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ROUGH VOLTERRA EQUATIONS 1: THE ALGEBRAIC
INTEGRATION SETTING

AURELIEN DEYA AND SAMY TINDEL

ABSTRACT. We define and solve Volterra equations driven by an irregular signal, by
means of a variant of the rough path theory called algebraic integration. In the Young
case, that is for a driving signal with Holder exponent v > 1/2, we obtain a global
solution, and are able to handle the case of a singular Volterra coefficient. In case of
a driving signal with Holder exponent 1/3 < v < 1/2, we get a local existence and
uniqueness theorem. The results are easily applied to the fractional Brownian motion
with Hurst coefficient H > 1/3.

1. INTRODUCTION

This article is the first of a series of two papers dealing with Volterra equations driven
by rough paths. For an arbitrary positive constant T, this kind of equation can be written,
in its general form, as:

t
Ui :a+/ o(t,u,y,)dx,, for se€0,T], (1)
0

where z is a n-dimensional Hélder continuous path with Hoélder exponent v > 0, a € R?
stands for an initial condition, and o : Ry x R, x R — R%" is a smooth enough function.

Motivated by the previous works on Volterra equations driven by a Brownian motion
or a semi-martingale [B, f, [3, B, often in an anticipative context [, @, B, [9, g, BJ],
we have taken up the program of defining and solving equation ([l) in a pathwise way,
allowing for instance a straightforward application to a fractional Brownian motion with
Hurst parameter H > 1/3. This will be achieved thanks to a variation of the rough path
theory due to Gubinelli [[[I]], whose main features are recalled below at Section P (we refer
to [[, [3, [[4] for further classical references on rough paths theory). To the best of our
knowledge, this is the first occurrence of a paper dealing with Volterra systems driven by
a fractional Brownian motion with H < 1/2.

More specifically, the current article focuses on the 3 following cases:

(i) The Young case: When z is a -Holder continuous path with v > 1/2 (in particular
for a n-dimensional fBm with Hurst parameter H € (1/2,1)), and assuming that o :
[0, 7]2 x RY — R%" is regular enough (with respect to its three variables), we shall prove
that equation ([) can be interpreted and solved in the Young sense (Section f).

(ii) The Young singular case: Under the same conditions as in the previous case for x, we
are able to handle the case of a coefficient o admitting a singularity with respect to its first
two variables t,u. Namely, if o can be expressed as o(t,u,z) = (t — u)~“(z), for some
a >0 and ¢ : R? — R%" regular enough, then under some conditions on a, ~,  (roughly
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2 AURELIEN DEYA AND SAMY TINDEL

speaking, we ask that v —a > 1/2 and 1/2 < k < =), it is still possible to interpret
fo o(t,u,y,)dr, as a Young integral when y belongs to a space of k-Hdélder functions,
denoted below by Cf([0, 7], R?). This extension of the Young integral requires however a
careful analysis, which will be detailed at Section fl. We can then solve equation (fJ) in
the space C([0, 7], R?).

(iii) The rough case: When x is a y-Holder signal with v € (1/3,1/2) (this applies
obviously to a n-dimensional fBm with Hurst parameter H € (1/3,1/2)), the integral
appearing in equation ([) has then to be interpreted in some rough path sense. As
mentioned before, we shall resort in this case to the formalism introduced in [[J)}, which
allows us to prove the existence and uniqueness of a local solution, defined on a small
interval [0, Tp] for some Ty € (0,7)] (Section [{). We will then point out the technical
difficulties one must cope with when trying to extend this local solution.

Here is a brief sketch of the strategy we have followed in order to obtain our results:
the algebraic integration formalism relies heavily on the notion of increments, which are
simply given, in case of a function y of one parameter t € [0,T], by (0y)st = yr — Ys-
At a heuristic level, the main difference between classical differential equations driven by
rough signals and our Volterra setting lies in the dependance of the increment (dy)y of
the possible solution on the whole past of the trajectory. Indeed, if y is a solution to
equation ([J), then one has

(0y)st = / o(t,u,y,)dr, + /OS [o(t,u, y,) — o (8, u,yy)] da,,. (2)

As one might expect, the first integral in (J]) can be dealt with just as the classical
diffusion case treated in [[J]. In other words, under suitable regularity conditions on o,
the variable ¢ appearing in the integrand does not play a prominent role. The second
term in the right hand side of (B) is the one which is typical of the Volterra setting, and
involves the whole past of . It is still possible to retrieve some |t — s|-increments from
this term thanks to the regularity of ¢ with respect to its first variable, in order to solve
our equation by a fixed point argument. However, as we shall see at Section p.3, the
term fo o(t,u,y,) — o(s,u,y,)] dr, will eventually induce some severe problems in the
classical arguments allowing to get a global solution for our differential system in the rough
case. This explains why we have decided to change radically the setting presented here
in the companion paper [[i|. In this latter reference, by means of what we call generalized
convolutional increments, we show how to get a global solution to equation ([l) in case of
a rough driving noise z, for a wide class of coefficients o. It was however important for us
to include also a direct treatment of Volterra systems by existing rough paths methods,
mainly because (i) It allows to consider a more general driving coefficient o. (ii) The
method presented here works perfectly well for the Young setting, and can be further
extended in order to cover the case of a singular coefficient o.

Here is how our paper is structured: we recall at Section || the notions of algebraic
integration which will be needed later on. Section J is devoted to the study of equation ([)
driven by a y-Holder continuous process with v > 1/2, when the coefficient o is regular.
Section [ deals with the same kind of equation, with a singular coefficient o. Section fj
treats the case of a rough driving signal x, and finally the proof of some technical lemmas
are postponed to the Appendix.

Let us finish this introduction by fixing some notations which are used throughout the
paper: we call D f the gradient of a function f, defined on R", and when we want to stress
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the fact that we are differentiating f with respect to the j* variable, we denote this by
D;f. As far as the regularity of o is concerned, the following spaces come into play. If
E, F are Banach spaces and U an open set of F, denote C™?(U; F) the set of n-times
differentiable mappings from U to F' with bounded derivatives. For each x € (0, 1), let us
also introduce the subset

D™ — D)
C"’b’“(U; F) = {0 € C"’b(U; F): sup | o(z) - @l < oo}
2.y€eU |z —yll

2. ALGEBRAIC INTEGRATION

The current section is devoted to recall the main concepts of algebraic integration, which
will be essential in order to define suitable notions of generalized integrals in our setting.
Namely, we shall recall the definition of the spaces of increments C;, of the operator 9,
and its inverse called A (or sewing map according to the terminology of [§). We will also
recall some elementary but useful algebraic relations on the spaces of increments.

2.1. Increments. As mentioned in the introduction, the extended integral we deal with
is based on the notion of increment, together with an elementary operator § acting on
them. The notion of increment can be introduced in the following way: for two arbitrary
real numbers ¢ > (1 > 0, a vector space V', and an integer k > 1, we denote by Ci(V)
the set of continuous functions g : [61,62]’“ — V such that g,..,, = 0 whenever ¢; = ¢,
for some ¢ < k — 1. Such a function will be called a (k — 1)-increment, and we will set
Ci(V) = Up>1Cr (V). The operator ¢ alluded to above can be seen as an operator acting
on k-increments, and is defined as follows on Ci(V):

k+1

0:Cu(V) = Crt(V)  (09)ttiys = D (1) 'ty cdt» (3)

i=1

where t; means that this particular argument is omitted. Then a fundamental property
of §, which is easily verified, is that 06 = 0, where 00 is considered as an operator from

Cr(V) to Cry2(V). We will denote ZCi(V) = Cx(V) N Kerd and BC(V) = Cr(V) N Imd.

Some simple examples of actions of §, which will be the ones we will really use through-
out the paper, are obtained by letting g € C; and h € Cy. Then, for any ¢,u, s € [{1, (5],
we have

(59)315 =gt — Gs, and (5h)sut - hst - hsu - hut- (4)
Furthermore, it is readily checked that the complex (C.,d) is acyclic, i.e. ZCi(V) =

BC,(V) for any k£ > 1. In particular, the following basic property, which we label for
further use, holds true:

Lemma 2.1. Let k > 1 and h € ZC,1(V). Then there exists a (non unique) f € Cx(V)
such that h =0f.

Observe that Lemma P.1] implies that all the elements h € Co(V') such that 6h = 0 can be
written as h = ¢ f for some (non unique) f € C;(V'). Thus we get a heuristic interpretation
of 0]¢,(vy: it measures how much a given l-increment is far from being an ezact increment
of a function (i.e. a finite difference).

Notice that our future discussions will mainly rely on k-increments with £ < 2, for
which we will use some analytical assumptions. Namely, we measure the size of these
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increments by Holder norms defined in the following way: for f € Co(V) let

fs
= sup L

S7t€[£17£2} |t - $|/J"

and  Cy'(V) ={f € C(V); [[fll, < o0}

In the same way, for h € C3(V), set

|hsut|
h = sup
” ”%P suteélég] |u—s|7|t—u|P

||h||u = inf {Znhinpi,u—pi; h = th‘a 0<p < N} )

where the last infimum is taken over all sequences {h; € C5(V')} such that h =), h; and
for all choices of the numbers p; € (0, z). Then ||-||, is easily seen to be a norm on Cs(V),
and we set

Cs(V) :={h € C3(V); [[Afl, < o0}

Eventually, let C3" (V) = U,~1C5(V), and remark that the same kind of norms can be
considered on the spaces ZC3(V), leading to the definition of some spaces ZC5 (V') and
ZCit (V). In order to avoid ambiguities, we shall denote by N[f; C] the x-Holder norm
on the space C;, for j = 1,2,3. For ¢ € C;(V), we also set N[(; C)(V)] = supyei,.00:1Csllv-

Recall that Lemma P.1] states that for any h € ZCs, there exists a f € Cy such that §f =
h. Importantly enough for the construction of our generalized integrals, this increment
f is unique under some additional regularity conditions expressed in terms of the Hélder
spaces we have just introduced:

Theorem 2.2 (The sewing map). Let u > 1. For any h € ZC4([0,1]; V), there exists a
unique Ah € C5([0,1]; V) such that §(Ah) = h. Furthermore,

IR, < cu NTh; CE(V)], (6)
with ¢, = 2+21 > k™. This gives rise to a linear continuous map A : ZC5([0,1]; V) —
Cy([0,1]; V) such that SA = Idzep (o3,

Proof. The original proof of this result can be found in [[I]]. We refer to [[], [J] for two
simplified versions.

U

At this point the connection of the structure we introduced with the problem of in-
tegration of irregular functions can be still quite obscure to the non-initiated reader.
However something interesting is already going on and the previous corollary has a very
nice consequence which is the subject of the following property.

Corollary 2.3 (Integration of small increments). For any 1-increment g € Co(V'), such
that g € C3*, set 5f = (Id—NAS)g. Then

<5f st — lim th tiv1o

where the limit is over any partition gy = {to = s,...,t, =t} of [s,t] whose mesh tends
to zero. The 1-increment d f is the indefinite integral of the 1-increment g.
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Proof. For any partition IT; = {s = t; < t; < ... <t, =t} of [s, ], write

n

<5f>st = Z(éf)titi+1 = th¢t¢+1 - Z Atiti+1 (5.9)
=0 1=0

i=0
Observe now that for some p > 1 such that dg € C¥,

1>~ At 0Dl <D At 09y < MGG, Tl [t = 5]

i=0 i=0
and as a consequence, limyr,,|—o D1 o Atyt,y, (0g) = 0. O
2.2. Computations in C,. We gather in this section some elementary but useful alge-
braic rules for increments. We refer again to [, [J] for the proof of these statements.
For sake of simplicity, let us assume for the moment that V' = R (the multidimensional
version of the below considerations can be found in [I]), and set Cx(R) = Ci. Then the
complex (C,,d) is an (associative, non-commutative) graded algebra once endowed with
the following product: for g € C,, and h € C,, let gh € C,,1,, the element defined by
(gh)t1 ..... tmtn—19t1,..y tn . tman_1s 1y oy tmint1 € [517 52]- (7)
In this context, we have the following useful properties.
Proposition 2.4. The following differentiation rules hold true:
(1) Let g, h be two elements of C;. Then
d(gh) =0gh+ goh. (8)
(2) Let g € C; and h € Cy. Then
d(gh) = dgh + gdh, d(hg) = dhg — hag.

The iterated integrals of smooth functions on [¢q, ¢5] are obviously particular cases of
elements of C which will be of interest for us, and let us recall some basic rules for these
objects: consider f,g € C°, where C;° is the set of smooth functions from [(1, 5] to R.
Then the integral [dg f, which will be denoted by J(dg f), can be considered as an
element of C3°. That is, for s,t € [(1, ls], we set

Tst(dg [) (/ dgf) - /: dgufu-

The multiple integrals can also be defined in the following way: given a smooth element
h € C3° and s,t € [(y, {5], we set

t
st s

In particular, the double integral Jy(df>df? f') is defined, for f1, f2, f3 € C°, as
t
T (df*df? f1) = (/dfgdfgfl) :/ dfy Fus (df* f1) .

Now, suppose that the n'" order iterated integral of df™ - --df? f!, still denoted by J (df™
---df? f1), has been defined for f!, f2..., f" € C{°. Then, if f" € C5°, we set

«I@t(dfnJrldfn L df2f1>/ dngrl jus (dfn . df2 fl) ’ (9)

S

st
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which defines the iterated integrals of smooth functions recursively. Observe that a nth
order integral J(df™---df?df') (instead of J(df™---df*f')) could be defined along the

same lines.

The following relations between multiple integrals and the operator ¢ will also be useful
in the remainder of the paper:

Proposition 2.5. Let f,g be two elements of C5°. Then, recalling the convention ([}), it
holds that

of =Jdf),  6(J(dgf) =0,  0(T(dgdf)) = (69)(0f) =T (dg)T(df),
and, in general,

5 (T(df™---dft)) = Z J (df*---dft) g (dft---dft).
3. THE YOUNG CASE

In this section, we assume that the driving process x of equation ([l) is a continuous
process in C]([0,T];R"), for some v € (1/2,1). If z € C{([0,T];R4"), the formalism
introduced in the previous section enables to give a meaning to the integral f: 2y Ay,
when p 4+ v > 1, in the Young sense. This is the issue of the following proposition,
borrowed from [[[1}, Proposition 3]:

Proposition 3.1. If z € C/([0,T];R%") for some p > 0 such that p +~ > 1, we can
define, for any s,t € [0,T],

Tst(zdr) := z5(0x) sy — At (02 ). (10)
Then J(zdz) € C3([0,T); R?Y) and
N1 (2 ); ([0, T) RY] < e, {A[e: CO(0, T RA™) + TPATLs: CE(0, THRAM]} . (1)

Remark 3.2. Thanks to Corollary .3, Js (2 dz) can also be seen as a Young integral, that
is

Ta(zdr) = lm > 2, (02),,,- (12)

|A|—0
A

Nevertheless, as we shall see in a moment, the exact expression ([[(J) of the integral is
easier to deal with for computational purposes than the limit expression ([J), owing to a
better knowledge of the remainder A(dz dx).

With this definition in mind, the Volterra equation (fl) will now be interpreted in the
Young sense, and is written as:

ye = a+ Julo(t,.,y.) d). (13)
The next lemma ensures that the latter integral is well-defined:

Lemma 3.3. If y € C]([0,T};R?) and o € C*([0,T)? x R R®™), then, for any t > 0,
o(t,.,y.) € C/([0,T|; R*") and

No(t, . y):Cl] < (T + Ny C1]). (14)
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Proof. This is obvious: recall that we denote by Do the gradient of o. Then, if 0 < u <
v < T we get:

lo(t, v, 90) = ot w, yu)| < [ Dol (Jv = ul + Ny; Cl][o —ul") .

Hence No(t, ., 4.);Cl] < [ Doloo(T'7 + Ny: C7)).
O

We are now in position to prove the announced existence and uniqueness result for the
Volterra equation in the Young case:

Theorem 3.4. Assume that the driving process x is an element of C] ([0, T];R"™) with
v > 1/2. Let k € (0,1) such that k(1 +7) > 1, a € R?, o € C**%([0,T]* x R4 R™),
Then Equation (I3) admits a unique solution in C] ([0, T]; R?).

This theorem can be obviously applied to the fractional Brownian motion, in the fol-
lowing sense:

Corollary 3.5. Let B be a n-dimensional fractional Brownian motion with Hurst param-
eter H > 1/2, defined on a complete probability space (2, F, P). Then almost surely, B
fulfills the hypotheses of Theorem

We divide the proof of Theorem B.4 into two propositions: first, we will look for a
local solution defined on some interval [0, 7Tp] with 0 < Ty < 7', and then we will settle a
patching argument to extend it onto the whole interval [0, T].

Notations. Before going into the details of the proof, let us mention a few conventions
that will be used in the sequel. We assume that we always work with a fixed (finite)
horizon T to be distinguished from the intermediate times T4, Ty, .... In particular, this
means that the constants that will appear in the below calculations may depend on T
without explicit note.

For the sake of conciseness, let us denote Y, = (u, ) € [0,T] x R? and o*(V,) = o(t, V).

The local existence and uniqueness result for our Volterra equation is contained in the
following;:

Proposition 3.6. Under the hypothesis of Theorem [3.4, there exists Ty € (0,T] such that
Equation ([I3) admits a unique solution in C] ([0, Ty); RY).

Proof. We are going to resort to a fixed point argument. To this end, let us associate to
each y € C]([0,Tp]) the element z = I'(y) defined by

2 =T(y)e = yo + Ju(c" (V) dz).
The solution we are looking for will then be constructed as a fixed point of I'.

Step 1: Invariance of a ball. Fix a time Ty € (0,7] (7} will be chosen retrospectively).
Let y € C/(]0,T1]) such that yo = a and set z = ['(y), where, of course, the application I’
has been adapted to [0, T}].

At this point, let us remind the reader of some specificity of the Volterra setting that
we evoked in the introduction. As in (B), the increment (dz);s can be decomposed as a
sum of two terms that will receive a distinct treatment: I}, = Jyu(c'(Y)dz) and 1% =
Jos([0t — ®](Y) dx). In order to estimate those two integrals, we shall of course resort to
inequality ([1). However, as far as I% is concerned, it is clear that the latter inequality
will not be sufficient so as to retrieve |t — s|-increments (remember that we are looking
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for an estimation of NV[z;C]], hence a relation of the form ||I%]| < |t — s|” f(y)). This is
where the following lemma, which also anticipates the contraction argument, will come
into play.
Lemma 3.7. Let [ = [a,b] C [0,T] and y, 3 € C](I;R?) such that y, = §,. Then, under
the hypothesis of Theorem [3.4, for any s,t € I,

Nllo" = J(¥); el (D] < co [t — s| {1+ Ny; I (1]} (15)

No' (V) = o' (P): 1 (I)] < eo {1+ Ny; €T (D] + N(g: ¢ (D]} Ny — g: €7 (1)), (16)

Nlo* = a*)(¥) = [o" = o*|(¥): 17 (1))
< o |t = s {1+ Ny; (D))" + Ng; G} Ny — g:CI(T)]. (17)
Proof. See Appendix. O
Now, let us go into the details. To deal with I'', use ([[]) to get
Il < colt = s {No"(V):C1] + YN [0 (V): €1}
< ol =" {1+ TN (V); €11}
and thus, thanks to Lemma B3, N[ C)] < ¢, {1 + TV Ny; C]]}.
Split 12 into I? = I*! 4 %2 with
I = [o" = o*](M) (6x)o, and L = Ao,(8([0" — 0°)(V)) ox).
First, notice that ||I5']] < ||Dol|s |t — 8| Nz; CJ]TY, which gives N[> C)] < o0 Th. As
for %) use the contraction property () and the estimate ([[§) to deduce
I < e Nlo" = o®)(V); €] 17
< oo [t = sH{1H Ny G TYY,
so that N'[I%%C)] < oo T/ (1 + Ny; C])).

Therefore, putting together our bounds on I' and I?, we have obtained N[z;C]] <
oo {1+ T7Ny;C]]}. We can thus pick T} € (0, 7] such that for each 0 < Ty < T3, there
exists a radius Arg, for which the ball

Brs = {y € CH0.T0]) : yo = a, Ny € (0. Tu])] < A}

is invariant by I'. Notice that the radius Ay, is an increasing function of 7j, a fact which
will be used in the second step.

Step 2: Contraction property. Fix a time Ty € (0,7} and let y, g € B;OT,‘;. Set z =
I'(y),z = I'(y) and decompose again §(z — Z) into 6(z — 2) = Jb! + JV2 + J? with
Tt = (0" = V) o) s I = A (00" (D) = o' (V) 02)

T = Ao, (8(00" = 0*](V) — 0" = 0*](V)) 0z .
Let us now estimate the v-Holder norm of each of these three terms.

Case of J'': We have N[JV1C)| < [|Dollo Ny — 9; CY) N[z; C]]. However, since yo =
Jo = a, we have ys — s = ys — s — (Yo — o), N[y — 5; (] < Ny — §; C]] T7, so that

NI C) < coe Ny — 3:C11 Ty
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Case of J'*: Inequalities () and ([q) yield:

1157 < eNTo' (V) = o' (V) Gl N ;¢ [t — s
< ot =T (L +Ny; G+ N[5 G Ny — 5 G
which gives N'[J"%C]] < ¢z (1 4+ Ny; C7]1 + N3 CI) Ny — §; CI1 T
Case of J*: By () and ([7),

172 < eNlo' = o")() = [o" = o] (3): €7 N ) 75+
< Cox |t — 5|’YT01+’YH_/\/’[y — g’ C’ly] {1 +N[y7c’1Y]/@ +N[3]7C17]"‘} ’

or in other words N[J%CJ] < cou Ty "Ny — 4;C71 {1 + Ny; CJ]* + N[5;C])F ).

Therefore, N[z — 2;C]] < ¢,.T) Ny —17;C]] {1 + Az, }. Since the radius Ar, decreases
as Ty tends to 0, we can choose a sufficiently small time Ty € (0,73] such that the
application T, restricted to the (stable) ball B%T’g, is a strict contraction. Hence the
existence and uniqueness of a fixed point in this set.

n

The next proposition summarizes our considerations in order to get the global existence
and uniqueness for solution to equation ([[J):

Proposition 3.8. Under the hypothesis of Theorem [3., the local solution vy defined by
the previous proposition can be extended to a global and unique solution in C] ([0, T]; RY).

Proof. In fact, we are going to show the existence of a small ¢ > 0, which shall not
depend on y!); such that y") can be extended to a solution on [0, Ty+¢]. The conclusion
then follows by a simple iteration argument.

To this end, let us introduce the application ' defined for any z € C] ([0, Ty + €]) such
that 20,7, = yM) as

ZA’t = F(Z)t =

a+ Jo(ot(2)dx) ifte [Ty, Ty +¢e]

Just as in the previous proof, we are looking for a fixed point of T'.
Step 1: Invariance of a ball. In order to estimate N[2;C] ([0, Ty + €])], let us consider the
three cases (s,t € [0,To]), (s,t € [To,To +¢]) and (s < Ty <t < Ty +¢).

In the first case, we simply have N[2;C] ([0, To))] < Ny™M;CJ([0,Ty])]. Consider the
second case s,t € [Ty, Ty +¢], and decompose (§%); as above, that is (§2) = I + 15"+
15N+ 1% with

1 =0"(2) (0n)e . 15 = Au(6(0"(2))0x),
I3 =[o" = 0°1(Z0) (6x)0s . 15" = Mos(5([0" — 0°](2)) 6x).

Let us now bound each of these terms: first, owing to ([) and ([d), 5> can be estimated

as follows:
115 cNo'(2);CI([0, Ty + )] Nz; €] |t — s>

<
< Cou {L+ N2 CT([0, To + D]} [t — s
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It is thus readily checked that N[IY% Cy ([T, To +€])] < o €? {1 + N[2;C{ ([0, Ty + £])]}-
Thanks to (f) and (@), we also have the following bound for I%°:
12 < eNo" = o*](2):C1([0, Ty + )] N 7] T
< Cop |t — s {1+ N2 C{ ([0, To +¢€])]}

which gives N [I%% C5 ([To, To + €])] < cow e’ " {1+ Nz;C] ([0, To +€])]}. Since trivially
NI CH([To, To + €])] < ¢ for i = 1,2, we get

N&CI([To, To + €])] < cop {1+ 7N [2,C1([0,To + €])]} -
Finally, let us treat the third case 0 < s < Ty <t < Ty + &: write

1(02)stll = ||(5?3)8To (02) 7
< Nyl (0, ToD] 1 To — s|” + N2 €1 ([To, To +e])] |t = To[”
< Nl ([0, To)] + N CF ([To, To + D]} It — 5[

Putting together the three cases we have just studied, the following bound is obtained
for Z on the whole interval [0, Ty + €])]:

NTECH([0,To + €])] < o {1+ NyW: €1 ([0, To])] + "N [2:.C1 ([0, To +€])] -
Therefore, set
= (20(17735)_1/(1 " (e does not depend on y) and N, = 2¢! =11 + N y®; ¢l ([0, To))] b

so that if Nz;C] ([0, Ty + €])] < Ny, then N[2;C]([0, Ty + z—:])] < &4+ 8 = Np. In other
words, we have found that the ball

Bl g = {2 €CI0, Ty +el) : 2pom) =y, N Cl([0,To +€])] < N1}

y(l),T(),€
is invariant by I'.

Step 2: Contraction property. This second step consists in finding a small n € (0, £] such
that the previous application I' (adapted to [0, Ty + 7]) satisfies a contraction property
when restricted to some (invariant) ball.

Let 2V 2 ¢ B]\(f}) 1, and set 20 =T (z1), 22 =T(2@). Of course, since 2 and

22 ghare the same 1n1t1al condition on [0, Ty, we have N2 — 23 ¢7([0, Ty + n])] =
N[EW — 2@ CI([Ty, Ty + n))]. Let then Ty < s < t < Ty +n and as in the proof of
Proposition B, use the decomposition §(2(1) — 2@, = JL' + JL? 4 J2 | where

Tt = (0"(2V) = 0" (Z2?) (0x)s . Ji" = Na(8(0'(2V) = 0'(2®)) o),

Jio = Nos(8([0" = o*)(2WY) — [0* — 0°](21?)) b2).
We will bound again each of these terms separately: for J*!, we have
1T I < Do llooll 28V — 22 | N[ €T [t — s

But

1280 = 2P0 = 1128 = 2] = [ — 22 1) < N = 2®5¢7(0, To + )] o,
and so

N[Jl’l' C3 ([To, To +n))] < coo " N2 — 227 ((0, Ty + ). (18)
The term J5* can be estimated as follows: by (F) and (IG),
17l < eN[o'(2W) = o'(2®);C ([0 To + )Nz Gl [t — 5|
< o |t =" {1+ 2N PN W — 207 ((0, To + ).
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Finally, according to () and ([[]), we have:

I3 < eN[o" = o")(2W) = [o" = o*|(Z2®); C77([0, Tp + DN [ 7] T
< Co,z |t - 8‘777177 {1 —+ QNF}N[Z(I) _ 2(2);6?([0776 + 77])]

1,2

As a result, putting together the bounds on J%', J& ;“ and J%, we end up with:

st v Ys

N[EW = 2@,¢7(10, Ty + )] < k'™ {14+ NF + Ny N[O — 2@;¢7(10, T + 1)),

We can now pick 7 € (0,¢] such that ¢} n'~7 {1+ Ny + N1} < 1, and the application

I becomes a strict contraction on BA([}) T,
that BA(T}) T, 1s invariant by I'" too, hence the existence and uniqueness of a fixed point in
this set, denoted by yM"

Notice now that the arguments leading to uniqueness remain true on the (stable) ball

{Z € C/([0,To +21]) = 201040 = y , N2:€1([0, To + 2n])] < Nl}-

. It is easy to check (see Lemma B.9 below)

For instance, to establish the equivalent of relation ([[§) on this extended interval, notice
that if s € [T() +n, Ty + 2?7],

1 2
120 — 2@ = ][z = 2®] — [, — 22 < N[2D = 2@;¢7 ([0, Ty + 20])] "

This enables to extend y™ into a solution y™-?" on [0, Ty + 2], and then y137 on
0, Ty + 37], ... until [0, Ty + 7] is covered, as we wished.
O

Lemma 3.9. With the notations of the previous proof, the sets

{20, T+ ) : zomra-ng =y N €T (10, To + In])] < Ni}
are invariant by T.
Proof. 1f z belongs to such a ball, set

S _)a if t € [0, Ty + In]
‘ ZTy+in ift e [T(] + lT}, Ty + 8] '
Clearly, z € B]\(’}) .
Bé\(]}) 1.~ Now, since y( =D is a solution on [0, Ty + (I — 1)n], we have T'(2)|0.7+(—1) =

yH= ) ’7 which means that I'(2) is an extension of I'(z) and as a result

NIL(2); €1 ([0, To + In))] < NE(2); €1 ([0, To + &) < M.

_, so that, thanks to the first step of the previous proof, I'(Z) €

4. THE YOUNG SINGULAR CASE

This section is devoted to the study of a particular case of Equation ([l]), when the
coefficient ¢ admits a singularity in (¢,u) on the diagonal. Namely, we shall consider an
equation of the form

Y = a+ /Ot(t —u) " “Y(yy) dzy, (19)
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with ¢ : R — R%" a sufficiently regular mapping and = € CJ ([0, T]; R™), for some v and
« to be precised. Thus, the application ¢ appearing in () tends here to explode when
approaching the diagonal

D xRY={(t,t,y), t€[0,T],y € R?}.

This singularity prevents us from directly applying the algebraic formalism introduced at
section ] in order to define the integral fot (t—u)~*Y(y,) dx,, above. However, as in Section
B, we shall see that this latter integral can still be defined thanks to a slight extension
of Young’s interpretation, insofar as the integral will simply be seen as the limit of the
associated Riemann sums. In other words, we will be able to set

[ vt o, = fim S (€= 60l (5e)usr (20)

[e.e]

Ar([s,t))

where Ag([s, 1)) = {s =1to <1 < ... <t <t} isany sequence of partitions whose meshes
tend to 0, and where t;, — ¢. In this context, Theorem [£§ is quite close to Theorem B.4.

Remark 4.1. The tedious calculations to come will give us an idea of how the A-formalism
used in the previous sections makes the writing more fluent (when it can be applied), by
avoiding the often cumbersome study of Riemann sums.

4.1. Young singular integrals. This section deals with a rigorous definition of integrals
like (P0). A first technical lemma in this direction is then the following:

Lemma 4.2. Let a < b, f € CY*([a,b];R), g € C*([a,b; R*™), h € C}*([a,b];R™) with
A+ A2 > 1. Then

b b b
/ A(fq)uhy = / 0f guh + / dg fulr,

the three integrals being understood in the Young sense.

Proof. Consider a partition A = {a = t, < --- < t,, = b}, with mesh |A|, and use the
decomposition

Z 5(fg>titi+1hti = Z(éf)titi+1gti ht¢ + Z(ég>titi+1 ft¢ ht¢ + Z(5f>titi+1 <5g)titi+lh’ti'

)

Notice then that

”Z(5f>titi+1 <5g)titi+1hti < N[f, CLb]N[g; Cf\l] |A‘>\1 N[h, C?] |b - a| )

which tends to 0 as |A| — 0. The proof is thus easily finished.
U

Lemma 4.3. If v > « and ¢ € CHO(R,RE™), then for any k such that (v —a) +k > 1
and any y € CH([0,T];R?), the integral Iy = f;(t —u)"*Y(y,) dx, exists in the Young
sense. More specifically, for any 0 < s <t <T and 0 < e <t —s, set IS, := f;fe(t —
)Y (y,) dxy, defined in the Young sense of Proposition [3_4. Then IZ, converges to a
quantity, which is denoted again by fst(t —u)"Y(yy) dzy,.



ROUGH VOLTERRA EQUATIONS 13

Proof. Let € > 0. If u,v € [s,t — €],

V(yo) _ Y (Yu) 1 B 1 1 B
”(t—v)o‘ (t—u)o‘” = ”me (t_v)a (t_u)a + ‘(t—u)a (yv) 1/’(%)”

o 1 , . o
< II@DIIwECﬁ v —ul + g—alld) oo N y; CT([0, T])] [0 — ",

hence u —

(t ) € C"([s,t —¢€]) and since k + v > 1, the integral I5, is well-defined in the
Young sense of Proposition B.J]. We will now study the convergence of I, when ¢ — 0.

It is easily checked from relation ([Q) that one is allowed to perform a integration by

parts in [, in order to deduce

o= [ e = [ a0 ) e - )
_ w<yt*€)(xt,e—xt)+ U(ys) (xt_st/t‘ad( w(yu)a) (21— )

e (t—s)

= I I+
Let us analyze now the three terms we have obtained: since

H%(%—a — 1) || < [Pl 25 Ci]e7,

it is readily checked that I5' — 0 as ¢ — 0. In order to treat the term I5* observe that,
according to Lemma [L.9, we have

Notice then that

1
|t - u‘lf(’vfa)’

< [[lloeN ;€]

—

and thus u — &= u)a ) (2 — x,) is (Lebesgue-)integrable in ¢. This trivially yields the

convergence of I5°% as ¢ — 0. As for the first term 15" in (B)), we know that u —

Y(yu) € CF. In order to study the convergence of I5>*, it only remains to prove that

the application ¢ : [s,t) — R", u — (xt__x’;), continuously extended by 0 in £, belongs to
¥ (t—u)

Cl([s,t]), for some p > 0 satisfying p + k > 1.
However, if 0 < u < v < t,

”‘Pv _Spu”
<l — || | (= 0) " = (=) + [ —u) | (|2 — 20 — (2 — )|

1 I=(y—a) _ Yo 1
< Mecl-of (e ) (onoth) NGl

t — o[ v|**! v —

< eNx v —ul" "+ Nz; ] v —u]"™,
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while if u < v =1t as p; =0,

|20 — 2]

o0 — wull = 1w =w)e| < Nlx; C v —u|"™.

Thus, ¢ € C{ ([0, t]), which achieves the proof since, by hypothesis, (y—a)+x > 1. O

It is also important to control the Holder continuity of the singular Young integral
defined above. Before we turn to this task, let us quote an elementary estimate for
further use:

Lemma 4.4. Let 0 < s <t <T. For any ( € [0,1], there exists a constant cz such that
for any u € (0, s),

[(t—u)™ — (s —u)™®| < cgls —ul 7|t —s|". (22)
Then our regularity result is the following:

Proposition 4.5. Under the same assumptions as in Lemma [[.3, set z; = Iy for all
t € [0,T). Then, for any Ty < T, the path z is an element of C{([0,Ty]), and the following
estimate holds true:

Nz CE([0, To])] < ey Tg ™" {1 + Ny; C7([0, To])]} -
Proof. We rely on the decomposition (§z)g = Iy + I, with

Ist:/(t—U)aw(yu)dxu and Ustz/os [(t=u)™ = (s —u) "] () duu.  (23)

Notice that the term I is exactly the one introduced at Lemma .. Let us now bound
each of these terms.

Case of I: It is easily seen that I can also be obtained thanks to the following approxi-
mation sequence: for n > 1, set
it —s)

on

Z (t - S V(ysi )(02) i i+t where sfl — 5+
i=0

Then I, is obtained as lim,, ., .J,,. Moreover, it is readily checked that

2m—1

Jucr = = 30 [ =SB ) — (¢ $2) W, )] (02) 20 00
= (- ) (= s2) ) ) (0) i v
i=0 o
30— 2 [ey) — lua,)] (00) 00 o0
= A+ B. - (24)

But

AN < Il Ta; e @y Z! Spi) = (E=s) 70
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and a telescopic sum kind of argument shows that
on_1

Z (= 217 — (¢ — 82, ) 7] (25)

<>z{(*)<>}

—a 2n+1_1 “ —a/on+l\a
<@-9 (157 ) < t-9E)”

Hence
1 n+1 1 n+1
A< coclt o (5) Sele-sP T () - @)
As for B, the following bound holds true:
n—1
i o |t —s]” |t —s[”
HB” S <ZO (t - 8727,+1) ) Hw/”oo'/\/’[yv Cl] <2n+1) N[ CPY] (2n+1)'y’
with
on—1 1 S\ -
, 2i “ gntl U du
t— 21 —a t — —a 1— <
;( SnJrl) ( S) — < 2n+1) = (t _ S)a A (1 _ U/)a
n+1
< t—s) @
< (-8
and accordingly
1 n+1
1B < coalrcflle -1 (s ) (21)

1 n+1
< gt = s Ny CF1Ty (7) :

Q+y—1
Going back to (B4) and putting together our estimates for A and B, we get
[Jnsr = Jull S TG0 [t = 8" {1+ Ny; €} va,

where v, is the general term of a converging series. Now, write Jy = J0+ZnN;01 (Jos1—Jn),
so that, by letting n tend to infinity, we obtain

t
| [ - wevtma,
It only remains to notice that

1 Joll = [1(t = )™ "¢ (ys) (0 )sel| < W[l [2; CITIE — 5" < ey |t = s|"Tg™" (28)

to conclude

< ol + 757" [t = 5" {1 + Ny; CiT} -

[l < T3 [t = 8" {1+ Ny;: €11}
Case of I1: We use the same strategy as for I, with this time s° = > and

2" —1

J - Z fst ysl ( ) ',sffl? where fs,t<u> = [(t - u)ia - (8 - u)*&} :
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Then
om 1
Jusi=du = 3 { Fual SO 0) = Fual 200, ) b (00) i i
i=0
2" —1
= Z{fst SEE) = Faa(82) (000 (00) s oo
2" —1
+Zfst n+1 { 2z+1)—’¢)(ysii )}(5l‘) izjll Sizilz
= D+ FE. (29)

To deal with D, notice that u +— fs;(u) is a decreasing function on [0, s|, and hence

2n—1 antl_g ' ontl _ 1
S s~ fultl] £ 3 [l o] < [ (P ). @)
=0

Furthermore, according to our elementary bound (R2) applied with 3 = k, we have
| fs.t <2;111 ) | < =55 [t —s]" (2977)" 1 so that

1 n+1
1D < cuwumfv[x;cmw”|t—s\“( )

IQV—a—K

1 n+1
< ey Ty e = s|" ( — ) ) (31)

2'\/0{/@

As far as F is concerned, use () with § =y — o to deduce

E| < NooNy; CYIN [ C]8™ |t e (] N 1 20
1Bl < ellloN Nl =5 (55 ) 30 (1- 5

=0
1 ol
. R K oY
< el o= (pa ) [ ey
1 n+1
< Nl == o T () )

hence

B} . - 1 n+1
VB < ey Ny CHIT] |t—s|( ) .

Q+y—1
Just as for I, gathering our bounds on D and E, we can then assert that
H/O [(t = u)™ = (s =)™ W (ya) dzall < [|Joll + cyT5 ™" [t — 5" {1+ Ny; €71} -

Since [t7* — 57 < cs7* " |t — 5", the term Jy above can be estimated as:
1ol = I{t™ = 7} (0x)os ]| < Na: CY]s™™* " [t — 5|, (33)
so that

[Tl = H/O [t =)™ = (s — )" () daul| < ey T5™ 7"t = 8| {1+ Ny: 7]}
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Finally, going back to decomposition (BJ), our bounds on I and IT yield
Nz €] < ey T5" (1 + Ny: Cr)),

which was the announced result.

g

4.2. Solving Volterra equations. Thanks to the considerations of the last section, we
can now interpret equation ([d), and especially its integral term, in the sense given by
Lemma [£.J and Proposition [.§. We are now in position to state the main result of this
section:

Theorem 4.6. Assume that x € C] ([0, T]; R™) for some v € (1/2,1), let ¢ be a function
in CHP (R4 RA™M), and o € (0,1/2) such that v — a > 1/2. Then, for any k € (1 — (y —
a);y — a), equation (I3) admits a unique solution in CF([0,T]; RY).

Fix k € (1— (v —a),y—«). As in Section fJ, we shall solve our equation by identifying
its solution with the fixed point of the map I' defined, for any y € C#([0, T]; R?), by

z=T(y)=a +/0 (t —u) " “Y(yu) dx,,. (34)

We divide again our proof into two propositions, dealing respectively with local and global
existence and uniqueness for the solution.

Proposition 4.7 (Local existence). Under the hypothesis of Theorem [[.§, there exists
Ty € (0,T) such that Equation ([I3) admits a unique solution yV) in CF([0, Tp]; RY).
Proof. Fix a time Ty € (0,7] and let y € C*([0,Tp]). Define then z = I'(y) as in equa-
tion (B4).

Step 1: Invariance of a ball. A simple application of Proposition [ allows to conclude
the existence of a stable ball

Bar, = {y € C*([0,T0]), yo =a, Ny;Cy] < A}

for any Tp small enough and Ap, large enough.

Step 2: Contraction property. Let y,§ € B,r,, and set z = I'(y), £ = ['(g). Thus,
5(2 — 2)o = 11, + IV, with

I, - / (t = u)~ [¥(ya) — (Ga)] d (35)
v, - / [ =) — (s — 0)] [w) — ()] da.

We will now estimate these two terms, according to the same strategy as for Proposi-
tion [l.5, i.e. invoking approximations by dyadic partitions.

Case of I11: Denote

n _'_ 2n I Jn = . (t - 3;)70{ [w(ysﬁl) - 7/1@5;)] (5.T)S£L’S£L+l.
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Then
Jn+1 J,
21
= Z {1t = s2)7 = (1= 5207 [0l — 0G| | (00) 2
9n_1
+ Z { Snr1) [@/)(ysﬁll) = (Gzirt) = V(ye2,,) + (G2, )} } (02) 2i1 2t
- FiG. (36)
For F, we have, since (y — 7)o = 0,
t—s|" - 2i+1 2
7] < Nz C]] @) 19/ looN [y = 5 CITE Y |( = $35) ™ = (£ = s3) ™,
i=0
which, thanks to (BJ), gives
1 n+1
R A Rl )
As far as G is concerned, use ([[f) to assert that
[V(y2in) = D(G2i0r) = (Y ) + (G2, )
o ol =s"
< e {14+ Ny O] + NG CEN Ny = i
Besides,
2" -1 2 on+l1 1 du
sty | ,
pars o (t—s)Jo (1-u)p
so that
1 n+1
61 < coukly = BCH 0+ 2n) = (s ) =sT™ @9

Now, relations (B7]) and (BY) entail

Ll < 1ol + D st = Jull < 1ol + cue T3~ {1+ 247} Ny — §;C1 [t — 5"
i=0
Furthermore, we have
[Joll = [I(t =)™ [W(ys) — ¥(Fs)] (02)st] (39)
< ft=s|" [t = s TNz G DY looN Ty — 5 CF]s"
< eyt = 8" Ny — 5;CF]

which finally yields
1Lt < ey Ty """ {1+ 247} Ny — 3 CT] [t — s|".

Case of IV : In this case, the approximating sequence is defined by:
on_1

3; = on” Jn = Z f87t<51i1) [w<y82) - w(gs;)] <5x)s;'1,sif1'
=0
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Hence, the difference J,,.1 — J,, can be decomposed into:

Jﬂ+1_'Jﬁ
2" —1 A
= S { Va2 = S )] [Pl = 6] } 02y sz
i=0
2" —1
30 {foals2) [0ls) = $lTen) — Ula,) + ¥, )| | 00) a0 a2
=0
= H+ K. (40)

In order to bound these two terms, let us introduce first some A\ € (k,y — «). From (B0),
and invoking (P3) with § = A, we obtain

2" —1 (2a+A>n+1

Z }fst izfll — fsuls n+1)’ <clt— 3| gatA

while [[¢/(y i) — w(ysg;r;)H < [[¢"l|oe Ny — 95 CF] 57, and so

1 n+1
K A—K ~. Ik K—o—
IH| < cpalt—s|"[t = s "Ny — g;Crls7T A (2*\/0{)\) (41)

IV—a—A

1 n+1
S Cha |t—5\“T3”N[y—z7;Cf]( ) .
To estimate || K|, remember that
l(es) = ¥ @) = Vla,) + e, )l

< ¢y {1+ Ny; C7] + N[g; CT1} Ny — 45 C7]

(2n+1)
which, together with (Pg) applied with 8 = v — «, gives

o A TR 2i \’
IKI| < cpalt = s {1+ 245} Ny — §;Cfls <2m) <1—2n+1)
=0

1=

< cplt— sl It — s {1+ 245,

N 517 () [ s @2

. . B B} 1 n+1
< oyt —s[TTY {1+2ATO}N[?J—?J;C1]<W> :

As a result, combining the estimates for H and K along the same lines as for the term
111, we end up with:

1TVl < [ Joll + cpe {1 + 2A7 } Ny — 45 CT] [t — 5" T
But Jo = [t7* — s [¥(y0) — ¥ (¥0)] (6x)0s = 0, so that finally
11Vatll < €0y~ {1+ 247} Ny = 5:CF] |t = 5"
We have thus proved that
Nz = 201 < ey Tg " {1 4+ 245} Ny — 5: C1].
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The contraction property then clearly holds when I' is restricted to a stable ball B, 7, , for
Ty small enough. This easily yields the existence and uniqueness of a solution to ([9) on
[07 TO] :

O

The following proposition summarizes the extension of the unique solution to ([9) to
an arbitrary interval.

Proposition 4 8 (Global existence). Under the same hypothesis as for Theorem [[-G, the
local solution y) € C([0,Ty]) can be extended in a unique way into a global solution in

cr([0,T]).

Proof. We resort to the same scheme as in Proposition B.§, in which we try to exploit the
estimations of the previous proof.

Step 1: Invariance of a ball. Let £ > 0 and y € C*([0, Ty + £]) such that yjo7,) = y™). Set

(1) :
2 = F(y)t _ Yt . ifte [O7T0]
a+ [yt —u)"Y(y,) du, ift e [Ty, T+ €.

Let s,t € [Ty, To + €] and consider the decomposition (R3) of (§z). For I, use (B4),
together with the estimations (RG), (B7) and (Pg), to deduce

16 w0 deall < cue b= st (1 =N}
As for I1, use (P9), together with (B1)), (BY) and (B]) to assert
||/O [(t —u)™ = (s —u) "] Y (ya) doull < eyt = s[" {1+ "Ny (i} -

As a result,
Nz C([To, T + €] < gr {1+ 7Ny G}

By copying the arguments of the proof of Proposition B.§, we then deduce the existence
of a small ¢, independent of 4", and a radius Ny, such that the ball

By gy = {y € CH0,To+¢]) : ypom =y, Ny;Cf] < N1}
is invariant by I
Step 2: Contraction property. Let n < e , and consider y,y € Cf([0,Ty + n]) such that
Yo = om) =y, My Cf] < Ny and Ng; Ci] < Ny Set 2 = T'(y), 2 = T'(y).
Let s,t € [Ty, To + 1] and consider the decomposition (BY) of 0(z — 2)s. For 111, use
(Bd), together with (B7), (BY) and (B9), to obtain

Tl < cpon™™ " [t = s|" {1 + 2N} Ny — 5; C1].
As far as IV is concerned, the decomposition (f), together with (), (E) and the fact
that 9(yo) = (7o), provides
Vil < cpan™ ™ [t = " {1+ 2N } Ny — 55 CF].
Therefore,
Nz = ZCH([To, Ty + 1] < cpan’ " {1+ 2N} Ny — 5:C7].

The end of the proof follows then exactly the same lines as the proof of Proposition B.§.
O
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5. THE ROUGH CASE

In this section, we go back to equation ([l]), with a smooth and bounded coefficient o.
However, we will only assume that x belongs to C{ ([0, T]; R™) for some v € (1/3,1/2),
which means in particular that we can no longer resort to Young’s interpretation for
fo o(t,u,y,)dr, and some rough path type considerations must come into the picture.
We Wlll thus briefly review the setting used in this context, and then prove a local existence
and uniqueness result for our equation.

5.1. Controlled processes. For sake of conciseness, we only recall here the key ingredi-
ents of the formalism introduced in [[[1]] in order to handle integrals driven by an irregular
signal x. First, as usual in the rough path theory, we will have to assume a priori the
following hypothesis:

Hypothesis 1. The path x admils a Levy area, that is a process x® € C3'([0, T]; R™™)
such that ‘ ‘
02 =S @0z, e (62%)eu(i,f) = (62") g @ (027)us,
for all s,u,t € [0,T) and i,j € {1,--- ,n}.
As explained in [[L1]], we are then incited to introduce a particular subspace of the space

of Hélder continuous functions C] ([0, T]; RY*), which are the convenient processes to be
integrated with respect to z:

Definition 5.1. Let k € N* and n > «. A process y € C]([0, T]; RY¥) is said to be (v,n)-
controlled by x if there exists y' € C]~7([0, T]; L(R™, RY*)), v € CJ([0, T); RY*) such that

<5y)st = y;<5x>st =+ Tgtv fOT any Svt € [07 T] (43)
Remark 5.2. The decomposition (fJ) is not necessarily unique. However, if we fix y, v/,
then, of course, the remainder r¥ is uniquely determined. For this reason, we shall denote
Q71([0, T]; RY*) the space of couples (y,y') € C] ([0, ; RY) x 77 ([0, T]; L(R™, RYF)) such
that the decomposition ([[J) holds. This space is endowed with the natural semi-norm
Nly: @7([0, T RM)] = N(y, y/); ([0, T|; R™)]
= Ny €1([0, TERM)] + Ny €([0, T]; LR, RY)] + Ny's 77"([0, T]; LR, RM)]
+ N C3([0, T RM)].
Observe that if (y,y') € Q77([0, T]; R**), then
Ny €1([0, T RY)] < e {Ilygll + 77Ny @([0, TER™)] (44)
Finally, let us denote Q7 ([0, T]; R*) = Q»2([0, T]; RM*).
With our main equation ([[J) in mind, it is important for us to get a stability property for
controlled processes, when composed with the map o. This is the object of the following

proposition (for which we recall the notation on gradient of functions given at the end of
the introduction).

Proposition 5.3. Let (y,y') € Q([0, T]; RYY), with decomposition 6y = y'(6x) + 1Y, and
consider o € C*°([0,T]?> x RV RI™). Fori = 1,---,d, denote by o;(2) the i line of
o(z) when considered as a matriz. Then, for any t > 0, (0:(t,.,y.), Dsoi(t,.,y) oy') €
Q7([0, T]; RY™) and

Nloi(t, .,y.); Q([0,T|;R"™)] < ¢, {1+ Ny; Q7([0, T]; RM)]?} (45)
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where ¢, does not depend on t.
Proof. See Appendix. O

Let us now turn to the integration of weakly controlled paths, which is summarized
in the following proposition, borrowed from [[[T]. This result requires a little additional
notation: if ¢ € L(R",R"") and A € R™", we denote ¢ - A =377, (pei,ef) Ajj.

Proposition 5.4. Let x be a signal satisfying Hypothesis [, and let also (z,z") be an
element of QV([0,T];RY™) with decomposition 6z = 2/(dx) + r*. One can define A €
CI([0,T];R) by Ay =a € R and

(6A) g = 2(02) gy + 2, - 2% + Ny (r76x + 62" - %),
and set J(zdx) = J((z,2")dz) = 6A. Then J(zdzx) coincides with the usual Rieman

integral of z with respect to x in case of smooth functions. Moreover, it holds

j('z dl’) = lim {zti (5‘r)titi+1 + Zg,’ ' xitiH} )

‘Hst‘_’o
7

for any 0 < s <t < T, where the limit is taken over all the partitions gy = {s =ty <
t1 < ...<t, =t} of [s,t], as the mesh of the partition goes to zero.

It only remains to enunciate the multidimensional version of the previous proposition:
Definition 5.5. Assume that z € C] ([0, T]; R*™) is such that for each z; (i™ line of z),
there exists 2 € C] ([0, T]; L(R™, RY™)) for which (z;, z}) € Q7([0, T]; RM™). Then we define
J(zdz) = J((z,2') dz) € C{([0,T]; RY) by the natural relations

T(zdz)? = T((z,2)dx), i=1,...,d
5.2. Rough Volterra equations. Let us say a few words about the strategy to be used
in order to solve equation ([[J) in case of a rough driving signal. First, this Volterra
system will be interpreted according to Propositions p.d and [.4 when (y,y’) belongs to
Q([0, T]; R) and o € C*b([0, T]> x RV, R%™). Moreover, in order to settle a fixed point
argument, we shall see that the process z defined by 2y = a and

(62)st = Tulo(t, ., y) dz) + Tou([0" — 0°](Y) dx)

is a controlled process (recall that ) stands for the multidimensional function s — (s, ys)).
Indeed, if we assume that the path w; = o}()’) can be decomposed as

dw; = 60}(Y) = o} (V) (6x) + r7,
which can be done owing to Proposition f.3, and if we set §z) = J(w; dx), then one can
write (62)% = o;(s, s, y,)(62)s + (%)@ for i = 1,...,d, with
(r)? = o3t 5, 55) = 04(s, 5,9)] (52)st + 01 (V) - 23, + At (r* Dbz + 6(0](V)) - 27)
+ Jos([o(t o y.) = ols, ., y)] dz)?.
If we manage to show that o(.,.,y)* :  — (01(.,.,y)(x),...,(04(.,.,y)(x)) belongs to
CY([0,T]; L(R™, RM)) and r* € CJ7([0,T]; R"?) (which will be done in the course of the

following proof), then (z,0(.,.,y)*) € Q7([0,T];R"¥) and the application I introduced
in the Young setting becomes here

L Q([0, T R™) — Q7([0, T, RY), (y.y) = (2.0(.,.)")- (46)
With this notation, a solution of ([[3) corresponds to a fixed point of T.
We have now all the tools in hand to express the announced (local) result properly:
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Theorem 5.6. Let k € (0,1) such that y(k + 2) > 1, 0 € C¥*%([0,T]* x R%; R%™) and
a € R, Then there exists Ty € (0,T) such that the equation

Yy =a—+ j0t<a(t7 = 3/) dl’),
interpreted in the sense of Definition .4, admits a unique solution in Q([0, Tp]; RY?).

As in the Young case, the result will stem from a contraction argument (Proposition
F.9) on some invariant ball (Proposition p.§). Before we turn to detail these arguments,
let us state an equivalent of Lemma B.7:

Lemma 5.7. Let (y,9), (7,7) € Q([0, T); R ) such that yo = §o and yy = §4. Then,
under the hypothesis of Theorem [5.4, for any s,t € [0,T],

Nllo; = o1(¥); Q([0. T R™)] < ¢y [t = s| {1+ Ny; ([0, T R™)*}, (47)
the path o'(Y) — o'(Y) satisfies
NoH(Y) = 0i(¥); Q([0, T R")] (48)
< ¢ {1+ Ny; Q([0, T RY)? + Ng; Q7([0, T R™)*} Ny — 55 Q([0, T RM)],
and
Nllot = a31(Q) = [of = 7)(V); @7 ([0, T); R™)] < ¢ [t — 5| (49)
x {1+ Nly; Q7([0, TR + N ([0, TERM)]} Ny — 3 ([0, T, RM)].

Proof. See Appendix.
O

We can now state the result concerning the invariance of a ball for the map I':

Proposition 5.8 (Invariance of a ball). Under the hypothesis of Theorem [5.8, there exists
To € (0,T] such that for each Ty € (0,Ty], the ball

A *
BT1T1 = {<y7yl) € QW([Ov Tl]) Yo = a, y(/) = 0<07 07 a’) ) N[(yvyl); QW([Ov Tl])] < ATI}
is invariant by T (defined by ({8)) for some large enough radius Ar, .

Proof. Fix a time Ty < T and let (y,y) € B?TO with decomposition dy = y/'dx + r¥. Set

0
(2,2") =T(y,y'). Then 6z = 2'éx + r?, where r* can be further decomposed into:

TZ — TZ’O + Tz,l,l + T’Z’l’2 + T’Z’2’1 T T’Z’2’2, (5(])
with
i = ol =] V)0, Y =0l(Y), 2
i = A (15w 4 8(at (D)) - 2?),
and

peL O _ [of — 07] (Vo) (62)0s + [0} — 0] (V)5 - 2,
r§£2,2,(i) — Ao, ([Taf(y) _ raf(y)] St + 5( [Uf - O'f] (y)/) ) :E2> .
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Let us check that this decomposition actually identifies z as an element of Q7, that is
2 el and r* € CQQV. For 2/, pick 0 < s <t < T} and observe that

162 stll = No(t t,9e)" — o5, 5, 4)"]l
< Mot 40)" = o(s,t,y0)"[ + llo(s 1, 9:)" = o (s, s,55)"|l

d
< Dol It = s|+ Y 16(aF (P))stll-
i=1
But, according to ([4),
16(07 (P))stll < ca |t — s {[[Dsoi(s, Vo) o gol| + Ty N7 (V); 1}
< o [t = s {1+ TGN o7 (V); @1}
which, together with (E5), leads to N'[2/;C]] < c.o {1 + Ty Ny; Q*}.
Let us now estimate the 2vy-Hdélder norm of the remaining terms.
Case of r*°: Clearly, N[r*°;C)"] < || Dol|ooN[z;CYTy 7 < Coa.
Case of r*1: Since ||t (V)4 = || Dsoi(t, Vo) o yhl| < c,, one has, owing to (E3),
It “’n < o lt— s N C {1+ TNt (V)5 €11}
< Con |t — s {1 + TVJ\/’[ 1Y) Q1) < conlt— s|* {1+ TyNy; @} .
Case of r>12: Tt is readily checked, invoking () and ([f), that
IO < et = s {NET N s €] + N(0H(9)) TN % 6371}
< et = s Noi(t,Y); Q7 < e |t — [T T {1+ Ny; Q7).

Case of r#21: The following elementary estimates hold true.
P52 0N < Dol |t = | TEN ;.G + (| Dsor(t, Vo) — Do, Vo)l lwhlIN [ €173
2y
< ot —s|7T.

Case of r**?%: Owing to (fJ) and ([f7]), we have
I

st
< T { NI — 17O N ) 4+ N[0! - 0] ()5 CTIN [ 657
< GTYNot = oY1 Q] < T |t — | {1+ Ny @12}

Finally, gathering all our estimates for the terms in (50), it is easily seen that N[r*; C3"]
< Coa {1+ TYNy; Q1?}. Hence we have obtained that r* € C;” and (2, 2') € Q7.

Notice that the above estimations also easily lead to N[z; Q7] < ¢, , {1 + T{Ny; Q)*}.
Choose now for T} the greatest time 7 € (0, 7] such that the equation ¢, , {1 +77A} = A
admits a unique solution A,. Then Tj satisfies the property announced in our proposition.

t

We can now prove the contraction property allowing to establish the existence and
uniqueness of a local solution to equation ([[3).

Proposition 5.9 (Contraction property). Under the hypothesis of Theorem [p.4, there
exists Ty € (0,Ty] such that for each Ty < T, the application T" is a strict contraction on

the (stable) ball By,
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Proof. Let (y,y), (gj,gj’) two elements of B;}lTl, and set (z,2') =T'(y,v'), (£,2") =T(9,7').
Thus, §(2 — 2) = (2' — )z + (r* — %), where 2’ = o(.,.,y)*, Z = o(.,.,4)", and 7 is
given by (p0), with a snmlar expression for r*. Let us now estimate each term of

N[z—% Q=N = Z;C)+ N[ = Z;C1| + N[r* —r%.C + Nz — £.C]).
Case of N[ = 2;C: I s € [0,T1], [|z; — Zi| = [lo (s, 5,y5)* — (s, 5, 7)*|| < | Dolleollys —
Usl- But yo = o, so that ||y, — 7|l < TYN[y—5;C/] and N[2' =2 C}] < e, TYN[y—7; Q]
Case of N[z — Z';C]]: Pick 0 < s <t < Ty and observe that

Izt = 2) = (L= Z) = (o6, D) —a(t, )" — o (s, V)" + a(s, Va)"|
< lfo" = a®J() = [o" = "I +116(0* (V) = a*(V))st |l
Then
ID(0" = o) leollye — 4l
I1D%0 o [t = | Ny — 5; CYITY
o |t —s|" Ny — 5, Q|Th,

llo* = o*](Qh) = [o" = "1 (W)l

IANIACIA

while, according to (f4]) and (E9),

16(3 () = aZD)utll < [t = s[" N[o3(V) = 07 (P): 1]
< elt=s {IG:) = @il + TN} () - 0:(9); Q1
< oot = s T {1+ Ny; QT + N[5 QP Ny — 55 Q7]

since ( 5(V)—08(Y))y = 0. Hence, thanks to the fact that we are working on the invariant

ball B, T1 , we get N2/ — 2/;C]] < ¢pp {14 A, }/\/y g; QT

Case of./\f[ —7%,C3): Since (yo,yh) = (Yo, 7)), r*~F = 7 — r* reduces to the sum of

i = {lot = oll0) = [of — ol OMHOR), Y = [l — ol )]

i T = M) = o + 0(ol (D) = ol (D)) - 2?)

ri 0 = Mgy ([r7i ) = r i) — 7O 7 Do 4 5([of - 3)(V) — [0} — o)D) - 2.

We will now bound each of these terms.
Study of rz;*°: One has

< ¢t =s["ID(o} = 0f)llso | Vs = Vil
< et — s/ D0y oo |lys — s
< Cx,o |t - 5|27 N[y - g; C;]Tll_ﬂ/ < Cx,o |t - 5|27 N[y - g; Qv]Tll_v'
Study of 7720 Since (0f(Y) — of(Y)) = 0, we get, owing to (),
ce [t — s/ {14+ Ny; @ + N5; Q1 } Ny — 5; Q177
Study of r*~*'2: By (f]) and (£9),

I 200 < et = s Nol(V) = 01(D); Q7]

< Conlt = s {1+ Ny; Q7 + N3 QP Y Ny — §; QT7.

2200

<
<
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Study of r*~*2: By (@) and (D),
I 700 < T PN o} = 0f)() — lof — a?)(); @7 )

< e T Nt — s {1+ Ny; Q1 + Ng; Q1Y Ny — §; Q7).

Finally, putting together all our estimates of the remainder terms, we end up with the
relation N'[r* —1r%,C37] < ¢, {1+ A2, } Ny — §; Q]T7, which together with the above
estimation of N'[z' — Z';C{], gives

Nz =2 Q] < ey {1+ A%} Ny — §; Q17

The greatest time 77 € (0, Ty] such that ¢, , {1+ A% } 77 < 1/2 then clearly yields the
contraction property for T on [0, T1].
U

In the rough case, it is also easily seen that our existence and uniqueness result for
equation ([[J) can be applied to the fractional Brownian motion:

Corollary 5.10. Let B be a n-dimensional fractional Brownian motion with Hurst pa-
rameter 1/3 < H < 1/2, defined on a complete probability space (2, F,P). Then almost
surely, B fulfills the hypotheses of Theorem Pp.4.

Proof. We only have to show that B satisfies Hypothesis . But this kind of result is
easily deduced from the convergence results contained in [g].
O

5.3. Extending the solution. To finish with, let us briefly evoke the technical difficulties
we encounter when trying to extend the solution on [0, 7] along the same lines as in the
Young case. Denote (y™), (yV)’) the solution on [0, Ty].

The first step would consist in finding some small ¢ > 0, independent of (y™, (y™M)"),
and some radius N; such that the ball

{(y.v) € ([0, Tv+¢]) : (v oy = W, ™)), N(y,y); Q([0, T +¢])] < Ni}

is invariant by I'. In fact, if we set (z,2') = I'(y,y’) for (y,%’) in this ball, then some
standard estimations, similar to those appearing in the proofs above, show that

N(z,2): @ ([0, To +e])] < erN [y ([0, To])] + ez {1 + N (y. y); ([0, To +€])*}
(51)
for some A\ > 0 and some constants ¢y, co with ¢; > 2. It is then rather clear that, owing
to the exponent 2 in the latter expression, the constant e ensuring the stability of the ball
has to depend on N yW; @7([0, Ty])].
More specifically, imagine the reasoning of the proof of Proposition B.§ remains true
when starting with (B1)), which means that we can find some constant e > 0 and some
sequence of radii (N;) such that

CINZ' + Co {1 + EANZ-%rl} S NZ'Jrl. (52)

Then N;yq1 > 1 N; > 2N; and the sequence (NN;) diverges to infinity. On the other hand,

if relation (FJ) is meant to admit solutions, then the relation 1 — 4e*cy(c;N; + ¢o) > 0
must be fulfilled, so that (/NV;) is bounded, hence a contradiction.

At this point, it is interesting to notice that even if ¢ is allowed to vary and becomes a

sequence ¢; such that ). e; = oo (in order to be sure that [0,7] is covered), then we get

%Qi < N; < E%, so that ¢; < W, which of course contradicts EZ g; = 00.
i+1
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This failure in our apprehension of ([]) motivated the study of a particular case of
Volterra equations (see our companion paper [[]]) for which some modifications of the
d-formalism enable to get rid (in some way) of the past-dependent term in ().

6. APPENDIX

We gather in this section some regularity results for the functions and controlled pro-
cesses we handle in throughout the paper.

Proof of Lemma [3.7]. To obtain ([3), pick u < v and observe that

llo" = oY) = [0" = (V) ID(0" = o) oo [V = Yl

<
< [D%lloo It = 5| (Jv — ul + Ny; CI] v —u["),

which gives the result.

In order to establish ([[@), let us introduce the operator R defined for any ¢ € C1*(R1),
£, & € R, by

Rp(€, &) = /0 Dp(aé + (1 — a)¢’) da.

Then of course || Rpllo < [|[Dgllo and [[Re(&1,€1) — Ro(&2, &)1 < D%l (161 — &2l +
&7 — &5])). With this notation, if 0 < u < v < T,

') D)) - D) ' Gl
||Rgt(yv’ yv)(yv - yv) - Rat(yu> yu)(yu - yu)”

< R (Yo, Vo) (Yo = Vol = Ve = VDI + B Vs Vo) = R (Vs V)| (Y = D) |
< Do lolllye = 90] = [yu — 7]

H D% [loo (2|0 — vl + 1o = Yull + 150 = Ful)1yu — Full
< Ny =3¢ —ul {IIDollw + | D%l (2T + Ny; €] + N5 CINT}

where, in the last inegality, we have used the fact that y, — gy = [Yu — )] — [0 — Jo]-
Inequality ([[§) follows easily. Notice that those are the same arguments as in the proof
of [}, Lemma 5.

To prove ([[7), let us introduce the operator L defined for any ¢ € C%%%(R%*2) and any
s, t €R, £, & € R as

1 1
Lip(s.1.6,€) = / / D2p(s + ult — ). € + M€ — €)) dudA.

Thus, Le(s, t,&,£') is a bilinear mapping on R x (R x RY) such that ||Lo||s < ||[D?*0]s

and [|Le(s,t,&1,€1) — Lop(s, , &, &) < 1D%oll (160 = &I + 161 = &1%).
With this notation, it is readily checked that

0<t7 g) - 0(87 g) - O'(t, g) + 0(87 g/) = LU<S7 l gu £/><<t -5 0>7 (07£ - g/))
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for any s,t € [0,77], &,& € [0,T] x R?, so that

llo* = o*](V) = [0 = o*](P) = [0" = o)D) + [0" — o*] (V)] (53)
= |ILo(s,t, Yu, V) (t = 5,0), (0, Y = V)
—Lo(s,t, yvvj)v)((t —5,0),(0, Y, — j)v))”
< [Lo(st, Yy V) (= 5,0), (0, [V = V] = [V = D))
H|[Lo(s,t, Vi, Vu) — Lo(s, t yvayv)]
< 1D%0 oo [t = 5] [y — Gu] = [y — Gl
HI Dol (2w = 0" + [lyu — 9ol + 11§u = Foll”) [t = 5] llyo = Gl
< ot = s {NTy = 5:Cf] fu — o]
+(2fu ="+ Ju— o N[y " + NG G Ny — 9: 11T,

which leads to the result.

|
((t - 570)7 (anv - 571)))”

U

Proof of Proposition [p.3. This is a matter of elementary differential calculus. For the sake
of conciseness, denote o = ¢; and ., (1) = Yy + 7(Vy — V). Then

(5<‘7t(y))uv = Ut<yv) _UtO}u)
= /0 dr Dyo (t, puy(r)) (v — u) +/0 dr D30 (t, 0uv(7)) (0 )uw

— Dy (6. Y) (69 + / dr (D3 (t, @uo(r)) — Dso (£, V)] (69)u

+/0 dr Dyo(t, @up(r)) (v — )
= (Dso(t, V) 0 4.)(02)uw + Tuw, (54)

where r has to be interpreted as a remainder, whose exact expression is given by:
1
Tuv = D30'<t7 yU>TZU + / dr [D?’a(t’ (,OW<T)) - D30’<t, yU)] <5y>uv
0

—i—/o dr Dyo(t, puy(r)) (v — u).

We will now bound the two terms in expression (p4).
First, [[D3o(t, V) oyl < [|Dso [N Y5 CY] < coNy; @1, and if 0 <u < v < T,

D30 (t, V) 0y, — D3 (t, V) © 4|l

I[Dso(t, Vo) — Daa(t, V)] oyl + | Daor(t, Vu) o [y, — ]|

I1D%0||co1V0 = Vul Ny’ €] + | Dsoll N [y CT] o — u]”

I1D%0 oo (Jo = ul + Ny; Cl] [v = u YN[y €] + | Dso [N [y €] o — ul
o lv—ul" {1+ Ny: @},

hence Dso(t,Y) oy’ € C] and N[Dso(t, V) oy;C]] < ¢, {1 + Ny; Q]}.

IAIN NN
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Asforr,if 0 <u<wv<T,
Iruwll < [[DsollaN Y5 C3] o = uf* + | D?0l|oc|| Vo = Vul N y; €I Jo = u[?
+[ D200 [v = ul
< colo—ul7 {1+ Ny; @1},
so that r € €37 and N[r;C)7] < ¢, {14+ Ny; Q")*}.
t

To get ([]), it only remains to notice that No?());C{] < ¢, {1 + Ny; Q]}.
U

Proof of Lemma [p.7]. According to the proof of Proposition f.3, if Do’ := Dso(t, .,.) and
Dyo' := Dso(t, ., .), one has [0} — 05]()!, = Ds(0of — 05)(Vu) o y., and

P2 = Dylot — 63 (V) (1Y)
T / 01 [Dy(0' ") Dutr (V—Y)~Da(0' ") (V)] (6t / dr Dy (o'~ 0" ) (V) (v—u).

Recall that in order to bound (¢! — 0¢)()),) in Q7, the main steps consist in estimating
N(o! — ) (V,);C]] and N[r;C5"]. However,

e = 71, = [o7 = o7Vl

< |[Dafoi = 07) (V) = Dafo7 — 07) (V)] o gl + 1 D207 — 07)(Vu) © [y, — wal
< [[1D*(0f = o7)llo(Jv — ul + Ny; €] Jo — u[ )N [y €1

+HDa(o; = o7)loN Ty’ CT] v — ul”
< D%l [t = s[ (Jo = ul + [v — u]" Ny: /NNy’ C1]

+HD?villoc It = s| Ny € o — ul”
< coft—sllo—ul" {1+ Ny; Q*},

and

[of—051(Y) ¢ s t s 2y y. P2y

170 I < 1IDw(o; = 0))llo [v = ul + [ Da(0; = 07) lloc [v = ul™ N[r¥; C57]

+HD* (o = o)) loo (v = ul + N y; CTT v = ul )N y; €] o — ul”
< e lt—s|jv—ul” {1+Ny; @1}
The upper bound ([[7) is now easily obtained.

Inequality (A§) is in fact a direct consequence of [[J, Proposition 4]. Indeed, if y €
Q7([0, T]; R*4), then of course Y € Q7([0, T]; R»¥*+1) with decomposition

(6))st = (0,y)(62)st + (t = 5,78,).
Then, according to the aforementioned proposition,
N[o"(Y) = '(¥); Q] < Cou {1 +NY; QP + N QV]Z}/\/’D} - Q.
It is then readily checked that N[V; Q7] < ¢{1 4+ N[y; @]} and N[Y — V; Q"] = Ny —
g; Q7.
Let us now prove Inequality (f9). To this end, denote (' := Dy(0o! — of) and use the
fact that [(of — of)(Y)]" = ¢*(Y) o V'. This yields the decomposition [(cf — of)(V)] —

(07 = 7)) )uw = A3, + Bii, + Co, + Dy, with
Ay =0 Pwv o lyy =00, Bay = (V) 06([y" = 7w,
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O = [ ) = D) 0 (67 )ww + Dty = 6(¢(Y) = ) © G
Owing to the regularity of o, we are in position to apply Lemma B.q with Dso;, which
gives
NTAT,C] < N[Ds(of = o) (V): CIIT Ny — 55 Q7]

<
< G|t =s[{1+Ny; QN Ny — ; Q7

and

NIDC] < NDalo! - 02)(9) = Dalo! — 02) (D)5 COWG: 27
o |t — s {1+ Nly; Q" + Ng; "} Ny — §; Q[N [y; Q7).
Besides, it is easy to see that N [B*";C;"] < ¢, |t — s| Ny — ¢; Q7], while N[C*; C;"] <
ot — 5| N @INTy — : O], hence

N(lo} = a5)(V) = [of = o71(V)): €77
<colt—s[ {1+ Ny QT + N[5 QTP Ny — 5, Q7] (55)

As for rit = r[(fii—aﬂ()i)_ li=e713) | we know from (54) that, if ©uu(r) = Vu+r(Ve—Vu),
Gun(T) = Vo +7(Vy — V) and o5t := o — 0°, then rt = 15t 1 + st 4 pst3 with

uv

<
<

1

Moo = i dr [D107" (Puu(r) = D107 (Bun(r))] (v = u),

St2 =D O'St(yu)<'ry ) D2O-z'8t<yu><rgv>7

T = / dr {[D207"(9us(r)) = D20 (V) (09w — [D207 (Gun(r)) = D20 (Vi) (07 )}

0

Obvious arguments allow to assert that N [r*t'; Cy™ "] < ¢, |t — s| Ny — §; @]. To deal
with 7542, write of course

rogt = (D20 (V) = Daof' (Vu))(rh) + Do (V) ([, — i)
which leads to N [r*42;CJ 7] < ¢, |t — s| {1 + N[y; @]} Ny —7; @]. Finally, decompose

TSt’B into TSt’B — ,r.st,3,1 + TSt’3’2, Wlth

1
@W=AMWﬁwmm—mﬁmwm—mm

i = Aﬁﬂmwwm»—aﬁwm—mﬁ@m»+maoﬂ<>

Clearly, N [rt31: CJ7"] < ¢, |t — 8| {1 + Ny; Q|} Ny — §; Q"]. To conclude with, ob-
serve that the double increment appearing into brackets in 7532 can be dealt with just
as (BJ) (replace [o! — o] with Ds[o! — of] and Y, with @, (r )) This gives

N[r*22C37" ] < g [t = s| {1+ Ny; @17 + Ny Q1" } Ny — 55 QN g3 Q7).
We have thus shown that
NP5CT] < eo = s {1+ NTy; @1 + Ng; @1} Ny — 4 Q7]
which, together with (F73), entails ([I9).
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