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Limit law of the local time for Brox’s diffusion

Pierre Andreoletti, Roland Diel *

September 12, 2008

Abstract

We consider Brox’s model: a one-dimensional diffusion in a Brow-
nian environment. We show the weak convergence of the normalized
local time process (L(x 4+ miogt,t)/t,x € I C R), centered at the coor-
dinate of the bottom of the deepest valley miog+ reached by the process
before time ¢ to a functional of two independent 3-dimensional Bessel
processes. We apply that result to get the limit law of the supremum of
the normalized local time. These results are discussed and compared
to the discrete time and space analogous model whose same questions
have been solved recently by N. Ganter, Y. Peres and Z. Shi [EI]

1 Introduction

1.1 The model

Let (W (x),z € R) be a cadlag real-valued stochastic process with W (0) = 0.
A diffusion process in the environment W is a process (X (t),t € R*) whose
conditional generator, given W, is

Lwewd ( -wed
26 dx € dr )’

Notice that for almost surely differentiable W, (X (¢),t € R™) is the solution
of the following stochastic differential equation
AX (1) = dB(t) — LW/(X(8)dt,
X(0)=0.
*Laboratoire MAPMO - C.N.R.S. UMR 6628 - Fédération Denis-Poisson, Université
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where [ is a standard one-dimensional Brownian motion independent of W'.
Of course when W is not differentiable, the previous equation has no rigor-
ous sense.

The study of such a process starts with a choice for W, a classic one, orig-
inally introduced by S. Schumacher [B] and T. Brox [g], is to take for W a
Lévy process. In fact only a few papers deal with the discontinuous case, see
for example E. Carmona [[] or A. Singh [[], and most of the results concerns
continuous W, i.e. (W(z) := B, — k/2x,z € R), with k € R* and B a two
sided Brownian motion independent of S3.

The case k > 0 was first studied by K. Kawazu and H. Tanaka [fi], then
by H. Tanaka [ and Y. Hu, Z. Shi and M. Yor [§], more recently by for
example M. Taleb [{], and A. Devulder [[L0, [[]]. The universal caracteristic
of this X is the transience, however a wide range of limit behavior appears,
depending on the value of &, see [§.

In this paper we choose x = 0, X is then recurrent and [E] shows that it
is sub-diffusive with asymptotic behaviour in (log?)?, moreover X has the
property, for a given instant ¢, to be localized in the neighborhood of a ran-
dom point myeg¢ depending only on t and W. The limit law of miag/(log t)?
and therefore of X;/(logt)? were made explicit independently by H. Kesten
2 and A. O. Golosov [fL3].

In fact, the aim of H. Kesten and A. O. Golosov was to determine the limit
law of the discrete time and space analogous of Brox’s model introduced by
F. Solomon [[[4] and then studied by Ya. G. Sinai [[§]. This random walk in
random environment, usually called Sinai’s walk, (S,,n € N) has actually
the same limit distribution as Brox’s one.

Turning back to Brox’s diffusion, notice that H. Tanaka [[i, [[] obtained
a deeper localization and later Y. Hu and Z. Shi [[[7] get the almost sure
rates of convergence. It appears that these rates of convergence are exactly
the same as the rate of convergence for Sinai’s walk. The question of an
invariance principle, that could exist between these two processes rises and
remains open (see Z. Shi L] for a survey). In fact a first attempt to link
this two processes appears for the first time in the articles of S. Schumacher
[B] and K. Kawazu, Y. Tamura and H. Tanaka [[J].

This work is devoted to the limit distribution of the local time of X.
Indeed to the diffusion X corresponds a local time process (Lx (¢, x))t>07m€R
defined by the occupation time formula : Lx is the unique P-a.s. jointly
continuous process such that for any bounded Borel function f and for any
t>0,

[ r0xgas = [ st



The first results on the behavior of Ly can be found in [RQ] and [I]. In
particular in [R1]] it is proven that, for any = € R

log(Lx(t2)) £, 1777 ¢ 2 foo (1)
logt

where U and U are independent variables uniformely distributed in (0,1)

and - is the convergence in law. Notice that in the same paper Y. Hu
and Z. Shi also prove that this behavior is the same for Sinai’s walk: if we
denote by Lg(n,z) := > ' | 1g,—, the local time of S in x € Z at time n

then
log(Ls(m.2)) £ 17 i1 m 2y 100
logn ’ ’

For original works on the local time for Sinai’s diffusion we refer to the book
of P. Révesz R3]

In this article we show that the normalized local time process (L(¢,x +
Miogt)/t,x € [—K,K]) with K > 0 is equivalent in probability to a well
defined process, which depends only on ¢, mios; and W. We also make
explicit the limit law of this process when ¢ goes to infinity, it involves some
3-dimensional Bessel processes. The supremum of the local time process of
X is given by

Vt >0, L%(t):=supLx(t, x),
z€eR
as a consequence of our results we show that L% (t)/t converges weakly and
determine its limit law. We also find interesting to compare the discrete
Theorems of [[I] with ours, pointing out the analogies and the differences.

1.2 Preliminary definitions and results

First let us describe the probability space where X is defined. It is composed
of two Wiener’s spaces, one for the environment and the other one for the
diffusion itself:

Let W be the space of continuous functions W : R — R satisfying W (0) =0
and A the o-field generated by the topology of uniform convergence on com-
pact sets on W. We equip (W, A) with Wiener measure P i.e the coordinate
process is a ”two-sided” Brownian motion. We call environment an element
of W.

We also define the set Q := C(]0; +o0o[,R), the o-field F on 2 generated by
the topology of uniform convergence on compact sets and the probability
measure P such that the coordinate process on 2 is a standard Brownian



motion.

We denote by P the probability product P ® P on W x Q. We indifferently
denote by W an undetermined element of VW and the first coordinate process
on W x 1 (i.e a “two-sided “ Brownian motion under IP or P) similarly B is

indifferently an element of €2 and the second coordinate process on W x €.

. L T . .
Finally "2 means ”equality in law” under P that is under a fixed environ-

ment W, and £ (respectively L) for an equality (resp. a convergence) in
law under P. We can now state our first result:

Theorem 1.1 We have

Lx(@) ¢ 1
e Ruldy ®

where for any v € R, R(r) := Ry(z)1{z>0y + Ra(—2)1{z<0y, R1 and Ry are
two independent 3-dimensional Bessel processes starting at 0.

First notice that ffooo e W dy < +00 a.s. , then we would like to state the
equivalent of this Theorem for Sinai’s walk recently found by [,
Ls(n) ¢

— sup 7(z) (3)
n TEZ

where

exp(—Zx) + eXp(—fol)
QZyeZ exp(—2Zy) ’

and Z is a sum of i.i.d random variables (with mean zero, strictly positive
variance and bounded) null at zero and conditionned to stay positive (see
below Theorem 1.1 and Section 4 of [ for the exact definition).

The analogy between the local time for X and the local time for S takes
place in the fact that both R and S can be obtained from classical diffusion
conditioned to stay positive, R; and Re are Brownian motions conditioned
to stay positive (see [BJ]) and Z a simple symmetric random walk condi-
tionned to stay positive (see 4] and [RJ]). Note also that A. O. Golosov
also proved that > 7 exp(—Zy) < +oo.

However Z and R have not the same nature, one is discrete the other one
continuous, notice also that the increments of Z are supposed to be bounded
(see hypothesis 1.2 in [fl]), and it is not the case for R. Finally the numer-

ator of m(z) is not as simple as the numerator of our result, but this comes

m(x) =

x €L, (4)



essentially from the difference of nature of the two processes discrete for one
and continuous for the other.

Theorem [L.1] is an easy consequence of an interesting intermediate result
(Theorem [[.9 below). Before introducing that result we need some extra
definitions on the environment, these basic notions have been introduced by
[, see also [P4]. Let h > 0, we say that W € W admits a h-minimum at xq
if there exists £ and ¢ such that £ < z¢p < ¢ and for any z € [, (],

[ ) W(m) Z W(m'o),
o W(&) > Wi(xg) + h,
o W(¢) > W(xo) + h.

Similarly we say that W admits a h-mazimum at xg if —W admits a h-
minimum at 9. We denote by M}, (W) the set of h-extrema of W. It is easy
to establish that P-a.s. M} has no accumulation point and that the points
of h-maximum and of A-minimum alternate. Hence there exists exactly one
triple Ap = (pn, mp, qn) of elements in M}, such that

e My and 0 lay in [Ph,Qh]a
e pp and ¢qp, are h-maxima,
e my is a h-minimum.

We call this triple the standard h-valley of W (see Figure []). We can now
state our second result:

Theorem 1.2

(Lx(t,mlogt +1’)> i} e_R(x)
t z€R ffooo eiR(y)dy z€R

where R is the same as in Theorem [I.1]

This result is the analog of Theorem 1.2 of [fl], we recall their result:

<LS(’I’L, bn + )

n

ze z) £, (w(@))acz. (5)

where 7(z) is given by () and b, plays the same roll for S as my,g: plays
for X. Notice that Theorem [I.1] can be deduced directly from Theorem [[.9,
in the same way that (fJ) can be deduced from (f)).



Figure 1: Example of standard valley

Theorems and [[.7 are consequences of a result, in probability, on the
asymptotic behavior of the local time in a neighborhood of mjeg+ (Theorem
below) together with results on the random environment (see Sections
3.2 and 3.3). Before stating our third result, we need a new notation, let
(Wy,x € R) be the shifted difference of potential,

Ve e RW,(:) :=W(x+-) — W(x). (6)

§5>:1

ag = ag(Whp,,,) :=sup{z < 0/Wp,, () > 0} and
bg = bg(Wh,,,) :=inf{z > 0/W,,_ (z) > 6},

Theorem 1.3
Let K >0, r € (0,1), then for all 6 > 0,

bor
Lx(e*, mq + @) faw e~ Wma W) dy 1
e e—Wma(x)

lim P sup
a—+00 —K<z<K

where for any 6 > 0,

see also Figure [1.

There is no real equivalent of this Theorem in the paper of [[l]. An im-
portant term is the f;j: e Wma () dy, it appears naturally when we study the
inverse of the local time in m, (see section R.2). The above Theorem leads,
with a few more work, to the following Corollary where the convergence in

probability of the local time process appears clearly.



Corollary 1.4 Let K > 0, ¢ > 6, and for all a > 1 define 0, := (log )¢
then for all § > 0,
< 5> L

The statement of this Corollary is pretty close to the equation (2.16)
in the proof of Lemma 2.1 in [fl], in fact equation (2.16) with a few more
Ls(n,by, +z) e Ven(®) 4 = Von(@—1)

arguments (already present in [I) says that
— <d| =1
n QZmGR e—Vbn(ﬂﬁ) B >
where Vj, (x) is the shifted Sinai’s difference of potential and R, Sinai’s
basic valley centered in 0. It looks like again that H,, := ) _p exp(—Z,)+

Lx(e*, mqg+ ) e~ Wma (@)

e* ffga e~ Wma (¥) dy

a—+00 —K<z<K

lim P( sup

lim P( sup

n—+00 —K<z<K

exp(—Zy_1) is close to R 1= ff‘;a e Wma W dy, but there is a huge difference
between these two terms apart from their nature (discrete and continuous).
Indeed H,, > 2 (Zy = 0) but nothing equivalent can be say R, in fact R,
can be as close to 0 as we want with a positive probability (see Lemma 5.4
of [[L§]). This remark drives us back to the work of Z. Shi [[L§], showing that
the almost sure rate of convergence of Sinai’s walk and Brox’s diffusion are
totally different.

To finish with this discussion, it is interesting to notice that for the discrete
time model once Lemma 2.1 (in [fl]) is proved, a little more work (Lemma
3.1 and 3.2) leads quite easily to an almost sure asymptotic result of L.
Here things are completely different, and the results we get in this paper do

not conduct to the almost sure behavior of L.

1.3 Basic facts for diffusion with potential

In this section we recall basic definitions and tools traditionally used to
study diffusion in random environment. For all W € W, define

Vz € R, Sy (x) ::/ VW ay (7)
0
and .
Vit > 0, T (t) = / ¢ 2W (S5 (Bs)) g (8)
0

As Brox points out in [[J], the standard diffusion theory implies that the

process
X:WxQ — Q 9
(W,B) +—— S‘;/loBoTVT/1 (9)

7



is under PP a diffusion in Brownian environment. To simplify notations, we
write when there is no possible mistake S and T for respectively Sy and
Tw .

Using Formula (E), we easily obtain that for any x € R and ¢t > 0,

Lx(t,z) = e V@ Lg(T71(t), S(x)) (10)

where Lp is the local time process of the Brownian motion B.
T. Brox ([H]) noticed also that it is more convenient to study the asymp-
totic behavior of the process X, defined below instead of the one of X,

Xa(W, ) = X (alV;-).

For all x € R, let us denote
1
W (x) = aW(oﬂx).

As P is invariant under the transformation W — W for each a > 0, we
have a link between X, and X given by:

Lemma 1.5 For each W € W and a > 0. Then for a fited W € W,

(Xa(Wa7t))t20 = (X(awa7t))tzo = <$X(VV7 064’5)>t>07

L 1 4 2
(Lxawo, ) (6:2) 2 pen = (@LX(W")(Q he m)>t>0 R
- 7x

We do not give any detail of the proof of this Lemma, the first relation
can be found in Brox (see [[f], Lemma 1.3) and the second is a straightforward
consequence of the first one.

Formulas (), (§) and (f]) for X, are given by

Vvt >0, Xa(t) = S (B(T, (1) (11)
where .
Vz € R, S,(z) := Saw (x) = / W Wy (12)
0
and .
W > 0, T (t) = T (1) = / ¢~20W (S (BE)) g g, (13)
0

also for the local time we have,

Vi >0,Vz € R, Lx, (t,2) = e W L(T, (1), Sa(2)). (14)



The rest of the paper is organized as follows: in the first part of Section f
we get the asymptotic of the local time within a random amount of time,
which is the inverse of the local time at m4g¢, in Section P.J the asymptotic
of the inverse of the local time itself is studied. Note that Sections P.1] and
can be read independently.

Propositions .1 and R.§ of Sections J are the key results to get Theorem
proved at the beginning of Section [J. In the second and third subsection
of Section f, Theorems [L.1], and Corollary [[.4 are proved. Note that the
Theorems come from Theorem together with the study of a functional
of the random environment involving 3-dimensional Bessel-square processes.
The Corollary [.4 comes from Theorem together with estimates on the
random environment.

2 Asymptotics for the local time Lx_  and its in-
verse oy,
We begin with some definitions that will be used all along the paper. For any

process M we define the following stopping times with the usual convention
inf ) = +o0,

Vo € R, mpf(z) :=inf{t > 0/M(t) = =z}, (15)
Ve € R,Vr > 0,0 (r,x) :=inf{t > 0/Lp(t,z) > r}. (16)
We define for any W € W and for all z,y € R,

— | suppy W ify > x,
Wiz,y): { supp, g W ify <z

and
inf[Ly} W if Yy >,
infl, W ify<u,

e |

they represent respectively the maximum and the minimum of W between
z and y. Finally we introduce the process starting in z € R,
(XaW. 1) 50 = (2 + Xa(Wa, 1) 50 = (@ + X(aWa, 1)) 50

where W, is the shifted difference of potential (see (B])). Notice that we have
the equivalent of ([[1)):

Wt >0, X3(t) = 2 + (S3) T (BU(T5) ™) (17)

where S = Saw, and T := T,w, and it is easy to establish that for a
fixed W € W, X7 is a strong Markov process.



2.1 Asymptotic behaviour of Ly, at time ox,_(m,e®)

In this first sub-section we study the asymptotic behaviour of the local time
at the inverse of the local time in m := my, recall that m; is the coordinate
of the bottom of the basic valley defined page 5.

Proposition 2.1
Let K >0, W € W and let h be a function such that lim h(a) =1. Then,

a——+o00
for all § > 0,
. Lix, (0x,(¢°"),m), m + a~%z)
« @ — < — 1.
aErJrrlooP <_KS;P§K eoh(a)—aWm (a=2x) =0 !
Proof :

For simplicity, we assume without loss of generality that m = my(W) > 0
and to lighten notations, we denote for all x € [~ K, K], 24 := m + o~ 2z.

The proof is based on the decomposition of the local time into two terms,
the first one is the contribution of the local time in z, before Tx,(m) (the
first time X, hits m) and the second one is the contribution of the local
time between 7x, (m) and ox, (e*™® m) (the inverse of the local time in
m):

ah(a) ) m)? xa) = LXa (TXa (m)’ 'Ia)

+ <an (ox., (MY m),24) — Lx, (7x. (m),ma)) )

Lx,(ox,(e

We treat this two terms in the Lemmata P.3 and R.J below. Lemma P.3
states that, asymptotically, the local time in a point x, until the process
reaches m is negligible compared to e(@)—aWm(a™?z) Thanks to the strong
Markov property for X,, it remains to study the asymptotic behaviour of

<Lng (anm(eo‘h(o‘),m),m + a‘%)) -
_K<z<

when o goes to infinity, this is what is done in Lemma P.3 which says that

the local time in z, of X’ within the interval of time [0, 0x, (e**(®),m)] is

of the order of e (@)—aWm(a=?z)

Let us state and prove

10



Lemma 2.2 For any § > 0,

: Lxo(7X4 (M), Za)
o) Xa <6| =1
o <—§§%K coh(@)-aWfaa) = 0] =1

Proof
First, as we have assumed that m > 0, for all x > 0 Lx,_(7x,(m),x) =0 so
we only have to consider non positive x. Notice also that for all x € [— K, 0],
Ly, (x,(m — a 2K),z,) = 0, therefore

LXa (TXa (m)? xa) = LXa (TXa (m)? xa) - LXa (TXa (m - a_zK)’ l‘a). (18)

Let ko = m —a 2K thanks to ([L§) and the strong Markov property for X,
we only need to prove that

. Lyxsa (x50 (M), %)
(a3 (o] < — .
all)I_‘I_loo P (;;lggo eah(a)—aWm(a=2z) — g 1 (19)

It follows from ([[7) with = = k, that

Txze (M) = T, (W, ) (02 K) = T (15(85° (a7?K)),
so according to ([[4), we have for all z € R,

Liggn (rxgo (m).70) =
e MWra (@D L (7 (850 (072 K), S5 (02 + K)).

The classic scaling property of the local time of the Brownian motion given

by:
VYA>0,Vy1 >0, (ALp(tB(11):¥))yer = (L(TB(AY1),AY))yer, (20)

yields that the processes (Lxga (Txga (m), xa)) R and
S

_ 2+ K K
<Sgo¢ (Oé_zK)e aWieq ( :QK)LB <TB(1)7 Sa(%))>
@ z€eR
are equal in law, where s4(z) := S5 (z)/Ske (o 2K).
We claim that for all z € [— K, 0]
St (@ 2K)em W @) L (1), sa(0”2(x + K)
< a72K6a(Wm(fa_QK,O)me(a_Qm))

sup Lp(7(1),y).
y<1

11



Indeed
x K
Sie (OC_ZK) _ /a Wi (y)dy < _Zean (O,a*2K)7
0 (%
for all x € [—K, 0]
W/{a (0, O[72K) - Wna (0472($ + K)) = Wm(—Oé72K, 0) _ Wm((JZiQx)

and so(a %(z + K)) < 1.
Assembling the above estimates, we get for any 6 > 0,

P( sup Lxra (Txra(m), za) < 5)

_K<2<0 eah(a)—aWp, (a=2z)

> P (aQKeaWM“K’O)ah(a) sup Lp(1p(1),y) < 5) .
y<1

As lim W, (—a2K,0) = 0, lim h(a) = 1 and supLg(7(1),y) < o

i
a—+00 ai+oo y<1

P-a.s., the right hand side of the last inequality tends to 1 as a goes to

infinity. ([9) is proved together with the Lemma.[]

We move to the proof of the second Lemma

Lemma 2.3 For any § > 0,

) Lxm(oxm(e™®) m) m+ a2z)
a o _ < =1.
“ETWP<—§§%K cal(a) otV (a-%2) h=0)=t
Proof

For simplicity we denote for any process M, (1) := opr(r,0), we will also
assume without loss of generality that m = 0, Lemma P.3 can therefore be
rewritten in the following way:

Ly, (0x, ("), a2
eah(a)—aW (a—2z)

) 4

lim P( sup < 5) =1. (21)

a—+00 —K<z<K

Like for 7 in Lemma R.J, we easily get that ox, (t) = Tu(0p(t)), thus formula
([4), together with the scale invariance for the local time of the Brownian
motion

Vr > 0,YA > 0,(ALp(oB(r),Y))er e (Lp(o(Ar),AY)) er (22)

12



yields
L

<LXQ (O'Xa (eah(a))’ 04_2.%')> -0 <eah(a)—aW(a*2x)LB(O,B(l)’ ga (04_21'))> o
S

where 5, (0 22) := Sq(a~2z)e (@) Let K, 1= a 2K eV (-a ?K.a"?K)~ah(a)
we have for all z € [-K, K], —K, < 54(a2z) < K,. Collecting what we
did above we get for any § > 0,

<4}

P sup
—K<z<K

= P < sup ‘LB(O'B(l),ga(Oé_QCC)) -1| < 5) ,

—K<z<K

LXa (UXa (eah(a))7 a72x) 1
eah(a)—aW (a=2z) a

> P < sup  [Lp(op(1),y) —1] < 5) :
—Ka<y<Ka

Moreover lim K, = 0 and y — Lp(og(1),y) is continuous at 0, so (1)

a—+00
and the Lemma are proved.[]

2.2 Asymptotic behaviour of oy, (m, e®®))

This section is devoted to the study of the asymptotic behavior of o x, (e*™(¥)),
the main result is Proposition R.§ below.

Before stating that Proposition we need a preliminary result on the ran-
dom environment which gives precisions on the standard h-valley A, (W) =
(ph,mp, qn) defined Section [L.J. We denote

W#(z,y) = max (W(2) - W(z,2)),

notice that the function W# represents the largest barrier of potential we
have to cross in the path from x to y. We call depth of the valley Ap(W)
the quantity

D(AR(W)) == (W(pn) = W(mn)) A (W(an) — W (mu))
and inner directed ascent the quantity
A(AR(W)) := W (pp, mp) vV W (g, mp).

Note that the above notions have already been introduced by Sinai [I7],
Brox [, and Tanaka [[f]. According to Brox, we have the following

13



Lemma 2.4 There exists a subset w of W of P-measure 1 such that for any
W e W, the standard 1-valley Aqy(W) := (p1,m1,q1) satisfies A(A1(W)) <
1 < D(A{(W)).

Throughout this Section we write p,m,q, D and A for respectively mq (W),
pi(W), qi(W), D(A(W)) and A(A(W)).

A

Ao 3

s}
—
/

Figure 2: Example of 1-standard valley with its depth and its inner directed
ascent.

We can now state the main result of this section:

Proposition 2.5
Let W € W, r € (0,1) and h be a function such that lim h(a) = 1, then

a——+00
for all 6 > 0,

lim P ( < 5) =1
a—-+00

where a, and b, are defined in Theorem page [4.
To lighten notations, in the rest of the paper we denote,

ox, (eah(a) , m)

5 -1
eah(a) faf" e—an(m)dx

by
g(a) ::/ e~ WnWdy, o> 0.

ar

Proof :
We assume that m > 0, we get the other case by reflection, note that we

14



work at fixed W which belongs to W. We follow the same steps of the proof
of Proposition R.I: we decompose aXa(eah(a),m) into two terms,

7, (€, m) = 7, (m) + (0, (¢7 ), m) — 7, (m)).

The first one 7x, (m) is treated in Lemma R.6, we show that its contribution
is negligible comparing to g(oz)eo‘(o‘). Then thanks to the strong Markov
property, it is enough to prove that ox, (e*™®), m)/g(a)e™® converge to 1
in P probability, this is what Lemma P.7 tells. O

Let us state and prove the first Lemma

Lemma 2.6 For any § > 0,

lim P(L(m)§6>:1.

a——+00 g(a)eah(a)

Proof
This proof has the same outline of the proof of point (i) of Lemma 3.1 in
[B], however because of some slight differences and for completeness we give
some details.

By definition of the local time together with ([[() and (R0), the hitting
time of m can be written

. (m) = /ZLXQ(TXa(m),z)dz,
- " WO L (rp(Sa(m)), Sa(2)d2,
@ s | D WO L (1) a2z (23)
where §q(2) i= Sa(2)/Sa(m). Let n = srgma W we denote
Ty = Salm) [ WO Lpr(1),50(2)0
Ino = Sa(m) / " e~ WE Lp(r5(1), 54(2))dz,
and formula (23) can be rewritten
730 (M) 2 o + Lo, (24)
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The rest of the proof consists essentially in finding an upper bound for
le and Ioz,Z-
We begin with 1, 1, first we prove that, with a probability which tends to 1
when « goes to infinity, the process X, does not visit coordinates smaller
than p, where p is the left vertice of the standard 1-valley defined page f.
Thanks to this, the lower bound in the integral of I, will be p and not
—00, the upper bound for I, ; follows almost immediatly.

Let us define

l:=inf{x <0/Lp(rg(l),z) > 0}, (25)
we claim that,
P.a.s, Jag such that Ya > ag, 5, 1(1) > p. (26)
Indeed

fpo eaW(x)dx

8! -
me eaW(:v)dx’

«

() =p<=12>3alp) =

moreover Laplace’s method gives

1 0 —
lim —log/ W@y = W(p,0) = W(p) and
P

a—+00 (x

lim l1og / V@ dr = W(0,m) =W(n),
a—+00 (¢ 0
SO

3a(p) = —exp (a(W(p) — W(n)) + o(a)),

finally according to the definition of the standard valley W(p) > W(n),
therefore

aEIJIrloo Sa(p) -

and (RQ) is true.
On the event {3;'(I) > p}, we have

L1 = / e~ WE L (r5(1), s0(2))dz,

V4
< (n-p)e P max Ly(7p(1), ),
moreover

Sa(m) < meaW(O,m) < (q _ p)eon(n)7

16



and we get the upper bound

Ina < (g —p)Pe? max Lp(75(1), z) (27)

where A is the inner direct ascent of the valley defined at the beginning of

this section.

We continue with I, 2, the main ingredient to get an upper bound in this case
is to use the first Ray-Knight which leads to the study of an integral involving
a two-dimensional Bessel process: first we rewrite I, 2 in the following way

I = Sa(m) / " e WEL(75(1),1 — 54(2))dz (28)

)

where

§a =1- éa(«z) = S 277?1) / eaw(x)dﬂT.

Let R be a two-dimensional Bessel squared process starting from the origin,
according to the First Ray-Knight theorem

(Lp(rs(1),1 - 5(2)))scom 2 (R(Gal(2)zciom)

together with the scale invariance (t2Rl)teR+ Lw (R¢)ier, we get
t

/n " W) R(sa(2))ds L /n " {e*aw@ga(z)} Su(2) R(——)dz.  (29)

We are now able to get a preliminary upper bound for I, o:

1

Salm) [ {e s} sul2)RI—5 )
< max {eaww / meaW@)dx] nmga(z)R(gal(Z))dz,

< @-pewfa mx [(WE) +Tem)] b [R5

n<z<m

< (g—ppret L /msoxz)R( )z (30)

and the last inequality comes from the relation max,<.<p, [—~W(z) + W (z,m)]

W#(n,m) < A.

17



According to Jensen’s inequality and Fubini’s theorem the expectation
of (J,)? satisfies

g B OR

1 m r+00 g 3,2 e
= / / Me_ e dydz=8. (31)
m—-nJ, Jo 2

Ew [(Ja)z]

IN

End of the proof of the Lemma: using (24), we obtain for all a > 0

p(olm ) p(Simla o) )

(a)eah(a g(a)eah(a)

Sa(m)Ia 1 ) Al Sa(m)Ia 2 )
> Pl———= < —; ) > Pl|l——————=<-) -1
N (g(a)e“"(“) =gl _p> " (g(a)e“h(“) T2

For the first term in the above expression, (1) yields

Sa(m)Ia 1 1) P
_— < - 1) > >
<g(a)eah<a> <gifaBzp)z
P <m§i{LB(TB(1),CE) <G(a) ;81 > p> (32)
where 59(c)
99\ a(h(a)-A)
G(a) = e .
@)= 5 -y
By Laplace’s method we know that lirf W = 0, so g(a) = (@)
therefore as lim h(a) =1 > A, G(«) tends to infinity when « does. Using

a——+00

that y — Lp(tp(1),y) is P-a.s. finite and (B) we get that (B2) tends to 1
when « goes to infinity.
For the second term we collect (B§), (R9) and (Bd), we get

P2k > 2) < P UL > Gla)).

then by Tchebytchev’s inequality and (B1])
Ew [(Ja)Q] < 8
(G()® ~ (G(a)*

by using once again that G(«) tends to infinity we get the Lemma. [J

P(J,>G(a) <

Next step is to prove

18



Lemma 2.7 For any § > 0,

lim P (
a——+00

Proof:

Just like for the proof of Lemma P.3 we assume without loss of generality
that m = 0, as a consequence o xm (M) m) = ox, (@) and we simply
have to establish that :

lim P <
a——+400

In the same way we get (BJ), one can prove that

ox, (eah(a) )

—1
g(a)e™ ()

< 5) ~1. (33)

400
ox, (€M) 2 cah(a) / e W@ Lp(op(1), 5a(z))dx, (34)

—00

recall that 5,(y) = Sa(y)e "), The rest of the proof is devoted to estimate
the integral and the main difficulty is to get the upper bound.
We begin with the lower bound, we easily get that

v

+oo br
/ efaW(:v)LB(UB(l)’ga(x))dx / efaW(m)LB(o'B(l),ga(x))dx,

> inf Lp(op(1), a),
Z e B(os(1),y)9(a)

where a, and b, are defined at the end of Theorem [L.J, therefore

ah(a)
» (M . 1_5> .

g(a)eah ()

J2 inf  Lplop(l),y)>1-35). 35
(ye[%(ar),ga(brn 5o5).y) ) (35)

Also we recall that r € (0,1) therefore we can prove easily by using the
Laplace transform that limg, oo Sa(ar) = limg— 100 Sa(br) = 0. We con-
clude by noticing that P — a.s., lim inny[ga(ar),ga(br)} LB(O'B(l),y) = 1,

a— 00

thanks to the continuity of the function y — Lp(op(1),y) at 0.
We continue with the upper bound. First we use the same idea of the proof
of Lemma @ when we had to deal with I, 1: we establish that with a
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probability which tends to 1 as « goes to infinity, X, does not exit from the
standard valley (p,m,q). Define

L:=inf{x <0/Lp(op(l),z) >0},U :=sup{z >0/Lp(op(l),x) > 0},
we claim that,
P —a.s. Jag, Ya > ap,p <3, (L) <0< 35,1(U) <q. (36)

Indeed, we have

0
ML) 2 p e L2 Falp) = —e ) [V,
p

[e%
and by Laplace’s method we get 3, (p) = —e®(W@)=h@))+ole) Tt follows from
the fact that W € W and hrf h(a) =1 < D < W(p) that limy— 400 Sa(p)
aA— 100
—00, P-a.s.. In a similar way we obtain lim,_,+~ S4(q) = +00, P-a.s. and

(B) is satisfied.
On the event {p < 5;'(L) <0< 35,'(U) < ¢}, we can write

/+oo e W@ p(op(1),5,(z))ds = /ar e W@ Lp(op(1),5,(z))ds

e}

by
+ / e W@ Lp(op(1),3u(x))dz
Qr
q
+ / e~ W@ L p(op(1),5u(2))dz.
by
We only have to found an upper bound for these integrals, first we have

/ar e W Lp(op(1), 50 (x))de + /bq e W Lp(op(1), 5a(x))de

< (q¢—p)exp(—a min W (z)) Zlelu% Lp(op(1),y)

where I, := [p, a,] U [by, q], and moreover

by by
/ efaw(x)LB(JB(l),ga(x))dx < sup LB(UB(l),y)/ efaw(x)dx,

ar y€[Sa(ar),5a(br)] ar

= g(a) sup Lp(op(1),y).
y€[5a(ar),5a(br)]

20



Therefore, assembling the last two inequalities and the equality in law (B4)

ox (eah(a))
P | ——=+1<4d] >

P( swp  Lp(op(D),y) — 1+ LD emaminn W oy 1 p(on(1), ) <6
ye|

ENCENTS) 9(@) yeR
p<’§;1(L)<O<’§;1(U)<q>. (37)
By hypothesis » < 1, so lim $S,(a,) = lim $,(b.) = 0, moreover y —
a——+0o0 a——+00
Lp(op(1l),y) is P-a.s. continuous at 0, it follows
lim sup Lp(op(l),y) =1 P-as..
a—-+00

ye [ga (ar)7§a (br)]

We also know that lim 289 — 0, moreover according to the definition

a—toco &

of W, mlInW(x) > 0, and finally sup,cg Lp(op(1),y) is P-a.s. finite, so
rely

(q_p) —aminy, W
— e r"supLp(op(l),y) =0 P-as..
e g(a) sep L2(eaha)

Putting the last two assertions together with (B7) we get the upper bound
and finally the Lemma. [J

3 Proof of the main results

One of the key result of this paper is Theorem [[.3, the other results can be
deduced from that theorem together with estimates on the random environ-
ment, so we naturally start with the

3.1 Proof of Theorem [.3

We begin with a Proposition which resume Propositions .1 and R.5, we get
the asymptotic behaviour of Ly, within a deterministic interval of time :

Proposition 3.1 .
Let K > 0,7 € (0,1), W €W and h a real function such that lim h(a) = 1.

a—0o0
For all 6 > 0, we have

g):l.

Lx. (eah(a)’m + 04_2$) ;: e—an(y)dy
eah(a) e— W (a=2z)

lim P sup
a—+00 —K<z<K
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Proof :
Let § >0, and f:RT — R* such that lim f(«)= 1, define

a——+00
Lx (ox, (e m) m + o 2z)
— =% «a _ <
o {If’élfg e (@) aWon(a=22) =0

and
ox, (eaf(a),m)

~1
g(a)esd ()

Ba7f ::{ S(S}

where, as in the previous section, g(a) = fab: e~ Wm®)dy. We also define

two functions
htHa) = h(a) —a log (g(a)(1 - 4)),
h(@) = h(a) —a " log(g(a)(1+0)).
On B, j+ the following inequality holds:

aht(a)

(1= d)g(a)e™" ),
eah(a),

ox, (e , M)

(AVARLY,

moreover in its first coordinate the local time is an increasing function,
therefore on A, p+ N By p+, Vo € [-K, K],

aht(a)

L, (e*"),m + o ?x) Lx,(0x,(e ,m),m+a ’z),

<
< eah‘*(a)fan(a_Q:v)(l _|_5)’
eah(a)—an(a’Qm) 146

g(a) 1-6°

In the same way, on A, ;- N B, - we obtain

eozh(a)—onm(oF2x) 1—-6

L ah(a) 2.\ > )
x, (€ ,m+a “x) > e o

By Laplace’s method, lim logg(a) _ 0, so h* and h™ tend to 1 when «

a—+oo ¥

goes to infinity and we can apply Propositions P.1] and P.5, finally

lim P (Aap+ N Bapt NAgp- 0 Bap-) =1

a—-+00

and the Proposition is proved.[]
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We turn back to the proof of the Theorem, notice that the difference between
Theorem [[.3 and Proposition .1 above is the process itself: one deals with
X whereas the other deals with X,. To finish the proof we need to show
that thanks to Lemma [l.§ we can get the theorem from the proposition.

Let a > 0, recall that W<(.) := ='W (a?.). First, remark that for all
W ew,

my(W%) = a_Qma(W),

ar(Wﬁll (Wa)) = a_QGQT(Wma(W))a

br(WﬁfLﬂW"‘)) = a72bar(Wma(W))’
and for any = € R,

o 1
Wml(Wa)(x) = ana(W)(ozzx).
Now replacing t by a™*
forall W e W,

e in the second part of Lemma [[.§ page §, we obtain

(Lx(awe,y(a e mi(W) +a 2gzc))meR = <ELX(W7.)(6 ,ma(W)—i—x)) )
z€R

<s) -

‘I e —_ 2 «@ —_

LX(O(WO‘ )( ,’I’I’Ll(WOJ) Q 2,1?) fa2 by al/]/ml (O 2y)dy

) (0% a//y‘ <
faWWO;l (a—22) 1 4

Therefore, for any o > 0,6 > 0, K >0and W € W,

P sup
—K<z<K

P sup s
—K<z<K o “e

Lxw.y (e, ma(W) +z) [ e WmaWdy

e e~ Wma (z) -1

Moreover, for all a > 0, P is invariant under the transformation W — W<,

we get that
< 5> -

P sup
—K<z<K
Ly(aw, (a4, mi(W) + o 2z) [, e~ ®Wmi(¥)qy
P sup ’ - - _ <5
—K<z<K ade =W, (a—2z)

and we recall that P = P ® P. To finish the proof we notice that P(W) = 1,
(1,§ log )

Lxw, (e, ma(W) + ) f;"” e Wma (W) dy
’ T _ 1
e e W (@)

-1

a e = e and lim (1 — élog a) = 1, so applying Proposition

a——+400
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we get Theorem [.3. O

As we said at the begining of the section, once Theorem [L.3 is proved, we
get the other results by studying in details some properties of the random
environment. We continue with the

3.2 Proof of Theorems [I.1 and .2

We recall that Theorem is a straight forward consequence of Theorem
[.9, so we are left to prove Theorem [[.3. The main ingredients to get this
theorem are Theorem [[.3, Lemmata B.2 and B.J below. We begin with the
proof of the first Lemma:

We recall that c is a real number greater than 6 and 6, stands for (log «)€.

Lemma 3.2 For all § > 0,

fba/2 eiW’ma (y)dy

Aoy /2

-1 <6 =1. (38)

Moreover, for all positive and increasing function p : Ry — Ry such that
limg,, p(a) = 00,

bay2 1
lim P / e WmaWdy > — | =1. (39)
oo\ o (@)
Proof :

First notice that by the iterated logarithm law, P almost surely for « large
enough,

v

0o < ‘aa/Z‘ < 0437 and 0, < ba/2 < o,
Let us define I, = [aa/2, —0a] U [0a,ba /2], to get the Lemma, we decompose
the integral in the following way bajz — fja + ff(ga- We begin with the

Qo2
Contribution of ffa

Let ¢g > 10, for all o > 0 we denote u, := ¢glog a. According to Cheliotis,
[T Lemma 13, P-almost surely, for a large enough,

min Wy, > uq,
Io
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so, P-a.s for a large enough,

/ e_Wma(y)dy_/ e WmalWqy = / e Wma W)y,
[aa/vaa/Q} [_eavea} [aa/Qv_ga]U[gavba/Q}

e

(ba/2 - aa/?)eiu ’
2037,

IA A

A lower bound for f "/2 We define for all o > 0, u,v > 0,

H} :=inf {x >0/W#(0,z) > a} , mt

o o = argminW,

(0,HF]

d:/z = inf{x > 0/W,,+(z) > a/2} , and By, ,(a) == {r{r&aﬂ( W+ > u}

we recall that W#(x,y) = max(, 1 (W (z) — W(z,2)). Then, if we denote
by Ry a three dimensional Bessel process starting from 0, we have
P(Eyp(a)) = P(r[réau]cW + > u),

= P(r[%a}?]c Ry > u),

= P(rr(u) <v).
So, according to Borodin ], Property 2.0.2 Part II section 5,

—+00

v N 2,2 (2k + 1)%2
PE, () = [ 2 N G/ <7 “1)d
(Bup(e)) /0 By 2 E € ” y

— ZOO (2n+1)%u?/(2v) < 4y e ¥/ (20) .
\/% ~ V2rvl - e—u*/v

Taking v, := #2&), where p is a positive and increasing function tending to
400 with a, we get
P(Eup, (@) < c1v/pla) exp(—p(a)), (40)

where ¢; > 0. P almost surely for a large enough

©r W ) W )
e mady > e Mo dy,
0 0

> Vg €Xp <— [rélax} Wm:;) . (41)
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(EQ) together with () yields
Ay
P </0 2. ng(y)dy< 1/p(a)> < avpla)exp(—p(a)).

Defining in the same way

Hy

= sup {x < 0/W#(z,0) > a} , mg = argminW and
[He 0]

d,, :=sup {x <0/W, - (z) > a/Q} ,

we easily proved that

0
P( /d e‘Wma(”dya/p(a)) < evpla)exp(—p(a)).  (42)

/2

According to Kesten [19], m,, € {m,,mt}, therefore

ba/2
P / e WmaWdy < 1/p(a)
Ao /2

dt+
< P </ ? eiwffﬁ(y)dy < 1/p(a)> P (ma =mf) +
0

O W -

P / e mady<1/p(a) | P (ma=m,).
doso

Assembling the above estimates we get a lower bound for fab“//; and therefore

(BY), and (BY) follows by choosing for p(.) a function asymptoticaly larger
than (log.)3~%. O

Considering Theorem [[.3 together with Lemma B.3, the proof of the
theorem will be finished once we will have shown

< e_Wma ($) ) L ( e_R(x) >
—\ T _—Rmo 4. :
_e‘éa e Wnaldy | o e dy zeR

We recall thatVe € R, R(z) := Ri(2)1 z>0) + Ra2(—2)1{5<0y, R1 and Ry
being two independent 3-dimensional Bessel processes starting from 0.
The proof is done in the following
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Lemma 3.3 For any positive constant K and any bounded continuous func-
tional F = Frg on C(R,R) such that F(f) depends only on the values of the
Proof :

function f on [—K, K],
G_R
We start the proof by recalling a:

e~ Wma
Fl— =E
()

Lemma of Tanaka ([1]) First let us introduce some new notations. On
a suitable probability space we consider a process (w'(z)),cp such that
(wh(2)),>0 and (wh(—x)),~, are independent reflecting Brownian motions
on [0,400) starting at 0. Let (I (z)),.g be the local time at 0 of w™. Let
BT := w417, by Pitman’s theorem (see [BY]) (67 (z)),>o and (87 (—2)),>0
are independent Bessel processes of dimension 3 starting at 0. For a > 0 we
define p}! as the smallest zero of w™ in (2, 0] where 2 := max{z < 0/w™(x) =
a}. We also introduce another process (w™(x),z € R) which is equal in law
to (wh(z),z € R). We assume that w™ and w™ are defined on a common
probability space (€2, P) and that they are independent. We denote by [~
the local time at 0 of w™ and similarly 3~ (resp. p,) the equivalent of 3
(resp. pt). We now define quantities related to W and then to 8 and 37,
recall the definition of HF and mZ in the proof of Lemma .3, then

lim E

a—+00

bt o= HI—-ml, b, =H, —m,,
bo = inf{e>0/5" (@) = a} - oy,
b, = —(inf{z > 0/3"(z) = a} — py),
My = —Pa

m, ‘= PpPg-

Note that we have used the same letters b and m for W and § because they
typically play the same role. We also introduce processes allowing us to
condition the values of m,, :

J& = max (W(0,m}),a+W(m})),
Jy = max (W(m,,0),a+W(m,)),

and the analog one for 8+

Jo = ([rpniagc} BE = BE(pE)) V (a — BE(pE)).
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We recall that Kesten [[J] shows that the process mq, € {m,,m2} according
to the values of J and J, more precisely

Lo mb it Iy <y,
T my it JF > T

Tanaka proved in [[Id] that :

Lemma 3.4 The processes

<ng ($)) —mE<z<vt’

and
(Wi (=)
are independent and have the same distribution as

(s +($))——m§62 ‘

End of the proof: Let us denote

e*Wma
F, =F
f e W’ma(y dy

thanks to Kesten [1],

—mg <x<bgy

E[F,] = < (E[Falma=ml]+E [Falma=m.]),

N DN

(B [FalJd < J] +E [FalJd > 7)) -

Both terms in the above equation are treated in the same way, we only
discuss the first one E [F,|J} < J], we denote

Ao = {K VO, <bf Amiyn{Jf <J;},

as P-a.s. for a large enough, (K V 0,) < (bf Aml), and F bounded the
following equality holds

E [Fo|Jf < J3] =E[FalAs] + o(1)
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where limg,— 400 0(1) = 0. We can apply Lemma B.4, and therefore move to
the process /7,
,6+ o
Flo——— |4
f e—BT () dy
In the same way we have defined A, let
o= {K V0, <by NTL}N{TF < T3}
and for the same reason as above,

B (@) B B (@)
E|F ()| 4a| =E | F [ ——
73 e*ﬁ+(y)dy z e— BT (y )dy

Assembling the above estimates, we get

E[F.|A.] = E

JF < T, [+o(1).

_ g+ .
e — _

E[F.|Jf <J;|=E|F|——5— || JH <J; | +0(1),

|: | — j| <€zeﬁ+()dy> — O()

in the same way,

i g ) B
E[F.|Jf > J ] =E (ﬁ) JF > J | +o(1).
I - Y

This two last expressions together with the continuity of F' and the fact that

it is bounded yields
G_R
lim E[Fy|=E|F | s——S-—
11m [ ] fioo efR(y) dy

a——+400

and the lemma is established. [J

3.3 Proof of Corollary [[.4

First we notice that by modifying slightly our proof using Ray-Knight the-
orem, basic facts about Brownian motion and 0-dimensional Bessel process,
we get the following modification of the statement of Theorem [I.J, taking
r=1/2

a—too \ Lg<a<k e e™Wma (@) po(a)

(6% !
. P( . ‘Lx(e ma+z) g(a) _1‘§ 1 >:1
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where pg : Ry — Ry is a positive, increasing function such that lim,,_, po(a) =
+00, and ¢'(a) = fba/Q e~ Wma W dy. It follows from the continuity of W that

Aa /2

Lx(e* mg+z) e Wmal@)

e g (a)

a—+00 —K<z<K

lim IP’( sup

: Po(a)g/(a)> -

where ¢ is a constant.

To get the corollary from the above expression we need two estimates on
the random environment. The first one says that ¢’(«) is not too small, it is
the second part of Lemma B.3. The second one, given by (BY), allows us to
exchange the random upper and lower bounds in the integral f TeWma (W) dy
with deterministic one. As conclusion, the corollary is a consequence of

Theorem with 7 = 1/2 and of Lemma B.2.

Acknowledgment : We would like to thank Romain Abraham for very
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of this paper.
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