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Abstract. This paper describes a micro-macro computational strateqy for the analysis of
structures which are described up to the “micro” level, such as composite structures. This
approach splits the solution in a macroscopic part and an additive micro complement.
Moreover, the resulting algorithm s related to a 2-level “mized” domain decomposition
method, involving an homogenization procedure in order to define the macro-scale prob-
lem. It produces an efficient algorithm for solving heterogeneous large-size finite element
problems.




Pierre Ladevéze, David Dureisseix, Olivier Loiseau

1 Introduction

Structural analysis has become more heavily concerned with material models which are
described up to a scale smaller than the macroscopic structural level (composite materials,
for instance). For linear analysis, the treatment of such two-level problems is currently
performed with techniques that take into account homogenization, coupled with a local re-
analysis. The most mastered technique is probably the one initiated by Sanchez-Palencia
for periodic media [8]. Of course, a “constraint” in the use of this method lies in the fact
that the ratio between the small scale and the large scale has to be small.

The objectives of the micro-macro approach proposed herein are to avoid several of the lim-
itations in the classical homogenization techniques, and to be suited to the currently most
powerful computer resources, i.e. parallel architecture computers. This iterative strategy
has a strong mechanical base; it is built upon remarkable properties satisfied by structural
models described up to the micro scale. For the sake of simplicity, it is described here for
linear elastic problems.

The first step is the decomposition of the structure in an assembly of simple constituents:
sub-structures and interfaces. For instance, a sub-structure may gather one or several cells
of composite structures and an interface represents the behavior of the liaison between two
sub-structures. Each of these components possesses its own variables and equations. An
interface transfers both a distribution of displacement and a distribution of forces. Since
each of these components possesses its own variables and equations, both the displace-
ments and the forces on the interfaces are the unknowns. The resulting approach is then
qualified as a “mixed” sub-structuring technique [5]. The originality of this method lies in
the splitting of the unknowns into macro quantities and an additive micro complement.

The second step of the micro-macro strategy is the use of the so-called LATIN method
on the problem to be solved, expressed as an assembly of sub-structures and interfaces.
The LATIN method is a non-incremental iterative computational strategy. It deals with
the entire studied time interval [5]. For linear problems, the strategy involves a numerical
parameter that can be interpreted as an interface stiffness. At each iteration, one has to
solve a “macro” problem, defined on the entire structure, along with a family of linear
problems, independent of each sub-structure and interface. These are the “micro” prob-
lems; they are expected to described the short length effects of the solution, whereas the
“macro” problem is related to the homogenized structure.

This approach does not require any specific treatment for boundary areas and concerns
structures that are not required to be periodic media. The homogenization procedure is
automatically performed within the algorithm. Moreover, this approach is well suited to
parallel-architecture computers since the underlying algorithm is a 2-level domain decom-
position approach [3, 7, 6]. A first version suited to weakly heterogeneous structures has
been reported in [1]. This version is a priori less efficient than the micro-macro computa-
tional strategy, but is nevertheless comparable to the FETI domain decomposition method
[3]. Numerical example in the case of heterogeneous linear elasticity and perfect interfaces
illustrate the possibilities of this method.
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2 Reference problem and its re-formulation

The reference problem is related to the quasi-static behavior of a structure denoted by {2,
for small perturbations and isothermal evolution. The loadings are:

e a prescribed displacement U, on a first part of the boundary 0,12,
e a prescribed traction force F; on the complementary part of the boundary 9,2,

e a prescribed body force id on €.

For the sake of simplicity, only the case of linear elasticity will be described herein. There-
fore, only the final configuration is of interest, and time is no longer taken into account.
The non-linear case is described in [5].

The current state of the structure is given by the stress field o at each point M of Q and
the displacement field U. o is searched in the corresponding space S, while U is searched
in 4.

The problem to be solved then is to find s = (U, o) in U x S, which satisfies:

e kinematic equations: U e U, e =¢e(U), U |s,a=U,

e equilibrium equations: & € S,

YU* € Uy /Tr[o-s(g*)]dﬂ:/id-g*dﬂ—l-/ F,-U*dS
Q Q a3

52

e the constitutive relation: & = Ke, where K(M) is Hooke’s tensor, characteristic of
the local material behavior.

The first step of the micro/macro strategy is the re-formulation of the problem in terms of
a decomposition of the structure into an assembly of simple constituents: sub-structures
and interfaces [4] (see Figure 1). Each of these components possesses its own variables
and equations.

A sub-structure Qg, F € E, is submitted to the action of its environment (its neighboring
interfaces): a force field F'; and a displacement field W, on its boundary 0€Qg.

An interface I'gp between sub-structures F and E’ transfers both the displacement field
and force field on each side: W, Wy, and F, Fp,. The corresponding spaces then are
Wegg and Fgpr. Extended to all of the interfaces, they become W and F.

Since both the displacements and forces on the interfaces are the unknowns, the resulting
approach is a “mixed” sub-structuring technique, as opposed to the primal sub-structuring
[7, 6], or dual approach [3].

The solution to the reference problem,

s = U sg with sgp=Ug Wy, 05 Fg)

EcE
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Figure 1: Sub-structures and interfaces

with the corresponding space being S, must satisfy an initial set of equations, Aq, in order
to be admissible on each sub-structure:

e kinematic equations: Uy € Uy, ep=¢e(Ug), Upg |lsa,=Wg

e equilibrium equations: oy € Sg,

Qp

VU* € Uy / Tr[aEs(Q*)]dQ:/ fd-Q*dQ+/ Fy - U*dS

In addition, s must also satisfy a second set of equations, I', in order to verify the material
and interface behaviors:

e constitutive relation: oy = Kep,

e interface behavior: for instance, with a perfect interface, the transmission conditions

are W, =Wy, Frp+ Fp =0 and the boundary conditions on 0;Q and 0,().
The regularity required for displacement field Uy and stress field o5 is the classical one;
for instance, with a tridimensional analysis, Uz = [H'(Qg)]? and Sg = [L*(Qg)]°.

Such a sub-structuring technique is well suited to the case of periodic structures [2], but
this approach has not been used herein: boundary areas and interior areas are treated in
the same way.

3 Description on the micro and macro scales

3.1 A general displacement-oriented description

The state of the structure is expected to possess two parts, related to the micro scale,
denoted by m, and to the macro scale M, each with a different length of variation [1].

The first step is the description of forces and displacements on the interfaces for both
scales. For an interface I'gg/ from the sub-structure F, the force Fj |FEE/ and the dis-
placement W, |, are split into:

Fo=Fy +Fp Wy=Wy+Wg
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The description consists of defining a projection operator mp__, such that wy 0, p =

7w, Wg |FEE" The micro and macro spaces for the displacement on I'ggr are Wi, and
WM, respectively. The corresponding forces arise from the contribution of work on the

interface ' of sub-structure £:

(Fp W), = /F Py WpdS = (E5, Wy, + (EY. WYy (1)

EE'

Another possible description consists of defining a projection which operates on forces,
and the associated displacements will be defined thanks to the same duality.

Extended to all of the interfaces of sub-structures, the previous splittings leads to: W =
WM L W™ and F = FM 4+ F™. Other major choices must also be stated: the “micro”
displacements and forces related to sub-structures £ and E’ with a common interface
I'gg: do not have to satisfy the transmission conditions. On the contrary, the “macro”
quantities satisfy these conditions in a weak sense: (W™, FM) must belong to WM x FM.
WM and FM will be specified further.

Briefly, the state of the structure s, is given by micro and macro quantities related to

(WM FMy e WM 5 FM and (W™, F™) € W™ x F™,

3.2 A micro/macro description based on hierarchical element or super-
element

An approximation is added to the description of micro and macro quantities, because the
micro/macro description is built on a finite element discretization of the problem. Let
us consider the case where different meshes are used for each scale and, for purposes of
simplification, when the discretization spaces are embedded, as shown for a 2D analysis
(and then 1D interfaces) in Figure 2.

The representation of the displacements on the two scales is performed on the hierarchical
basis for macro and micro variables [9]. We will now denote with a subscript h the different
spaces already mentioned, since they are strongly related to the hierarchical basis arising
from the discretization.

Let us consider a common boundary 'gg to sub-structures £ and E’. The displacement
Wy oon I'gg is:

Willogp=> WE(X)eilr,,,  Wilr,,= Z WE(X,)e; It
=1 j=m+1
with WE(X,) =0 fori € 1,...,m, and ¢ the hierarchical basis functions, see Figure 2.

These relations serve to define WM and W}*. The corresponding projector 7y, ., is not

orthogonal with respect to the standard scalar product. With the duality properties in

(1), one obtains FM and Fj". In particular, F |, = WIZEE/EE v, and I [r, = (1—

wl  )F . |r. ,. The superscript T denotes the transposition associated to the symmetric
Foo VB Iy perscrip p y

form (1). Let us also denote the extension of 7 __, to a set of interfaces by =r.
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In order to define Wfﬁm we have elected to enforce the exact transmission and boundary
conditions for the macro displacements W™ only:

In this case, J-“]‘ih = FM.

a

micro scale

‘m_» Wi

j e i
macro scale

Figure 2: Description of macro and hierarchical micro displacements on an interface

4 Computational micro/macro strategy: basis aspects

In order to solve the problem related to the assembly of sub-structures and interfaces,
a strategy is developed with the LATIN method [4]. For the linear elasticity case, the
corresponding duality changes: it is now a work-based duality and no longer a dissipative
one.

The LATIN method is a non-incremental iterative strategy [4]. It successively builds an
element s of the space of admissible fields, A4 (kinematic and equilibrium equations on
each sub-structure), and an element of the second set I" (constitutive relation and interface
behavior) within each iteration. At iteration n, the element §,.,/, of I is defined at the
local stage from a previous element s, of Aq, using the search direction E*. Then, the
next element s, 41 of Aq is built using a second search direction E™, see Figure 3. These
search directions are the parameters of the method.

Sh+1/2

Figure 3: One iteration of the LATIN method
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4.1 Local stage at iteration n

At this stage, the material behavior, as well as the interface behavior, are satisfied. The
problem consists of finding 8,41/, € T', given s, € Aq. Moreover, §,1/2 — s, must belong
to the search direction ET. This last one is, for all sub-structure E:

(&En-l—l/Q —0og,) + K(éEn-H/z —€p,) =0
and for each interface:

(k™ (1 Wg) W™ ), =0

Lgpr — Fgp

YIW™ € Wi, (an+1/2 Fr, W) W iiy2 —

with a similar equation for the macro scale (with superscript M rather than m).

K is the Hooke’s tensor. k™ and kM are two parameters of the method which are null
or positive scalars. k™ is only related to micro quantities and to interface characteristics,
while kM is related to structural characteristics, [1].

For a perfect interface, I' contains the transmission conditions: W7y = W7, wi =
W and VW™ ¢ WEE,,VWM* e WM (Fr4+Fr W™ = (EY+FY, WY

0 as well as the boundary conditions on 9,2 and 0,}

Fpp Fgpr —

4.2 Linear stage at iteration n

The problem now is to find s,41 € Aq, given 8,112 € I'. For each sub-structure £, the
stress field must balance the forces on interfaces:

op €Sp, FMeFM=FrM ™ cFm,

VQ*EUE/

Qp

Trlope(U*)]d = / [, U0 + / (EM - U" + Fp - U*)dS (2)
Qp

905

The displacement field must be compatible with the displacements on interfaces:
QE € uEa WM € Wada Em € Wm7 UE |8QE (WM + Wm) |8QE

In the previous conditions, note that (WM FM) has been imposed to belong to WM x FM

Sn+1 1s also defined with the search direction E™: for each sub-structure E:

(O'En+1 - é'En.|.1/2) - K(EEn-I—l - éEn-}—l/?) =0

and for each interface I'gz and sub-structure F:

VW™ € W,
(—gn-l—l - En+1/27 Wm*)FEE/ —I_ (km(—gn-}—l - En-l—l/?) Wm*)FEEl = 0 (3)
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Concerning the macro quantities, the search direction must be global:

vWM e Wi,
Z Z(E]gn-u - E%nﬂ/wwM*)Fm/ + (kM(w]\b!n-H - w%n—l—l/?)?EM*)FEEl =0 (4)

Tpw E

The resulting problem is then split into two kinds of sub-problems: a global macro problem
and a micro problem on each sub-structure. In the following discussions, subscripts n+1/2
and n + 1 will be omitted.

5 A micro/macro strategy based on a hierarchical finite element
description

Let us first consider the hierarchical finite element description. In order to easily solve
the discretized problem, the prolongation of both the macro and micro parts of the dis-
placement inside each sub-structure F is defined according to the hierarchical basis of
the meshes, as in Figure 4. An additional approximation is then introduced, after that

macro scae

Figure 4: Macro and hierarchical micro displacements on a sub-structure

related to the discretization on interfaces, and a subscript h will be added in order to
recall these additions. In particular, the interior micro and macro displacement fields will

be the displacements of U}, and Ug{h, respectively. Therefore, the displacement U is split
into: U = U™ + UM with U, € Ugpn, Up €Uy, and Uy e Ug{h.

5.1 Micro-scale problem

This problem is defined on a sub-structure £ and is related to quantities defined on the
micro subspaces, with all macro quantities considered as fixed. Let us recall that § is
given. Using the search direction on micro quantities, independent of each sub-structure,
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the problem is:

m m m m m . m
Up elyy,, Wi eWip,, Ufglsa,=Wg

90 p

vureup, | TleUpKeurlan+ [ Upkruas -
Qg

90 g

= [ gpins [ ey oras - [ ) o, Kew i )

E

Due to the definition of @ used herein, this problem possesses a unique solution when
k™ >k >0 (k is a constant).

In any case, the micro-scale problem (5) is linear. Its solution depends separately on:

o [, log and (£ + k" WE) |aa,,

o =(UY) las

Therefore, this solution can be written as: Uy, = Q”El’d + Qg where Qg is related to

E(QM) lo; and where Qﬂﬁ,d involves only known quantities at this stage. More precisely,
we have:

KU7 = —Hge(UM) |,

where Hy is a linear symmetric and positive definite operator.

5.2 Macro-scale problem

The macro-scale problem is related to macro quantities defined on the entire structure
and arises from the macro-search direction:

M M
VW™ e Wagon

/ (FY — BM). wMds 4 / (WY — M) kM Mgs = o (6)
[219%7)

EcE g

M M M M
and W Ewﬁ,m EE |59E:QE |39E7 U EU}JLW

Moreover, for each sub-structure:

VUM e up, / Tr[e(U¥ ) Ke(UM*)]d) =
Qg
:/ id-QM*dQ—I—/ E%-QM*dS—/ Tr[e(UE)Ke(UM)]dQ (7)
Qg g Qp
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Using (6) and (7), the displacement-oriented formulation of the macro-scale problem then
becomes: find UM e U}]LW such that

VUM e ult, Z/ Tr[e(UY ) Ke(UM*)]dQ +
Qp

EcE

+/ UM EMUMds =" / £y UM / (EY + KM - UMds +
0g Qp

ECE g

- [ mlepRe@ e ®
Qp
Using the operator Hy, this becomes: find UM € UM such that

VU el Y [ Tk - Hee( i +
Ecg’{s

; / UM MMy = 3 / £, UM + / (BY 4 KM . UM +
Ny Qg

EcE Qg

- / Tele((r ) Ke(UM)]d0 (9)

The operator (K — Hg) is the homogenized Hooke’s operator. It depends both upon
the material characteristics of the sub-structure £ and the choice of the micro/macro
description. (K — Hg) is still a symmetric positive definite operator.

The problem in (8) is thereby a standard finite-element discretized problem with & =0
for which a unique solution exist. For kM > 0, rigidities associated with the interfaces are
added and the problem has a unique solution again.

Once UM has been determined, one obtains m]\g = Q]g laq, and E]\g with the search
direction
VWM e Wil (B WM, = (B + KW — MW, W)

Fgp Fgp

UM is then needed to compute the generalized loading on the micro scale, and thus, the
micro-scale corrections Ul;.

Both problems (5) and (9) involve linear operators which can be factorized once in the
case of linear elasticity problems, while the right hand sides are iteration-dependent.

6 Convergence

Following the convergence proof of the mono-level strategy given in [4], with standard
assumptions for elasticity, convergence is reached if the search directions are such that:
00 > ky > k™ >k > 0and oo > ky > kM Ir, > 0 (where k; and k; are constants).

|FEE’

10
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In particular, if s., denotes the solution to the reference problem (which belongs to both
A4 and T, see Figure 3), lim ||s, — sc;|| = 0 and lim ||8,11/2 — scz|| = 0, where (in the
n—00 n—00

case kM > 0):

Is|? = Z/ﬂ (Trlo K o] + Tr[epKeg])dQ) +

EcE

+ / (3 -k W W 4 FY M TURY L M Mg
Elop

7 Example of a heterogeneous structure

In order to illustrate the proposed micro/macro computational strategy, a test example is
described in Figure 5. It concerns a tridimensional cantilever structure which is weakened
with multi-perforations in the transverse direction and submitted to a terminal parabolic

load.

1 Energy-norm error

é
mono-level | |

o hierarchical
_!(w/o homogenization)

~ micro/ macro
|(h|erarch|ca| description) ~—

4 8 12

.20
Iteration

Figure 5: Discretizations of the micro and macro scales, the considered problem and the
convergence curves

The Mises equivalent stress field of the solution is illustrated in Figure 6, where localized
high gradient areas are shown.

Figure 5 also displays the error with respect to the standard discretized reference problem
(96 819 degrees of freedom). It is compared to the error obtained using the hierarchical
approach without homogenization [1], as well as to the error obtained with the former
mono-level approach without the macro scale [4]. In terms of the iteration count, the level
of efficiency is quite high.

The search directions in this example are £ = % and kM = 0; E is the average Young’s

modulus according to the mixing law, and [ is the length of a side of interface.

11
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209

Figure 6: Equivalent stress field level of the solution

8 Conclusion

The technique proposed herein belongs to the set of structural analysis with homogeniza-
tion. It uses a formulation on both the micro and macro scales within the LATIN method.
A key point is the description of the micro and macro quantities on the interfaces be-
tween sub-structures. Several choices are possible and one of them, which arise from the
hierarchical partitioning of displacement have been detailed.

Moreover, this approach leads to a parallel and mechanical approach which is related to
domain decomposition methods, and well suited to parallel architecture computers: the
underlying algorithm can be interpreted as a “mixed” and 2-level domain decomposition
method.
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