [8, 9.7] (section 3.1.2), it is straight-
forward to predict whether the families of resonances are
inside the Trojans phase space or not. Obviously, in order
to make these predictions, the bounds of the frequency do-
main ΘI⋆ have to be known. To this aim, we assume that
these bounds do not depend on the value of a2, which is a
very good approximation in the case of Jupiter’s Trojans.
As it was established in Paper I , we assume in the following
sections that:

Θ2 ⊂ [7700, 9150] × [310, 445] × [−45,−7.5]

Θ20 ⊂ [7400, 8660] × [285, 350] × [−40,−3.5]

Θ30 ⊂ [7000, 8138] × [251, 280] × [−30, +0.6]

(12)

where the three intervals are respectively the projections
of ΘI⋆ on the 1-dimensional space of ν, g and s denoted
πν(ΘI⋆), πg(ΘI⋆) and πs(ΘI⋆). It is important to mention
that the lower bounds of ν and s are here arbitrary. For
example, at 2◦ of initial inclination, Trojans whose libra-
tion frequency is lower than about 7800 arcsec yr−1 have
trajectories relatively far to be quasi-periodic, making less
significant the use of fundamental frequencies (details can be
found in Paper I ). The same remark holds when s is lower
than the bounds indicated in (12). These bounds may also
be compared to those obtained by analytical fits of (ν, g, s)
(Milani 1994; Marzari et al. 2003), which gives quite similar
results up to 30◦ of initial inclination.

3.1.2 Behavior of the planetary frequencies

From now on, Jupiter and Saturn semi major axes and
proper mean motions are denoted (a1, a2) and (n1, n2). In
the same way, the secular frequencies are σg = (g1, g2) and
σs = (0, s2). These frequencies playing a basic role in this
study, it is therefore essential to know their variations with
respect to our parameter a2. Jupiter’s proper mean motion
n1 is practically not affected by the variations of a2. As a
result, the location of the resonances of Family I is almost
independent of the value of a2. Only small shifts are observ-
able due to the variation of the secular frequencies involved
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8.0 8.58.48.28.1 8.3
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9.50 9.54 9.62 9.649.58 9.609.52 9.56

Figure 2. Section of the phase space of the planetary system
by the plane of initial conditions (a2, M2). Neighborhood of the
mean motion resonance 2:1 (top) and 5:2 (bottom). The small
bottom strip displays the grey code associated to the diffusion
index: the darker is the grey, the more regular are the trajecto-

ries. The two horizontal white lines corresponds respectively to
the ”elliptic segment” for M2 = 340.04◦ and to the ”hyperbolic
segment” for M2 = 24.14◦

in formula (7). On the contrary, n2 being affected by the
variation of the parameter, the mean motion combinations
associated to orbital resonances (here ν1,2, ν3,7 and ν2,5)
vary drastically 4, enable the resonances of Family II to go
through the whole Trojans swarm. These frequencies are
plotted in red in Fig. 1 (top), which clearly illustrates the
discussion of section 2.3. Before going further, we have to
mention that the quantity να,β, as long as β > 0, is an in-
creasing function of a2. Even if it is more convenient to plot
|να,β| rather than its signed value, we have to keep in mind
that this frequency is positive before an orbital resonance
(i.e. when a2 is smaller than the Saturn’s semi-major axis
required to be in MMR with Jupiter) and positive after.
When a2 evolves toward a MMR, the corresponding com-
bination |να,β | decrease toward zero. First, this frequency

4 Only these three resonances are taken into account in our study.
Other higher order MMR like the 9:4, 11:5 and 12:5 are also
present in the domain of study, but their influence on the Trojans
remains too small to be considered in the present study
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reach values close to 8000 arcsec yr−1 giving rise to the res-
onances ν ≈ να,β of the second family, then ν ≈ 2να,β and
so on, until να,β is of order of a few g where Family IV takes
place. When the planetary system crosses the resonance, the
frequency να,β, which is equal or at least very close to zero,
suffers from chaotic variations due to the dynamical struc-
tures encountered inside the MMR (see Fig. 2). For the sake
of clarity, the behavior of the frequencies inside orbital reso-
nances is not reproduced in Fig. 1. This leads to gaps in the
curves representing the frequencies. On both sides of these
gaps, the singularities generated by the stable and unstable
manifold of the resonance imposes the frequencies to go to
infinity.

The bottom frame of Fig. 1 displays the values of the
secular frequencies (red curves) with respect to a2. The neg-
ative frequency is s2, while the two positive frequencies are
g1 and g2 knowing that g1 < g2. The general trend of the
absolute value of the secular frequencies is to decrease when
a2 increase. This is merely due to the fact that the pertur-
bations between the two planets decrease with respect to
their mutual distance. But, as for the combinations of mean
motions, singularities appear when the ”separatrix” of the
MMRs are reached. The rise of the secular frequencies is
particularly striking on both sides of the 2:1 MMR. Here, as
it can be also seen in a small neighborhood of the 7:3 and
the 5:2, g2 is much more affected than the two other secular
frequencies. More precisely, these three frequencies have to
go to infinity, but the growth of the slop begins farther from
the ”separatrix” for g2 than for g1 and s2 (see Fig. 1). As a
result, we would expect to detect the influence of the secular
resonances of Family III like the g = (k + 1)g2 − kg1 for at
least small values of |k|. But, as large values of g1 and g2 are
necessary to reach these resonances, this phenomena occurs
only very close to the 2:1 MMR. As it will be shown in sec-
tion 3.3, instability is so strong in this region that secular
resonances cannot be isolated and clearly identified.

The approach of a MMR is characterized by a sharp and
sudden variation of the planetary fundamental frequencies
corresponding to the singularity associated to the separa-
trix. But the location of these asymptotes depend on the
initial angles of the planets (M, ω, Ω). It is therefore inter-
esting to know the geometry of the orbital resonances in
the phase space. Fig. 2 shows dynamical maps of the re-
gions surrounding the orbital resonance 2:1 (top) and 5:2
(bottom), corresponding to the section of the phase space
with the plane of coordinates (a2, M2), M2 being the mean
anomaly of Saturn. The grey code indicates the diffusion
rate of Saturn’s proper mean motion computed on two con-
secutive time intervals (section 3.1.1). From these two de-

terminations, denoted respectively n
(1)
2 and n

(2)
2 , a diffusion

index is derived by the expression: log10 |(n
(1)
2 − n

(2)
2 )/n

(1)
2 |.

The structures of high diffusion rate (light grey for diffusion
rate greater than −3) are associated to the inner part of the
resonance (libration island). Fig. 2 shows the characteristic
shape of the resonant chains composed of two islands for
the 2:1 and five for the 5:2 (see Robutel & Laskar (2001)
for details). These large islands corresponding to globally
stable regions (elliptic regions in the pendulum model) are
separated by narrow unstable structures like the hyperbolic
fixed points in the simple case of the pendulum. Even if
the dynamics of this problem is a bit out of the scope of

this paper, two points are interesting to notice. First of all,
the dynamics inside the resonant islands seems to be very
rich. Indeed, very sharp structures indicated by different dif-
fusion rates are clearly visible, they are probably related to
secondary or secular resonances. The second point lies in the
fact that, particularly for the 5:2, the island chain is strongly
distorted, making uneasy to define a resonance width. The
segment containing the initial conditions used for our simu-
lation is represented in Fig. 2. Along this segment, the initial
values of M2 are always equal to M2 = 340.04◦. This line
of initial conditions crosses the first lobe of the 2:1 orbital
resonance practically along its widest section, and passes
near the libration center. For this reason, we call it ”ellip-
tic segment”. According to Morbidelli et al. (2005), during
planetary migration, the MMRs and particularly the 2:1 is
”jumped” by the planetary system. More precisely, if the
migration is slow enough to satisfy the adiabatic invariance
hypothesis, the system has to cross the resonance through
its hyperbolic fixed point (this make sense for one degree of
freedom systems) without reaching any libration zone (the
same phenomenon is observed in Marzari & Scholl 2007). In
order to compare the ”elliptic crossing” to the ”hyperbolic”
one, we consider a second set of initial conditions represented
in Fig. 2 by the second horizontal white line (M2 = 24.14◦).
We also notice in Fig.2 (bottom) that this segment passes
through the hyperbolic region connecting the lobs of the 5:2
resonance. Since the red curves are associated to the plan-
etary frequencies computing along the ”elliptic segment” in
Fig.1, the green curves correspond to the same frequencies
but derived from the ”hyperbolic segment”. The behavior
of the frequencies along the ”hyperbolic segment” is qualita-
tively the same along the ”elliptic segment”, except near the
three dominant MMRs, where the singularities are shifted
as predicted by Fig. 2. The consequences of this shift on the
Trojans, will be studied in the end of section 3.3.

3.2 Sweeping of Family IV ’s resonances across the
Trojan region.

3.2.1 Prediction of the location of Family IV ’s

resonances

In this section we focus our attention to the close neighbor-
hood of the orbital resonance 5:2. Indeed, we have shown in
Paper I that the system is close enough to this resonance to
give rise to narrow unstable regions resulting from Family

IV . Even if these chaotic regions seems very thin, several
resonances of this family are involved in the low erosion
process of the Jupiter’s Trojans swarms first mentioned by
Levison et al. (1997). Because between the current location
of the system and the 5:2 MMR the Trojans will encounter
several resonances of this family, the study of this region
enable us to describe and illustrate accurately the crossing
of the Trojans swarms by the resonances of Family IV .

The resonances of Family IV , defined by formula (11),
involve the frequencies ν2,5, g, and the secular frequencies
of the planetary system. According to Fig.1 and formula
(12), the variations of g1, g2, s2 are small with respect to
those of ν2,5. Furthermore, the secular frequencies of the
planets are small compared to g, except very close to the
2:1 MMR (see latter). As a result, the location of Family

IV depends mainly on the values of ν2,5(a2). The variation
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Figure 3. Crossing of the Trojans swarms by the resonances of Family IV . The slanted bold black curve represents the values of −ν2,5

( arcsec yr−1) versus a2 (AU). The grey rectangles indicates the values of (a2, ν) for which a subfamily of Family IV is inside the swarms.
The light grey is used for I∗ = 2◦ and dark grey for 20◦. The vertical bold line near 9.585AU corresponds to the present location of
Saturn. The other lines indicate the value of a2 used in the numerical simulations ”a” to ”f” (I∗ = 2◦) and ”A” to ”F” (I∗ = 20◦). See
the text for details.

of this frequency with respect to a2 is plotted in figure 3.
More precisely, the bold curve of this picture represents the
graph of the function f : x 7−→ −ν2,5(x). The X-axis corre-
sponds to the initial values of a2 (in AU) while the Y-axis
is associated to the frequencies (in arcsec yr−1). This curve
decreases very regularly, until a2 reaches 9.602AU , where
a sharp change of slope indicates the beginning of the 5:2
MMR (see also Fig.2, bottom-frame). It is now straightfor-
ward to predict the location of resonances belonging to Fam-

ily IV in the Trojan phase space. Indeed, as long as the right
side of (11) is negligible with respect to kg, the resonant con-
dition is well approximated by the relation:

−ν2,5(a2) ∈ k

j
πg(ΘI∗). (13)

For given values of j and k, the previous formula defines
a frequency interval where the resonance is reach. The
bold curve in Fig. 3 being smooth and monotonic, f−1

maps this interval in another one of the X-axis5, namely:
f−1(k/jπg(ΘI∗)). The cartesian product of these two inter-
vals, the first one on the frequency axis (Y) and the second
one on the a2 axis (X), defines a ”resonant rectangle” dis-
played in gray in Fig.3, and denoted by Rk

I∗ .
For the sake of clarity, our study is limited to the res-

onances defined by j = 1 and k > 0 (k < 0 on the other
side of the MMR). According to (12) and (13), the location
of the resonances of Family IV depend on the initial incli-
nation I∗. For this reason, we study sections of the phase

5 Strictly speaking, the function f is not smooth on an interval,
but, according to the KAM theory, at most on a Cantor subset
of this interval. But here, as the planetary system under consid-
eration is very regular in studied region, we can assume that f is
invertible on the whole considered interval.

space at two initial inclinations: I∗ = 2◦ and I∗ = 20◦.
The corresponding resonant rectangles are colored in light
grey and dark grey respectively. The value of k associated
to each box is indicated by the labels 5g, 4g, 3g and 2g in
its bottom-left corner at 2◦ and its top-right corner at 20◦.
Fig.3 shows that, for a given k, the size of the Rk

I∗ decreases
with I∗, and that for a fixed I∗, these rectangles are shifted
rightwards when k decrease. This two phenomena are due to
the facts that the function f is decreasing and concave, and
that the width and the bounds of πg(ΘI∗) decrease while I∗

increases. One of the main consequences of these properties
lies on the fact that Family IV enters the Trojans swarms
for a value of a2 which depends on I∗. Therefore, during a
migration (slow monotonic variation of a2 with respect to
the time in the studied region), Family IV ’s resonances will
sweep through the Trojans phase space in a way depending
on the inclination: Rk

2 being larger the one at Rk
20. It follows

that the instability generated by Family IV will destabilize
the swarms much longer at slow inclination than at higher
inclination. Moreover, different waves of instability associ-
ated to the k-subfamilies of Family IV corresponding to Rk

I∗ ,
cross successively the swarms, which may strengthen the in-
clination dependence. As shows Fig.3, the resonant rectan-
gles can also overlap, ensuring the coexistence of at least two
k-subfamilies in the same swarm. These intersection of rect-
angles and the associated dynamics are studied in the next
section. In order to verify these predictions and to illustrate
the geometry of the resonances of Family IV , we have in-
tegrated the L4 Trojans swarm for several initial values of
Saturn’s semi-major axis a2. The associated configurations
of the planetary system are represented in Fig. 3 by vertical
lines, and the initial values of a2 can be found in Tab. 2.
The initial inclination of the Trojans are equal to 2◦ for the
solid lines, labeled with small roman lettre, and to 20◦ for
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the broken lines labeled with a capital letter. The present
configuration of the solar system, widely studied in Paper I ,
is not discussed here, but is represented in Fig.3 by the ver-
tical bold line located at a2 ≈ 9.5855AU . As ν2,5 is close
to −1467 arcsec yr−1, this implies that −ν2,5 ∈ 4πg(Θ2)
(light rectangle) and that −ν2,5 ∈ 5πg(Θ20) (dark rectan-
gle), which is in perfect accordance with the results of Pa-
per I .

3.2.2 Crossing of the Trojans swarms by the resonances

of Family IV .

In this section, we will compare the previous predictions to
numerical simulations of the L4 swarm. In order to simplify
the discussion, let us make an additional simplification. The
integer j is already fixed to 1, and from now on, we do
not take into account the secular frequencies s and s2. This
omission is fully justified for small inclinations, and we will
see latter that even for an inclinations equal to 20◦, the main
resonances of Family IV are independent of s and s2. After
the additional simplification, it is now more convenient to
rewrite the relation (11) as:

g = −
ν2,5

k
+

k − 3

k
g1 +

k′

k
(g2 − g1) (14)

This new formulation of a simplified Family IV enables us
to exhibit some useful properties of these resonances.

(i) For a given value of a2, the right-hand side of (14) is
a constant denoted gr (for simplicity, the parameters k and
k′ are omitted).

(ii) Always for fixed a2: as long as k and k′ are not too
big, the relation |ν2,5| ≫ |(k − 3)g1 + k′(g2 − g1)| is satis-
fied (see Section 3.1.2). Therefore, the resonance is reached
for value of g very close to −ν2,5/k. Consequently, we can
see the FamilyIV as being split in different subfamilies
parametrized by k. In every subfamily, a single resonance
is defined by the additional parameter k′.

(iii) For a given k, the resonances of this subfamily are
represented in the frequency space ΘI∗ by parallel planes
which are separated by a distance of (g2 − g1)/k. Moreover,
these planes are arranged in increasing order, in the sense
that gr increases with k′.

According to the property (ii), the resonant rectan-
gles Rk

I∗ provide an approximation of the location of the
k-subfamily which is valid as long as the combinations of the
planetary secular frequencies involve in (14) are small with
respect to ν2,5/k. Without going in too much details, we
can consider that these boxes are minimal in the sense that:
at least one of the resonances of the k-subfamily belongs to
Rk

I∗ , and that this resonance is always one whose dynamical
influence is the largest. More precisely, except for k = 3,
g = −ν2,5/k does not satisfy the equation (14), and conse-
quently does not correspond to any resonance of Family IV .
But its closest resonant value, namely −ν2,5/k+(k−3)g1/k,
is reached for k′ = 0 in formula (14). If this resonant value
does not belong to the box Rk

I∗ , one of the two frequen-
cies −ν2,5/k + (k − 3)g1/k ± (g2 − g1)/k does. Moreover,
the resonance associated to k′ = 0, or one of its two closest
neighbor, plays a central dynamical role in the subfamily

1 1

2 2

3 3

00

Figure 4. Schematic view of the displacement of a resonance of
Family IV through the Trojans swarm. The X-axis represent the
initial value of Trojan’s semi-major axis. The initial eccentricity
is associated to the Y-axis. The dashed curve approximates the
limit of the stability region. The black curves correspond to the
location of the same resonance for different values of Saturn’s
initial semi-major axis a2. The larger the label, the larger a2.

because is order is minimal. Here we use the classical def-
inition of order, that is: |k| + |k − k′ − 3| + |k′|. This inte-
ger quantity reaches a minimum of 3 for k′ = 0, and it is
generally assumed that the lower the order, the greater the
resonance influence. Indeed, our method of localization ne-
glecting the term (k−3)g1 +k

′

(g2−g1) in equation (14). As
|(k − 3)g1| < 10 arcsec yr−1 ≪ g our method provides the

value of a2 for which the element of Family IV with k
′

= 0
belongs to Rk

I∗ . Thus we predict when the strongest insta-
bility enters the Trojans swarm.

Figs 5 and 6 show respectively the sweeping of the Tro-
jan region at I∗ = 2◦ and I∗ = 20◦ by the resonances
of Family IV . Except for the values of I∗, the two fig-
ures are the same. The right bloc shows dynamical maps
of the domains DI∗ , while the left one shows the projection
of ΘI∗ = F (DI∗) on the plane of coordinates (g, s).

As mentioned in section 3.1.1 , we use the relative
change of the frequencies, σν = (ν1 − ν2)/ν1, namely dif-
fusion index, as an indicator of the regularity of the motion
for a particular trajectory. In this formula, ν1 is the libration
frequency computed on the first 5 My, while ν2, is calculated
on the following 5 My. In Figs. 5 and 6 (right bloc) we show
several global pictures of the diffusion indicator, where we
assign a color to log σν . The color scale goes from blue, that
corresponds to stable regions (σν < 10−6), to red for very
chaotic regions (σν > 10−2). In black, we display the parti-
cles that have been ejected from the Trojans swarms during
the integration (10 My).

It is important to mention that, as it is explained in
Paper I , the phase space of Jupiter’s Trojans is symmetric.
More precisely, we can clearly observe two different type
of symmetries. The first one, which was already visible in
Michtchenko et al. (2001); Nesvorny & Dones (2002), is a
symmetry with respect to a curve that is close to the straight
line a = a

(0)
1 ≈ 5.2035 AU (i.e., the initial semi-major axis of

Jupiter), and tangent to it at L4. The second symmetry that
we observe is the one with respect to a curve close to the
axis e = e

(0)
1 ≈ 0.0489. Moreover, considering quasiperiodic

trajectories, the fundamental frequencies corresponding to
a given initial condition and the ones corresponding to one
of its two symmetric points are the same. These frequencies
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parametrize the KAM torus on which the given trajectories
lie. This does not mean that the two corresponding trajec-
tories are the same, but that they lie on the same invariant
torus. From the dynamical point of view, these trajectories
are equivalent. These symmetries point out the fact that
there are manifolds (even close to L4) where the frequency
map is degenerated (see Gabern et al. (2005)). These sym-
metries allow us to restrict the sample of initial conditions
to the subset {(a, e); a ≥ a

(0)
1 , e ≥ e

(0)
1 }.

In order to further clarify the relationship between the
frequency space and the action space, let us add follow-
ing comments. Figure 5.a (left) is made up of a union of
curves (more or less smooth) that are the image of the lines
e0 = constant by the Frequency Map F (it is also true for
the other frequency maps, but owing the strong chaos, this
is less obvious). The triangular shape of the picture is ex-
plained in the following way: the upper vertex of the trian-
gle corresponds to the L4 point, and the right and left edges
correspond, respectively, to the line e = 0.05 (eccentricities
lower limit) and to a = 5.2035 AU(semi-major axis lower
bound). These curves are smooth in regular regions, but
singularities arise in chaotic zones. Singularities of the Fre-
quency Map are directly correlated with instabilities of the
corresponding trajectories (see Laskar (1999) for more de-
tails). Along these curves ( e0 = constant), when a increases
g increases too while the secular frequency s is decreasing.
As a result, if we increase g keeping s constant, a increases
while e becomes smaller. A striking example is given by the
secular resonance s = s2 marked by the read arc bound-
ing the long time stability region in Fig.5.a-right. It is also
represented in Fig.4 by the grey dashed curve.

Before going further, we will describe schematically the
motion of a single resonance of Family IV during its crossing
of the co-orbital region. Fig. 4 represent a section of the cor-
responding phase space in the plane (a, e) where the other
initial elliptic elements are fixed. The horizontal straight line
is the a-axis where e = e

(0)
1 while the vertical grey line is

the e-axis where a = a
(0)
1 . The two symmetrical sides of

the phase space section are represented here (a > a1 and
a < a1). The dashed grey curve gives the lower bounds
of the strongly unstable region (black zone in Figs 5 and
6 right blocs). Let us assume that we start the evolution of
the planetary system with an initial value of a2 locating Sat-
urn between Jupiter and the 5:2 MMR, in such a way that
a2 increases during the migration. As the planetary system
get closer to the 5:2, the frequency −ν2,5/k decreases to-
ward zero ( ν2,5 is negative in this region). Consequently
the resonant frequency gr, associated to the k-subfamily de-
creases too, and the first contact between the Trojans and
this resonance arises at the two black segments labeled with
0, where a reaches its lower and greater value. Then, gr

keeping on decreasing (a2 sill growing), the resonant goes
centreward (black curve 1) to reach L4 (label 2). Here, the
two separated branches merge together to give the single
curve (2). After the resonance travel through the vicinity of
L4, it moves toward higher eccentricities (label 3) and leave
the Trojans swarm crossing the secular resonance s = s2 (at
least for low to moderate initial inclinations).

In the light of the above discussion, the interpretation of
Figs 5 and 6 is now easy. These figures are composed of two
blocs. The right bloc corresponds to dynamical maps of the
domain D2◦ (Fig 5) and D20◦ (Fig 6). The left bloc is the

Table 2. Resonances of Family IV represented in Figs 5 and 6.
The two first columns indicates the label of the corresponding
panel and the initial value of a2 used for the associated numerical
simulation. The two last columns gives the values of the integer
k and k′ defining by formula (14) the resonances represented by
vertical lines on each panel of Figs 5 and 6.

Label a2 (AU) k k′

a 9.58986 4 −1, · · · , 3
- - 3 −2, · · · , 4
b 9.59364 4 2, 3
- - 3 −2, · · · , 4
c 9.59513 3 −2, · · · , 4
- 9.59513 2 −5
A 9.59630 4 2, 3
- 9.59630 3 −3, · · · , 2
d 9.59684 3 −2, · · · , 4
- - 2 −5, · · · ,−2
B 9.59756 3 −3, · · · , 3
C 9.597816 3 −3, · · · , 3
D 9.59882 3 −3, · · · , 3
e 9.60004 2 −5, · · · , 2
f 9.60057 2 −5, · · · , 3
E 9.60088 2 −6, · · · ,−2
F 9.60197 2 −5, · · · , 0

corresponding view in the frequency space. The frequency
map F establishes the correspondence between these two
blocs which are dynamically equivalent. Each bloc is made
up of six panels, labeled from ’a’ to ’f’ at I = 2◦ and ’A’ to
’F’ at I = 20◦, associated to different values of a

(0)
2 . These

values are represented in Fig. 3 by vertical lines crossing the
grey boxes. These values are chosen such that from ’a’ to ’f’
(resp. ’A’ to ’F’) Saturn’s semi-major axis increases, letting
the k-subfamilies of Family IV crossing the Trojans swarms
following the rules established in section 3.2.1.

Resonances of Family IV are clearly visible in the fre-
quency maps (letf blocs), corresponding to vertical structurs
mad up of gaps or of accumulation of dots. These are en-
hanced by vertical dashed lines for k′ 6= 0 and solid lines
for k′ = 0, where k′ is the integer which occurs in formula
(14) as the parameter of the k-subfamily. On the action side
(right blocs), these resonances are less easy to identify. Al-
though having the typical shape drown in Fig.4, confusions
are always possible with the elements of Family II that have
also a quite similar form. The main resonances of Family

IV , the ones which are drown in Figs 5 and 6, are gathered
together in Tab. 2. One find in its second column the initial
values of Saturn’s semi-major axis. The corresponding labels
are in the first column. The two last columns correspond to
the values of the integers k and k′ occurring in formula (14)
and which define the resonances of Family IV associated to
the 2:5 MMR.

The secular resonance s = s2 is also well identifiable
in the left bloc by an horizontal line corresponding to an
accumulations of dots at s = −26 arcsec yr−1 surrounded by
gaps. It has the property to split the frequency space in two
different regions: the above part which is globally regular,
assuming that the planetary system is not to close to the
5:2 MMR (it is true at least between the present Saturn’s
location a2 = 9.5855 . . . AU and 9.595AU simulation c), and
the part lying below this resonance which is strongly chaotic.
This secular resonance (right bloc) appears in the actions
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Figure 5. Destabilization of the Trojans swarms by the resonances of Family IV for I∗ = 2◦. Left block: Dynamical maps in the
frequency space (projection on the (g, s) plane). The vertical lines show the predicted location of the resonances of Family IV involved
in the dynamical process (see Table 2). Right block: Dynamical maps in the action space (the initial conditions of the fictitious Trojans

are chosen in the plane (a, e), the four other elliptic elements being fixed). The diffusion rate defined by log10 | ν(1)−ν(2)

ν(1) | is coded by

colors that vary from −8 (stable) to −2 (strongly chaotic). Each block is split in six panels labeled from ”a” to ”f” corresponding to the
numerical simulations described in section 3.2.2. See the text for more details.
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Figure 6. Same as Fig.5 for I∗ = 20◦.
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space as the red arch that cuts the vertical axis at about e =
0.25 and the horizontal one at a = 5.35AU . As mentioned
above, Fig. 5.a revels that the domain located inside this
arch (blue to green color) is much more regular than the
outside part (orange to black). For small eccentricities, s =
s2 overlaps with the Family I resonance defined by formula
(7) with i = 1 et j = 13 red V-shape, generating this large
chaotic region around 5.34AU . Family I is also acting around
5.4AU where the narrow red strip corresponds to i = 1 et
j = 14. But, as in this experiment, the semi-major axis of
Saturn varies only very few, about one hundredth of AU
(see Tab. 2), only the resonances of Family IV move, while
those belonging to the three other families are practically
fixed. This makes easier the recognizing of the resonances of
Family IV .

According to Paper I , the present system (vertical bold
line in Fig. 3) is such that the 4-subfamily of Family IV is
acting on low inclined Trojans. For slightly larger a2 both
4-subfamily and 3-subfamily are involved in the Trojans
dynamics. In Fig.5.a, the 4-subfamily is exiting the phase
space (the corresponding resonances are located around
g = 330 arcsec yr−1), while the 3-subfamily penetrates in-
side. For k = 4, the subfamily mainly appears above s = s2

at high eccentricities (e > 0.25), and strengthens the in-
stability induced by the secular resonance. The 3-subfamily
appears at the opposite side of the frequency space and
are very difficult to identify in the action space because
they are located in a region already filled by the resonances
of Family I mentioned above (read V-shape surrounding
a2 = 5.35AU). It is worth mentioning that the narrow gap
at a = 5.38AU in Fig. 5.a is generating by the Family

IV resonance defined by k = 3 and k′ = 1. This resonance
will play a major role in the next experiment. When a2 is
slightly larger, simulation ’b’ ( a2 = 9.59364AU), the situa-
tion is much more interesting. Indeed, the subfamily k = 3
begins to reach central regions, generating strong instability
associated to a rapid escape of numerous Trojans, particu-
larly for a > 5.31AU . Another important point lies on the
fact that this subfamily encounters elements of Family II .
This overlap generates the deep gap located at 5.31AU . The
involved Family II resonances are defined by the multiplet
(α, β, i, j, k, l, ls) = (1, 2, 5, 2, 0, 0, 0) in formula(10) and are
identifiable in Fig. 5.a by the quite vertical orange struc-
ture between 5.31 and 5.32AU (Its location is practically
unchanged in Fig. 5.a). Regarding the involved resonance
of the 3-subfamily, it is defined by k′ = 1, and its neigh-
bor (k′ = 0) is also visible on the left of the previous one,
marked by the small red V-shaped structure. For eccentrici-
ties higher than 0.075 these two resonances overlap too, con-
tributing to this large ejection zone neighboring the above
mentioned gap.

In panel ’c’, the 3-subfamily continue to cross the Tro-
jans swarm, and now occupies its core. The resonance as-
sociated to k′ = 0 is now very close to L4 (curve 2 in Fig
4) while previous ones (k′ < 0) are on the other side of
L4 (curve 3 in Fig 4). The overlap of these resonances (for
k′ 6= 0) generates the huge red region above the resonance
k′ = 0, while the other part of the phase space begins to
be a bit more regular. In panel ’d’, the 3-subfamily moves
outward but its resonances are still acting for e > 0.13. The
sharp transition between the black region and the blue one
is due to the resonance defined by k = 3 and k′ = 2. below

this resonance, the size of the stable region (blue to green) is
increasing again. Remarks that the effect of the 2-subfamily
(right side of the frequency map) is not yet noticeable. Fi-
nally, when the 2-subfamily penetrates deep inside the Tro-
jans swarm, the situation becomes more tragic. In panel ’e’,
a huge number of Trojans escapes the co-orbital region in
less than ten million years, while in ’f’, only small islands
of temporary stability remains. The comparison between ’f’-
left and ’f’-right shows that each island is separated by two
consecutive resonances of the 2-subfamily. This is possible
because the distance between two resonances of the previous
kind is larger than the one separating the resonances of the
3 and 4-subfamilies. The simulation ’f’ is the last one of the
sequence. Indeed, if Saturn get closer to the 5:2 MMR, the
entire Trojans Swarm is rapidly cleared. At 9.602AU , (see
Fig. 3), the frequency −ν2,5 decrease abruptly to reach the
MMR. During this decrease, the 1-subfamily is reached, but
at the same time, the planetary system crosses the ’separa-
trix’ of the 5:2 MMR. The chaos induced by the separatrix
crossing combined with the resonances of Family IV make
the whole Trojans Swarm strongly unstable. We will see in
section 3.3 that this phenomenon stops when the planetary
system is inside the stable domain of the libration area as-
sociated to the 5:2 MMR.

At 20◦ of initial inclination, the mechanism is practi-
cally the same, but a bit delayed. Indeed, in simulation ’c’
(I∗ = 2◦) and ’C’ (I∗ = 20◦) the dynamical situation is
basically the same, but ’c’ occurs at a2 = 9.59513AU and
’C’ at 9.597816. This is a direct consequence of the fact that
the upper bound of πg(ΘI∗) is a decreasing function of I∗.
This would have implications on the final distribution of
the Trojans versus inclination, as we will see in the end of
the present section. Looking at Fig. 6 (left bloc), one real-
izes that the main chaotic structures are vertically aligned.
This confirms the choice, which could seem arbitrary, that
we have made in formula (14). Indeed, resonances of Family

IV which generates the most chaotic behavior do not depend
on s, sj . Conversely, these secular nodal frequencies are in-
volved in secular resonances. In addition to the resonance
s = s2, which is still visible at 20 deg, two other resonances
can be seen in Fig. 6 (right bloc). These structures form
the two yellow thin arches (particularly in ’A’) cutting the
X-axis at 5.26AU for the 3s − s2 − 2g1 = 0 (inner arch),
and 5.29AU for the 2s − 3g1 + g6 = 0 (outer arch). As in
Fig. 5, simulations ’A’ to ’F’ show the shifting of the reso-
nances of Family IV . In ’A’, the 4-subfamily is exiting the
phase space while the 3-subfamily has already reached its
center. The two resonances in both sides of L4 are defined
by k = 3 and k′ = −3,−2. They are associated to the two
quasi-straight lines, displayed in yellow-orange colors, cross-
ing the two above-mentioned resonant arches. In ’B’, the
resonances are shifted leftward (frequency space) and their
overlap generates global chaos above e = 0.12 (location of
the resonance k = 3, k′ = −1). Then, the resonance k′ = 0
reaches L4 and generates the sharp transition between blue
and red regions. The 3-family moving outward, the stable
area begins to shrink drastically between simulations ’D’ to
’E’. In ’E’, the 2-subfamily penetrates the phase space and
eject the most of the Trojans in ’F’. As in simulations per-
formed with an initial inclination of 2◦, only small islands
of temporary stability remain and are surrounded by gaps
generated by the resonances of the 2-subfamily. The increas-
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Figure 7. The 3:7 MMR and its Family IV : Θ2 projected on the
(g, s) plan for a2 = 9.1833AU . From right to left the six verticals

lines correspond to the resonances 2g = −ν3,7 − 2g1 + k
′

(g2 − g1)
for −k ∈ {1, 2, 3, 4, 5, 6}. The frequency unit is the arcsec yr−1.

ing of the stable region between crossing of two subfamilies
of Family IV is something that we have not observe at low
inclinations for a simple reason.

As it was already mentioned, the length of the interval
πg(ΘI∗) decreases with the increasing of I∗. The main con-
sequence, which is illustrated in Fig. 3, is that the size of
the boxes associated to a given subfamily decrease when the
inclination get higher. Consequently, the higher the inclina-
tion, the less possible the intersection of two boxes. Indeed
The clear boxes intersect and not the dark ones. As a result,
between two successive subfamilies, renewal of stability may
occur for high enough values of I∗. This phenomenon can
be also seen in Fig. 8 second panel, where the fraction of
ejected Trojans decreases suddenly from 0.8 to less than 0.6
to finally jump to 0.9 and more (see section 3.3 for more
details).

To complete this section, let us point out that the above-
mentioned evolution may lead to a lack of weekly inclined
bodies Trojan. Indeed, if we assumed that the migration
stopped close enough to the MMR, the sweeping of the Tro-
jans would have taken place for small inclinations while it
wouldn’t have begun for higher inclinations. Unfortunately,
in the solar system, Jupiter and Saturn are too far from the
5:2 MMR to have generated this phenomenon; except if this
system was closer, in the past, to the resonance than it is
now. But it seems not to be a realistic scenario.

3.2.3 Family IV associated to other orbital resonances

The mechanism studied in section 3.2.2 being very general,
resonances of Family IV should take place in a small neigh-
borhood of each MMR. But in some cases, the corresponding
region is so chaotic that no resonance can be accurately iden-
tified. This is particularly true for the 2:1 orbital resonance,
where its merging with Family II generates a huge unstable
zone (see section 3.3).

On the other hand, the resonances of Family

IV associated to the 7:3 MMR can be easily detected, es-
sentially because they generate a moderate chaos. We con-
sider here that the initial semi-major axis of Saturn is equal

Table 3. Secular resonances: values of a2 (in AU) for which
the three first resonances of the form g = g2 + k(g2 − g1) en-
ter the intervals Θ2, Θ20, and Θ30 for the ”elliptic section”
(M2 = 340.04◦).

I∗ g = g2 g = 2g2 − g1 g = 3g2 − 2g1

2◦ < 8.39 [8.41, 8.425] [8.43, 8.455]
20◦ < 8.395 [8.425, 8.43] [8.45, 8.46]
30◦ < 8.4 [8.435, 8.44] [8.47, 8.475]

to a2 = 9.1833AU . Fig. 7 displays the projection of the
Trojans frequency domain Θ2 on the plan of coordinates
(g, s). For this planetary configuration, which is very close
to the 7:3 MMR, the combination of proper mean motion
ν3,7 = 3n1 − 7n2 is close to −423 arcsec yr−1, implying the
relation −ν3,7/2 ∈ πg(Θ2). Consequently, several resonances
of the 2-subfamily, defined by the relation:

2g = −ν3,7 − 2g1 + k
′

(g2 − g1), (15)

are present in the Trojans phase space. Fig. 7 shows those
resonances for k′ ∈ {−6,−5,−4,−3,−2,−1}. Let us notice
that the horizontal line, corresponding to the secular reso-
nance s = s2, is shifted downward in comparison with Fig.
5. Indeed, s2 was equal to about −26 arcsec yr−1 in the
simulations of section 3.2.2 while here, its value is close to
−32 arcsec yr−1.

3.3 Role of the secondary resonances

The main purpose of this section is to find out, in the
most exhaustive possible way, which are the unstable struc-
tures being able to affect Trojans swarms during a migration
phase. As mentioned in section 3.1.1, we limit our study to
the domain a2 ∈ [8, 9.65]AU , which locates Saturn between
the 2:1 and the 5:2 MMRs. This goal can be reach by, at
least, two different ways. The first one consists on the pre-
diction of these events knowing, on one hand the behavior of
the planetary frequencies, on the other hand the four fami-
lies of resonances generating chaotic behaviors. The second
way rests on numerical simulations of the same kind than
the ones presented in section 3.2.2 and 3.2.3.

We have followed independently these two different
paths and have found results in very good agreement. These
results are presented in Fig 8. Among the numerous data
produced by these numerical simulations, we only plot the
ejection rate, that is: the number of escaping Trojans divided
by the amount of bodies present in the initial population.

Fig. 8 is split in four panels. The bottom frame (8.d)
shows the predicted location of the resonances generating
instabilities, it will be detailed latter on. The three other
panels display the depletion rate (Y-axis) with respect to
the initial semi-major axis of Saturn (X-axis, in AU). They
correspond to simulations with initial inclination equal to
I∗ = 2◦ in Fig.8.c , I∗ = 20◦ (8.b), and I∗ = 30◦ (8.a). On
these depletion curves, the succession of steep peaks of ejec-
tion (local maximum of ejection) and deep troughs of stabil-
ity (local minimum of ejection) provide useful indications on
the global dynamical behavior of the Trojans swarms along
the migration path.

Before going further, let us notice that, in the present
Solar System, Jovian Trojans are located in a trough of
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a

b

c

d

Figure 8. Chaos generated by the resonances of Family II : on the bottom frame (d), the frequencies ν1,2,ν3,7,ν2,5 and some of their
rational multiples are plotted versus a2. The rational numbers written on the curves i/jν(α,β) correspond to the value of i/j, the values
of (α, β) being equal to (1, 2) for the red curves, (3, 7) for the black bold ones and (2, 5) for the green dashed curves. The horizontal
grey, pink and blue strips indicate the reachable values of ν in Θ2, Θ20, and Θ30. The three upper plots represent the relative number
of ejected trojans neject (escape rate) during our numerical integration (section 3.1.1) of respectively D2◦ (panel c), D20◦ (b) and D30◦

(a) for a2 ∈ [8.3, 9.65] AU.

strong stability (a2 = 9.5855AU). It may be amazing that
the migration would stop where the stability of the Tro-
jans swarms were maximal. But in fact, other planetary
configurations leading to stable swarms exist. In particu-
lar, a2 = 9.44AU provide a nice solution to this problem.
Fig. 8 shows that this solution is perhaps the most stable
that we have explored, particularly at 20◦ and 30◦ of initial
inclination.

The ejection peaks present in Fig. 8 are obviously as-
sociated to resonances. The following reasoning will show
that, except three peaks, the other ones are generated by
resonances of Family II . Let us first consider these three
particular cases. Those unstable regions are indirectly gen-
erated by the three main MMRs present in the studied
domain: the 2:1 for a2 < 8.4AU (in fact this is more a
plateau than a peak, in this whole region the depletion rate
is about 100%), the 7:3 at a2 = 9.2AU and the 5:2 for a2

around 9.6AU and more. As mentioned in section 3.1.2, the
both sides of these peaks are generated by action of Fam-

ily IV conjugated to the chaos introduced by the planets
crossing the separatrix of the MMRs. When the planetary
system is deep inside the 7:3 and mainly 5:2 MMRs, the de-
pletion rate decrease suddenly, which suggest the existence

of regions harboring stable Trojans. This is especially strik-
ing at I∗ = 2◦. This phenomenon has been pointed out in
Marzari & Scholl (2007) where authors find long live Trojans
when Jupiter and Saturn are in the 2:1 orbital resonance.
We do not observe the same stability in this resonance as
we can see in Fig. 8 where the ejection rate is always close
to 100%. These different behaviors can be explained quite
easily. Indeed, Trojans stability depends strongly on the lo-
cation of the planetary system with respect to the different
topological structures of the considered MMR. If the planets
inside the resonance are close a separatrix (hyperbolic man-
ifold) of one of these structures, the chaos induced by the
planets may destabilize the whole Trojans swarm. On the
contrary, if the planets lie in a stable region corresponding
for example to an elliptic libration centre, their motion is in
general close to quasiperiodic. Consequently, the Trojans do
not suffer from chaos induced by the planetary system. But
the motion of the Trojans is not necessarily regular. Sec-
ondary resonances between ν and the libration frequency
associated to the MMR can arise, leading the ejection of nu-
merous Trojans. Without studying the MMRs one by one,
we cannot know which case corresponds to a given situa-
tion. We can only mention that, around 9.63AU , where a
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region of relative stability takes place inside the 5:2, the an-
gle 2λ1 − 5λ2 + 3̟2 is librating, and according to Fig. 2,
our ’elliptic migration path’ crosses some kind of libration
center (one of the most stable regions encountered in the
section of the phase space). On the contrary, when Jupiter
and Saturn are in 2:1 MMR (a2 ≤ 8.4AU), almost all Tro-
jans are ejected from the co-orbital zone. This is probably
because our migration path stays always quit far from the
libation center of the 2:1 orbital resonance (see Fig. 2).

Concerning the other ejection peaks, they are certainly
not associated to Family I . The reason is that, this family
depends mainly on n1 which varies only very few in our sim-
ulations. Consequently, resonances of Family I have rather
the same strength all along the migration path and thus
cannot be responsible of these successive stability changes.

The same argument holds for the secular resonances
of Family III . The secular resonance most affecting Jovian
Trojans is the s = s2. It moves continuously (except in a
small neighborhood of the MMRs) without coming close to
L4. Other higher order secular resonances including nodal
secular frequencies can eventually move inside the Trojans
phase space, but generate only a very local chaos (see section
3.2.2). A very interesting point is connected to the existence
of the secular resonances g = (k + 1)g1 − kg2, which can
play an important role in increasing the eccentricity of the
Trojans belonging to. Basing on the values of g1 and g2 given
in Fig. 1 and according to formulas (12), the exact location
of these resonances can be derived. Tab. 3 gives the locations
of the main resonances of this kind. According to Fig. 8 these
values correspond to a region which is close to the 2:1 MMR,
and where very high peaks are present. We will go back to
this point latter, but in any case, the influence of secular
resonances seems to be very local and cannot generate this
succession of highly unstable regions.

Having eliminated the other resonances, only Family

II remains. It is not, in fact very amazing because of at least
two reasons. The first one is that we have shown in section
2.3 that these resonances were able to act far away from their
associated MMR. Furthermore, Paper I reports that, in the
present solar system, narrow unstable regions resulting from
Family II appear in ΘI⋆ . The second reason lie on the fact
that in Morbidelli et al. (2005), the authors point out two
strong instabilities which enable the capture of the future
Jupiter Trojans.

In order to make sure that these peaks are really due
to Family II , we will compare, like in section 3.2.2, our
predictions to the simulations whose results are plotted in
Fig. 8. To predict the locations of Saturn whose resonances
of Family II penetrate the Trojans swarms, we proceed as
for Family IV : neglecting the right-hand side of the equal-
ity (10), that is, the combination of secular frequencies,
the resonance condition writes: ν = j

i
να,β . The question

is now to know whether, for a given a2, the frequency j
i
να,β

belongs to πν(ΘI∗) or not. The bottom frame of Fig. 8
answers the question: for the three main MMRs, namely
(α, β) ∈ {(1, 2), (3, 7), (2, 5)}, the values j

i
να,β are plotted

versus a2. The X-axis represents a2 in AU while the ver-
tical axis measures the frequencies in arcsec yr−1. A color
is associated to each MMR, the curves j

i
να,β (which are

practically straight lines) are drown in red for the Family

II connected to the 2:1 MMR, in black for the one associ-
ated to the 7:3 and in green for the 5:2. The black labels on

these lines indicate the values of i
j

associated to the corre-
sponding resonance. For the sake of clarity, these labels are
aligned. The upper line (located at about 8600 arcsec yr−1)
corresponds to ν1,2, the second line (at 8200) to ν3,7, and the
last one (at 7600) to ν2,5. The colors of the background cor-
respond to the values of the initial inclination I∗. The grey
is associated to I∗ = 2◦: more precisely, in the grey region,
the frequencies (Y-axis) range in the interval πν(Θ2◦). In
the same way, in the pink rectangle, the frequencies belong
to πν(Θ20◦ ), and to πν(Θ30◦ ) for the cyan domain. The use
of these different colors allows predicting easily the location
of resonances for the three inclinations used in this paper.

As it was the case for Family IV , the criterion i
j

∈
πν(ΘI∗) does not correspond to a single resonance in the
Trojans phase space but rather to multiplet of resonances
associated to the linear combination of secular frequencies
arising in the right hand side of (10). Consequently narrow
strips should replace the lines. But for the sake of simplicity,
we prefer to keep the lines.

In Fig.8.a-c, between the 2:1 MMR (left) and 8.8 AU,
three high peaks stand out for all inclinations (the ejec-
tion rate is practically equal to 100%) . As it was men-
tioned above, the resonances of Family II associated to the
2:1 MMR dominate this region; therefore, these three strong
depletion zones are generated by these resonances. Indeed,
these peaks coincide perfectly with the lines labeled with 3, 2
and 1 (bottom frame) associated to the relations: ν equal 3, 2
and 1 times ν1,2. These maximum of ejection match very well
the prediction: the bases of the peaks coincide with the pro-
jection on the X-axis of the intersection of the correspond-
ing line with the colored region (e.i. pink for I∗ = 2◦). More
over, the peaks are shifted rightward when the inclination
grows, which is due to the fact that red lines are increasing.
We have to mention that it is not the first time that these
structures are observed. Indeed, in Morbidelli et al. (2005),
the authors have widely studied the region corresponding
more ar less to the interval [8.3, 8.65] AU in our simulations
(see next section). They found two regions of strong deple-
tion corresponding to our two first peaks. Moreover, in Fig.
1 of the above-mentioned paper, the curve indicating the
fraction of population that survives for 2 105 My in the co-
orbital region possess a small singularity (just after 1.5 My
of integration) which is not mentioned in the paper. Looking
at Fig. 8, we clearly see that this singularity is generated by
the subfamily ν = 3

2
ν1,2.

Our main peak, corresponding to the encounter of the
secondary resonance ν = ν1,2 is outside of the region studied
in Morbidelli et al. (2005), but it seems that an important
phenomenon occurs here. Indeed, the rightward shift of this
structure when I∗ increases is very important compared to
the two previous peaks. It is essentially because the slope
of the red curved representing the frequency ν = ν1,2 is
smaller than the ones of the curves ν = 2ν1,2 and ν = 3ν1,2.
F. Marzari and H. Scholl (2007) mention the existence of
this resonance but observe that it is weaker as compared
to the previous secondary resonances (the 1:2 and 1:3). It
is not what we get in our study, but the two simulations
are not easy to compare. The first simulation takes into ac-
count a forced migration, imposing Trojans to cross a given
resonance quite rapidly. While in our case, the migration
being frozen, the resonances have enough time (here 10 My)
to eject the test-particles. In any case, we probably over-
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estimate the influence of the resonances, but our goal is
not to have a realistic simulation of Jupiter’s Trojans dur-
ing the planetary migration, but to point out the regions
or the events that are relevant in term of eject (or injec-
tion) of bodies in the co-orbital region. In the same paper
F. Marzari and A. Scholl stress the dominant role of the sec-
ular resonance g = g2. In our simulation, the region where
g = g2 occurs is so close to the 2:1 MMR (see Table 3)
and so chaotic that the fundamental frequencies are mean-
ingless: Trojan’s trajectories are to far from quasiperiodic
ones. But, in the contrary, for I∗ = 2◦, we can distinguish
a very small peak centered at a2 = 8.44AU (just before the
secondary resonance ν = 3ν1,2) which is generated by the
secular resonance g = 3g2−2g1. By increasing I∗, the secular
resonance is shifted rightward (Table 3) while the secondary
goes leftward. This generates a overlap at approximately 20◦

(commune peak in Fig.8.b). This 2 regions are split again
for higher inclination (Fig.8.a). Nevertheless the dynamical
influence of the resonance ν = 3ν1,2 seems to be always pre-
dominant.

When the semi-major axis of Saturn is greater than
8.8AU , the dynamical situation becomes richer but more
complicated. Indeed, the resonances of Family II generated
by the frequency ν1,2 are still present, but although they
are involved in the global dynamics of the present solar
system (see Paper I ), their dynamical influence decreases
strongly. On the other hand, the secondary resonances of
Family II associated to ν3,7 and above all ν2,5 begin to gen-
erate instabilities.

On one hand, the order of the 2:5 and 3:7 MMR be-
ing greater than the one of the 1:2, the corresponding res-
onances of Family II will probably less perturb the Trojans
swarms than the ones depending on the 2:1. On the other
hand, one can expect to find strong chaos when at least
two of these resonances overlap. Lets us notice that, because
ν3,7 = ν1,2+ν2,5, when a resonance of Family II associated to
ν1,2 and another one associated to ν2,5 overlap (intersection
of red lines and green lines in Fig.8.d) a secondary resonance
connected to ν3,7 is present in the same place. But gener-
ally, the order of this resonance is quite high. As we have
retained only the resonances ν = ±ν3,7 and 2ν = ±ν3,7 (the
resonances associated to ν = ±2ν3,7 are also of interest, but
for the sake of clarity they are not drown in the figure) only
four triple intersections are inside the studied domain (Fig.
8.d). These intersections are defined by the relations:

ν =
2

3
ν1,2 = − 2

5
ν2,5 = −ν3,7 at about 9.04AU (16)

ν =
2

5
ν1,2 = − 2

3
ν2,5 = ν3,7 at about 9.33AU (17)

ν =
1

2
ν1,2 = −ν2,5 = ν3,7 at about 9.37AU (18)

ν =
2

5
ν1,2 = −2ν2,5 =

1

2
ν3,7 at about 9.5AU (19)

These four different overlaps coincide with a local maximum
of the ejection rate. The most striking phenomenon occurs
when the resonances of the Family II associated to ν = ν3,7

cross the Trojans space phase, see formulas (17) and (18),
for a2 ∈ [9.33, 9.37]AU . Indeed, at I∗ = 30◦ (Fig.8.a), rises a
steep peak reaching 80% centered at 9.41AU , while a smaller
one is located on its left at 9.3AU . When the initial inclina-

 340

 360
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 440

 8000  8200  8400  8600  8800  9000

Figure 9. Overlap of resonances of Family II associated to 2:5
MMRs. Top frame: projection on the frequency plane (ν, g) where
the resonances are easy to identify (see the text for more details
about this resonances). Bottom frame: chaos generated by these
resonances in the plane (a, e).

tion falls from 30◦ to 2◦, these two unstable structures merge
to generate the rounded peak around 9.37AU (Fig.8.c). The
predictions given in Fig.8.d suggest that the left above men-
tioned structure is generated at 30◦ by the triple resonance
defined by the equation (17), while the right one by the in-
tersection of the 2ν = ν1,2 and the ν = −ν2,5 secondary
resonances. When I∗ decreases, the higher pick follows the
Family II resonances associated to ν = −ν2,5 and is conse-
quently shifted leftward, while the other one is driven by
the ν = ν1,2 and goes rightward. The merging of those two
structures occurs at I∗ = 2deg (Fig. 8.c) generating the high
rounded peak generated by the intersection defined by the
relations (18). The last resonance maintained the relatively
high level of ejection on the left side of the peak.

In order to illustrates this discussion, the L4 Trojans
swarm has been integrated in the case of a2 = 9.3842AU
and I∗ = 2◦. As a2 is slightly greater than the location of
the triple resonance defined by (18), and according to (Fig.
8.d), the resonance of Family II generated by ν = −ν2,5

should dominate the global dynamics of the swarm. This is
exactly what reveals the top panel of Fig.9. This figure shows
the projection of Θ2◦ on the plane (ν, g). Details concerning
this projection can be found in Paper I . Two structures are
particularly interesting: the resonance overlap (accumula-
tion of vertical segments) around ν = 8600 arcsec yr−1 and
the slant line at about 8200 arcsec yr−1. The first structure
to the overlap of the resonances of Family II of the kind:
ν = −ν2,5 − kg1 + (k − 3)g2, where k = −1, 0, 1 have been
clearly identified. This overlap leads to the wide red region
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Figure 10. Initial phases dependence of the resonances of Family

II : the bottom frame shows the predicted locations of the reso-
nances ν ≈ 3ν1,2, ν ≈ 2ν1,2, ν ≈ 3/2ν1,2 and ν ≈ ν1,2 (see Fig.
8-d), for the ”elliptic section” in solid lines and for the ”hyper-
bolic section” in dashed lines. The top-frame shows the ejection
rate for these two sections.

lying between a2 = 5.25 and 5.31AU in the bottom panel
of Fig.9. As regard the secondary structure, it is generated
by the resonance ν = −ν2,5 − g − 2g2 which is probably the
main generator of the second chaotic structure correspond-
ing to the red area surrounding a2 = 3.35AU in the bottom
frame of Fig. 9.

We will not give further comments concerning Fig.9,
but the bottom frame of this picture allows the reader to
understand by himself the existence and the inclination de-
pendence of the smaller ejection peaks present in Fig.9.

3.4 Initial phases dependance

Adiabatic invariance theory suggests that, during the migra-
tion, the planets are never captured in MMRs (Morbidelli
et al. 2005). For this reason, and even if we do not take
migration into account, we will study the evolution of the
resonant structure along the ”hyperbolic segment” defined
in section 3.1.2. Contrarily to the ”elliptic segment”, the pre-
vious one has the advantage to cross the 2:1 resonance at
its smallest section, minimizing the range of Saturn’s semi-
major axis for which the two planets are trapped inside the
MMR. This simulation is probably closer than what is ex-
pected by adding planetary migration.

Denoting by νH
1,2 the quantity n1 − 2n2 evaluated along

the hyperbolic segment (Fig.1 green curve) and νE
1,2 the one

computed on the elliptic path (Fig.1 red curve), we deduce
from Fig.1 that when a2 ∈ [8.3, 8.85] and is out side of
the MMR, the inequality νE

1,2 < νH
1,2 holds. Moreover, the

greater a2, the smaller the the value of νH
1,2 − νE

1,2. In addi-
tion, the width (in a2) of the 2:1 MMR along the two sec-
tions are very different: the ”elliptic width” is about three
times greater than the hyperbolic one (see also Fig. 2). As
a result, the slop of the red curve is always greater than the
slope of the green one. These facts have direct consequences

on the secondary resonances of Family II associated to ν1,2.
Fig.10 details the comparison between these two choices of
initial phases. In its bottom frame, the frequencies 3, 2, 3/2
and 1 times ν1,2 are represented in solid lines for νE

1,2 and
in dashed lines for νH

1,2. Just like Fig1-d, this plot enables
us to predict the location of the resonances of Family II .
The associated numerical simulations are reported in the top
frame of Fig.10 6, the ejection rate of the hyperbolic section
are represented by a dashed curve with black circles while
the solid line with white circles is used for elliptic section.
One more time, the numerical simulations and the predic-
tions are in very good agreement. As regards the location
of the resonances of Family II , a given resonance is crossed
by the Trojans swarm at a smaller value of a2 in the hy-
perbolic case than in the elliptic one, the splitting between
these two locations decreasing when the planetary system
moves away from the orbital resonance. The width of the
resonances of Family II is also affected by the change of the
initial phases of the planetary phases. Because the slop of
the curves plotted in the bottom frame of Fig. 10 is smaller
for the elliptic section than for the hyperbolic section, the
resonances generated in the hyperbolic case are wider than
the ones associated to the elliptic case. But, as shown in
Fig. 10, even if the ejection peaks are wider and shifted left-
ward along the hyperbolic section, the global features are
the same in the both cases. Consequently, we think that the
modification of the planetary phases does not really affect
the global dynamics of the Trojans swarms.

4 DISCUSSION

We have shown that the global dynamics of a Trojans swarm
is shaped by its resonant structure. This structure depends
crucially on the fundamental frequencies of the planetary
system in which it is embedded. We have established the link
between the modifications of the geometry of the planetary
system and the change of stability of the Trojans swarm. In
order to study the global dynamics of Trojan in a system
whose planets migrate, it is enough to know the evolution
of the fundamental frequencies of the system during its mi-
gration. Therefore, without even integrating the particles of
the swarm, we can determine the main features of its global
dynamical evolution (transition between total stability and
strong instability). In our application to the case of Jupiter
Trojans disturbed by Saturn, we have varied one parame-
ter: the semi-major axis of Saturn7. In a realistic migration,
many other parameters would vary, but we think that this
modifies only slightly the results obtained in this paper. In-
deed, we have seen in section 3.4 that the variations of the
planetary phases almost did not affect our results. In the
same way, the ”apsidal corotation” of the planetary perihe-
lia which, according to Marzari & Scholl (2007), strengthen
the influence of the secular resonances, probably does not
significantly modify the resonant structure of the Trojans.

6 In this section, the simulations are limited to the Trojans having
an initial inclination equal to 2◦, which is enough for the study
of the phases dependence.
7 If we had varied the semi-major axis of the two planets, it would
have been easy to keep a one parameter model by using, rather
the two semi-major axis of the planets, their ratio.
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Another interesting point can be deduced from our
study. The resonant structure, and particularly its splitting
in four families defined in section 2.3 are generic. More-
over, the definition of the families seems to hold for almost
all planetary configurations. But the respective dynamical
influence of the four families depends on the mass of the
planet harboring the Trojans swarms. According to (1), if
this mass decreases, the decrease of the proper frequency
g is proportional to the planetary mass while the one of
ν is weaker (ν = O(

√
ε)). The elements of Family IV being

approximated by the relation: g ≈ νp,q, the smaller the plan-
etary mass, the closer this resonance from the p : q MMR.
As a result, the smaller the mass of the planet, the more
local the dynamical influence of Family IV . In this case,
we can expect that the role of the resonances of Family

IV becomes negligible compared the one played by Family

II . Conversely, the secular resonances (Family III ) which
do not involve the frequency s, seem to be negligible in the
Jovian Trojans swarm. But, their contributions increase for
smaller planetary mass, as it was already mentioned in sec-
tion 2.3.

Finally, the method of prediction developed in this pa-
per being very general, this approach can be used to study
the dynamics of a large class of problems. Beside its straight-
forward application the Trojans of a planet (results concern-
ing the dynamics of the hypothetical Trojans of Saturn will
be presented in a forthcoming paper), it can also be used
to study the dynamics of satellites in a planetary system in
migration, or more generally, to understand the behavior of
a dynamical system undergoing quasiperiodic perturbations
with slowly varying frequencies.
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1989, J. Differential Equations, 77, 167

Giorgilli A., Skokos C., 1997, Astron. Astrophys., 317, 254

Gomes R. S., Morbidelli A., Levison H. F., 2004, Icarus,
170, 492

Holman M. J., Wisdom J., 1993, Astron. J., 105, 1987
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