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ABSTRACT. In this paper we study some applications of the Lévy logarithmic
Sobolev inequality to the study of the regularity of the solution of the fractal
heat equation, i. e. the heat equation where the Laplacian is replaced with the
fractional Laplacian. It is also used to the study of the asymptotic behaviour of
the Lévy-Ornstein-Uhlenbeck process.
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1 Introduction

On one hand, regularity results for the heat equation in R?, such as ultracon-
tractivity, can be obtained by using a Euclidean logarithmic Sobolev inequality.
On the other hand the asymptotic behaviour of the Ornstein-Uhlenbeck semi-
group, precisely the optimal exponential decay to the equilibrium, is proved by
using either Poincaré or logarithmic Sobolev inequalities. See ] for a review of
the subject.

The heat equation or the Ornstein-Uhlenbeck semigroup are associated with
the Laplacian, the infinitesimal generator of the Brownian motion. The Brow-
nian motion makes part of a large class of stochastic processes called Lévy
processes. In this note we would like to describe how the properties we just
mentioned (ultracontractivity and exponential decay) are sometimes true if we
replace the Laplacian with the infinitesimal operator of a general Lévy process.
These generators are integrodifferential and are referred to as Lévy operators.

In the next section we give a short introduction to Lévy processes and Lévy
operators. Two important inequalities are also given: the Euclidean logarith-
mic inequality in the case of the a-stable process; and a modified logarithmic
Sobolev inequality for infinitely divisible probability measures; the latter in-
equality generalizes the logarithmic Sobolev inequality given by L. Gross in
]

In Section E, we prove that the heat equation associated with a a-stable
process satisfies the property of ultracontractivity.
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In Section E we consider the Ornstein-Uhlenbeck semigroup or equivalently
the Fokker-Planck semi-group associated with a general Lévy operator. We will
see that, under proper assumptions on the operator, those semi-groups converge
to the unique steady state. Results of Section | are presented in full details in [E]
and are extensions of the paper of P. Biler and G. Karch [f].

2 Preliminaries

2.1 Lévy operators

Let us recall basic definitions about Lévy operators and introduce notations.
See for example [B] for further details.

Characteristic exponents and Lévy measures. Let d € N*. Because of the
definition of a Lévy process in R? (a process with stationary and independent
increment), the law p; of such a process (X;);>0 at time ¢ > 0 is infinitely
divisible, i.e. it can be written for all n > 1 under the form

Pt = i % - K
——
n times

for some probability u, (depending on n). Using this property, it can be shown
that the characteristic function ¢x, (§) := E(exp(i§- X¢)) (i.e. its Fourier trans-
form) of the law of X; can be written under the form exp(ty(§)) for a function
1 called the characteristic exponent. The Lévy-Khinchine formula states that
¥ can be described with exactly three parameters (o, b, v) where o is a nonneg-
ative symmetric d x d matrix, b € R% and v is a nonnegative singular measure
on R? that satisfies

v({0}) =0 and /min(l, |21*)v(dz) < +oc. (1)

Then 1 can be written under the form

P(§) = —o&- & +ib- £+ a(f) (2)

where a is given by
a©) = [ (=1~ i Ohl2)o(d2),

with h(z) = 1/(1+ |z[?).

The matrix o characterizes the diffusion (or Gaussian) part of the operator
(with eventually ¢ = 0), while b characterizes the drift part and v is called a
Lévy measure; it characterizes the pure jump part. The support of the measure
v represents the possible jumps of the process.

A Lévy operator 7 is the infinitesimal generator associated with the Lévy
process and the Lévy-Khinchine formula implies that it has the following form

T(u)(z) = div (UVU)(J:)—i—b-Vu(x)—l—/Rd (u(z+2)—u(z)—Vu(z)-zh(z))r(dz) (3)



The pseudo-differential point of view. It is convenient to introduce the
operator Z, associated with the Gaussian part

Ty(u) =div(cVu) +b- Vu

and the operator Z, associated with the pure jump part

To(u) = / (u(z + 2) —u(x) — Vu(z) - zh(2))v(dz).
Rd
The operator Z, can be seen as a pseudo-differential operator of symbol a
Zo(u) = F(a x Fu)

where F stands for the Fourier transform (see Theorem 3.3.3 p.139 of [[J]). Here,
we choose the probabilistic convention in defining, for all function w € L*(R?),

Ve € RY, w(€) = Flw)(§) = /eix'gw(z)dz. (4)

Moreover, using the Fourier interpretation of the Lévy operator one gets the
following integration by parts formula : if 7 is a Lévy operator with parameters
(b, 0,v) then for any smooth functions u, v one gets

/ oTuldz = / wIlda, (5)

where 7 is the Lévy operator whose parameters are (—b,o,7) with 7(dz) =
v(—dz).

Multi-fractal and a-stable Lévy operators. Lévy operators whose char-
acteristic exponent is positively homogeneous of index a € (0,2] are called
a-stable. The fractional Laplacian corresponds to a particular a-stable Lévy
process with characteristic exponent ¢ (§) = |£|*, where | - | is the Euclidean
norm in RY. In the case a € (0,2), one gets

d
b=0, o=0 and V(dz):M%.

Hence, it is a pure jump process, i.e. it has neither a drift part nor a diffusion
one.

Lévy operators whose characteristic exponent can be written as ¥(§) =
S ¥i(€) where v; is a;-homogenous with «; € (0,2], are often referred to
as multi-fractal Lévy operators.

The a-stable operators play a central role in this paper. Let —g,[-] denote
the Lévy operator associated to the a-stable Lévy process whose characteristic
exponent is ¥(§) = |£]%, a € (0,2]. In the limit case, when a = 2, ga[-] is the
Laplacian operator on R<.



2.2 A Euclidean logarithmic Sobolev inequatlity

The logarithmic Sobolev inequality for the Lebesgue measure is a useful
functional inequality in the study of the fractional heat equation: d;u+g,[u] = 0.
Such an inequality has been established by A. Cotsiolis and N. K. Tavoularis.

Theorem 1 ([[f]). Let o € (0,2] then for any smooth function f on R% such
that [ f2dx =1, the following optimal Euclidean logarithmic Sobolev inequality
holds true

n o a/n
Butar() = [ Fiog e < 2iog (S5 [(guals)as). )

_ 20(n/a)
where C = aT(n/2)"

This inequality is a generalization of the classical Euclidean logarithmic
Sobolev inequality given by F.B Weissler in [@]

2.3 A modified logarithmic Sobolev inequality

In the sequel, we will need another functional inequality proved by C. Ané
and M. Ledoux [%]n the particular case of the Poisson measure and then gener-
alized by L. Wu and D. Chafai [ﬁ] for all infinite measurable laws. In order
to state the most general result, we first introduce ®-entropies.

Let ® : RT — R a smooth convex function and define the ®-entropy: for
any nonnegative function f,

Enty, (f) ZZ/@(f)du—‘P(/fdu)

where p is a probability measure. When ®(z) = zlog 2 we recover the classical
entropy introduced in (§).

For a convex function ® we note by D¢ the so-called Bergman distance
defined by :

V(a,b) € RT, Dg(a,b) := ®(a) — ®(b) — ®'(b)(a — b) > 0. (7)
Theorem 2 ([}, 12, B]). Assume that ® satisfies the following properties:

{ (a,b) — Dg(a+b,b)
(r,y) = @"(r)y - oy

> >
are convex on { I{;Ft(bR_Zdo, b=0} (8)

where Dg has been defined by (ﬂ)
Consider an infinitely divisible law p on R%. Then for all smooth positive
functions v,

Enti(v) < /@”(v)w -oVou(dx) +//Dq>(v(:r),v(:c + 2))vu(dz)p(dz) (9)

where v, and o denote respectively the Lévy measure and the diffusion matric
associated with .



Remark that the drift of the law plays no role in this functional inequality.
Inequality (f]) is proved in for ®(z) = 22 or ®(x) = wlogx and in this
general form in [ff.

An important special case is the following one: ®(r) = 72/2. A simple
computation shows that the Bregman distance Dg in this case is Dg(a,b) =
(a—b)?/2 so that Ent;{j reduces to the variance (up to a constant). See also the
appendix of [E] for a proof of this inequality.

3 Regularity of the heat equation driven by a
Lévy process.

In this section, we study regularity properties of solutions of the fractional
heat equation
O+ golu] = 0. (10)

In particular, we are interested in the ultracontractivity of this equation.

Theorem 3. Let a € (0,2) and (P:)i>0 denote the semigroup associated with
the equation (@) Consider a smooth initial datum f. Then for allt > 0 and
qzp=2

n(q—p)
An(q —p)\ eri p/(a)
1Pl <, (P ) T (1)
where || - ||, denotes the LP(dx) norm and
a/n
2I'(n/a)
« (aF(n/Q))
A= nre/2el—a (12)

These results can be found in the case of the Laplacian in [f]. We would
like to mention that in the classical case, Inequality (EI) for all ¢ > p > 2 and
the Euclidean logarithmic Sobolev inequality are equivalent which is not clear
in our case.

Letting ¢ — +00 and choosing p = 2 in Theoremﬁ yields:

Corollary 1 (Ultracontractivity). The semigroup (P;)i>o is ultracontrac-
tive, i.e. it satisfies for all smooth function f

An\ ™)
< b
[1Peflloo < [1£1l2 <2at>

where A is given by (@)

We next recall a useful inequality satisfied by Lévy operator. Such an in-
equality is sometimes called Kato inequality. See for instance the proof given

in [{].



Lemma 1. Let ¢ : R — R be convex and uw € CZ(RN). Then, if ¢ is differen-
tiable at u(x), we have:

galp(w))(z) < ¢'(u(x))galul(z).

We will also use the simple fact that [uge[v]dz = [|¢|*@0dz. In particular,
for all smooth function u on R?,

/ ugaulde = / (go/2[u])*da

Proof of Theorem [§. Let u(t, ) denote P, f(z) and consider an increasing func-
tion ¢ : R — R such that ¢(0) = a. Define a function F'(t) = ||u(t)|[,«) and let
us study its derivative. A computation gives

2
L el = Entgy (|ul?) + |u|? "0y da
(‘0/

o2
= Entg, (|u]¥) — ? / |u|‘Pflga[u]dx.

ssume that ¢ > 2. In this case, one can apply Lemma El with ¢(-) = |- |90/2
and get
plul? ™ galu] < —2Jul?2galul?/?];

integrating over R™ implies
—(p/|u|“0 ulde < 2/|u|‘P/2 ol|uf#/?]dz = —2/(9 Jallul?/?]) d
so that

2 2 2
%lep’ < BEntg,((Jul#/?)?) — ;/(9 /2[|U|W2]) dx.

Apply now (f) with |u#/2/\/ [ |u|*dz and get:

2 ¢/21\? 4
%F“”_IF’S g/luﬁ”dxlog <Af(ga/2[|u| ) m)

[ uleds

?;0 (g /2[|u|“”/2])2 da.

Use now the concavity of log; for any = € R, we have

2
S < <12—*0> / (0mpallul®) " da+ “1og(Axe) / Jul# de.

axr  p

Choose next x such that 2¢/¢" = n/(az). We now obtain that F' satisfies

/ / /
F' < ne log Anp
F — ap? 2equp




so that for all ¢ > 0,
_ _ " ng/(s) Ang'(s)
177t = o = F(0) < FOexp { [ 255 105 (5220 as)

We now minimize the right hand side of the previous inequality w.r.t. functions
¢ such that ¢(0) = p and ¢(t) = ¢q. Associated Euler’s equation reads: 2¢'? =
¢©" ¢ so that we choose p(s) = and one can check that with such a

tpg
(p—q)s+qt
choice of ¢, Inequality ) is proved.
O

4 Asymptotic behaviour of a Lévy-Fokker-PlI-
anck equation

The results presented in this section are coming from [E] We are looking
for asymptotic behaviour of the solution of a Fokker-Planck equation where the
classical Laplacian is replaced with a Lévy operator. Precisely, recalling that 7
is defined in (), we consider the Lévy-Fokker-Planck equation

Ou = T[u] +div(uF) zcRYLt>0 (13)
submitted to the initial condition
u(0,2) = up(z) = €R?

where ug is nonnegative and in L!(R?) and F is a given proper force for which
there exists a nonnegative steady state (see below).

4.1 The ¢-Entropy and associated Fisher information

In this subsection, we are interested in the (time) derivative of the ®-entropy
associated to the Lévy-Fokker-Planck equation when a steady state is given.

Proposition 1. Assume that there exists U, a steady state of (), a positive
solution of the equation :

T(uso] + div(us F) = 0, (14)
such that fuoodz = 1. Assume that the initial condition ug is nonnegative and

satisfies Entfoo (ﬂ) < 00.

Uoo
Then for any conver smooth function ® : RT — R and any t > 0, the
solution u of ([LJ) satisfies

vt >0, —Entq)Oo (v) = —/@"(U)Vv oV usodz

7//Dq> (v(t,x),v(t,x — 2)) v(dz)us (x)dx  (15)



where v(t,x) = % and v is the Lévy measure appearing in the definition of

the operator T and De is defined in ([]).

In order to prove Proposition EI, since the ®-entropy involves the function
v(t,z) = u(t.z)

Uoo (2)

which partial differential equation v satisfies. Using (@) one gets by a simple
computation

its derivative makes appear d;v and it is natural to ask ourselves

v = i(f[uwv] + div(ucvF))
= %(I[uoov] —Tluss]v) + F - Vv =: Lv. (16)

In the case where Z[u] = Au (i.e. o is the identity matrix, b = 0 and a = 0),
Equation ([Ld) becomes
Oiv=Av—F-Vv

and is known as the Ornstein-Uhlenbeck equation. This is the reason why we
will refer to Equation ([[d) as the Lévy-Ornstein-Uhlenbeck equation. We next
give a simpler formulation for the Lévy-Ornstein-Uhlenbeck operator.

Lemma 2 (Lévy-Ornstein-Uhlenbeck equation). If the integrodifferential
operator on the right-hand side of ) is denoted by L, we have for all smooth
functions wy and ws

/w1 Lwsy usedr = /(j[wl] — F - Vw;) we usedr

where T is the Lévy operator whose parameters are (—b,o,v) with v(dz) =
v(—dz). This can be expressed by the formula: L* = T — F -V where dual-
ity is understood with respect to the measure Uoodx.

Proof. The main tool is the integration by parts for the operator Z, see equa-
tion (E) For any smooth functions u, v one gets

/vI[u]daz = /uf[v]das

If w; and wy are two smooth functions on Rd, then:
/w1 Lwsy usodr = /w1 (Zuoows] — T too]we + oo F' - Vws)dx
= /w2 i[wl] UoodT — /I[uoo]wlwgd:c— /div(uoowlF)wgd:c

_ /uoo(f[wl] _ F -V, )wads.



Proof of Proposition E By using Lemma E with v = u/uq, we get:

iEnt _(v) = /(I)/(’U) O Uoodr = /(I)/(’U) Lv uoodz

dt
= /i[q)’(v)] V Uoodr — /F V(P (v)) v usedz.

If now one remarks that r®"(r) = (r®'(r) — ®(r))’, we get:

Teu? ) = / 0)Jtioodz — /F V(v B(v)) uocdr
_ / uoode + / div(ua F) (vd' (v) — (v))da
_ / )] ttoodar — /

= / (VI[P (v)] = Z[v®' (v)] + Z[®(v)])uceda

Tltoo)(v® (v (v))dz

|
3!
jm}
t+
o
=
I

FE () = [QL[00) - L0 (0)] + L, [0(0) ucda
+ /(Ufa [ (v)] — Za[v® (V)] + Lo [®(v)] ) U d
= —/(I)”(U)Vv oV UgodT
+ / / (v<x><<1>'<v<z 1 2)) = B (u())) — vz + )P (uz + 2)
Jrv(x)q)’(v(x)) +P(v(x +2)) — @(v(x)))) (dz) ueo(x)dx

iEnt‘I> (v) = —/(I)”(’U)V’U-O’V’U Usodx

//< (w(@ + 2)) — B (v + 2))
X (v(z) — v(z + z))) P(d2) oo (2)da.

Then the definitions of the Bregman distance and of the Lévy measure o give

d
—Ent? (v):—/q)”(v)Vv oV usodx

dt
/ / Do (v(z),v(z — 2))(dz) oo () da.



4.2 Exponential decay of the Lévy-Fokker-Planck equa-
tion
We give now assumptions such that there exists a steady state of the Lévy-

Fokker-planck equation. For this section we need to assume for that the force
is given by F(z) = z.

Theorem 4 (Exponential decay to equilibrium). Assume that F(z) = x
and the operator I is the infinitesimal generator of a Lévy process whose Lévy
measure 1s denoted by v. We assume that v has a density N with respect to the
Lebesgue measure and that N satisfies

/ In|z| N(z) dz < +0 (17)
R\ B

where B is the unit ball in R2.

o Then there exists a steady state uoo, i.€. a nonnegative solution of (@)
satisfying [ usodx = 1.
o If moreover N is even and for all z € RY,

o N(sz)s¥1ds < CN(z) (18)

for some constant C > 0, then for any smooth convex function ® such
that condition (E) 1s satisfied, the ®-entropy of the solution u of )—(E)
goes to 0 exponentially. Precisely, for any nonnegative initial datum ug

such that Entfoo (;‘—0) < 00, one gets:
4 :
Vt>0, Ent® <&> < e CEnt? <ﬂ> (19)
=\ Uoo =\ Uso
with C appearing in ([1§).

To prove the first part of the Theorem, the existence of the steady state, we
need to state the following lemma.

Lemma 3. Assume that the Lévy measure v has a density N with respect to
the Lebesgue measure and that it satisfies (@) There then exists a steady state
Uoo, i.€. a solution of ) Moreover, it is an infinitely divisible measure whose
characteristic exponent A is defined by:

A(€) = —€- ¢ —l—ib-f—i—/o a(sf)%. (20)

Moreover, parameters of the characteristic exponent A are (o,b — ba, Noodx)

where
([ (1—72)|22
= //0 ATt e Y (B (21)

10



and

Noo(2) = /100 N (tz)t4tdt. (22)

Note that the Lévy measure vy associated to the characteristic exponent A has
a density No, with respect to the Lebesgue measure.

Remark 1. In the general case, Condition ) precisely says that Noo < CN
which can be written in terms of measures as follows: v, < Cv.

Proof of Lemma E Let us start as in [ﬂ] in section 3. At least formally, the
Fourier transform ., of any steady state u., satisfies

where 1 is the characteristic exponent of the Lévy operator Z. So that ., =
exp(—A) with A such that:

VA(E) - € =1(8).

The solution of this equation is precisely given by (@) It is not clear that A is
well defined and is the characteristic exponent of an infinitely divisible measure;
this is what we prove next. This will imply in particular that F~!(exp(—A4)) is
a nonnegative function.

Define the nonnegative Ny, by Equation () This integral of a nonnegative
function is finite since for any R > 0, if do denotes the uniform measure on the
unit sphere S4~! we get,

/: /lDl_lN(TD)Td—ldeU(D) :/yzRN(y)dy< o

We conclude that for any » > R > 0 and almost every D on the unit sphere
(where the set of null measure depends only on R),

"N (rD) = / N(rD)74 tdr < 400

so that N (z) is well-defined almost everywhere outside Bg. Choose now a
sequence R, — 0 and conclude.

Let us define I(r) = f‘D‘:l N(rD)do(D) and I, = f‘D‘:l
an analogous way. The previous equality implies that:

Ny (rD)do(D) in

“+oo
rl(r) = / I(1)r4 dr.

11



We conclude that:

/ 22N o (2)d2
[2]<1

1 1 +oo
/ I (r)rdttdr :/ r/ I(7)r% Ydrdr
0 0 T

1 1
= —/ N(z)dz + —/ |2|>N(2)dz < +o0
2 Jiz121 2 Jiz11

+o0 +oo 1 +oo
/ I (T)rd_ldr = / - / I(T)Td_ldeT
1 1 T Jr

/ log|z|N(z)dz.
211

/|z|21 Nao(2)dz

Hence we have [min(1,|z|*)Noo(2)dz < 400. We conclude that it is a Lévy
measure. Now consider the associated characteristic exponent:

A(e) =ib-€—of-€E+ /(ez‘zf “1—i(z-€) h(2))Nao(2)dz.
Now compute:
A) = ib-E40E-¢
- //100(61-2'g —1—i(z &) h(2))N(s2)s"ds dz

[ () 0(2))
N / <§>d_§/ {/§<h<§>h<2>)m>d€}%

= A(§) —i§-ba

where b, is defined by (BI)). Properties () of the Lévy measure v imply that
ba is well defined. We conclude that A is the characteristic exponent of an
infinitely divisible law us, whose drift is b — b4, whose Gaussian part is o and
whose Lévy measure is Ny (2)dz. O

Proof of Theorem . The proof of the first part is exactly given by Lemma E
We now turn to the second part of the theorem. Proposition m gives for
t>0,

d
—Ent?

2 et (v) = —/q)”(v(t, NV - (t,-) - oVu(t, Juscdz

—//D¢(U(t,x),v(t,x—z))u(dz)uoodx
= —/@"(v(t, NVu - (t,-) - oVo(t, )uscdx

—//Dcp(v(t,x),v(t,xJrz))y(dz)uoodz

12



where we used the fact that v is even. It is now enough to prove the following
inequality

Ent?;Oc (v) < C’/@"(v(t, NVu(t,-) - o Vousedr

+C’//D<1>(v(x),v(z + 2))u(d2)use (z)dz

for some constant C' not depending on v and Gronwall’s lemma permits to
conclude. But this inequality is a direct consequence of () for the infinitely
divisible law uqg.

O
4.3 Examples

We next discuss the condition we impose in order to get exponential decay,
namely Condition (@) We point out that equality in this condition holds true
only for a-stable operators and we give a necessary condition on the behaviour
of the Lévy measure at infinity if one knows that it decreases faster than |x|~9.

Proposition 2. e Fquality Noo = N/X holds if and only if ¢ is positively
homogenous of index X € (0,2], i.e.

P(t8) = (&) for any t > 0,6 € RY.

In this case, we get A = /X and by = 0. Note that in the limit case
A =2, then we get Noo = N/2 = 0.

o If |2|*N(z) — 0 as |z| — +oo, then the densities N and Nu, satisfy:

N = —div(zNw).

o In this case, Condition (1Y) is equivalent to:

Noo(tz) < Noo(z)t=4=1C jft > 1
—d-1/C ; (23)
Noo(tz) > Noo(x)t ifo<t<l1
Proof. The first item simply follows from the definition of A.
Let us first prove the second item.
+oo d
NG = ~(Jim_#/N(t) + 1N (1 x ) = - / (N (1)
= —dNy(z) —x - VNsx(z) = —=div(zNy).
To prove the third item, use the first one to rewrite ([[g) as follows:
- VNoo(z) + (d+1/C)Noo(x) < 0.
Integrate over [1,¢] for ¢ > 1 and [t, 1] for ¢ < 1 to get the result. O

13



1

Ezample 1. In R, the Lévy measure e ?l does not satisfy Condition (B)

2|

Indeed, it is equivalent to:

+00 o —la|(s—1)
/ T i<c
1 S

and the monotone convergence theorem implies that the left hand side of this
inequality goes to +o00 as |z| — +o0.
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