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Comparisonof multi-level approachesin domaindecompositionfor
structuralanalysis

P. LadevèzeandD. Dureisseix

Abstract

Domain decompositionmethodsarewell suitedto multipro-
cessorcomputerswith either sharedor distributed memory,
which arenow themostpowerful computersknown, [12].

When increasingthe numberof subdomains,the maxi-
mum efficiency expectedfrom domaindecompositionmeth-
ods is not attained.Useof a global mechanismto propagate
informationamongall of thesubstructurescanovercomethis
drawback[1]. Sucha mechanismhasnow beenimplemented
on several domaindecomposition-likealgorithms,suchasthe
FETI method[5] or the “Balancing Domain Decomposition
method”[11].

The approachusedin this work is baseduponthe LArge
Time INcrement(LATIN) method,coupledwith a substructur-
ing technique,in orderto solve theproblemconcurrently[7].
The initial structureis decomposedinto substructuresandin-
terfaces. Sinceeachpossessesits own behaviour andequa-
tions,theunknownsin theproblemareboth thedisplacement
andtheefforts on the interfaces.The resultingapproachthen
is a “mixed” domaindecompositionapproach. In initial ex-
tensionto the LATIN approach,which takesinto accountthe
two scalesarising from the substructuring,hasbeenapplied
in order to improve performance[4]. A more completeex-
tensionpertainsto the homogenisationtechniquesbetweena
macrolevel andamicro level, which arealsoderivedfrom the
substructuring.This approachis describedfor thecaseof lin-
earelasticityandperfectinterfaces.Themacrolevel is chosen
to be the “homogenised”structure(in order to representthe
large-scaleeffects),to propagatetheinformationglobally. The
choiceof this macro-level problemthenallows us to express
theoperatorsthat transferinformationbetweenthemicro and
macrolevelsthroughouttheiterationsof thealgorithm.

The displacementwithin eachsubstructure,aswell asthe
displacementfield ontheinterfaces,areadditivelysplit accord-
ing to thedefinitionof thetwo levels.Thestressfield andeffort
on theinterfacesarethensplit by duality whenseparatingthe
energy on thetwo levels.

As afirst step,we focushereinon linearelasticityandper-
fectinterfaces;however, theresultingmulti-levelapproachnat-
urally takesplacewithin theLATIN framework, which hasfor-
merly beendesignedfor non-linearevolution problems.Last,
a comparisonof themixeddomaindecompositionmethodsis
proposed.

1 Intr oduction

Domaindecompositionmethodshave provedto beusefuliter-
ative algorithmsfor performingstructuralanalyseon parallel

computers.In orderto improve the efficiency of thesemeth-
ods,aglobalmechanismto exchangetheinformationglobally
amongall of thesubdomainsat eachiterationis required,[1].

UsingtheLArgeTimeINcrementmethod,amixeddomain
decompositionmethodcanbebuilt, [9, 2], andaninitial exten-
sion,which takesinto accounttwo scalesarisingfrom thesub-
structuring,hasbeenappliedin orderto improveperformance.
Its principleshave beenpresentedin [3] andits feasibility has
beenshownfor linearelasticityandperfectinterfacesin [4]. Its
performanceis similar to thatobtainedfrom variousversions
of theFETI method.

The resultingalgorithm is numericallyscalable,i.e. the
numberof iterationsneededto reachconvergenceis indepen-
dentof thenumberof substructures.At eachiteration,theal-
gorithm leadsto solving a large-scaleproblemon the whole
structurein orderto propagateinformation.

Theapproachproposedhereinis relatedto thehomogeni-
sation techniquesbetweena macro level and a micro level,
which have alsobeenderivedfrom thesubstructuring.

In Section2, we specify the notationsfor the reference
problemandits substructuring.Then,two scalesaredefined
for both the kinematicandstaticquantitiesin Section3. The
LATIN methodis usedto build aniterativealgorithmin Section
4, andSection5 presentsthe first resultsfor a 2D elasticity
analysis.Theparallelcomputationis performedwith aninitial
versionof suchamicro-macro2-level approach.

2 Problemto besolved

Thereferenceproblemis relatedto thequasi-staticbehaviour
of a structuredenotedby Ω, over a time interval

�
0 � T � , for

smallperturbationsandisothermicevolutions.Loadingsarea
prescribeddisplacementUd on onepartof theboundary∂1Ω,
a prescribedtractionforceFd on a complementarypartof the
boundary∂2Ω, andaneventualbodyforce f

d
ontoΩ, seeFig-

ure1.

Ud
�

f d� Fd�
∂1Ω
� ∂2Ω

�Ω

Figure1: Referenceproblem
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In orderto simplify thepresentation,thereferenceproblem
is writtenfor thecaseof linearelasticity(thenon-linearcaseis
treatedwith a full LArgeTimeINcrementapproach[8]). Time
is no longertakeninto accountbecauseonly thefinal configu-
rationis of interestherein.

Thedisplacementfield at eachpoint M of Ω is U � M � ; the
associatedspaceis � ( � 0 will denotethe relatedvirtual field
space).ε is thestrainfield andthecurrentstateof thestructure
is givenby thestressfield σ.

Thereferenceproblemis thento find s 	
� U ;σ � whichsat-
isfies:� kinematicequations:

ε 	 ε � U ��� U 
 ∂1Ω 	 Ud � U ��� (1)� equilibriumequations:�
U ����� 0 ���

Ω
Tr
�
σε � U ����� dΩ 		 �

Ω
f

d � U � dΩ � �
∂2Ω

Fd � U � dS (2)� theconstitutiverelation(K is Hooke’s tensor):

σ 	 Kε (3)

In orderto obtainanaccuratesolutionto thepreviousprob-
lemwhenseveralstructuraleffectsoccur— suchashigh-stress
gradientareas— or whena precisemodel of the material’s
behaviour is needed,one would expect to usea large num-
ber of degreesof freedomin a finite elementapproach.This
problemwill be calledthe micro-scaleproblem. Obtaininga
direct solution to the fine-scaleproblemcan be very costly.
Oneway to solve it efficiently is to usea substructuringap-
proach,therebyallowingusto performthenecessarytreatment
on multi-processorcomputers[12].

Theoriginality of thesubstructuringapproachusedherein
is to decomposetheformerstructureinto substructuresandin-
terfaces,with eachof them being a mechanicalentity in its
own right: eachpossessesits own behaviour andequation[7].
Suchsubstructuringleadsto introducingadditionalquantities;
the stateof the liaison ΓEE � betweensubstructuresΩE and
ΩE � is definedby efforts anddisplacementson the interface,� FE;WE � and � FE � ;WE � � . They representthe actionof ΓEE �
on ΩE andΩE � , respectively, asshown in Figure2.
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Figure2: Substructureandinterface

As thesizeof thereferenceproblemincreases,domainde-
compositionmethodsbecomemoreefficient thandirectmeth-
ods. However, efficiency is not as high as expectedwhen

the numberof substructuresincreases;in particular, numeri-
cal scalabilityis not attained.An additionaleffort is required
in orderto improve theperformanceof suchanalgorithm. In
classicalterms,a globalproblemhasto beusedfor thewhole
structure[1]. For instance,the FETI method[5], which is a
dualSchurcomplementproblemsolvedwith a projectedcon-
jugategradient,mustbalancetheefforts field on its boundary
globally for eachsubdomain.At eachiteration,it hasto solve
a global problemwhoseunknowns are the rigid body move-
mentsof the subdomains.Whenusinga primal Schurcom-
plementmethod[10], the BalancingDomainDecomposition
method[11] makesuseof a similar featureduringtheprecon-
ditioningstep,in whichaNeumannproblemis solvedfor each
subdomainateachiteration.

In thecaseof the LATIN method,an initial multi-level ex-
tensionto thealgorithmhasbeenproposedin [3]. It employs
a coarsediscretisationof thewholeproblemat thelarge-scale
in order to propagatethe information globally amongall of
thesubstructures.Weareproposinghereinanotherlarge-scale
problemgeneratedfrom a homogenisation-likeapproach,[8],
which is expectedto bemoreefficient.

3 Using two levels

Thesolutionis consideredto possesstwo parts,relatedto the
microscalemandto themacroscaleM. Suchanapproachuses
homogenisationtechniquessimilar to thosewhich canbe de-
velopedwith multigrid approaches[6]. Thestateof thestruc-
tureis thendescribedwith twoparts,eachdefinedononescale.

In order to simplify the notations,further substructure-
relatedquantitieswill no longerbe denotedby a superscript
E.

3.1 Kinematic splitting

Accordingto thepreviously consideredsplitting, thedisplace-
mentfield is

U 	 Um � UM

UM is regular over the whole structure,except on any even-
tual discontinuity surfaces(unilateral contact, for instance):
UM �$� M. This constitutethelargevariationlengthdisplace-
ment. Um is not requiredto be continuousthroughoutthe in-
terfacesbetweensubstructures(thoughtheconvergedsolution
will be): Um �%� m

E . This is theadditive micro correctiondis-
placement.

Let usconsidera classicaldisplacement-orienteddiscreti-
sationof theproblem,andlet usfocuson thecasewhereboth
the macro-scaleand the micro-scaleunknowns are searched
in embeddeddiscretisedspaces,seeFigure 3. The macro-
scaleunknowns arehierarchicallyprojectedandthe splitting
on macroandadditivemicro spacesis performedvia a hierar-
chicalh-basissplitting, [15, 14].

2



micro leve& l mesh
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'

Figure3: Hierarchicaldiscretisationof thetwo levels

Thestrainfield is then:

ε � U �)	 ε � Um �*� ε � UM �)	 εm � εM

From a kinematicpoint of view, the displacementon the
interfacesis alsosplit on two scales:

W 	 Wm � WM

with thecorrespondingspaces:Wm ��+ m
E , andWM ��+ M

E .

3.2 Dual static splitting

Both stressesandefforts canbe derived from previous repre-
sentations,with anenergy splitting,which is akey point in the
proposedapproach:� F � W �,	-� F � Wm �.�/� F � WM �)		-� Fm � Wm �*�0� FM � WM � (4)

where �213�415� is thesymmetricform:� F � W �)	 ∑
E
�

∂ΩE
FE � WEdΩ

and:�
Ω

Tr
�
σε� dΩ 	6�

Ω
� Tr
�
σεm�7� Tr

�
σεM �8� dΩ 		9�

Ω
� Tr
�
σmεm��� Tr

�
σMεM �8� dΩ (5)

Theserelations,(4) and(5), allow us to definethe micro and
macrodual unknowns: σM andFM arethe macrostressand
efforts, andσm andFm arethemicro correctionstressandthe
microcorrectionefforts.

4 A LATIN approach

Within thelinearelasticitycase,theLATIN framework is trans-
formed sincetime no longerplays a role. The usualduality
is now relatedto energy, i.e. it occursbetweendisplacements
andefforts, andno longerbetweencelerityandefforts, asthis
is thecasewith thedissipationduality for non-linearitiesor for
dynamicproblems.

Sincewe aredealingwith perfectinterfaces,let usexpress
their behaviour: thedisplacementfield on the interfacesmust
be continuous,W 	 W : , and the efforts must be balanced,

� F � F :;� W� �<	 0. With W� 	 Wm� � WM � , this equilibrium
canberewritten in themicro-macroform:�

Wm�=��+ m
E > 0 �?� Fm � F : m � Wm�7�,	 0 (6)�

WM �@��+ M
E > 0 �A� FM � F : M � WM �B�)	 0 (7)

while thedisplacementcontinuityis:

Wm 	 W : m and WM 	 W : M
In orderto breaktheglobalityof thereferenceproblem,(1)

and(2), equationsfor thesubstructuredproblemareseparated
into two groups.We intendto keepthe macro-scaleproblem
globalover thewholestructure,while treatingthemicro-scale
equilibriumon eachsubstructureseparately.

For theversionpresentedherein,theproblemnow consists
of findings 	-� U � W;σ � F � which satisfies:� an initial group of equations(Γ) with possibly non-

linear, but local-in-space,equations:

– for eachsubstructureΩE, Hooke’s law (3), and

– for each interface ΓEE � , the correspondingbe-
haviour for the micro scale: equilibrium (6) and
continuityof displacementWm 	 W : m.� a secondgroup (Ad) with possibly global, but linear,

equations,in which thesplitting into the two levelshad
beenpreviouslyperformed:for eachsubstructure,

– kinematicadmissibility:

εm 	 ε � Um�C� Um 
 ∂ΩE 	 Wm �
Um ��� m

E � Wm ��+ m
E (8)

εM 	 ε � UM �C� UM 
 ∂ΩE 	 WM �
UM �D� M � WM ��+ M

E (9)

– staticadmissibility:

�
Um�=��� m

E > 0 � �
ΩE

Tr
�
σmε � Um�B��� dΩ 		E�

ΩE
f

d � Um� dΩ ���
∂ΩE

Fm � Wm� dS (10)

�
UM �F�D� M

0 � ∑
E
�

ΩE
Tr
�
σMε � UM ����� dΩ 		 ∑

E
�

ΩE
f

d � UM� dΩ ���
∂ΩE

FM � WM � dS (11)

andfor eachinterface,themacro-scalebehaviour: equi-
librium (7) anddisplacementcontinuityWM 	 W : M.

A two-stageiterative algorithmcannow be built [7], see
Figure4. Its main featureis to successively producean ele-
mentof Γ andanelementof Ad at eachiteration. Eachstage
involvesa searchdirection,E G andE H . Thesearetheparam-
etersof themethod.
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Figure4: 2-stageiterative LATIN scheme

Onecannoticethatif thecontinuityof additivemicro dis-
placementsthroughoutinterfaceshadbeenplacedinto theAd
group,while keepingtheadditive micro equilibriumon inter-
facein Γ, this wouldhave constituteda primal approach(each
solutions � Ad satisfyingthecontinuityof displacement).In
contrast,theequilibrium in Ad andthecontinuity in Γ would
have producedadualapproach.Keepingbothequilibriumand
continuityin Γ asaninterfacebehaviour leadsto a mixedsub-
structuringapproach.

4.1 Local stage

Onces is known, the problemthenis to find ŝ � Γ suchthat
ŝ N s belongsto a searchdirectionE G , i.e. for linearelasticity,
we usetheHooke’soperator:� σ̂ N σ �*� K � ε̂ N ε �O	 0 (12)

for eachsubstructure,and:�
Wm�=��+ m

E �� F̂m N Fm � Wm�B�PN%� km � Ŵm N Wm �C� Wm�B�)	 0 �� F̂ : m N F : m � Wm�B�PN%� km � Ŵ : m N W : m ��� Wm�7�,	 0 (13)

for eachinterface.Of course,̂s mustalsosatisfyHooke’s law
for eachsubstructure(3) andthemicro-scalebehaviour of each
interface.

It canbe noticedthat micro andmacroquantitiesarenot
separatedin the searchdirection(12) in orderto ensurecou-
pling betweenthe two scales. For the boundaryfields, the
searchdirection (13) is expressedseparatelyon the micro
scale. Onecharacteristicof the parameterkm, whenusinga
multi-level approach,is its relationshipwith aninterfacechar-
acteristic[3] andno longerwith a structuralcharacteristic,as
it wasthecasefor theformermono-level approach,[9].

Sincethe searchdirection E G is local and linear, the re-
sulting local stageproblemis alsolocal in termsof thespace
variable. It canbeeasilyparallelisedoncethe interfaceshave
beenmappedontotheavailableprocessors.For instance,with
theinterfacebehaviour andthesearchdirection(13), theaddi-
tivemicrodisplacementandeffortscanbeexplicitly expressed
as:� kmŴm � Wm�7�,	
� kmŴ : m � Wm�7�,		 1

2

� � km �Wm � W : m ��� Wm�Q�RN$� Fm � F : m � Wm�Q�S�
� F̂m � Wm�7�O	TNU� F̂ : m � Wm�7�,		 1

2

� � Fm N F : m � Wm�B�PN%� km �Wm N W : m ��� Wm�Q�S�

4.2 Linear stage

Onceŝ is known, theproblemthenis to find s � Ad, in sucha
way thats N ŝ belongsto thesearchdirectionE H , i.e. for each
substructure: � σ N σ̂ �PN K � ε N ε̂ �O	 0 (14)

andfor eachinterface:�
Wm� ��+ m

E �� Fm N F̂m � Wm�B�*�0� km � Wm N Ŵm ��� Wm���O	 0 (15)

As previouslynoted,K doesnotseparateoutmicroandmacro
quantitiesin (14),althoughkm doessoin (15).

Sinces � Ad, it is saidto beadmissible.It is subjectedto
bothkinematic(8 and9) andstatic(10and11)admissibilities.
Sucha problemis both linear andglobal per eachsubstruc-
tureonly. It canalsobeparallelisedwhenthesubstructuresget
distributedamongtheprocessors.

We arenow going to describemorepreciselythe kind of
problemsto besolvedduringthe linearstage.Taking into ac-
count the propertiesthat ŝ hasto satisfy, the searchdirection
(14) leadsto σ 	 Kε, i.e.:�

ε� 	 εm� � εM � � �
ΩE

Tr
�
σε�V� dΩ 	 �

ΩE
Tr
�
εKε�V� dΩ (16)

4.2.1 Micr o-scaleproblem

Let’s look more closely now at the micro-scaleproblem, in
which all macroquantitiesare supposedto be known. One
mustfind sm 	6� Um � Wm;σm � Fm� whichsatisfies,for eachsub-
structure,thekinematicandstaticadmissibilities(8) and(10),
aswell asthesearchdirection(14). Thelaterthenleadsto:�

ΩE
Tr
�
σmεm��� dΩ 	6�

ΩE
Tr
� � Kεm � KεM � εm��� dΩ

Usingthestaticadmissibilityandthesearchdirection,the
resultingdisplacement-orientedformulationconsistsof finding
on eachsubstructureUm andWm suchthat:

εm 	 ε � Um�C� Um 
 ∂ΩE 	 Wm �
Um �W� m

E � Wm ��+ m
E

and:�
Um����� m

E > 0 ��
ΩE

Tr
�
ε � Um� Kε � Um�B�������

∂ΩE
Um � kmUm� dS 		E�

ΩE
f

d � Um� dΩ ���
∂ΩE

� F̂m � kmŴm � � Um� dS �NW�
ΩE

Tr
�
εMKε � Um�B�S� dΩ (17)

The discretisedproblem is then obtainedwhen expressing
the displacementwith the classicalset of basisfunctionsN:
U 	 N

�
U � , where

�
U � is thecolumnof unknowns. If

�
Um� and
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�
UM � denotedegreesof freedomfor theadditivemicroandfor
themacroquantities,thediscretisedproblemcanbewrittenas:� � Km��� � km�8� �Um�.	 � f m

d ��� � F̂m�BN �KmM� �UM � (18)�
Km� is apartof theclassicalrigidity matrixgeneratedfrom the

constitutive relation;
�
km� is a boundaryrigidity arising from

the searchdirection. Both are constantthroughoutthe iter-
ations,andare thereforefactorisedonceduring an initialisa-
tion phase.

�
f m
d � is theprescribedloading;

�
F̂m� is a boundary

loadingdue to F̂m � kmŴm, which dependson the iteration;
and

�
KmM� �UM � is a body loadinggeneratedfrom the macro-

scaledisplacementUM.
�
KmM� is an out-of-diagonalblock in

theclassicalrigidity matrix,expressedon theprevioush-basis
split,whensplittingthedegreesof freedomin microandmacro
parts: �

K �.	YX Km KmM

KMm KM Z
In orderto expressthe macro-scaleproblem,in the next sec-
tion, thestructureof themicro-scaleproblemmustbedetailed.
Sincetheproblemis linear, thesolutioncanbeexpressedas:

Um 	 Ûd � Ũ

Ũ is the partof the solutionfor which εM is the only loading
termon theright-handsideof (17). Let ˜̃U ��� M besuchthat:�

UM �=�W� M �[�
ΩE

Tr
�
ε � ˜̃U � Kε � UM�Q�S� dΩ 		E�

ΩE
Tr
�
ε � Ũ � Kε � UM�Q�S� dΩ

i.e. from a discretisedpointof view:�
KM � � ˜̃U �R	 �KMm� � Ũ �

SinceŨ �%� m
E and ˜̃U �%� M, the later is energeticallyequiva-

lentto theresponsein themicroscaleto amacro-scaleloading.
Finally, ˜̃U is derivedfromUM usingŨ . It canbeformally writ-
tenas:

Kε � ˜̃U �)	 LK ε � UM � (19)

or: �
KM � � ˜̃U �\	
N �KMm�]� �Km�7� � km�8� H 1 �KmM� �UM �

4.2.2 Macro-scaleproblem

Thisproblemis treatedsimilarly with thesearchdirection(16),
which thenleadsto:�

ΩE
Tr
�
σMεM �V� dΩ 	T�

ΩE
Tr
� � KεM � Kεm � εM ��� dΩ

Using expression(19) in themacro-scaleequilibrium, the
displacement-orientedformulationnow consistsof findingUM

andWM, suchthat:

εM 	 ε � UM �C� UM 
 ∂ΩE 	 WM �
UM ��� M � WM �W+ M

E

and:�
UM ����� M

0 �
∑
E
�

ΩE
Tr
�
ε � UM �C� 1 � L � Kε � UM � ��� dΩ 		 ∑

E
�

ΩE
f

d � UM� dΩ � �
∂ΩE

FM � UM � dS �N ∑
E
�

ΩE
Tr
�
ε � Ûd � Kε � UM � �S� dΩ (20)

Theregularityconstraintsfor UM leadto aglobalproblemover
thewholestructurefor themacroscale.Sinceonly perfectin-
terfacesareusedin this example,the interfaceloadingin the
globalmacro-scaleequilibrium(20) is then:

∑
E
�

∂ΩE
FM � UM � dS 		 ∑

ΓEE � � ΓEE � � FM � F : M � � UM � dS 	 0

for theversionusedherein,asaninitial implementationof the
micro-macroscheme.

This macro-scaleproblem is usedas the mechanismto
propagatetheinformationgloballyateachiteration.

Whendiscretised,themacro-scaleproblembecomes:�
K̄ � �UM �R	 � F̄ � (21)

with thecondensedrigidity andright-handside:�
K̄ �\	 �KM �BN �KMm�]� �Km��� � km�^� H 1 � KmM��

f M
d �QN �KMm� � Ûd �� 1 � L � Kε � UM � is the homogenisedstressand � 1 � L � K

is the homogenisedHooke’s tensor. UM andσM arethenthe
effective displacementandstressfields.

The solutionUM now allows us to solve the micro-scale
problem(17)asa secondproblem.

5 Example

Thereportedresultsareintendedto enablecomparingthepro-
posedmicro-macroapproachwith the initial version of the
multi-level scheme[3], andwith the initial mono-level algo-
rithm [9, 2]. In particular, theinitial multi-level approachdoes
not takeinto accountthe homogenisedpart L , but it doesre-
tain thecouplingtermsin both themicro andthemacro-scale
equilibrium, andsolves the problemin a fixed-pointmanner
togetherwith the LATIN iterations. In contrast,the proposed
micro-macroapproachusesa homogenisationtechniqueper-
formedwith astaticcondensationonthemacro-scaleproblem.

The generallayout of the micro-macroapproachis de-
scribedin Table1, andhasbeenimplementedin theindustrial-
typecodeCASTEM 2000 [13], developedat theCEA in Saclay,
France. All of the computationshave beenperformedon an
SGI ORIGIN 2000 with 32processorsand8Gbof sharedmem-
ory.

In order to check the performanceof the proposedap-
proach,let usconsiderthemodelproblemof a slenderedbidi-
mensionalstructuresubmittedto a parabolicbendingloading
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Macroscale Micro scale
dedicatedto 1 processor dedicatedto n processors

Initialisation

receiving _ K̄E ` a�b
assemblingthesubstructurecontributions
factorisationof _ K̄ `

Loopover iterations
linear macro stage

receiving _ F̄E ` a�b
assemblingthesubstructurecontributions
forward-backwardon(21): globalproblem
sending_UM ` bBc

a=b

a=b
b*c

Initialisation
computeelementaryrigidities _KE ` and _ km

E `
assemblingtheelementcontributions
factorisationof _KE `4d _ km

E ` aswell as
condensationto obtain _ K̄E `
sending_ K̄E `
initialisationof ŝ e 0

Loopover iterations
linear micro stage

computeelementaryloading
assemblingtheelementcontributions
forwardsubstitutionon (18)aswell as
condensationto obtain _ F̄E `
sending_ F̄E `
receiving _UM `
computecouplingterm _KmM

E ` _UM
E `

backwardsubstitutionto obtain _Um
E `

local micro stage
convergencecheck afc

Table1: Micro-macroLATIN algorithm

(seeFigure5). For this example,thefinite elementmeshesof
the two scalesareembedded.The reference� U ;σ � ref hereis
thedirectfinite elementsolutionwithout decomposition.This
allowsusto definetheconvergenceratein theenergy norm:

τ 	TN log
enG 1

en

where:

e2
n 	 1

2
�

Ω
Tr
� � σn N σref � K H 1 � σn N σref �S� dΩ

1

2
�

Ω
Tr
�
σrefK H 1σref � dΩ

F
g

d
h Ud

h

Figure5: Modelproblemanditsdecompositionsinto 4,16and
64 substructuresandinterfaces

For the following computations,the size of the problem
local to onesubstructureis keptconstant.Thesizeof therefer-

enceproblemincreasesaswell asthenumberof substructures.
Table2 shows the variouscharacteristicsof the solved prob-
lems.

Figure 6 presentsthe averagedconvergencerate (up to
a high level of convergence: en i 0 1 1%) versusthe number
of substructures.The relative convergencerate is obtained
by normalisingit with the convergencerate for the caseof
4 substructuresand the mono-level LATIN algorithm. Table
3 reportsthe numericalvalues. It illustratesa well-known
behavioural characteristicof domaindecompositionmethods
without a multi-level scheme:slowing the convergencerate
whenincreasingthenumberof subdomains[1].

Relative convergence rate

0.1

1

10j

4 16k 64l
Number of sum bn structures

oop
qqr
r ss

t t

u
 mono-levev l LATINww  2-level Lx ATIN
 micro-macry o LATIN

Figure6: Relativeconvergencerateversusnumberof substruc-
tures

Theevolutionin thestressanddisplacementfieldsthrough-
out theiterationsarecomparedin Figure7 for themono-level
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substructuring(total) macroscaleproblem directcomputation
nb nb memoryrequirement nb memoryrequirement nb nb memoryrequirement
sstr dof for factorisedmatrix dof for factorisedmatrix dof elements for factorisedmatrix

4 8712 3.3Mb 20 0.7Kb 8514 2048 4.7Mb
16 34848 13Mb 54 3Kb 33410 8192 39.7Mb
64 139392 52Mb 170 14Kb 132354 32768 324Mb

Table2: Characteristicsof theproblemsinvolved(micro scaleis meshedwith 6-nodetriangles,macroscalewith 3-nodetriangles
and2 elementspersubstructure)

numberof relativeconvergencerate
substructures mono-level 2-level micro-macro

4 1 1.41 2.15
16 0.25 1.10 2.02
64 0.10 1.20 2.05

Table3: Valuesof relativeconvergencerates

Figure7: Comparisonof solutions(Misesstressfield anddisplacementfield) at iterations1,2and15 for: a) on theleft: a mono-
level approach;andb) on theright: a multi-levelapproach.

Figure8: a) on the left: the micro scalesolution(with a 10-magnificationfor displacement);b) on the right: the macroscale
solution.
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andmulti-level approaches(here,the initial version),at itera-
tions1, 2 and15. For the latterapproach,both themicro and
macro-scalepartsof thesolutionareshown in Figure8.

Last, it shouldbe pointedout that for the mono-level ap-
proach,thesearchdirectionis k 	 E z L0, whereE is Young’s
modulusandL0 hasan optimumvalueof twice the lengthof
thestructure,[9]. Whenusingthemulti-level or micro-macro
approach,thevalueof km 	 E z L0 hasbeensetsuchthatL0 is
equalto 0 1 25 timesthe lengthof an interface. It is no longer
characterisedby theglobalbehaviour of thestructure,[4].

With a globalmacro-scaleproblem,thealgorithmalsobe-
comesnumerically scalable: the convergencerate is quasi-
independentof thenumberof substructures.

The micro-macroapproachdeals with a structural ho-
mogenisation:even for a problemwith a homogeneousma-
terial, the multi-level approachusingthe “homogenised”op-
erator � 1 � L � K for the large scaleproblemhasan improved
convergenceratewhencomparedto a classicalcoarsediscreti-
sation.

6 Conclusion

Theobjective hereinis first to build a mechanicalandparallel
approachrelatedtodomaindecompositionmethods,in orderto
useparallelarchitecturecomputersfor problemswith a large
numberof degreesof freedom.It dealswith amixedsubstruc-
turing methodsincethe unknownsareboth the displacement
andtheeffortson theinterfaces.

Using a macro-scaleproblem to propagatethe informa-
tion throughoutthe substructuresglobally improves the con-
vergencerate; as this ratebecomesquasi-independentof the
numberof substructures,the resultingalgorithmsarenumeri-
cally scalable.Moreover, the“optimal” searchdirectionis then
relatedto aninterfacecharacteristic,anddoesnot dependany
longeronthebehaviour of thewholestructure.

The proposedtechniquebelongsto the field of structural
analysiswith homogenisation.It combinesboth micro and
macrorepresentationsof the probleminto the LATIN frame-
work. Since the macro scaleproblem remainsglobal over
the whole structure,this leads to an information exchange
mechanismfor all of the substructures.This approachdoes
not requireany specifictreatmentfor boundary-locatedareas
andconcernsstructuresthat arenot requiredto be a periodic
medium.

Evenwith homogeneousmaterial,theuseof thisstructural-
homogenisedlike operatorfor the global macro-scale,im-
provestheconvergencerate.As thisoperatoris relatively easy
to build, the additive cost is expectedto be small enoughto
have an improved algorithmin term of CPU costaswell. Of
course,improvedperformancesareto beexpectedwhendeal-
ing with highly heterogeneousstructuresasthis is thecaseof
reinforcedor compositestructures.
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