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Abstract. In order to perform non-linear
structural analysis on parallel architecture
computers,with sharedor distributedmem-
ory, an iterative approachrelatedto domain
decompositionmethodshas beendesigned.
The studiedstructureis seenas the assem-
bly of two mechanicalentities:substructures
and interfaces. The LArge Time INcrement
method(LATIN) is thenusedto build anitera-
tive algorithm, in order to solve the implicit
structuralproblem concurrently[14]. As a
first step, the implementedversion is con-
cernedhere with linear elasticity, in which
caseour approachis similar to those pro-
posedby [11], [16], [10]. Sucha methodis a
“mixed” approachasbothdisplacementsand
efforts aretheunknowns.

A generaldrawback of domaindecompo-
sition methodsconsistsin the decreaseof
convergencewhen increasingthe numberof
substructures. Using a global mechanism
to propagateinformationamongall the sub-
structurescanavoid this drawback[1]. This
mechanismis now implementedon several
domaindecomposition-like algorithms,such
as the FETI method, into which the rigid
movementof substructureshas to be intro-
duced[8], [9]. Weareproposinghereinanex-
tensionto the previous LATIN algorithmthat
takesintoaccounttwoscalesintroducedwhen
decomposingthestructureinto substructures.
Thelargescaleproblemis thenusedto build a
globalexchangeof informationandtherefore
to improve performance. Moreover, com-
parisonswith differentdomaindecomposition
methods,andin particularwith thevariantsof
theFETI method,areproposed.

1 INTR ODUCTION

Themostpowerful computersarenow based
onaparallelarchitecture[18]. For usingsuch
architectures,designingsuitedalgorithmsis
not obvious, and numerousresearchesare
underdevelopmentto build “parallel” algo-
rithms[5], [2], [19].

The proposedparallel approachis related
to domaindecompositionmethods[7], [21],
[6]. In order to performa parallel treatment
of theproblem,theelasticstructureis decom-
posedintosubstructuresΩE � E � E � andinter-
facesLEE � . Eachis a mechanicalentity with
its own behaviour [4].

2 FORMULA TION OF THE PRO-
BLEM

2.1 Substructure behaviour

EachsubstructureΩE is submittedto the ac-
tion of its environment(the neighbouringin-
terfaces):aneffort densityFE andadisplace-
mentfield WE on its boundary∂ΩE . Eventu-
ally, f

d
is anadditionaldensityof bodyforces

whichthesubstructureis submittedto (Figure
1).
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Figure1. Substructure

For eachE � E,
�
WE;FE � hasto satisfy:
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� kinematicequations:

�
UE �� E �
� E � � � UE � andUE�

∂ΩE
� WE (1)

where  E is the set of displacement
fieldsdefinedontoΩE whichpossesafi-
nite energy.

� equilibriumequations:��� E thatequilibratesf
d

andFE, i.e.

�
U ���� E ��

Ω
Tr � � E � � U � ��� dΩ � �

ΩE
f

d � U � dS �
�
�

∂ΩE
FE � U � � ∂ΩEdS (2)

� constitutiverelation:

� E � K � E (3)

whereK is Hooke’s tensor, which char-
acterisethematerialbehaviour.

� E and � E are the stressand strain fields,
while UE is the displacementfield within
the substructureΩE. The set of unknowns�
WE � FE � UE � � E � , for E � E, that characte-

risesthe stateof substructuresis denotedby
s.

2.2 Interface behaviour

The stateof the liaison LEE � betweensub-
structuresΩE andΩE � is definedby valueson
its surfaceΓEE � of the displacementsandef-
forts

�
WE;FE � and

�
WE � ;FE � � (Figure2).
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Figure2. Interface

For instance,for a perfectliaison, they have
to satisfy:

FE � FE � � 0 and WE � WE � (4)

Of course,otherkindsof liaisoncanbeex-
pressed,suchasprescribedeffort liaison,pre-
scribeddisplacementliaison, unilateralcon-
tactwith or without friction, #$#%# , asdescribed
in [13].

2.3 Description of the algorithm

Thestructureis now consideredasanassem-
bly of substructuresand interfaces. Follow-
ing the framework of theLArgeTime INcre-
ment method(LATIN) [14], [12], equations
aresplittedinto two groups:

� Ad is the set of unknowns s satisfying
eachsubstructurebehaviour (1), (2), (3);

� Γ is thesetof unknownss satisfyingthe
interfacesbehaviour (4).

The solutionsex is thenthe intersectionof
Ad andΓ. A two-stagealgorithmbuilds suc-
cessively anelementof Ad andanelementof
Γ (Figure3).
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Figure3. TheLATIN 2-stagealgorithm

Eachstageinvolvesasearchdirection;they
aretheparametersof themethod:

� the local stageusesthe searchdirection
E+:

�
F̂ - F �.- k

�
Ŵ - W � � 0 (5)

Finding ŝ � Γ suchthat ŝ - sn belongsto the
searchdirectionE+ is a local problemon in-
terfaces,which is thenparallelisable.

� theglobalstageusesthesearchdirection
E-:

�
F - F̂ �/� k

�
W - Ŵ � � 0 (6)
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The problemis then to find sn 0 1 � Ad such
thatsn 0 1 - ŝ belongsto E-. It leadsto a pro-
blem which is global only per substructure,
thoughit can be solved in parallel oncethe
substructuresaredistributedamongtheavail-
ableprocessorsaswell astheir relatedinter-
faces.

In the caseof linear elasticity, this algo-
rithm is similar to thoseproposedby [11],
[16], [10]. For a continuumpointof view, the
previous algorithmconvergestoward the so-
lution of the“referenceproblem”without de-
composition.Preciseconvergenceconditions
aredetailedin [13].

3 IMPLEMENT ATION OF THE AL-
GORITHM

Whenimplementingthe algorithmin a finite
elementcode,we needto discretisethe un-
knowns. A first approachis to treat the pro-
blem with a displacement-orientedformula-
tion. In this case,the displacementUE is
discretisedaccordingto themeshof thesub-
structureΩE, while WE is the trace of UE

on the boundary∂ΩE. Let  E
h be the corre-

spondingspaceof discretisationof UE. The
displacementformulationof theglobal stage
is then:

min
UE 132 E

h

J
�
UE � (7)

where

J
�
UE � � 1

2

�
ΩE

Tr � � � UE � K � � UE ��� dΩ �
� 1

2

�
∂ΩE

UE � kUEdS -
�

ΩE
f

d � UEdΩ �
-
�

∂ΩE

�
F̂

E � kŴ
E � � UEdS (8)

We can notice here that the problem to
solve is global on the substructureandis an
elasticity-likeone.After discretisation,it can
bewritten:

� �KE �4�5� kE �6�4� qE � � � f E � (9)

where � KE � is a classicalrigidity matrix and
� kE � an additional rigidity on the boundary,
traducingthesearchdirection. Both arecon-
stantall alongthe iterations.WE is thenthe

traceof UE on theboundaryandFE is back-
substitutedthanksto thesearchdirection:

FE � F̂
E � kŴ

E - kWE (10)

The algorithm has been implemented
within the industrial-likefinite elementcode
CASTEM 2000 [20].

4 A MULTI-LEVEL EXTENSION

A generaland well-known behaviour of do-
main decompositionapproachesis to have a
degradingconvergencerate when increasing
thenumberof substructures[1].

For instance,let usconsiderthemodelex-
ample of a two dimensionalbeam with a
parabolicbendingloading(Figure4). There-
ference

�
U ;

� � ref is herethe direct finite ele-
mentsolution without decomposition.It al-
lowsusto definetheconvergenceraterelated
to errorin energy:

τ � - log
en 0 1

en

� where

e2
n
�87 Ω Tr � � � n - � ref � K 9 1 � �

n - � ref ��� dΩ

7 Ω Tr � � refK 9 1
�

ref � dΩ

: :
: :
: :
: :

F
;

d
<U= d

<

Figure4. Model problemandexampleof decom-
positioninto 16 substructuresandinterfaces

The form of the searchdirection parame-
ter k hasbeenchosento be k � k0Id where
Id is the identity operatorand k0

� E > L0,
E is the Youngmodulusof the materialand
L0 a length that characterisesthe searchdi-
rection. For the former one-level LATIN ap-
proach,the “optimal” valueof L0 is related
to the lengthof the structure(typically L0 is
twice thelengthfor sucha bendingproblem)
[4]. The figure5 reportsin particulartheav-
eragedconvergencerate(up to convergence:
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Figure5. Convergencerateversusnumberof sub-
structures

en L 1%)versusthenumberof substructures.

To remedyto sucha drawback, a global
exchangeof informationis generallyefficient
[7], [17]. In orderto built sucha mechanism,
we chooseto expressthe solution onto two
differentscales:�

UE;
� E � � �

UE
1 ;
� E

1 �/� �
UE

2 ;
� E

2 � (11)

where1 and 2 denoterespectively effective
unknownson the large scaleandcorrections
on the fine scale. Eachscalecanarisefrom
a differentmodellingof thestructure,for in-
stancehere, from two mesheswith embed-
ded elements.Let Ω1 and Ω2 denotethem.
Transfersbetweenthemis performedthrough
a prolongationanda restrictionoperators,re-
spectively M andN � M T. Transpositionis de-
rivedfrom thesymmetricform:

∑
E 1 E

�
∂ΩE

Tr � � � M E  � � E � dΩ �
� �

∂Ω1

Tr � � �  � ∑
E 1 E

N E � E � dΩ (12)

Where
�  �PO � denotestheeffective solution,

i.e. the solution definedonto the meshΩ1

(thenUE
1
� M E  and OQ� ∑

E 1 E
N E � E

1 ).

Whenusing two embeddedgrids, prolon-
gation can be performedwith a hierarchical
finite elementprojection[23], [22].

With sucha splitting, the problemis now
expressedseparatelyonbothscales:theequi-
librium equationsbecome

� on thefine scale2, on eachsubstructure
ΩE

2

�
U �R�� E

2
��

ΩE
Tr � � E

2
� � U �4�S� dΩ � �

ΩE
f

d � U � dΩ �
�
�

∂ΩE
FE

2 � U � dS �
-
�

ΩE
Tr � � � M E  � K � � U � ��� dΩ (13)

 E
2 is the part of  E correspondingto

thefinescale2.

� on thelargescale1

�  �R�� 1�
Ω1

Tr � O � �  �T�S� dΩ � �
Ω1

f
d � MU � dΩ �

-
�

Ω1

Tr � � �  �3� ∑
E 1 E

N EK � � UE
2 ��� dΩ

(14)

where 1 is thistimerelatedto fieldsde-
finedonthewholestructureΩ satisfying
homogeneousboundarycondition.

Onecannoticethatthetwo scalesarenotsep-
arated,due to coupling terms: on the large
scaleproblem,thestressfield O hasto equili-
bratealso - ∑

E 1 E
N EK � � UE

2 � ; onthefinescale,

the stressfield
� E

2 has to equilibrate also
- K � � M E  � .

Thelargescaleproblembeingchosento re-
mainglobal,we searchsuccessively thesolu-
tion on the two scalesat eachiterationof the
LATIN methodonthesubstructuredfinescale.

On the previous exampleof a two dimen-
sionalbeam,the convergencerategain is il-
lustratedonfigure5 wheneachsubstructureis
meshedwith 20486-nodeelementsfor each
substructuring(4, 16 and 64 substructures).
The referenceproblemspossesrespectively
33400,132354and526850d.o.f. Thecom-
putationshave beenrealisedon a CRAY-T3D

at the IDRIS in Orsay, France.
The convergencerate quasi-independence

of thenumberof substructuresillustratesthe
numericalscalabilityof themulti-level LATIN

approach. A drawback is the necessityto
solve a global problemon the whole struc-
ture due to the large scale. Here, this scale
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hasbeenmeshedwith anumberof 3-nodeel-
ementsequalto twicethenumberof substruc-
tures.

Onecannoticethat the optimal searchdi-
rectionfor this examplewhenusingthelarge
scale,is now relatedto the lengthof the in-
terfaces(L0 waschosento be 0.25 timesthe
length of one substructure). It is then no
morecharacterisedby theglobalstructurebe-
haviour.

5 COMPARISONS

With theproposedapproach,onecanremark
that all over the iterations,nor displacement
neithereffortsof sn arecontinuousthroughin-
terfacesbut bothgapsareimproved.

Someother approachesprivilege a conti-
nuousdisplacement,asprimal Schurmethod
[15] does. At eachiteration, it proposesa
solution that satisfiesdisplacementcontinu-
ity throughoutinterfaces,andimproveseffort
gap with a conjugategradientalgorithm on
thedisplacement-condensedproblem.

On theotherhand,thedualSchurmethod,
[7], proposesa solution that satisfiesnor-
mal stresscontinuity andimprovesdisplace-
mentgapalong the conjugategradientitera-
tionson theeffort-condensedproblem.More
precisely, with the FETI method,the current
solution must satisfy the global equilibrium
onto eachsubdomain,and the displacement
is known via thedeterminationof anadditive
rigid solid movement. This leadsto the res-
olution of a globalproblemontoall the rigid
solid movementsof all thesubdomains.This
is theequivalentof thelargescaleproblem.

The proposedexampleis this time a three
dimensionalelasticbeamwith bending.Two
mesheswith 20-nodeelementsareconsidered
for thisproblemon thefigure6. For thelarge
scaleproblem, the influenceof the discreti-
sation with 8-nodeelementsis studied(Fi-
gure 7). The figure 8 reports the
error in energy en versusiterations for the
primal SCHUR algorithm, with no precondi-
tioner, for the FETI methodwithout precon-
ditioner, andwith LumpedandDirichlet one.
Theselastthreehavebeenperformedby F.-X.
Roux with a PARAGON at ONERA. The for-
mer LATIN algorithm and multi-level exten-

30 051 dof

95 043 dof

Figure6. Meshesof thesubstructuredproblem

a X Y

Z

b

c

d

Figure7. Meshesof thelargescaleproblem

sionsrelatedto several discretisationsof the
largescalearealsoreported.Thesehavebeen
doneon the CRAY-T3D at IDRIS. Both multi-
processorsuse32 processors.

As time comparisonsbetweentwo differ-
entapproachesdependonprocessor, commu-
nicationnetwork,compiler, programmingen-
vironment,diskusage,#$#$# , we decideto only
obtainprincipal tendenciesof algorithmsby
weighting previous results: after analysing
costly partsof simulations,we identify both
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Figure8. Comparisonof several approachesfor
thefirst test

FETI and one-level LATIN initialisations to
1 in CPU equivalent time (cumulatedon the
32 processors).Afterwards, both FETI and
two-level (a) LATIN iterationareidentifiedin
termsof cost. Figure9 thenreportstheerror
versusthis CPU equivalenttime. Figures10

CPU equivalent time

Energy norm error
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Figure9. Comparisonof costsfor thefirst test

and11 aresimilar for thesecondmeshof the
referenceproblem.

The cost of direct finite elementanalysis
of the two problemsare, respectively with
their own CPU equivalent time, 6.5 for the
30051 d.o.f. problemand18 for the 95043
d.o.f. problem(Figure 6): a substructuring
approachis more and more efficient as the
size of the problem increases. Moreover,
for the LATIN approaches,convergencerate
seemsto be weaklydependenton meshsize,
evenlessthanFETI Dirichlet version(Figures
8 and10).
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Figure10. Comparisonof several approachesfor
thesecondtest
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6 CONCLUSIONS

The originality of the couplingof the LArge
Time INcrementmethodwith a substructura-
tion techniqueis themajorrole playedby in-
terfaceswhichareconsideredasstructureson
their own.

It conductsto a “pure parallel” algorithm
that can be improved by introducinga two-
level scheme. The consequenceis the aris-
ing of a global problem to solve onto the
wholestructureat eachiteration. It conducts
toanalgorithmwhichisnumericallyscalable;
moreoverit isweaklydependentontherefine-
mentof themesh.

Thefinal goalof theapproachis theexten-
sion to non-linearstructuralanalysis,follow-
ing theLATIN design.
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andO. C. Zienkiewicz,editors,New ad-
vancesin computationalstructural me-
chanics, pages1–18.Elsevier, 1991.
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méthodesde calcul non incrémentales.
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