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SENSITIVITY ANALYSIS OF THE HETEROGENEOUS ARRAY

Yvon Erhel, Martial Ogef, Dominique LemdrFrancois Marié and Christian Broussedu

IC.RE.C.
Ecoles de Coetquidan
56381 GUER France

ABSTRACT
This paper investigates the robustness of directioting
techniques relatively to modelling errors for twaustures of
arrays (homogeneous or heterogeneous). The heteroge
structure is based on the set up of non identieasars and
has been proposed in order to make an array pafenz
sensitive.
Regarding the MUSIC algorithm as a reference,
calculation of angular errors is limited to firgtder terms of
the perturbed vectors or matrices. For
simulations, examples involve trans horizon appilice in
the HF band (3-30 MHz). Computations have beenezhout
with a standard scheme of perturbations and theltses
indicate a better robustness of the heterogeneway for a
given level of uncertainty.

1. INTRODUCTION

Direction finding techniques operate with synchmso
acquisitions at the output of an array of sensord the

associated covariance matrix is the relevant inéion for

the most popular high resolution algorithms (Capdusic,

Weighted Subspace Fitting). This paper investigates

estimation of angular errors resulting from a peration on

the steering-vector matrix. These uncertaintiestran array
response are due, for example, to imprecise paosita the

sensors or to a default in the calibration of thecteonic

circuits connected to each of them. The expressidrhe

errors (limited to first order terms) are derivedr ftwo

different structures of array. The first one is ttlassical

homogeneous array set up with identical sensors.s€eond
one is the heterogeneous structure, set up witferdiit

sensors, that we proposed for HF applications theoto

make the array sensitive to the incoming polarmrati
Statistics of the angular errors are computed F& two

solutions and indicate a greater robustness of séond

structure.

2.EXPRESSIONS FOR ARRAY PROCESSING

2.1. Homogeneous (classical) array
A homogeneous array is set up with NC identicalseen
associated with a reference point for the geonatphase. In

presence of NS incident waves with direction ofvair 0y,

the numlerica
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the NC output signals on the array are collectedthim
acquisition column vectoX (t) as:

NS
X(t) = kZ_igl(ek Bk (t) + N(t) @)

where a(B ) is the steering-vector for the D.O.8y , (t)
is the corresponding signal arld(t) is the noise vector.

theAssociating the NS steering vectors in the ma#iprovides

the classical linear model of acquisitions:

X(t) =AS(t) + N(t) @)
whereS(t) is the signal vector.

The covariance matrix of the acquisitions, defiasd

Ryx =EIX(0)-X()"] (3)

is then expressed as:

Ryx =ARAM +021d @)

whereRgsis the covariance of the incident signals:
_ H

Rss =E[S(t).S(t) '] (5)

2.2 Heterogeneous array

A heterogeneous array is made up of sensors whieh a
different from one another. For each of them, thieational
gain relatively to the angl®, called spatial response and
denoted by K6), n=1,...NC is supposed to be known.
Examples of spatial responses for HF antennas avidimple
geometry are calculated in reference [1]. The cdatmn
refers to a deterministic model of the polarizatairthe exit
point of the ionosphere.

In this context, the linear model for the outpgnsils of the
heterogeneous array is expressed as:

NS
Xp (1) = kz_lélh (B Bic (1) + Ny (1) (6)

The components of the steering-vectafs(6) combine the

spatial responses and the exponentials which reprabe
phasesp, (B ) calculated with respect to the array geometry:

a0 6) = (RO L), Ry PNCONT )

It can be noticed thaa, (6) does not have a constant norm ;



this remark will be taken into account when applyine
MUSIC algorithm on this particular type of array.
Gathering the NS steering-vectors in matAy, gives the
linear model for the heterogeneous array:

Xp (1) =AnS(t) + Ny (1) (8)

and, assuming a spatially white additive noise, the f(6) = QH (8)(Vn +AVp)(Vn "'AVn)HQ(e)

corresponding covariance matrix is

RxxthhRssAE| +o2ld 9)

3. SENSITIVITY ANALYSIS :
PERTURBATION METHOD

Perturbations are supposed to affect the arrayonssp
random displacements of the sensors or differemgain and
phase for the different acquisition channels coteteto the
sensors. However, the assumption of spatially whdtise is
maintained keeping the noise covariance matrix gnigmal
to the identity matrix.

Consequently, the modified covariance matrix camwlb#en
as:

Ry = (A + AAR oA +AA) M +621d (10)
whereAA is the perturbation of the array matrix due taesr
on the manifold.

Several algorithms are based on the eigen decotigrosif
the covariance matriR.[2]. The eigen vectors of the noise
subspace are the columns of maWiR. The perturbation of
the array manifold induces a variatidvn of matrixVVn:

Vn =V, +AV, (12)

The noise subspace of the perturbed covariance
characterized by the relation:

[(A +AAR g5(A +AA) T +621d)(v FAVR)=
(6°1d +AAR)(Vp +AVp)

where A\, is the perturbation affecting the diagonal of the

noise eigen values.

Developing this expression and assuming that theorsk
order terms can be neglected, we obtain the rggjult

AV,HA =-vHaA (13)

Thanks to relation (13), the dependence of the langrror
with the perturbation of the array manifold is &dighed in
the following section. The direction finding techoe
considered as the reference in this work is the MUS
algorithm [4] which estimates the angle of arriviay
minimizing relatively to the angular paramegethe quadratic
form:

f(6)=a" (B)Vn Vi a(®) (14)
3.1 Homogeneous array

In absence of perturbations, the quadratic forrmiisimum
for the exact angles of arrival:

- f
f (ek):w =0andV, a(8y ) = Ofor
k=1,...,NS (15)
With perturbations, the quadratic form is modifiad

(16)

and reaches its minimums for angles equal to:
Bk =0k + A0y (17)
where ABy is the angular error.
For these values of angle, we can express that:
f'(Bk) =0=1"(Bk) + A0 "(Bk) +O(B0K*)  (18)

if the terms of second order are neglected. Thellangrror
is obtained by dividing the first derivative of tiperturbed
guadratic form by the second derivative. This dalibon is
adressed in ref [3], chap.11 and gives :

ABy = ¥ H (19)
a’ (Bi)VnVn 'a'(8k)

and, using relation (15), we finally obtain [3]:
H H

Ay = Oefa”™ " (8k)VnVn "Aa(By)] (20)

a8y )Vn Vi Ha' (8y)

In this relation , the angular errah®; depends on the
uncertainty affecting the steering-vec&gBy).

is

Since the perturbatiofa(6y) is a random vector, the angular
error is quantified with its statistics. Therefoveg calculate
now the mean square error of the angle of arrival.

Denoting f :VnHa_t' (Bk), the angular erraABy is written
as:

_fi vl aaey) + aa@y) " Vit

) 2f H fi

Then, the related mean square error is calculaed a

O¢{ 11 "V (Cac Vi f i + Diac Vintie)
2f_ka_k2

ABy (21)

E[A8 %] = (22)

where  matrices Cyk = E[Ag(ek)Ag(Gk)H] and

Dkk = E[Ag(ek)Ag(Gk)T] contain statistics of the
perturbationAa(6y).

3.2 Heterogeneous array

In this section, we derive the calculation of timgalar error
resulting from a perturbed array respon®\, of a
heterogeneous structure.

The modified acquisition covariance matrix is exgsel as:



Ryxh = (Ap +AAR)Rss(Ap +AAL)H +021d (23)

Similarly to relation (13), it can be demonstratindt the

corresponding perturbatioddV, of the noise subspace

verifies:

AVaHAL =-vHaA, (24)

The MUSIC algorithm is based on the orthogonalgyween
the steering-vector of an incident signal and thasen

Denoting g, = Vi Hli_)' (Ok) ., we can finally express the
mean square angular error for the heterogeneoay ast

Hy,H x x
Oe{ g, Vi (CkkhVng, *+DkkhVng,) }

. (30)
2|lan @1)] (g, " 9,)

E[A8, 2] =

4. NUMERICAL SIMULATIONS

subspace [4]. The implementation operating with an4.1l Antenna arrays for HF direction finding

estimation of the covariance matrix, the correspund
vectors are only approximately orthogonal. For ttd@ason,

the variable vector to be projected in the noisbspace

should have a constant norm for all directionsraf/al under

test. This condition is obviously fulfilled for the
homogeneous array with a norm afB) been equal to
JNC whatever the angle of arrival.

On the contrary, the steering-vector of the hetenegus

array has not this property as indicated in sectibd.

Therefore, the quadratic form to be minimized iis ttase is
written as [1]:

f© =b,"@)VViib, 6 (25)
where
by, (6) =a, (6) /th (G)H (26)

is the normalized steering-vector. Actually, theaswge of
orthogonality between a variable vector and a gsaspace
implies that the vector has a constant norm.

The angular error for the heterogeneous array pisessed as
an equivalent of relation (27):

- Oefbp,' ™ 8Ky VnAVa by, (BK)]
br'™ Bk VnVnby' (BK)
dby, ()

ABy O (27)

where by," (6) = is the derivative of the normalized

steering-vector relatively to the angle of arrival.

To take benefit of relation (32), we express that:
ap(6k) _  H Aau(6k)
e e /L= L.
o, @) o @)
to finally obtain the expression of the angulaoerr
_1 ,
Jan 8] " Delbp' ™ (Bk)Vn Vi Aap (6]
br'™ (Bk)VnVa by’ (BK)

AV Hby (Bk) = AV, (28)

A8y, O (29)

Statistics of this error are calculated relativaly the
characteristics of the perturbations affecting theay
responses quantified by the

Ckkh =E[Aay, (8k)Aay, (8) " 1and
Dikn = ElAay, (8 )Aay, (8k) "]

The active loop antenna is the standard sensorHier
direction finding system. Several loop antennashef same
type are classically associated in a circular unifarray for
HF direction finding. The sensors are then equisgdalong
a circle and set up with the same orientation ohaizontal
ground. This structure is considered in this sects the
reference for an homogeneous array.

In the second array which is considered, the amaterare
subject to a rotation of Nd degrees around a \@rixis
every two positions within the array so that theucture
becomes heterogeneous. The spatial responses afitdrenas
(F(©), n=1,...NC) are computed with an electromagnetic
simulation software (NEC2D) coupled with a predieti
model of the polarization emerging from the ionaseh[1].
The ground reflection is taken into account withestimation
of parameters conductivity and permittivity.

4.2 Perturbation model
In the expression of the perturbed steering-ve@mors in
modulus and phase are separated. For a given ahgteval

(AOA) 6y, the component of index n in this vector is
expressed as:

~ A

a(Bk)n = (L+Ampy )24k a8y ), (31)
whereAmy, andA@ ¢ are respectively the error son modulus
and phase of component n.

The perturbation of the steering-vector can betamias:
Aa(Bi) =4(8y) - a(Bk) =dGy Da(8y) (32)
with

dGy =[(1+Amy )el2¥K 0+ Ampcy el A¢NCK T

and [ is the Schur-Hadamard product.

In the calculation of angular mean square errorsAfoA 6y,
matricesCyx, Duk, Cun andDyy, are then expressed as:

Cik =P1 0a®)a®)"

- (33)
Dk =P2 Ua(0y)a(0)

matrices Ciy =Py 0 ap 0k Jap (0k)"

Dkkh =P2 Oan (0 )ay ©K)"

with



R, 1) = E[((L+ Ampy ) 24nk —1y((1+ Amy )29k -1)]
Po(n,1) = EL((L+ Ampy )29k —1)((L+ Amy 5Pk ~1) |

For the numerical simulations which are presentetthé next
section, the assumptions concerning the perturstoe:
-independent perturbations of two different sensors

- Am, andAg, mutually independent for a given sensor

- Am, andAg;, have zero mean values

4.3 Comparison of robustness for two structures
The two circular arrays are characterized by geooaét
parameters: number of sensors NC=10, diameterabf leap
d=1.3m, array radius R=20m, inter-element rotatiah=20°
(heterogeneous case).

The scenario of the reception involves NS=2 signdth a
carrier frequency fo=10 MHz, impinging on the agayith
azimuth of arrival Az=40° and Az=50°. The common
elevation of arrival is supposed to be known. Thyma to
noise ratio SNR is equal to 12 dB and the B.T pecbdu
(bandwidth by difference of group delays) equad.to
Uncertainties with the same magnitude are supptmsaffect
the two array manifolds. For each sensor, the ptadation

is uniformally distributed on the intervi-0¢ nax: +O¢max]
with  d¢ax =15°. The modulus error is also uniformly

distributed in  an interval [-8Mpa+0Mmax -

OMpaxbeing a variable parameter in the numerical

simulation adjustable from 0 up to 40% .

The corresponding angular rms error affecting thenath
estimation is computed for the 2 types of arrayoediog to
relations (30) and (38). The results are plottedfigare 3
(homogeneous) and figure 4 (heterogeneous).

homogeneous array
9

—  Azl=40°
B —  AzZ=E0°

IS error on azimut (degrees)
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Fig. 3. RMS error of the angular estimation (homagmus array)

For a given level of perturbation, the angular ersosmaller
when the direction finding is implemented on the
heterogeneous array. This observation remainsragsieally

if the parameters of the scenario are modified large scale:
number of incoming waves, directions of arrival,rriea
frequency, signal to noise ratio.

heterogeneous array

m

—  Azl=40°
—  Az2=50° 4

s error on azimut (degrees)
- 2 {E5) o
[a;] pu (83} [an} [y} RN o

38
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maxirmurm errar on modulus (%)

30
Fig. 4. RMS error of the angular estimation (hegerceous array)

Consequently, the heterogeneous array appears nobust
than the equivalent homogeneous structure. Thisltres
however assumes the same magnitude of perturbiatitre
two array manifolds. This point needs further wak the
model of steering-vector for the heterogeneous cageires
the computation of the sensor spatial responsesldition to
the classical geometrical phases: the level of itaicey may
increase with the number of parameters presehgeinvéactor.

5. CONCLUSION

This paper investigates the robustness of the MUation

finding algorithm relatively to modelling errors rfawo

structures of arrays (homogeneous or heterogenedhs)
calculation is limited to first order terms of theerturbed
vectors or matrices. For the numerical simulatie@mples
involve trans horizon applications in the HF barg30

MHz). The array responses are calculated thanksano
electromagnetic simulation software, using a deimistic

model of the polarization emerging from the iona=ghand
taking the ground effect into account. Computatidrase
been carried out with a standard scheme of petiorisa The
results indicate a better robustness of the hetaieaus array
for a given level of uncertainty.
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