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A multi-level and parallel strategy for structural analysis

D. Dureisseixand P. Ladeveze

Laboratoirede Mécaniqueet Technologiede Cachan(LMT)
E.N.S.deCachan’ C.N.R.S/ Universi€ Paris6
61 Av. du PrésidentWilson, F-94235CACHAN CEDEX, FRANCE

Abstract. In order to perform non-linear
structural analysis on parallel architecture
computerswith sharedor distributed mem-
ory, an iterative approachrelatedto domain
decompositionmethodshas beendesigned.
The studiedstructureis seenas the assem-
bly of two mechanicakntities: substructures
andinterfaces. The LArge Time INcrement
method(LATIN) is thenusedto build anitera-
tive algorithm,in orderto solve the implicit
structuralproblem concurrently[14]. As a
first step, the implementedversionis con-
cernedhere with linear elasticity in which
caseour approachis similar to those pro-
posedby [11], [16], [10]. Suchamethodis a
“mixed” approachasboth displacementand
efforts aretheunknowns.

A generaldravback of domaindecompo-
sition methodsconsistsin the decreaseof
corvergencewhenincreasingthe numberof
substructures. Using a global mechanism
to propagatenformationamongall the sub-
structurescan avoid this dravback[1]. This
mechanismis now implementedon several
domaindecomposition-like algorithms,such
as the FETI method, into which the rigid
movementof substructuresasto be intro-
duced8], [9]. We areproposinchereinanex-
tensionto the previous LATIN algorithmthat
takesinto accountwo scalesntroducedvhen
decomposinghe structureinto substructures.
Thelargescaleproblemis thenusedto build a
globalexchangeof informationandtherefore
to improve performance. Moreover, com-
parisonsvith differentdomaindecomposition
methodsandin particularwith thevariantsof
the FETI method,areproposed.

1 INTRODUCTION

The mostpowerful computersarenow based
onaparallelarchitecturg18]. For usingsuch
architecturesdesigningsuited algorithmsis
not obvious, and numerousresearchesre
under developmentto build “parallel” algo-
rithms[5], [2], [19].

The proposedparallel approachis related
to domaindecompositiommethods[7], [21],
[6]. In orderto performa paralleltreatment
of the problem theelasticstructureis decom-
posednto substructureQE (E € E) andinter-
facesLEE'. Eachis a mechanicakntity with
its own behaiour [4].

2 FORMULATION OF THE PRO-
BLEM

2.1 Substructure behaviour

Eachsubstructure is submittedto the ac-
tion of its ervironment(the neighbouringn-

terfaces)aneffort densityF E andadisplace-
mentfield WE onits boundarydQE. Eventu-
ally, f , isanadditionaldensityof bodyforces
whichthesubstructurés submittedo (Figure
1).

Figurel. Substructure

For eachE € E, (WF; FF) hasto satisfy:



e kinematicequations:

£F = 5( E) andU|aQE =WE (1)

where UE is the set of displacement
fieldsdefinedonto QF which posses fi-
nite enepy.

e equilibriumequations:
JoE thatequilibratesf | andFE, i.e

YU* e UF,

/Tl’ari

Naa= [ f,-urds+

+/ FF-UiqedS (2)

e constitutiverelation:

of =KeE (3)
whereK is Hooke's tensor which char
acterisethe materialbehaviour.

oF and ¢F are the stressand strain fields,

while UE is the displacementfield within

the substructureQf. The setof unknowns
(WE FE UE oF), for E € E, that characte-
risesthe stateof substructuress denotedby

S.

2.2 Interface behaviour

The stateof the liaison LEF' betweensub-
structure<NE andQF' is definedby valueson
its surfacel EE' of the displacementand ef-
forts (WF; FE) and (WF'; EF') (Figure 2).

LEE

Figure2. Interface

For instance for a perfectliaison, they have
to satisfy:
—WF

EE+EF =0 and WE (4)

Of course ptherkindsof liaisoncanbe ex-
pressedsuchasprescribeceffort liaison, pre-
scribeddisplacementiaison, unilateralcon-
tactwith or withoutfriction, ..., asdescribed
in [13].

2.3 Description of the algorithm

Thesstructureis now considerecasanassem-
bly of substructuregnd interfaces. Follow-
ing the framevork of the LArge Time INcre-
ment method (LATIN) [14], [12], equations
aresplittedinto two groups:

e Aq is the setof unknowns s satisfying
eachsubstructurdehaiour (1), (2), (3);

e [ isthesetof unknavnss satisfyingthe
interfacedehaiour (4).

The solution s is thenthe intersectionof
Aq andl. A two-stagealgorithmbuilds suc-
cessvely anelementof Ay andanelementof
I (Figure3).

Figure3. TheLATIN 2-stagealgorithm

Eachstagenvolvesasearchdirection;they
arethe parametersf the method:

e thelocal stageusesthe searchdirection
E+:

(F-F)—kW-w)=0 (5

Finding§ € I suchthats— s, belongsto the
searchdirectionE+ is alocal problemon in-
terfaceswhichis thenparallelisable.

¢ theglobalstageuseshesearctdirection
E-:

(F-F)+kW-W)=0 (6)



The problemis thento find s,41 € Aq such
thats,.1 — S belongsto E-. It leadsto a pro-

blem which is global only per substructure,

thoughit can be solved in parallel oncethe
substructurearedistributedamongthe avail-
ableprocessoraswell astheir relatedinter-
faces.

In the caseof linear elasticity this algo-
rithm is similar to those proposedby [11],
[16], [10]. For acontinuumpointof view, the
previous algorithm corvergestoward the so-
lution of the “referenceproblem”without de-
composition.Precisecorvergenceconditions
aredetailedin [13].

3 IMPLEMENT ATION OF THE AL-
GORITHM

Whenimplementingthe algorithmin afinite
elementcode, we needto discretisethe un-
knowns. A first approachis to treatthe pro-
blem with a displacement-orientetbrmula-
tion. In this case,the displacemenUE is
discretisedaccordingto the meshof the sub-
structureQE, while WE is the trace of UE
on the boundarydQE. Let UE bethe corre-
spondingspaceof discretisatiorof UE. The
displacemenformulationof the global stage
is then:

(U 7
UgygE (UF) (7)
where
UE) = / Tre UE)JdQ+
1 E E E
E/ UE.KUEdS /jdng—lr
- [ (ES+RF) - Uds (9)
0QE

We can notice here that the problem to
solve is global on the substructureandis an
elasticity-likeone. After discretisationit can
bewritten:

([KE]+ (KD ] = [fF] 9)

where[KE] is a classicalrigidity matrix and
[kE] an additionalrigidity on the boundary
traducingthe searchdirection. Both are con-
stantall alongtheiterations. WE is thenthe

traceof UE ontheboundaryandFE is back-
substitutedhanksto the searcltdirection:

EE = F5 A — ke

(10)

The algorithm has been implemented
within the industrial-likefinite elementcode
CASTEM 2000 [20].

4 A MULTI-LEVEL EXTENSION

A generaland well-known behaiour of do-
main decompositiorapproachess to have a
degrading corvergencerate whenincreasing
the numberof substructure§l].

For instance]et us considerthe modelex-
ample of a two dimensionalbeam with a
parabolicbendingloading(Figure4). There-
ference(U; o)ef is herethe direct finite ele-
ment solution without decomposition. It al-
lows usto definethe corvergenceraterelated
to errorin enegy:

—log E, where
€n

fQ Gfref)K_l((Fn Gfref)]dQ
e =
fQ Tr[afrefK Gfref]dQ
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Figure4. Model problemandexampleof decom-
positioninto 16 substructureandinterfaces

\\\\\\\

The form of the searchdirection parame-
ter k hasbeenchosento be k = kglg where
lg is the identity operatorand ko = E/Ly,
E is the Young modulusof the materialand
Lo a length that characteriseshe searchdi-
rection. For the former one-level LATIN ap-
proach,the “optimal” valueof Ly is related
to the length of the structure(typically Lg is
twice thelengthfor sucha bendingproblem)
[4]. Thefigure5 reportsin particularthe av-
eragedcorvergencerate (up to corvergence:
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Figure5. Corvemgencerateversusnumberof sub-
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en < 1%) versusthe numberof substructures.

To remedyto sucha dravback, a global
exchangeof informationis generallyefficient
[7], [17]. In orderto built sucha mechanism,
we chooseto expressthe solution onto two
differentscales:

(UF0%) = (UE;01) + (U5 0%)
where 1 and 2 denoterespectiely effective
unknavns on the large scaleand corrections
on the fine scale. Eachscalecan arisefrom
a differentmodelling of the structure for in-
stancehere, from two mesheswith embed-
ded elements. Let Q; and Q, denotethem.
Transferdetweerthemis performedhrough
a prolongatiomanda restrictionoperatorsye-
spectvely P andR = PT. Transpositioris de-
rivedfrom the symmetricform:

EEE/aQETr[ ¢ (PEQl)oF)dQ =

= [ Tre(W) EEERE@'E]dQ (12)

0Q1

(11)

Where(U, T) denoteghe effective solution,
i.e. the solution definedonto the meshQq
(thenUE = PE¢ andT = EEEREar

Whenusingtwo embeddedyrids, prolon-
gation can be performedwith a hierarchical
finite elementprojection[23], [22].

With sucha splitting, the problemis now
expressedseparatelypn bothscalesthe equi-
librium equationdecome

e onthefine scale2, on eachsubstructure
Q5

YU* € fqu,

/ TI’ (72

/ Tre(PEU)Ke(U)]dQ  (13)

urdQ+

dQ/

+/ FE.U*dS+

UE is the partof UE correspondingo
thefine scale2.

e onthelargescalel

VU ey
[ TiTs(u)jdo= /f PUrdQ+

™ Jo, (W) 3 RKe(Uz)]dQ
(14)

where, isthistimerelatedto fieldsde-
finedonthewholestructureQ satisfying
homogeneouboundarycondition.

Onecannoticethatthetwo scalesarenot sep-
arated,due to coupling terms: on the large
scaleproblem thestresdield 7 hasto equili-
bratealso— EEEREKf(QE); onthefinescale,

€
the stressfield ¢5 hasto equilibrate also
—Ke(PEW).

Thelargescaleproblembeingchosertore-
mainglobal,we searchsuccessiely the solu-
tion on the two scalesat eachiterationof the
LATIN methodonthesubstructuredinescale.

On the previous exampleof a two dimen-
sionalbeam,the corvergencerate gainis il-
lustratedbnfigure5 wheneachsubstructurés
meshedwith 2048 6-nodeelementdor each
substructuring(4, 16 and 64 substructures).
The referenceproblemspossesrespectiely
33400,132354and526850d.0.f. Thecom-
putationshave beenrealisedon a CRAY-T3D
attheIDRIS in Orsay France.

The corvergencerate quasi-independence
of the numberof substructuredlustratesthe
numericalscalabilityof themulti-level LATIN
approach. A drawback is the necessityto
solve a global problemon the whole struc-
ture dueto the large scale. Here, this scale



hasbeenmeshedvith anumberof 3-nodeel-
ementsequalto twice thenumberof substruc-
tures.

Onecannoticethat the optimal searchdi-
rectionfor this examplewhenusingthelarge
scale,is now relatedto the length of thein-
terfaces(Ly waschosento be 0.25timesthe
length of one substructure). It is then no
morecharacterisetly theglobalstructurebe-
haviour.

5 COMPARISONS

With the proposedapproachpnecanremark
that all over the iterations,nor displacement
neitherefforts of s, arecontinuoughroughin-
terfacesbut bothgapsareimproved.
Someother approachegprivilege a conti-
nuousdisplacementas primal Schurmethod
[15] does. At eachiteration, it proposesa
solution that satisfiesdisplacementontinu-
ity throughoutinterfacesandimproveseffort
gap with a conjugategradientalgorithm on
thedisplacement-condensedoblem.
Ontheotherhand,the dual Schurmethod,
[7], proposesa solution that satisfiesnor-
mal stresscontinuity andimprovesdisplace-
mentgap along the conjugategradientitera-
tionson the effort-condensegroblem. More
precisely with the FETI method,the current
solution must satisfy the global equilibrium
onto eachsubdomain,and the displacement
is known via the determinatiorof anadditive
rigid solid movement. This leadsto the res-
olution of a global problemontoall therigid
solid movementsof all the subdomainsThis
is theequialentof thelarge scaleproblem.
The proposedaxampleis this time a three
dimensionaklasticheamwith bending. Two
meshesvith 20-nodeclementsareconsidered
for this problemonthefigure 6. For thelarge
scaleproblem, the influenceof the discreti-
sation with 8-node elementsis studied (Fi-
gure 7). The figure 8 reportsthe
error in enegy e, versusiterationsfor the
primal SCHUR algorithm, with no precondi-
tioner, for the FETI methodwithout precon-
ditioner, andwith LumpedandDirichlet one.
Thesdastthreehave beenperformedby F.-X.
Roux with a PARAGON at ONERA. The for-
mer LATIN algorithm and multi-level exten-
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Figure6. Meshewf the substructuregroblem
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Figure7. Meshef thelarge scaleproblem

sionsrelatedto several discretisation®f the
largescalearealsoreported.Thesehave been
doneon the CRAY-T3D atIDRIS. Both multi-

processorsise32 processors.

As time comparisondetweentwo differ-
entapproachedependn processqrcommu-
nicationnetwork,compiler programmingen-
vironment,disk usage, .. , we decideto only
obtain principal tendencief algorithmsby
weighting previous results: after analysing
costly partsof simulations,we identify both



6} Energy norm error 4
a4l A two-level LATIN (b) |

oL V two-level LATIN (a) |

O one-level LATIN

Iteration

10 20 30 40 50 60

Figure 8. Comparisonof several approachegor
thefirst test

FETI and one-lesel LATIN initialisations to
1 in cpu equialenttime (cumulatedon the
32 processors). Afterwards, both FETI and
two-level (a) LATIN iterationareidentifiedin
termsof cost. Figure9 thenreportsthe error

versusthis cpu equialenttime. Figuresl10
10E1 . .
6} Energy norm error 4
4l A two-level LATIN (b) |
2L V two-level LATIN (a) |
0E0 | O one-level LATIN
10El g '\ ]

CPU equivalent time

0. 2. 4. 6. 8. 10. 12 14. 16.  18.  20.

Figure9. Comparisorof costsfor thefirst test

and11 aresimilar for the secondmeshof the
referenceproblem.

The cost of direct finite elementanalysis
of the two problemsare, respectrely with
their own cpu equialenttime, 6.5 for the
30051 d.o.f. problemand 18 for the 95043
d.o.f. problem (Figure 6): a substructuring
approachis more and more efficient as the
size of the problem increases. Moreover,
for the LATIN approachescorvergencerate
seemdo be weakly dependenbn meshsize,
evenlessthanreTi Dirichlet version(Figures
8 and10).

6 Energy norm error i
41 .

21 ]

< two-level LATIN (d)
P two-level LATIN (c)
A two-level LATIN (b) ]
V two-level LATIN (a)

O one-level LATIN

D

Iteration
A 1 1 1
0 10 20 30 40 50 60

Figure10. Comparisorof several approachegor
thesecondest
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61 '\

P two-level LATIN (c)

(b)

(@

A two-level LATIN

¥ two-level LATIN (a

O one-level LATIN

CPU equivalent time

Figurell. Comparisorof costsfor thesecondest

6 CONCLUSIONS

The originality of the couplingof the LArge
Time INcrementmethodwith a substructura-
tion techniques the majorrole playedby in-
terfacesvhich areconsidere@sstructuresn
their own.

It conductsto a “pure parallel” algorithm
that can be improved by introducinga two-
level scheme. The consequencés the aris-
ing of a global problem to solve onto the
whole structureat eachiteration. It conducts
to analgorithmwhichis numericallyscalable;
morewerit is weaklydependenbntherefine-
mentof the mesh.

Thefinal goalof the approachs the exten-
sionto non-linearstructuralanalysis follow-
ing the LATIN design.
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