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Abstract

Stents are medical devices designed to modify blood flow in aneurysm sacs, in order to
prevent their rupture. They can be considered as a locally periodic rough boundary. In order
to approximate blood flow in arteries and vessels of the cardio-vascular system containing
stents, we use multi-scale techniques to construct boundary layers and wall laws. Simplifying
the flow we turn to consider a 2-dimensional Poisson problem that conserves essential features
related to the rough boundary. Then, we investigate convergence of boundary layer approxi-
mations and the corresponding wall laws in the case of Neumann type boundary conditions at
the inlet and outlet parts of the domain. The difficulty comes from the fact that correctors,
for the boundary layers near the rough surface, may introduce error terms on the other por-
tions of the boundary. In order to correct these spurious oscillations, we introduce a vertical
boundary layer. Trough a careful study of its behavior, we prove rigorously decay estimates.
We then construct complete boundary layers that respect the macroscopic boundary condi-
tions. We also derive error estimates in terms of the roughness e either for the full boundary
layer approximation and for the corresponding averaged wall law.

Keywords: wall-laws, rough boundary, Laplace equation, multi-scale modelling, boundary lay-
ers, error estimates.

AMS subject classifications :76D05, 35B27, 7T6Mxx, 65Mxx

1 Introduction

A common therapeutic treatment to prevent rupture of aneurysms, in large arteria or in blood
vessels in the brain, consists in placing a device inside the aneurysm sac. The device is designed
to modify the blood flow in this region, so that the blood contained in the sac coagulates and the
sac can be absorbed into the surrounding tissue. The traditional technique consists in obstructing
the sac with a long coil. In a more recent procedure, a device called stent, that can be seen as
a second artery wall, is placed so as to close the inlet of the sac. We are particularly interested
in stents produced by a company called Cardiatis, which are designed as multi-layer wired struc-
tures. Clinical tests show surprising bio-compatibility features of these particular devices and one
of our objectives is to understand how the design of these stents affect their effectiveness. As
stent thicknesses are small compared to the characteristic dimensions of the flow inside an artery,
studying their properties is a challenging multi-scale problem.
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In this work we focus on the fluid part and on the effects of the stent rugosity on the fluid
flow. We simplify the geometry to that of a 2-dimensional box €, that represents a longitudinal
cut through an artery: the rough base represents the shape of the wires of the stent (see fig. E,
left). We also simplify the flow model and consider a Poisson problem for the axial component
of the velocity. Our objective is to analyze precisely multi-scale approximations of this simplified
model, in terms of the rugosity.

In [] we considered periodic inflow and outflow boundary conditions on the vertical sides
Tin UT oyt of Q€. Here, we study the case of more realistic Neumann boundary conditions on these
boundaries, which are consistent with the modelling of a flow of blood.

As a zeroth order approximation to u¢, we consider the solution %% of the same PDE, posed
on a smooth domain QP strictly contained in Q°. We introduce boundary layer correctors 3 and
7 that correct the incompatibilities between the domain and @°. These correctors induce in turn
perturbations on the vertical sides 'y, UT' oyt of Q°. We therefore consider additional correctors &y,
and &,ut, that should account for these perturbations (see fig ﬂ) We also introduce a first order
approximation, defined in QY that satisfies a mixed boundary condition (called Saffman-Joseph
wall law) on a fictitious interface I'’ located inside Q€.
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Figure 1: The exact solution, the multi-scale framework and wall laws

For the case of Navier-Stokes equations and the Poiseuille flow the problem was already consid-
ered in JAGER et al. , E] but the authors imposed Dirichlet boundary conditions on I'j, U oyt
for the vertical velocity and pressure. Their approach provided a localized vertical boundary layer
in the e-close neighborhood of 'y, UTout. A convergence proof for the boundary layer approxima-
tion and the wall law was given wrt to €, the roughness size. These arguments are specific to the
case of Poiseuille flow and differ from the general setting given in the homogenization framework
[B] In this work, we address the case of Neumann boundary conditions, where the above methods
do not apply. The difficulty in this case, stems from the ‘pollution’ on the vertical sides due to
the bottom boundary layer correctors.

From our point of view, the originality of this work emanate from the following aspects :

- the introduction of a general quarter-plane corrector ¢ that reduces the oscillations of the
periodic boundary layer approximations on a specific region of interest. Changing the type
of boundary conditions implies only to change the boundary conditions of the quarter-plane
corrector on a certain part of the microscopic domain.

- the analysis of decay properties of this new corrector: indeed we use techniques based on
weighted Sobolev spaces to derive some of the estimates and we complete this description by
integral representation and Fragmen-Lindelof theory in order to derive sharper L°° bounds.

- we show new estimates based on duality on the traces and provide a weighted correspondence
between macro and micro features of test functions of certain Sobolev spaces.



The paper is organized as follows : in section E, we present the framework (including notations,
domains characteristics and the toy PDE model under consideration), in section E, we give a brief
summary of what is already available from the periodic context [E] that should serve as a basis for
what follows, in section ff we present a microscopic vertical boundary layer and its careful analysis
in terms of decay at infinity, such decay properties will be used in section E in the convergence
proofs for the full boundary layer approximation as well as in the corresponding wall law analysis.

2 The framework

In this work, Q¢ denotes the rough domain in R? depicted in fig. E, QY denotes the smooth one, I'¢
is the rough boundary and I'? (resp. I'!) the lower (resp. upper) smooth one (see fig[]). The rough
boundary I'“ is described as a periodic repetition at the microscopic scale of a single boundary cell
P, The latter can be parameterized as the graph of a Lipschitz function f : [0, 27[—] —1: 0[, the
boundary is then defined as

PO = {ye[0.2n]x] = 1: 0] s.t. g = F(yn)}- (1)

Moreover we suppose that f is bounded and negative definite, i.e. there exists a positive constant
d such that 1 -8 < f(y1) < 0 for all y; € [0,27]. The lower bound of f is arbitrary and it is useful
only in order to define some weight function see section . We assume that the ratio between
L (the width of Q%) and 2me (the width of the periodic cell) is always a positive integer. We
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Figure 2: Rough, smooth and cell domains

consider a simplified setting that avoids theoretical difficulties and non-linear complications of the
full Navier-Stokes equations. Starting from the Stokes system, we consider a Poisson problem for
the axial component of the velocity. The axial component of the pressure gradient is assumed to
reduce to a constant right hand side C. If we set periodic inflow and outflow boundary conditions,
the simplified formulation reads : find u¢ such that

—Auly = C, in Q,
uy =0, on I U r (2)
uy is @1 periodic.
In sectionﬁ we should give a brief summary of the framework already introduced in [H} Never-
theless the main concern of this work is to consider the following non periodic setting (see section

E) where we should consider an example of a more realistic inlet and outlet boundary conditions.
Namely, we look for approximations of the following problem: find u° such that

— Auf =C, in Q°,
€ __ € 1
u® =0, onI“uUI", (3)

ous
on

=0, on T UTous.



In what follows, functions that do depend on y = /e should be indexed by an € (e.g. U. =
U (z,2/€)).

3 Summary of the results obtained in the periodic case [{]

3.1 The cell problems
3.1.1 The first order cell problem

The rough boundary is periodic at the microscopic scale and this leads to solve the following
microscopic cell problem: find 3 s.t.

—AB=0,in ZtUP,
ﬁ = —Y2, On PO) (4)
(£ is y1 — periodic .
We define the microscopic average along the fictitious interface I' : 3 = % 02 " B(y1,0)dy;. As
Z+ U P is unbounded in the 3o direction, we define also
D'"? ={ve L (ZTUP)/Dve L*(Z*UP)? visy — periodic },
then one has the following result :

Theorem 3.1. Suppose that P° is sufficiently smooth (f is Lipschitz) and does not intersect T.
Let 3 be a solution of (E), then it belongs to D¥2. Moreover, there exists a unique periodic solution
S H? (), of the following problem

< Snp>=<1l,u>, VpeH:)

where <,> is the (H™2(T"), H?(T)) duality bracket, and S the inverse of the Steklov-Poincaré
operator. One has the following correspondence between 3 and the interface solution n :

ﬂ = HZ+77+ HPna

where Hy+m (resp. Hpn) is the yi-periodic harmonic extension of n on ZT (resp. P). The
solution in Z+ can be written explicitly as a power series of Fourier coefficients of n and reads :

00 27
Hzin=By) = > mpe™ e wyezt, = / n(yr)e” M dyy,
0

k=—o00

In the macroscopic domain 20 this representation formula gives straitforwardly
18(2) =3 .o, < KV (5)

L2(Q0)
3.1.2 The second order cell problem

The second order error on I'* should be corrected thanks to a new cell problem : find v € D2
solving
—~AT=0, YWyeZ UP,

T = _yga va € POa (6)
T periodic in y;.

Again, the horizontal average is denoted 7. In the same way as for the first order cell problem,
one can obtain a similar result:

Proposition 1. Let P° be smooth enough and do not intersect I'. Then there exists a unique
solution 7 of () in DV2(Z1 U P).



3.2 Standard averaged wall laws
3.2.1 A first order approximation

Using the averaged value 3 defined above, one can construct a first order approximation u! defined
on the smooth interior domain Q° that solves :
—Aul =C, Ve,
—out
uw=ef=—, VeelI’ u'=0, Vel (7)
8562
u! is x; — periodic on T'jy U Toyt,

whose explicit solution reads :

1 __9 2 T2 . 63
u(z) = 2(302 T3 1+GB)- (8)

Under the hypotheses of theorem @, one derives error estimates for the first order wall law

[Jug — ulHLZ(QO) < Ket.

3.2.2 A second order approximation

In the same way one should derive second order averaged wall law u? satisfying the following
boundary value problem :
—Au?=C, Vze,
5  =0u? €2 _0%u?
—F
Ory 2 Ox3
2

uw? =0, Vzellu?is z; — periodic on Tiy U T oy,

Vo eTY, (9)

whose solution exists, is unique [[f] and writes :

C (m2_$2(1+62?) _e(ﬁ—e?)) (10)
2 14 €6 1+e3 )

Now, error estimates do not provide second order accuracy, namely we only obtain
Hu6 —u2H < Ke?
# L2(Q0) = ’

which essentially comes from the influence of microscopic oscillations that this averaged second
order approximation neglects. Thanks to estimates (E), one sees easily that these oscillations
account as €2 if not included in the wall law approximation.

3.3 Compact form of the full boundary layer ansatz

Usually in the presentation of wall laws, one first introduces the full boundary layer approximation.
This approximation is the equivalent of an asymptotic expansion defined on the whole rough
domain Q€. In a further step one averages this approximation in the axial direction over a fast
horizontal period and derives in a second step the corresponding standard wall law.

Thanks to various considerations already exposed in [E}, the authors showed that actually a
reverse relationship could be defined that expresses the full boundary layer approximations as
functions of the wall laws. Obviously this works because the wall laws (defined only on Q) are
explicit and thus easy to extend to the whole domain Q€. Indeed we re-define

C €6

Yoy == ((1- + ‘ - =
ul(z) = 35 ((1 = @2)waxjan) + 22X|0 \20) 1+ 3

(1—x2), VaeQf (11)



while we simply extend u? using the formula (E) over the whole domain. This leads to write :

e 0 (5(2) )
uioo — 2 +Gg—z2($1’0) (5 (E) _B) N €2 922 (z1,0) (7‘ (f) —?) :

9 € 2 Ox3 €

1,00 oul x
2

For these first order and second order full boundary layer approximations one can set the following
error estimates []:

[|lus, — “i’ooHLz(Qo) < Ke?

2 -1
R Hu;éiueooHLQ(Qo) < Ke™ =.

Note that the second order full boundary layer approximation is very close to the exact solution
in the periodic case, an important step that this work aims to reach is to show how far this can
be extended to a more realistic boundary conditions considered in (E)

4 The non periodic case: a vertical corrector

The purpose of what follows is to extend above results to the practical case of (E) We should
show a general method to handle such a problem. It is inspired in a part from the homogenization
framework already presented in [[1§, E] for a periodic media in all directions. The approach below
uses some arguments exposed in [P for another setting.

4.1 Microscopic decay estimates

In what follows we mainly need to correct oscillations of the normal derivative of the first order
boundary layer corrector 3 on the inlet and outlet I'y,, UT'o,¢. For this sake, we define the following
notations I = U >0 [ZT U P + 2ke;], the vertical boundary will be denoted E = {y € IL, y; = 0}
and the bottom B = {y € P° + ke;} (cf. fig [l). In what follows we should denote II' = RZ,
B’ =R, x {0} and E' = {0} x R the restriction of II to (R4)?.

Y2 Y2
T,
B’ 1
E z+ ! z+ + 21e; ! ;Z+ =+ 271']6613
ro s o
P - P+2mer ... 3P+27rkelg)ill B’ .
B

Figure 3: Semi infinite microscopic domains: 11, the rough quarter-plane and I, the smooth one

On this domain, we introduce the following problem: find ¢ such that

—AE=0, in I,

¢ a8

s - 2 13
on (Ova) an(05y2)7 on Ea ( )
&=0, onB.

We need the following definitions of weighted Sobolev spaces :

at|A]

Wen (@ = {v e D) /[P0l + ) 4 e (@, 0< A <n )




where p = \/y? + (y2 + 1)2. In what follows we should distinguish between properties depending
on p which is a distance to a point exterior to the domain II and r = \/y? + y3 the distance to
the interior point (0,0). These weighted Sobolev spaces are Banach spaces for the norm

P

a— 7n+\>\\
€l ey = Z H(1+p ) D*u ‘LP(Q) ’
0<|A[<m
the semi-norm being
a— m+\>\\
6 m,p = H 1+ D)\ ‘
€lwzr oy MZ @)

We refer to [E, E, ] for detailed study of these spaces. We introduce a specific subspace
WP™(II) = {v € WP (II) s.t. v=0 on B}.

We begin by some important properties satisfied by ¢ that will be used to prove convergence
theorems f.1, f.9 and f.3 Such estimates will be obtained by a careful study of the weighted
Sobolev properties of £ as well as its integral representation through a specific Green function.

Theorem 4.1. Under the hypotheses of theorem @ there exists &, a unique solution of problem
([3). Moreover € € WL2(I1) with o €] — a, ag[ where ag := (v/2/7) and

2

O —

Vy e RZ s.t. p> 1, / — (y1,
) yeRy st p | ‘%(yl Y2)

K
dyr < y1+2 » VY2 € Ry

where M is a positive constant such that M < 1/(1 —2a) ~ 10.
The proof follows as a consequence of every result claimed until the end of subsection @

Lemma 4.1. In W2X2(I) the semi-norm is a norm, moreover one has

1
Héllwy(n) < E|§|Wé’2(n)’ Vo € R.

On the vertical boundary E one has the continuity of the trace operator

Il 42 < Kllellwa 2y, Ve €R,

the weighted trace norm being defined as

€ L2(o1), / —|u(y) — y/(|z/)|2ds(y)ds(y/) < —l—oo} ,

or? ly—y

-

and

we W22 (M) < (14 p%)%ue We? (o).

The proof is omitted because based on the homogeneous Dirichlet condition on B and Poincaré
Wirtinger estimates ([ﬁ], vol. I page 56) established in a quarter-plane containing IT. Nevertheless,
similar arguments are also used in the proof of lemma @

Lemma 4.2. The normal derivative g := g—yﬁ(O,yg) is a linear form on W12(I1) for every o € R.



Proof. In Z*, the upper part of the cell domain, the harmonic decomposition of 3 allows to
characterize its normal derivative explicitly on E’. Indeed

+oo
9= 3‘3{ > iknke'k'”} XiE +9- =1 g+ +9-

k=—o00

where g_ is a function whose support is located in y2 € [f(0),0]. One has for the upper part

/El 93ysdys < KHUII;%(F), Va € R,

thus g4 is in the weighted L? space for any power of (1 —|—p2)%, it is a linear form on W_%f (E). For
g—, we have no explicit formulation. We analyze the problem (E) but restricted to the bounded
sublayer P. We define f_ to be harmonic in P satisfying f_ = n on I', where 7 is the trace on the
fictitious interface obtained in theorem EI and B_ = —ys on P°. Note that thanks to standard
regularity results 7 € C2(I') because T is strictly included in Z+ U P, [f]. So 8 solves a Dirichlet
y1-periodic problem in P with regular data. As the boundary is Lipschitz 8 € H'(P) and so on
the compact interface E. := {0} x [f(0),0], 8af3 is a linear form on H? functions. Then because
FE. is compact :

0 0
—Bvdyg < Ha—ﬁ

<K 2, VaeR
= ol o

a”vHH%(Ec) - w2 (E.)

c

1
H™2(E

Lemma 4.3. If a €] — ag : ag| there exists &€ € WI2(IT) a unique solution of problem ([L3).

Proof. The weak formulation of problem ([LJ) reads
(vé.avv)n :(gav)Ea V’UEC"OO(]‘_I)a

leading to check hypothesis of the abstract inf-sup extension of the Lax-Milgram theorem , E],
for

+oo
a(u,v) = Vu-Vody, I(v)= / %’U dys.

oy

By lemma [£.9, 1 is a linear form on W22 (IT). Tt remains to prove the inf-sup like condition on the
bilinear form a. For this purpose we set v = up>* and we look for a lower estimate of a(u,v).

a(u,up®) = ; Vu -V (up™) dy:|u|3vi’2(n)+2a/n P> 'uVu - Vpdy
+ +

Using Holder estimates one has

1

2 2 2
1
P2V - Vpdy < P> 4 dy P2 Vulldy | < —|ul}z
I I p I 20 e (D
+ + +

In this way one gets

« 2
alw,up™) > (1= = uliyz

and if @ < «aq the inf-sup condition is fulfilled, the rest of the proof is standard and left to the
reader [{. O

Thanks to the Poincaré inequality in IT \ II" with « = 0, we have
Corollary 4.1. If a function & belongs to WOI’Q(H) it satisfies £ € L*(B').



To characterize the weighted behavior of ¢ on B’ we set wq(y1) = (y3 + 1)%3;1 and we give
Lemma 4.4. If & in W2(IT) then & € L3(B',w,) i= {u € D'(B') s.t. [y, wadys < oo},

Proof. 11 is contained in a set Ry x {—1,400}. We map the latter with cylindrical coordinates
(p,0). Every function of WO1 2(II), extended by zero on the complementary set of II, belongs to
the space of functions vanishing on the half-line § = 0. Using Wirtinger estimates, one has for
every such a function.

+oo
/1 £? (p,arcsm( )) Qadp</ / 20— arcsm( ) 7] pd@dpgKH«fH%,Vé,z(H)

because on B’, pdp = y1dy;, one gets the desired result. O

In order to derive local and global L* estimates we introduce in this part a representation
formula of £ on IT'. As long as we use the representation formula below, x will be the symmetric
variable to the integration variable y. Until the end of proposition E both x and y are microscopic
variables living in II.

Lemma 4.5. The solution of problem ([[J) satisfies &(y) < Kp~tr=w for every y € I such that
p(y) > 1. The constant M can be chosen such that M < 1/(1 — 2a) ~ 10.

Proof. We set the representation formula

) = [ Tegtudin+ [ G0 0dp = N+ Dla), Vol (a)
where the Green function for the quarter-plane is
L(y) = 5 (nfo —y] + Info” —y| ~ Il —y] [~ y)),
with © = (21, 22), 2" = (—x1,22), 2+ = (x1,—22),T = (—x1, —22). We know by uniqueness of £
that on IT', £ = (.

First we estimate the Neumann part. We make the change of variables © = (7 cosd, r sin})
which gives

—+oo —+oo

e [ ks
N = anNk = Z %/0 ke kv (1n(ac% + (y2 — .T2)2) — 1n(ac% + (yg + $2)2)) dyo
k=0 k=0
1 e 2 2 2 2
= —an/ ke~ kvz (1n (1 L2 + (%) ) —In (1 + — oYz + (%) )) dya,
2m - 0 r T T
where ¢ = cos?, s = sin?). Now we make the change of variables ¢, = e~ *¥2 and get

1t 2sInt Int,\ >
ng—/1n<1 Sn’“+(ﬂ)>dtk7
7T0 T T

but because s > 0 when ) €]0, 7] and In is a monotone function, one has

4 1 1 4 [ [t In 1 1
ng—/ ln(l—n—tk)dtk:—</ 1n(1——)dtk+/ hl(l—n—tk)dtk ,
iy 0 T v 0 T t(]i T

where Int? = —rk. Where ¢, < t9, —In(¢;)/r is large and In is sub-linear, whereas in the opposite
case, we develop In(1 + -) in power series.

4 % Int, Int\’ 1 K
N, < — 72—dt <=
e /0 k+/toz< >J =k




which implies that N < HnHH% o) /7. The Dirichlet part, we have by the same change of variable

as above :

D(w) = —2 OO(( R — >5(y1,0>dy1

“2m g y1—m1)2+22 (1 +x1)2 + 23
s & 1 s & 1

< — |€ldyr = — €| dy,
mrJo 1 —2em 4 (1)? T Jo (1—e)+ (e— 1)’

where we suppose that ¢ < 1. We divide this integral in two parts, we set m > 1

p< S [" 1 p > 1 I -
_WT/O (1_62)_’_(0_%)2@ yl+/m (1—02)+(c—y—1)2|€| Y1 1+ 12

T

For I; one uses the Lfoc inclusions :

K 2
1EC O 21 0,m) < —

s
I < —

e K€l 2y

T

while for I one uses the weighted norm established in lemma @
1
1-2a 2

2
s > 1 (yi +1) =
I < — / 3 ! dys | €l L2 wa)
™ \Jm \(1=c2)+ (c— L) (1

T

2
2s /OO 1 9
— yr %y | 1€l 2 epr e
m\ /., <(1_62)+(C_y_1)2> 1 L*(B'\wa)

T

L 3
9 o 1 2M M o #
S ’
=2 d —2aMd ) ,
S L Gatesr) @) (D)) o

where M and M’ are Holder conjugates. We choose M’2a > 1 such that the weight contribution
provided by £ is integrable, this implies that M < 1/(1 — 2a)) ~ 10. One then recovers easily

25K r =i 2K
I < ] S
r (1 — 02)2M7§ (7‘[‘[1]2)1721W

W=

IN

IN

We could shift the fictitious interface I' to I'—des and repeat again the same arguments because the
rough boundary does not intersect it. Note that in this case we could establish again the explicit
Fourier representation formula for 3 and its derivative as in theorem @ Thus we can obtain that
€ < c(xg + 6)11/ M) which shows that ¢ is bounded in IT'. So that on E’, one has |¢|pt~ 27 =
€](1 4 25) " 27 < ¢. Here one applies the Fragmen-Lindelsf technique (see [, lemma 4.3, p.12).
We restrict the domain to a sector, defining IIg = II N S, where S = {(p,0) € [1,00] x [0,7/2]}.
On IIg, we define w := —141/(2M) and v := p® sin(wf) the latter is harmonic definite positive,
we set w = £/v which solves

2
Aw+ —Vv-Vw =0, in Sy,
v

with w = 0 on Bg = 05 N B, whereas w is bounded uniformly on Fg := E N S. Because by
standard regularity arguments ¢ € C?(II), w is also bounded when p = 1. Then by the Hopf
maximum principle, we have

sup |w| < supw < K

Ils Al s

which extends to the whole domain Ilg, the radial decay of &. O

10



Deriving the representation formula ([[4), one gets for all x strictly included in IT" that

0 JI'y

L Z ey, 0)dyy =: N, Dy (z), Voell
. 81'1 ayQ 6(?}1; ) Y1 1($)+ 1($) T e

aﬂng(l‘) :/ O, Uz gdya +
E/

Lemma 4.6. For any x € I, the Neumann part of the normal derivative 0., & satisfies N, (x) <
Kr=2 for all x in 1T

Proof. On E’ the derivative wrt x1 of the Green kernel reads

9. T < 1 1 >
1l =T -
' "\2d 4 (22— 12)2  af + (22 + 1)

thus using the cylindrical coordinates to express & = (rcosd,rsin®) =: r(c, s) for 0 < s < 1 one

gets
c [ 1 1
Ny, (z) = —/ - 9(y2)dy2
Sy (1%%(%)2 1+2s%+<y2>2>

e_|k|y2dy2 (15)

c [ 4s
N ;;/0 4s2(1 — s?) + (1 — 252 — (y2)2)2

LI B LI o I
<Y | e < — >l < ol
This estimate is not optimal since it is singular near z; = 0 or o = 0. But it provides useful
decay estimates inside IT'.
It’s easy to check that N, is harmonic, N, = g on E’, and that it vanishes on B’. Because
on E’ g is bounded, by the maximum principle N,, is bounded. We divide IT' \ B(0,1) in three
angular sectors :

Si={(rd) st r>10€ Wi 0l )i ={0.%2.2}
632
For S; and S3 we define v; := +p~2 cos(209), i = 1,2 which is positive definite and harmonic, while

for Sy, v; := p~?sin(249) sharing the same properties. For each sector we define w; = N, /v;, it
solves

2
sz+—V01Vw1:0, lnSz7 7/:1573

v;
The estimate (L) shows that on each interior boundary d;, w is bounded while on E’ U B it is

bounded by the boundary conditions that N,, satisfies. By the Hopf maximum principle [ﬂ], one
shows that

supwy; < sup wy < 00, Supwz < sup  wp <00, Ssupwz < sup w3z < 00
S1 V=2 So Y=2 9=2 S3 Y=2 9=2

which implies that N,, < Kr~2 for every y € Ily :=1I'N S. O

In order to estimate D, the latter term of the derivative, we introduce the following lemma
inspired by proofs of weighted Sobolev imbeddings in 7 @]

Lemma 4.7. If ¢ € W12 (I1) with o € [0,1/2[ then its trace on a horizontal interface satisfies

e h,0) — &(y1,0))?
rg= [ [ D ZEOL  dn <l (16)

The proof follows ideas of theorem 2.4’ in p- 235, we give it for sake of self-containtness.
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Proof. We make a change of variables x1 = rcos¢, zo = rsint, ¢ = 0, leading to rewrite I as

l€(p + h,0) — &(p,0)|
_ dpdh
I= // pdh,

h2 2

note that the second space variable for ¢ is now ¥ = 0. We insert intermediate terms inside the
domain, namely

Ik // ‘5 p+h,0) (/)—i—l”L,aUcam%)‘2 . ‘«E (p—i—h,atan%) —£ (p,atan%)rdpdh

h2 2c h272a
2
¢ (patant) — ¢ (p,0)| ,
/ / h2 e dpdh :le +Ig+[1

Obviously the terms I; and I are treated the same way. We make a change of variable (p,h =
ptan )

_[F [ J€(p(1 + tand),0) — E(p(1 + tan ), ¥)|?
L _/ / (ptany)?—2e 1 +192 dp dv.

In order to eliminate the dependence on 1 in the first variable of £ we then make the change of
variable (p = r/(1 + tan ), ¥) which gives

% > |§(T70) 75(7’519”2 (1 +tanﬂ)2a /OO/% |§(T70) 75(7"7 19)|2 dv
I = d dd < d .
/0 /0 r2—2a T 22 a0+ = ) r2—2a rar 9224

We are in the hypotheses of the Hardy inequality (see for instance [E], p.203 estimate (7)), thus

we have
2 00 3
P2 dIr? et dr < K/ 7“20‘/ -
0 o T

1 A e
< - -
1—<1—2a>2/0 /
2
< H§||W;’2(H)v

In the same manner

I <// 4G 1+tpa:ai)l9;’;);f(p’ﬂ)|2pdpdq9
A
IRV

where we made the change of variables s = pt and applied the generalized Minkowski inequality
(13, p-203 estimate (6)). Now we set r = p(1 +¢) inside the most interior integral above

I </% /tanﬂ dt /
= 0 T+t | Jo |0p

Now, we have separated the integrals in ¢ and r, the part depending on ¢ is easy to integrate. Thus
we obtain

b= /og"”w)/om ‘a—p 2

Distinguishing whether tan is greater or not than 1, it is possible to show that & is uniformly
bounded wrt ¢ which gives again the desired result. |

2
d9rdr

)

ptan 6 a&- d9

2a—1
dp———
p ptan2_2a v

( + s,9)ds

%
. &9
(p(1 + ), 0)p"** dP] do 2oy

1 2
’ dd

tan2—2* 9

(r ,19)r1+2adr]

2

1 1
1+2c —
(r,9)r drd9, where S(9) = ey {(1 T tan )

12



We take inspiration from the proof of theorem 8.20 p. 144 in [@] to claim the following
estimates.

Proposition 2. Set & a function belonging to W12 (I1), and

e 0 JI'y
D,, (x) ::/ G(z,y1)&(y1,0)dyr, Va €ll', where G(z,y1) = — ,
0 81'1 83/2 yeB’
then it satisfies for every fized positive h
e K

| 1D <
where the constant K is independent on h.
Proof. We recall that

G = 1'2< 1~ Y1 z1+yl >
(1 —91)* +23)* (21 +51)* +23)?

Because fooo G(z,y1)dy; = 0 for every x € II' we have

D, (z) = / " Gl (€91, 0) — £(01,0)) dyr, Vi € IV,

we underline that G(z,-) is evaluated at « € II' while {(x1,0) is taken on B’. By Hélder estimates
in y; with p=2,p" = 2, we have :

[e'e) 0 o 2
|Dzl|2 S/ G2|y1 7$1|272ady1/ |§(y170) §($1,0)| dy1 (17)

0 0 ly1 — @q 272

integrating in x; and using Holder estimates with p = oo, p’ = 1 then

[e’e) 0 2
I3 ::/ |Dz1|2d:1:1 < sup G? ly1 —x1|2 2% dy, / / 1€(y1,0) — (21, 0)] dy1dxy
0 Ry

z1€R; |y1 - 501|2 2

Thanks to proposition @ we estimate the last integral in the rhs above

Is < K sup la(21,22)|[€llyy 2y, Where Iy, o) = G2lyy — x> 2 dys
r1ERL Ry

Considering I one has

_ o \4—2a 2 20, . \2—2a
) < K/ 23 (y1 561) ot z3(y1 +21) (921 9021)4 dys
((x1 —y1)* +23) ((z1 +y1)? +23)
ZC yl _ $1)4—20¢ $%(91 + x1)4—2a
< K/ 2 d 1 d 1 = I5 + Iﬁ
(@1 —y? a3 T @+ +ad)t
Both terms in the last rhs are treated the same, namely
oo 42« K
I. < g2+5-2a-8 < ds <
5 < X (2T £ o1
which ends the proof. O

Remark 4.1. This is one of the key point estimates of the paper. One could think of using weighted
properties of & of lemma instead of the fractional Sobolev norm introduced from proposition
m, in the Holder estimates (E) This implies to transfer the xy-integral on G, then it seems

impossible to conclude because
o0 oo
/ / G?wa(y1)dyrday = oo
o Jo

which is easy to show if one performs the following change of variables z1 = y1 — x1,y1 = Y1-

13



In this part we study the convergence properties of the normal derivative of £ on vertical
interfaces far from E. For this sake we call

I ={yell, st. y1 >1}, E ={y1 =1 y2 €[f(0),+oo[}, Bi={y€B,yn >1},
here we redefine the weighted trace spaces of Sobolev type
2

#1 € L2(o11), / Mds(y)ds(y') < —l—oo}

W2 (91 w e D (OIL) s.t
o { ot (1+0%)7 oz [y—y

where we define o := |y — (0, f(0))| = \/91 (y2 — £(0))2.

1
Proposition 3. Suppose that v € Woff (OIL;) with v = 0 on By then there exists an extension
denoted R(v) € D'(II)) s.t
VRO 2y < K0l

where K depends only on ||f']|
Proof. We lift the domain in a first step in order to transform II; in a quarter-plane 11,.

v=e0)i= (3, hry ) V€= 2

if we set ©(Y2) = v(Ya + £(0)) = v(y2) then the L? part of the weighted norm above reads

V2 V2 02
B (1+02)2 B (1+ 12+ (y2 — £(0))?)> (pxry (1412 4+Y5)2

,02
:/ SR
(yxry (1+062)2

1
where 62 = 1+ Y2+ Y3 Ifov € Woff (011;) and v = 0 on B; we know that ([§, p.43 theorem

1.5.2.3)
)
dY-
/WanW—ﬁ<+w
0 Y

which authorizes us to extend v by zero on E, = {Y1 =1} x R, this extension still belongs to
1 .

WOZéQ (El) Arguments above allow obviously to write for every v vanishing on B and ¢ defined

above

[[oll whony) ~ il

(o1, w2 (B

Here we use trace theorems II.1 and I1.2 of HANOUZET [H], they follow exactly the same in our
case except that the weight is not a distance to a point on the boundary (as in [[f]) but it is a
distance to a point exterior to the domain. So in order to define an extension ([E] p. 249), we set

V(Y) :/ R(s)0(Yis + Ya)ds, seR, VY ell,
|sl<1

1 +Y3+1%)2

where ® is a cut-off function such that

Supp@E[O:%[, B(0) = 1, <I>eC°°([O,%[),

14



and R is a regularizing kernel i.e. R € C5°(] —1: 1[) and fR s)ds = 1. Then the extension in
the quarter-plane domain reads

w(Y) = (VV)(Y1,Y2) — (IV)(Y1,-Y2), Y €Il
which allows to have w(Y7,0) = 0 for all Y; € Ry. According to theorems II.1 and 1.2 in [J], one

then gets

< K|

wE2 (i) IVwll g1,y < Kol
L2(11;) (1)

W=

Ha+a% w2 (B)

Turning back to our starting domain II;, we set

R(v) = w(p ' (y)) = wlyi,y2 — f(y1)), Vy €Il

We focus on the properties of the gradient

1 7
/Hl (AVyR(v), VyR(v))dy :/ |Vyw|*dY, where A = (f’ 14 (f,)Q,)

1y

but the eigenvalues of A are

\ = ZHERE VTGS
2 3

the lowest eigenvalue is positive and tends to zero as |f’| increases. The boundary is Lipschitz
so that ||f'||,, is bounded. Thus there exists a minimum value of A_. All this guarantees the
existence of a constant ¢'(||f'[|,,) > 0 such that

VyRW)|"dy < K||0]| 1.,. .,
o [ IRy < Kl
which ends the proof. O

Thanks to the existence of the lift R(v), we are able to estimate a sort of weak weighted Sobolev
norm.

Proposition 4. Ifv € VVO a (8HL) and v =0 on Br then one has

23
< o 1
/ n ( Y2 >U(y2)dy2 < Ke Hv”Wff(arIL)

Proof. The function v given in the hypotheses belongs to the adequate spaces in order to apply
proposition E, thus there exists a lift R(v) s.t. R(v) = v on 9Il.. Because £ is harmonic and
v =0 on Br, we shall write the Green formula

2

/ vdy2 VEVR(U)dy+ ALR(v)dy < Sup—/ IVEPp*dy | VR g2
EL T

e

e

< KUl wWM|mmU<K“w|#@H)
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4.2 Test functions: from macro to micro and vice-versa

We suppose that v € HL(Q°) := {u € H'(Q),u = 0 on I'* UT'} then ~(v) € Hz () which
implies that v € H 3 (Tin UTout) and that for any corner

dt
/| 2—<oo

where z(t) € Ty Uyt is a mapping of the neighborhood of the corners. To the trace of v on I'y,
or I'ous, we associate a trace of a function defined on dIIL which is zero on BL s.t.

L L 1
v <—,y2) =v(0,ey2) = v(0,22), Vaz € [ef(0),1] andd <z,y2) =0, y2> -

€

then one has the following connexion between the macroscopic trace norm and the microscopic
weighted one.

Proposition 5. Under the hypotheses above on functions v and v,

[[o]] )

H%(Finurfurl 121 wE) ( )’

ifv=0onT UT! (resp. © =0 on BL).

Proof. Thanks to the change of variables x5 = €ys we have that

1 1 Y
€ L
/ v*(0, z2)dy = 6/ v (_ayQ) dyz < Kesup(l + 02)%/ — L dys
ef(0) f(0) € Er B, (1+02%)2

< K€—||UH wi: 2(811 )

conversely

7 GRS 1 ¢ . )
—dyo :/ ————dys < supi/ 172dy2 < Kellv||52 1y, = K||v||5 2/
/EL (022 o (14023 (1402 Jro Pl = Ellze

For the semi-norm the same change of variable provides an equality due to the homogeneity in ¢

ie. )
= [ [, M ey = i .
(Tin) 2, |3U2 — x5 Weo (EL>
€
O

Remark 4.2. We insist on the fact that one can associate traces of v either from 'y, or oyt to
v, the weight that one gains in the microscopic norm comes from the scaling from macro to micro
and not from the vertical position of the macroscopic interface wrt the origin of the domain €.

5 A new proof of convergence for standard averaged wall
laws

5.1 The full first order boundary layer approximation: error estimates

The periodic boundary layer approximations given in () introduce some microscopic oscillations
on the inlet and outlet boundaries I'y, UT'out. We define a new full boundary layer approximation

1

0 —
ul,oo = ul + Ea—;(zl, 0) (6 - 6 - gin + gout) (%) (18)
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T L —x1 x9

where we define
x T
gin(_)zg(_)v gout(?)f( B ,6>,

€ €

and ¢ is the solution of problem (IE) One easily checks that

6&“ 1 65 X9 . 6&“ 1 65 L D)
YSin _ Y L2 hil _ Y% (222
on | e@n(o’e)’WIe on |, €0n € €

= —1/€0n&(0,22/€) while the normal derivative Onout|r

and in the same way Onéout|r.,, =
—1/€0n&(L /€, x2/€) on I'y,. We estimate the error of this new boundary layer approximation. We
denote 71 := u¢ — ul>° it solves

— ATELOO = CX[Qe\QU], on QG,

1,00
' L
Or :i% —,% on I'iyy UGyt
on on \ e €

1

ou -
7‘61700 — 68—562(:61,0) (ﬁ - ﬁ - gin _Eout) ( 6 B c
As stated in (), u! is only C(Q2€) in the sub-layer Q¢ \ Q°, this explains the constant source
term defined only in Q¢ \ Q0 in the rhs in the first equation of the system above. We then have

€ €

1 1
,7:1 ) —'b(ﬂ,—) on T rb> =0, onI®

Theorem 5.1. Under the hypotheses of theorem Iﬂ, rlee satisfies
1,
e OOHHI(QE) <e

Proof. We separate various sources of errors, we set r' the solution of the Neumann part of the

errors, it solves :
— Ary =0, in Q°
oy 9¢ (L w or
a—ri — a—fl (;; ?2) on Fouta a_ri =0on 1—‘ina (19)
rr=20 onFEUI‘l,

then the rest r9 satisfies
- ATQ = CX[Qe\QU], in Q°
87“2
—an =0 on Fin U Fout; (20)
1
ro = (ﬂ —) onTt ry =0onTI*¢,
€

which is the Dirichlet part of the errors and should be evaluated in a second step thanks to
appropriate extensions and lifts.

e The Neumann part
The variational form of the problem ([L9) reads

or

. do = d
/“Vﬁ Voudz /Fout an'y(v) o,

dividing this expression by ||V 2 (q.) we first obtain the following equivalence :

Vv € Hp,(Q°),

f . Vry-Voudzx
e = | V71l 2 g

sup
vert @) |IVOllp2ge
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Indeed, by Cauchy-Schwartz one has easily that the L? norm is greater than the supremum
while a specific choice of v = 11 gives the reverse estimate. Thanks to this, one has

ory d$2
IVrill 2y = sup —frout o
vert ) IIVUll 20

We underline that we kept the properties of the traces of H}(Q€) functions inside the sup
that we aim to evaluate. This norm is lower that the simple H _%(I‘out) which authorizes
different behaviors of test functions near the corners of Toy ([{], p 43, thm 1.5.2.3).

Now the integral in the rhs of the last expression reads in fact :

on _ [ (L [ o (L i

where we constructed v as in section @ i.e. v has the same trace as v but v is expressed as
a microscopic trace function. Thanks to proposition E the corresponding microscopic trace

1
0 belongs to W [72 (GH L ) and propositions [| and [] give that

<o ; olls o
[ o (F o) o0 <« 10,32 (0, ) < KWy < K€ el

0,0

All together one obtains
V7Ll L2 (e < el

e The Dirichlet part
We should lift b, the non homogeneous Dirichlet boundary conditions on I'!, so we set
1
¢:=b <ﬂ, —) Z'QX[QU], and 79 : =19 — G.
€€
Standard a priori estimates give
V72l p2qey < [IVSllp2iqe) €

where the e in the last rhs comes when estimating the constant source term C' localized in
0\ Q° indeed :

(C,v)aa00 < HC||L2(Q€\QO)||UHL2(Q€\Q°) < \/EHCHLZ(QE\QO)HVUHL?(QE\QO) < 6C||V7J||L2(sze)
thanks to Poincaré inequality in the sub-layer. Hereafter we estimate the gradient of the lift,
-1 - 1
|‘V§||L2(Qe) SGK B E,E _B a$16

+ €ll&inll L2y + €Oz &inll L2y + fH&outHy(rl) + €[|0z: Sout [l 21

o (52)
€ e L2(r) Oyp \ e € L2

<K [67% + 2 4 elJ”l} < Kelte
where we use the second estimate of theorem EI describing the decay properties of €. This
ends the proof: the main error is made when linearizing the Poiseuille profile in Q¢ \ Q0.

+K’

L2(T1) L2(T'1)

<Ke © 42

As 7“61"’0 := 11 4+ 75 one gets the desired estimate. O
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Here comes the error estimate in the L? norm that add approximately an /e factor to the a
priori estimates above.

Theorem 5.2. Under the hypotheses of theorem Iﬂ, r1o° satisfies

lre> 1l 2oy < €

where o < \/5/7r ~ 0.45.

Proof. We define v a regular solution on the “smooth” domain Q° (in the sense: not rough, in
particular, Q0 is a rectangle) of the following problem

—Av=F, in Q°,

)

9
0, onTy UTY
on

v=0, on TOUT!

out

where the function F is in L2(Q°). Thanks to [§] theorem 4.3.1.4 p. 198, one has that there are
no singularities near the corners i.e. v € H%(Q%) N HA(Q°) and
[Vl 720y < KNFl 1200

1,00
€

Testing r, against F', one gets

1,00
1,00 _ 67"6 1,00 61}
(ro%, —Av)go = 3 v — | ro, n
n Tin/UTY N/ pigre

taking the supremum over every function in H?(Q") gives :

(rhee, —Av)

1,00
T = sup e 77/
H € Hm((z“) veH2NHL (Q0) ||*AU||L2(QU)
1,00
fF ur! agn v(v)dws
= sup — + ||rloee =5L+1
verrnmb () =Bl L2 o) Ire™llisqerure)

the latter term of the rhs is classically estimated through Poincaré on the sublayer and the a priori
estimates above for the I'” part :

HTeLOOHN(rU) = \/EHTeLOOHHl(Qe\QU) S \/EHTELOOHHI(QE) < et

On T'! there is an exponentially small contribution of the periodic boundary layer and an almost
€ square term coming from the vertical correctors &, and &yt :

(o)

I; follows using the same arguments as in the proof of the a priori estimates. The astuteness
resides in the fact that

< 2w,

< Ke <
L2(0,L)

Hrel’ooHLz(Fl)

1,00

or
. —=—(v)dxo
I < sup fr,,,/ur;m on

vEHL (Q0) H—AUHLz(m)

)

and because of the properties of functions H7,(Q°) their traces on I'y," UT.  are a particular
subset of the traces of functions of H} (). This gives

I < 61+a”7(“)HH%<r;m> - 61+aHV(U)HH%G(;» < Kelta
- [=Avll 2oy — [=Avll 2oy —

where the last estimate comes from the continuity of the trace operator on functions of H?2.
O
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5.2 The standard averaged wall law: new error estimates

We use the full boundary layer approximation above as an intermediate step to prove error esti-

mates for the wall law. We denote 7! := u® — u'.

Theorem 5.3. Under the hypotheses of theorem Iﬂ, one has

el a0y < €

Proof. We insert the full boundary layer approximation between u¢ and u'
L= —ut = —ub™® Ful™e —u

1 T 1

ou — ou
= Tipo + 6—(‘%'1’0) (ﬁ - B - Ein +€out) (_) = rel,oo + —(ZCl,O)Il
We evaluate the L?(Q°) norm of I

0z € Oxo
8(2) =o€ ) oo | =B+ G}

while the first term is classical and the estimate comes from (E), for what concerns the second
term, we use the L estimates of theorem @ and get

L 1 L 1 1
[e(@a=e [ ["eay<e [T [T
Qo € o Jo o Jo pTHM

1" 1 "
<eé sup pwt / ; ) oy < K2
[0.£]x[0,2] [0.€]x[0.2] #

r 1

Ing{€

where §” is a positive constant as small as desired. This ends the proof. O

6 Conclusion

In this work we established error estimates for a new boundary layer approximation and for the
standard wall law with respect to the exact solution of a rough problem set with non periodic
lateral boundary conditions. The final order of approximation is of €!+® where 1+« ~ 1.45 which
is compatible and comparable to results obtained in the periodic case (see @, @] and references
there in).

Numerical tests and intuition make us believe that these results are not yet optimal: estab-
lishing estimates in the spirit of very weak solution but in the weighted context should improve
the L2(Q2°) estimates and this will be done in a future publication.
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