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Solutions of some nonlinear parabolic
equations with initial blow-up

Waad Al Sayed Laurent Véron

Laboratoire de Mathématiques et Physique Théorique,
Université Francois Rabelais, Tours, FRANCE

Abstract We study the existence and uniqueness of solutions of dyu — Au+u? =0 (¢ > 1) in
Q2 x (0, 00) where Q C RY is a domain with a compact boundary, subject to the conditions u = f > 0
on 002 x (0, 00) and the initial condition lim¢—o u(x,t) = co. By means of Brezis’ theory of maximal
monotone operators in Hilbert spaces, we construct a minimal solution when f = 0, whatever is the
regularity of the boundary of the domain. When 02 satisfies the parabolic Wiener criterion and
f is continuous, we construct a maximal solution and prove that it is the unique solution which
blows-up at ¢t = 0.
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1 Introduction

Let Q be a domain of RY (N > 1) with a compact boundary, Q5L = Q x (0,00) and ¢ > 1.
This article deals with the question of the solvability of the following Cauchy-Dirichlet
problem P%f

O — Au+ u[Tlu =0 in Q%

u=f on 90 x (0,00) (1.1)
lim; o u(z,t) = 0o Vr € Q.

If no assumption of regularity is made on 0f2, the boundary data u = f cannot be prescribed
in sense of continuous functions. However, the case f = 0 can be treated if the vanishing
condition on 9N x (0,00) is understood in the Hi local sense. We construct a positive
solution ug, of ([L1]) with f = 0 belonging to C(0, 00; HL(Q) N LI+1(Q)) thanks to Brezis
results of contractions semigroups generated by subdifferential of proper convex functions in
Hilbert spaces. We can also consider an internal increasing approximation of €2 by smooth
bounded domains " such that Q = U,Q". For each of these domains, there exists a
maximal solution 7o~ of problem P"-%. Furthermore the sequence {Tig.} is increasing.
The limit function uq := lim,,_. o ug~ is the natural candidate to be the minimal positive
solution of a solution of P9, We prove that un = uq. If 0€) satisfies the parabolic Wiener



criterion [], there truly exist solutions of P°. We construct a maximal solution %g of this
problem. Our main result is the following:

Theorem 1. If 092 is compact and satisfies the parabolic Wiener criterion, there holds
In the last section, we consider the full problem Pf. Under the same regularity and
boundedness assumption on 92 we construct a maximal solution %o, s and we prove

Theorem 2. If 09 is compact and satisfies the parabolic Wiener criterion, and if f €
C(0,00;0Q) is nonnegative, T, s is the only positive solution to problem Pf,

These type of results are to be compared with the ones obtained by the same authors [[l]
in which paper the following problem is considered

O — Au+ u/Tlu =0 in Q%
UM gist (2.00)—0 u(z,t) = oo locally uniformly on (0, c0) (1.2)
u(z,0) = f Vo € Q.

In the above mentioned paper, it is proved two types of existence and uniqueness result
with f € L} (), f > 0: either if 32 = dQ° and 1 < ¢ < N/(N — 2), or if € is locally the

loc
graph of a continuous function and ¢ > 1.

Our paper is organized as follows: 1- Introduction. 2- Minimal and maximal solutions.
3- Uniqueness of large solutions. 4- Bibliography.

2 Minimal and maximal solutions

Let ¢ > 1 and Q be a proper domain of R, N > 1 with a non-empty compact boundary.
We set Q1 = Q x (0,00) and consider the following problem

{8tuAu+uqO in  x (0, 00) (2.1)

u(z,t) =0 on 99 x (0,00).

If there is no regularity assumption on 02, a natural way to consider the boundary condition
is to impose u(.,t) € Hi(Q). The Hilbertian framework for this equation has been studied
by Brezis in a key article [] (see also the monography [[] for a full treatment of related
questions) in considering the maximal monotone operator v — A(v) 1= —Awv + |v|?" v seen
as the subdifferential of the proper lower semi-continuous function

1 1
/ <§|V’U|2 =+ ?|’U|q+1> d$ lf v E H&(Q) n Lq+1(Q)
Q q

00 if v ¢ HYQ) N LIT(Q).

Ja(v) = (2.2)

In that case, the domain of A = d.Jq is D(A) := {u € H}{(Q)N LI (Q) : Au € L*(Q)}, and
we endow Dgq(—A,) with the graph norm of the Laplacian in H} ()

1/2
Iollpoca) = ( [ (@0 419 +07) dw) -



Brezis’ result is the following.

Theorem 2.1 Given ug € L*(Q) there exists a unique function v € L}, (0,00; Do(—A)) N

loc
C(0,00; H} (2) N LIT1(Q)) such that Oy € LE (0,005 L2(2)) satisfying
O —Av+ v lw =0 a.e in QY
i Foo (2.3)
v(,,0) =up a.e. in .
Furthermore the mapping (t,up) — v(t,.) defines an order preserving contraction semigroup
in L2(Q), denoted by S%79(t)[ug], and the following estimate holds

[ (t, ')HLZ(Q) < (2.4)

1
m ||U0||L2((z) :
From this result, we have only to consider solutions of () with the above regularity.

Definition 2.2 We denote by Z(Q'L) the set of positive functionsu € L2, (0, 00; Do(—A))N

loc

C(0,00; H} () N LITY(Q)) such that dyu € L7, (0, 00; L2(Q)) satisfying

loc
Opu — Au+ |u|Tru =0 (2.5)
in the semigroup sense, i. e.
du .
a +90Ja(u) =0 a.e. in (0,00). (2.6)

If © is not bounded it is usefull to introduce another class which takes into account the
Dirichlet condition on 99Q: we assume that Q¢ C Bg,, denote by Qp = QN Br (R > Ry)
and by H}(Qg) the closure in H}(Qg) of the restrictions to Qg of functions in C$°(£2), thus
we endow Dgq,(—A,) with the graph norm of the Laplacian in H}(Qg)

1/2
||UHDQR(7A) = (/Q (Av)? + |Vol* 4 v?) dx) .

Definition 2.3 If Q is not bounded but Q¢ C Bg,, we denote by I(QSke) the set of pos-
itive functions u € L2 (QSY) such that, for any R > Ro, u € L? (0,00; Day(—A)) N

C(0,00; Hy (Qr) N LIt (QR)), dpu € L},,(0,00; L>(QR)) and u satisfies in a. e in
Q.
Lemma 2.4 If u € T(Q%) or T(QShee), its extension @ by zero outside ) is a subso-

lution of in (0,00) x RY such that @ € C(0,00; HF(RY) N LI (RY)) and 0,0 €
L2 (0, 00; L2(RY)).

Proof. The proof being similar in the two cases, we assume 2 bounded. We first notice that
@ € C(0,00; HE (RY)) since ||ﬂ|\H&(RN) = ||uHH&(Q). For 6 > 0 we set

r—30/2 ifr>26
Ps(r)y=1{ r%/26 —r+6/2 ifd<r<25
0 ifr<é



and denote by us the extension of Ps(u) by zero outside QL. Since us; = P§(u)dyu, then
ust € L2 _(0,00; L2(RY)) and |lus¢| ;2 < [|0:ul .. In the same way Vus = Pj(u)Vu, thus

loc

us € L7,0(0,00; HY (RV)) and |[us | gy < llullgy. Finally —Aug = —P§(u)Au — P{ (u) |Vul*.

loc

Using the fact that Pju? > ul, we derive from (R.6])
Orus — Aug + ug <0
in the sense that

// (OrusC + Vus. V(¢ + ugC) dxdt <0 (2.7)
QEY

for all ¢ € C®°((0,00) x RN), ¢ > 0. Actually, C>®((0,00) x RY) can be replaced by
L?(e,00; HH(RN)) N L9 ((e,00) x RY). Letting § — 0 and using Fatou’s theorem implies
that (R.7]) holds with us replaced by . O

Lemma 2.5 For any u € Z(Q%L), there holds

L\ VD) )
W) = dy(t) V(a,t) € QL. (2.8)

Proof. Let 7 > 0. Since the function ¢4 . defined by ¢4, (t) = ¢4(t — 7) is a solution of
/
Pgr + bgr =0

and (u — ¢q.r)+ € C(0,00; Hj(£2)), there holds

u(a,t) < (

1d

9 dt Q(u - (bq,r)idl' + //ng (Vu.V(u — ¢gr)+ + (u — Z,T)(u _ ¢q7T)+) dadt = 0.

Thus s — ||(u — ¢g,r)+(8)|| ;2 is nonincreasing. By Lebesgue’s theorem,
m || (u — ¢g,r)+(s)]| L2 = O,
slT

thus u(z,t) < ¢,,(t) a.e. in Q. Letting 7 | 0 and using the continuity yields to ([2.8]).
]

Theorem 2.6 For any q > 1, the set T(QS) admits a least upper bound ug, for the order
relation. If Q is bounded, ug € Z(QL); if it is not the case, then ug € T(Q%).

Proof. Step 1- Construction of ug when € is bounded. For k € N* we consider the solution
v = vy, (in the sense of Theorem P.1 with the corresponding maximal operator in L?(Q)) of

Ov—Av+v1=0 in 2 x (0,00)
z,t) =0 in 9Q x (0, 00) (2.9)
v(z,0) =k in Q.

When k — oo, vy increases and converges to some ug. Because of () and the fact
that Q is bounded, uq(t,.) € L*(Q) for ¢t > 0. It follows from the closedness of maximal



monotone operators that ug € L% (0,00; Do(—A)) N C(0,00; Hi(Q) N LITHQ)), drug €
L2 (0,00; L*(Q)) and
dﬁQ

7 + 0Ja(ug) =0 a.e. in (0,00). (2.10)

Thus ug, € Z(Q2). For 7,e > 0, the function t — uq(z,t — 7) + € is a supersolution of (2.]]
[]: Let u € Z(QSL); for k > ¢y(1), the function (z,t) — (u(z,t) — ug(z;t —7) — €)4 is a
subsolution of (R.1]) and belongs to C(r, 00; H} (). Since it vanishes at t = 7, it follows
from Brezis’ result that it is identically zero, thus u(x,t) < ug(z,t — 7) + €. Letting e,7 | 0
implies the claim.
Step 2- Construction of ug when § is unbounded. We assume that 0Q C Bpg, and for
n > Ry, we recall that Q, = QN B,. For k > 0, we denote by ug the solution obtained
in Step 1. Then ug = limg_.co vn,kx Where v,y is the solution, in the sense of maximal

operators in €2, of
d'Un,k

+0Ja, (Unx) =0 a.e. in (0,00
o (vr) (0,0) o)

’Unyk(O) =k.

It follows from Lemma @ that the extension ¥, 1 by 0 of v, 1 in 2,41 is a subsolution for
the equation satisfied by vy,41,%, with a smaller initial data, therefore vy, 1 < vy41,5. This
implies Ug, < UQ, ., - Thus we define ug = lim,_ Ug, - 1t follows from Lemma E and
standard regularity results for parabolic equations that u = u, satisfies

Ou—Au+u?=0 (2.12)
in Q. Multiplying
d
% +dJa, (ug, ) =0 (2.13)

by 772an where € C§°(RY) and integrating over Q,,, yields to
d
2—1_/ 772ﬂ?2nd$ _|_/ (|vﬂﬂn|2 _|_le+1) n’dx + 2/ Vuq -Vnnug, dr = 0.
dt Qn Qn " Qn
Thus, by Young’s inequality,
d
2_1—/ nud dz+/ (2_1|Vg9 B +g?z+1) nidx < 2/ |Vn|?ud, d.
dt Jq, " Q, " " Q "

If we assume that 0 <7 < 1,7 =1on Br (R > Ry) and n = 0 on BSy, we derive, for any
0<7<t,

t
2*1/ gén(.,t)UQd:E—i—// (2’1 ]Vggnf—i-g?)tl) n?dxds
Qn T JQ

. (2.14)
< 2/ / u$ |VnPdeds + 2_1/ ud (., 7)nPde.
T JQn Qn

From this follows, if n > 2R,

t
2_1/ u$ (- t)dr + / / (2_1 |Vug, |2 + g?;;l) dxds < CRN(t 4 1)772/(a=1),
QNBgr T JQNBR
(2.15)



If we let n — oo we derive by Fatou’s lemma

¢
2*1/ u (., t)dx +/ / (2*1 Vug|* +g?z+1) dxds < CRN(t 4 1)7=2/(a=1),
QNBgr 7 JQNBR

(2.16)
For 7 > 0 fixed, we multiply (B.13]) by (t — T)n?dug,, /dt, integrate on (7,t) x Q,, and get

dug, |° d Vug 2| ubl’
t— _—in 24 —(t — L B LT 24
( T)/Qn’ at | Tt g T)/Qn< 2 g1

[Vug, |? ﬂgz“ 2 dug
= ——n 4 dx —2(t — . ~ndz.
/Qn ( 2 qr1)T ( T)/angﬂ" Vi

Since

2

2 _
(t=7) 2 dt

d t— d
/ Vuo, Vi uq, ndm‘ < ( T)/ ’ U,
Qn " dt Qn

772dx+4(t—7)/ ‘Vggnf |V77|2dx,
Qn

we get, in assuming again n > 2R,

t v 2 uq+1
2_1/ /(s —7) n?dxds + (t — T)/ <# + inl n?dx
T JQ Q q + (217)

t
<4 [ (1) [ [Tug, [* Vol dads,
T Q

2

dﬂQn
dt

from which follows,

2 fn

dﬂQ
dt

n

2d:vds+(t—7')/

QNBgr

¢
§4/ (577)/ |Vug, |2dasds.
T QNBag "

The right-hand side of (.18]) remains uniformly bounded by 8C(2R)™ (t —7)t7=2/(a=1) from

(15)). Then
' 2 2 q+1
\Y
271/ / (s =) dads + (th)/ NVug, [ o,
T JQNBR QNBgr 2 q+ 1 (219)
< 8C(2R)N(t — r)tr—2/la=D)

By Fatou’s lemma the same estimate holds if ug, is replaced by ug. Notice also that this
estimate implies that w, vanishes in the Hj-sense on 9 since nu, € HE () where the
function 7 € C§°(RN) has value 1 in Bg and Q° C Bgr. Moreover estimates (2.16]) and
(B-19]) imply that ug, satisfies (P.12]) a.e., and thus it belongs to Z(Q%).

Step 3- Comparison. At end, assume u € Z(QS}). For R > ng let Wr be the maximal
solution of

[Vug, ? ﬂgzﬂ
n n d
( 2 * q+1 *

(2.18)

dUQ

—Sin

~AWgr+WE =0 in Bg. (2.20)



Existence follows from Keller-Osserman’s construction [ff],[§], and the following scaling and
blow-up estimates holds
Wr(z) = R~/ YW, (z/R), (2.21)

and
Wr(z) = Cy(R — |z)~/ @V (1 4+ 0(1)) as |z| — R. (2.22)

For 7 > 0 set v(x,t) = u(z,t) — ug(x,t —7) — Wg(z). Then vt is a subsolution. Since
v(.,7) € L?(Q), limg ) [|v4 (., 8)||z2 = 0. Because nug, € HJ () for  as above, nuy. € H ().
Next, suppvy C QN Bg. Since u,uq are locally in H!, we can always assume that their
restrictions to 0 Br x [0, T] are integrable for the corresponding Hausdorff measure. Therefore
Green’s formula is valid, which implies

t t
—// Av+d:ndt:// Vo, [*dedt Yt > T.
T JONBR 7 JONBR

¢
/ V3 (z, t)dx—i—/ / (IVor? 4+ (u— (ug (.t —7) + Wg)9)vy ) dedt < / v3 (, s)dz.
QNBgr T JQNBR

QNBgr

Therefore

We let s | 7 and get vy = 0, equivalently u(z,t) < uq(z,t — 7) + Wgr(x). Then we let
R — oo and 7 — 0 and obtain u(x,t) < ug(z,t), which is the claim. O

Corollary 2.7 Assume Q' C Q2 C RY are open domains, then ug: < uq>. Furthermore,

if Q = UQ™ where Q" C Q"L then

lim ugn = ug, (2.23)

locally uniformly in Q5.
Proof. The first assertion follows from the proof of Theorem E It implies

lim ugn = ugh < ug,

n—oo
and ug, is a positive solution of (R.5]) in Q. There exists a sequence {ug,»} C L*(£2) such
that S97 ()[uo.m] 1 uq as n — oo, locally uniformly in Q2. Set ug.m.n = UomXqn; Since
U mm — Uom in L2(Q) then S%72()[ug mn] T %72 ()[ug,m] in L=(0,00; L2(Q)). If O .n
is the extension of vy, 1= S279" ()[ug,m.n] by zero outside Q%% it is a subsolution smaller
than S972()[ug m »] and n +— ¥y, ,, is increasing; we denote by @y, its limit as n — oco. Since
for any ¢ € Cg’l([O, 00) x ) we have, for n large enough and s > 0,

- / ) / (B (90C + AQ)) dadt = / o mnC (2, 0)dz — / B (1, ) (2, ),
0 JQ Q Q

it follows

/OS/Q (i (D€ + AC)) davdt = /QuoymC(z,O)das - /Qﬁm(z,s)g(x,wdz.



Clearly 9, is a solution of (R.5]) in Q%% Furthermore
}ir% Om(t,.) =uom a.e. in

Because
”{’m(ta ) - uO,m”LZ(Q) <2 ||u07m||L2(Q) )

it follows from Lebesgue’s theorem that t + ©,,(¢,.) is continuous in L?(Q) at t = 0.
Furthermore, for any ¢ > 0 and h € (—t,t), we have from P.4|,

] ] i

[Tt + By ) = Tt M 2oy < 77 [wom.nll L2 gom)
V2 (2.24)

) < Ih

= ot + o) = Bt ) g2y < 175 Nwomll ey

V2

Thus @, € C([0,00); L2(). By the contraction principle, ¥, = S%7%(t)[ug,m] is the unique
generalized solution to (R.3]). Finally, there exists an increasing sequence {ug.,} C L*(Q)
such that for any € > 0, and 7 > 0,

0 < ug — §77(t)[uo,m] < €/2
on [1,00) x Q. For any m, there exists n,, such that
0 < S%72(t)[ug,m] — Dmon < €/2

Therefore
0 <uqg—ugn <e
on [1,00) x Q,. This implies (2.23]). O

We can also construct a minimal solution with conditional initial blow-up in the following
way. Assuming that Q = UQ™ where Q™ are smooth bounded domains and Q™ C Q™*1,
We denote by u,, the solution of

O, — Aty + ||y, =0 in ngm
Um =0 in Q™ x (0, 00) (2.25)
lims 0 um(x,t) = 0o locally uniformly on Q.
Such a u,, is the increasing limit as k — oo of the solutions uy, ; of the same equation,
with same boundary data and initial value equal to k. Since Q" c ot o, < Upn+1-
We extend u,, by zero outside Q™ and the limit of the sequence {u,,}, when m — oo is

a positive solution of () in Q. We denote it by ug. The next result is similar to
Corollary @, although the proof is much simpler.

Corollary 2.8 Assume Q' C Q2 C RN are open domains, then ugr < uq2. Furthermore,
if Q =UQ™ where Q" C Q™| then

lim uqr = ug, (2.26)

n—oo

locally uniformly in Q?o



Proposition 2.9 There holds uq = ugq.

Proof. For any m,k > 0, Up,k, the extension of u,, by zero in Q?omc is a subsolution,
thus it is dominated by ug. Letting successively & — oo and m — oo implies ug < ugq.
In order to prove the reverse inequality, we consider an increasing sequence {u¢} C Z(Q%)
converging to ug locally uniformly in Q?O. If Q is bounded there exists a bounded sequence
{01} which converges to wu(.,0) = ugo in L?() and S92 ()[ugox] — S272()[ue] in
L%°(0, 00; L*(Q)). Therefore

SBJQ(.)[U&O,k] <uqg = SBJQ(.)[’U@,O] <ug = uqg < ug. (2.27)

Next, if  is unbounded, Q = UQ™, with Q™ C Q*+! are bounded, we have

lim ug. = uq

and

lim ug» = uq
by Corollary @ and Corollary @ Since ugn = uqn from the first part of the proof, the
result follows. 0

Remark. By construction ug is dominated by any positive solution of () which satisfies
the initial blow-up condition locally uniformly in 2. Therefore, uq = ug is the minimal
solution with initial blow-up.

If ©Q has the minimal regularity which allows the Dirichlet problem to be solved by any
continuous function g given on 9 x [0,00), we can consider another construction of the
maximal solution of (R.1]) in Q. The needed assumption on 9€2 is known as the parabolic
Wiener criterion [ (abr. PWC).

Definition 2.10 If 9Q is compact and satisfies PWC, we denote by Jgse the set of v €
C((0,00) x Q) N C2HQL) satisfying (21]).

Theorem 2.11 Assume q > 1 and €2 satisfies PWC. Then Jgo admits a mazimal element
uQ.

Proof. Step 1- Construction. We shall directly assume that 2 is unbounded, the bounded
case being a simple adaptation of our construction. We suppose Q¢ C Bg,, and for n > Ry
set ), = QN B,,. The construction of u,, is standard: for £ € N, we denote by v} = v} ,
the solution of (2.9]). Lemma P.J is valid for vi. Notice that uniqueness follows from the
maximum principle. When &k — oo the sequence {vy} increases and converges to a solution
uy, of (R12]) in Qq,. Because the exterior boundary of €, is smooth, the standard equi-
continuity of the sequence of solutions applies, thus u,(z,t) = 0 for all (z,t) s.t. |z| =n
and t > 0. In order to see that u,(x,t) =0 for all (z,t) s.t. € 02 and ¢t > 0, we see that
Un(z,t) < ¢r(x,t) on (1,00) X Q,, where

Ordr — Ao, + 71 =0 in Qf
Or(x,T) = Pg(T) inQ (2.28)
¢r(z,t) =0 in 00 X [T, 00)



Such a solution exists because of PWC assumption. Since v} , is an increasing function of n

(provided the solution is extended by 0 outside €2,,) and k, there holds @, < u,y; in Q"
If we set

uo = lim g,
n—oo

then ug < ¢, for any 7 > 0. Clearly uq is a solution of () in Q2. This implies that
Tg is continuous up to 92 x (0,00), with zero boundary value. Thus it belongs to Jpe .

Step 2- Comparison. In order to compare ug to any other u € Jgq , for R > Ry we set
vp.(2,t) = Tq(z,t — 1) + Wg(z), where Wy is the maximal solution of (£.20]) in Bp.
The function (u — vp,)4 is a subsolution of (B.12]) in QN Bg x (7,00). It vanishes in a
neighborhood on 9(Q N Bg) X (1,00) and of QN Br x {7}. Thus it is identically zero. If
we let R — oo in the inequality © < vg > and 7 — 0, we derive u < ugq, which is the claim.
O

Proposition 2.12 Under the assumptions of Theorem , g € Z(QL) if Q is bounded
and Tg, € T(QSke<) if Q is not bounded.

Proof. Case 1: Q bounded. Let Q™ be a sequence of smooth domains such that
Q" cOrcott co
and U,2" = Q. For 7 > 0, let u, ~ be the solution of
Optin,r — Aty 7 +uf . =0 in Q" X (1,00)
Un,r(-,T) =Tq(.,7) in Q" (2.29)
Up, (2, t) =0 in Q™ X [1,00)
Because Tg(.,7) € C2(Q"), un» € C>1(Q" x [r,00)). By the maximum principle,
0 <Tq(.,t) —un,(.,t) < max{ua(z,s): (z,s) € 00" x [1,t]} (2.30)
for any t > 7. Because ug vanishes on 09 x [r,t], we derive

m iy, = 7o (2.31)

n—oo

uniformly on Q x [7,#] for any ¢ > 7, where Un,+ is the extension of u,_ r by zero outside Q.
Applying (.15]) and (R.19]) with 7 = 1 to i, , in © yields to

t
2—1/113177(., t)dx +/ / (|wm|2 + ag#) drds < C(t + 1)772/(a=1), (2.32)
Q T JQ
and
t ~ 2 ~q+1
271/ /(s — 7)(Ostin, +)2dxds + (t — T)/ [V 7| + Yn,r (t,.)dx < C(t — T)tT72/(q*1).
- Ja 7 ) 2 g+1
(2.33)

10



Letting n — oo and using (R.31]) yields to

t
2—1/u§,(.,t)dx +/ / (|vmz|2 +ugj1) drds < O(t + 1)r=2/(@= D), (2.34)
Q T JQ

and
t 7|2 =q+1
2_1/ /(s — 7)(0sTq)?dxds + (t — T)/ <|VZQ| + Lo ) (t,.)dx < C(t — 1)tr—2/(a=1),
T JQ Q

qg+1
(2.35)
Since L?(r,t; HY(Q)) is a closed subspace of L?(t,t; H'()), for any 0 < 7 < t, Uq €

L2 (0,00; H} (). Furthermore dyig € L2 (0, 00; L2(2)). Because T satisfies (£.12]), it

implies Tg € Z(QL).

Case 2: Q unbounded. We assume that {2° C Bp,. We consider a sequence of smooth
unbounded domains {Q2"} C Q (n > 1) such that sup{dist (v,Q°) : € 00"} < 1/n as
n — oo, thus U,Q" = Q. For m > Ry we set Q7, = Q" N B,,,. Therefore Q, ¢ Qn, c Q!

and Uy, 8y, = Q. For 7 > 0, let © = %y, » > be the solution of m
Ou—Au+ul=0 in QP x (1,00)
u(.,7) =uq(,7) in QL
u(z,t) =0 in O™ X [1,00) (2.36)
u(.,7) =uq(.,,7) in OBy, X (T,00).
By the maximum principle,
0 <Tq(,t) — ummnr(,t) <max{Tug(z,s): (z,s) € I x [,¢]} — 0, (2.37)

as n — 0. Next we extend U, n, by zero in Q\ €, and apply ([R.15])-(R.19]) with 7 as in
Theorem P.q and m > 2R. We get, with Qz = QN Bg,

t
2*1/ ufnm(.,t)dz+// (2*1|Vum7n17|2+u$,f7£7) drds < ORN (t + 1)7=2/(a=1),
QR Y T QR Y
(2.38)

dumnT 2
T dxds + (t — 1)

Qr

and
2—1/:/%@7)

We let successively m — oo and n — oo and derive by Fatou’s lemma and () that
inequalities (£.38]) and (R.39]) still hold with g instead of ty, . If we denote by H{(Qg)
the closure of the space of C*™(Qx) functions which vanish in a neighborhood on 92, then
(B:38]) is an estimate in L?(7,t; Hg(Qr)) which is a closed subspace of L2(1,t; HY(Qg)).
Therefore @ € L} (0,00; H}(Qr)). Using (R.39]) and equation (R:12]) we conclude that
uq €1 (Q?O“’C) O

We end this section with a comparison result between ug and ug.

<|vum,n,7|2 + u?nf’k,’r) dgg

2 qg+1
< 8C(2R)N (t — T)tr—2/(a=1)

(2.39)
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Theorem 2.13 Assume g > 1 and § satisfies PWC. Then uqg = Ugq.

Proof. By Proposition @ and Theorem Step 2, ug < uq. If Q is bounded, we can
compare uq(.,.) and ug(. + 7,.) on Q x (0,00). Since ug, the least upper bound of Z(Q%})
belongs to Z(Q%), and uq(. + 7,.) € Z(QL) we derive Ug(. + 7,.) < ug(.,.), from which
follows g < ug. Next, if © is not bounded, we can proceed as in the proof of Theorem P.6
by comparing ug(.,.) + Wgr and Ta(. + 7,.) on Qg x (0,00), where W is defined in (
Because (uq(. +7,.) —uq(.,.) — Wr(.)), is a subsolution of (R.12]) in Q27 which vanishes
at t = 0 and near 9Qg x (0,00); it follows T (. + 7,.) < ug(.,.) + Wg(.). Letting R — oo
and 7 — 0 completes the proof. O

3 Uniqueness of large solutions

Definition 3.1 Let ¢ > 1 and Q C RY be any domain. A positive function u € C**(Q%})
of ) s a large initial solution if it satisfies

1in% u(z,t) =00 Vr e, (3.40)

t—

uniformly on any compact subset of §2.
We start with the following lemma

Lemma 3.2 Assume u € C*HQ%) is a large solution of ), then for any open subset
G such that G C ), there holds

1 1/(q—-1)
}iH(l) Y@ Dy (z,t) = ¢, = (—1) uniformly in G. (3.41)
— q —

Proof. By compactness, it is sufficient to prove the result when G = B, and Ep C By C Q.

Let 7 > 0; by comparison, u(z,t) > ug,, (z,t+7) for any (z,t) € QL. Letting 7 — 0 yields
to u > ug,, . Next for 7 > 0,

Gqlt +7) < up, (@,1) +upe, () + Wg(x) V(,t) € Qr.
Similarly
max{up,, (z,t +7),upe, (x,t +7)} < @4(t) + Wa(z) V(w,t) € Q.
Letting R — oo and 7 — 0,
max{qu,,uB;,} < ¢q<up, + upe, in QH;N.

For symmetry reasons, x +— upe, (x,t) is radially increasing for any ¢ > 0, thus, for any
p
p < p and T > 0, there exists C,, 7 > 0 such that

uB, (z,t) < Cpr Y(z,t) € B, x[0,T].
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Therefore

tlin(l) tl/(qfl)qu, (x,t) = ¢4 uniformly on B,,.

Because
up, (z,t) < ux,t) < ¢g(t) V(x,t) € QL

(B-41]) follows. O

As an immediate consequence of Lemma B.9 and (R.23]), we obtain
Proposition 3.3 Assume ¢ > 1 and 0N is compact. Then uq is a large solution.
We start with the following uniqueness result

Proposition 3.4 Assume g > 1, Q satisfies PWC, 020 is bounded, and either Q or Q° is
strictly starshaped with respect to some point. Then uq is the unique large solution belonging

to J(Q%)-

Proof. Without loss of generality, we can suppose that either € or Q¢ is strictly starshaped
with respect to 0. By Theorem P.11|, g exists and, by () and Lemma , it is a large
solution. Let u € J(Q%}) be another large solution. Clearly u < gq. If Q2 is starshaped, then
for k > 1, the function uy(z,t) := &/ (4=Du(kx, k?t) is a solution in Qq, , with Q := k~1Q.
Clearly it is a large solution and it belongs to J(Qq, ). For 7 € (0,1), set uy (z,t) =
ug(z,t — 7). Because 0N is compact,

lim dy7 (92, 00) = 0,

where dpy denotes the Hausdorff distance between compact sets. By assumption ug €
C([,00) x Q) vanishes on [r,00) x 9, thus, for any € > 0, there exists ko > 1 such that for
any

ke (1,ko] = sup{uq(z,t) : (z,t) € [1,1] x 00} <e.

Since ug, - + € is a super solution in Qq, which dominates Tg on [7,1] x 9 and at t = 7, it
follows that uy - +€ > Ugq in (7, 1] X Q. Letting successively k — 1, 7 — 0 and using the fact
that e is arbitrary, yields to u > g in (0,1] x Q and thus in Q2. If Q¢ is starshaped, then
the same construction holds provided we take k < 1 and use the fact that, for R > 0 large
enough, uy - +€e+Wg is a super solution in Qq,np, which dominates @ on [7, 1] x 0N Br
and at t = 7. Letting successively R — oo, k — 1, 7 — 0 and ¢ — 0 yields to v > ug
O

As a consequence of Section 2, we have the more complete uniqueness theorem

Theorem 3.5 Assume ¢ > 1, Q C RY is a domain with a bounded boundary 0 satisfying
PWC. Then for any f € C(0Q x [0,00)), f > 0, there exists a unique positive function
u=Tg s € C(Qx (0,00) NC>H QL) satisfying

O — Au+ [uTlu =0 in QY
u=f in 9Q x (0,00) (3.42)

lim; g u(z,t) = oo locally uniformly on Q.

13



Proof. Step 1: FExistence. It is a simple adaptation of the proof of Theorem P.11. For
k,7 >0, we denote by u = ug s the solution of

Ou—Au+ ulTtu =0 inQ x (1,00)
u=f indQ x (r,00) (3.43)
u(z,7) =k on Q.

Notice that uy - s is bounded from above by Tq(.,. — 7) + vs,-, where vs, = v solves
0w —Av+ v o =0 in Q x (1,00)
v=f 1in 00 x (1,00) (3.44)
v(z,7) =0 on Q.

If we let k — oo we obtain a solution ., ¢ of the same problem except that the condition
at t = 7 becomes lim;_,, u(x,t) = oo, locally uniformly for € Q2. Clearly oo, s dominates
in Q x (7, 00) the restriction to this set of any u € C(Q x 00))NC>1(Q) solution of (B.42]),
in particular Tg. Therefore too r,f > Uoo,r,f i1 QX (7,00) for any 0 < 7/ < 7. When 7 — 0,
Uso,r, f cOnverges to a function uy which satisfies the lateral boundary condition ug 5 = f.
Therefore g, ¢ satisfies (B.42]).

Step 2: Uniqueness. Assume that there exists another positive function u := uy € C(Q x
(0,00)) N C1(Q%) solution of (B-42]). Then uy < Tq f. For 7 > 0, consider the solution
v = v, of

O —Av+ v v =0 in Q x (1,00)

v=0 1in 90 X (1,00) (3.45)
v(z,7) = ugp(x,7) on .

Then v, < uy in Q X (7,00). In the same way, we construct a solution v : ¥, of the same
problem (B.45]) except that the condition at ¢ = 7 is now v(z,7) =g, r(z,7) for all x € Q.
Furthermore v, < 0, < uq,r. Next we adapt a method introduced in [ﬁ], [ﬂ] in a different
context. We denote

Zf =UuQ,f — Uf and ZO,T =0; — vy, (3.46)

and, for (r,s) € R%,

rd — sl
h(r,s) = p— ifr#s
0 if r=s.

Since 7 +— 19 is convex on R, there holds

> >
{ To = S0, "1 2 81 — h(h,Sl) > h(?‘o,SO)-

r1 2 T0, S1 2 S0

This implies
h(ug,f,uf) > h(0r,v7)  in QX [7,00). (3.47)
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Next we write
0=0¢(Zs — Zos) — AZs — Zoz) +Thy ; —uh — (74 — v2)
=0(Zy —Zor) — AZy — Zo) + WMua,f,uf) Zs — h(0r,07) Zo, 7.
Combining (B.47]), () with the positivity of Z¢ and Zy ;, we derive
0(Zy = Zox) = A(Zy — Zor) + h(ua, 5, up)(Zf — Zo,7) <0, (3.49)

in Q x (1,00). On 99N x [r,00) there holds Zy — Zy, = f — f = 0. Furthermore, at
at t = 7, Zs(x,7) — Zo-(x,7) = Tq,r(x,t) — up(z,7) — Ug (2, t) + up(z,7) = 0. By
the maximum principle, it follows Zy < Zy, in Q x [r,00). Since 7 > 7/ > 0 implies
vr(z,7) = us(x,7) > v (x,7) and - (z, 7) = TUg, f(x, T) > 0 (x, T), the sequences {v,} and
¥, converge to some functions {vg} and @ which belong to C(Q2 x (0,00)) N C%1(QSL) and
satisfy (B.42]) with f =0 on 99 x (0, 00). Furthermore

(3.48)

Uq,f —uf < Uo — Vo (3.50)

Since uq,f > Uq, Uy > U, which implies that ¥y = Un by the maximality of ug. If ' is
any smooth bounded open subset such that Q' C Q there holds by an easy approximation
argument vy > ug: in Q' x (0,00). Therefore vg > ug = u,, = Uq, by Proposition P.g and
Theorem P.13. Applying again Theorem we derive that the right-hand side of (B.50])
is zero, which yields to uq, f = uy O
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